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EXISTENCE OF POSITIVE SOLUTIONS FOR
SINGULAR FRACTIONAL DIFFERENTIAL
EQUATIONS

Niiket AYKUT HAMAL and Merve OZEL

ABSTRACT. In this paper, we investigate the existence of positive solutions
for a singular fractional differential equation. Our analysis is based upon the
Avery Peterson fixed point theorem and the Leray-Schauder nonlinear alter-
native theorem. As applications, we present examples for the demonstration
of our main results

1. Introduction

Fractional differential equations describe many phenomena in various fields of
engineering and scientific disciplines such as physics, chemistry, biology, economics,
control theory, signal and image processing and so on see [7,14,16,17].

Singular fractional differential equations have high signifiance due to the va-
riety of applications in areas of mathematical and natural sciences. Many author
study on singular boundary value problems using diverse methods, such as the
Krasnoselskii fixed point theorem on cones, the Legett-Williams fixed point theo-
rem, the fixed point index theory in cones, the Avery-Peterson fixed point theorem.
For more details, see [2,5,8,9,12,15,18-25] and references there in.

In [12], the authors investigated positive solutions for the singular fractional
boundary value problem:

°Dgu(t) + f(t,u(t),w'(t) =0, 0<t<]1
w(0) = u/(1) =" (0) =0,
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where 2 < o < 3, °Dg; is the Caputo derivative of order o and f(t,z,y) may
be singular at ¢t = 0.

In [6], the authors established to existence and uniqueness of positive solution
for the singular fractional boundary value problem:

Dgiu(t) + f(t,u(t) =0, 0<t<l1
u(0) =u(l) =0,

where 1 < a < 2, D, is the Riemann-Liouville derivative of order «, f(t, ) is may
be singular at ¢t = 0.

In [9], the authors investigated positive solutions for the singular fractional
boundary value problem:

D§iu(t) + Af(t,u(t)) =0, 0<t<1
uw(0) =u'(0)=--- =u""20)=0

m
Dy u(t)|i=1 =Y aiDg.u(t)]i=,
=1

where A is a positive parameter, n — 1 < a < n,n € N, n > 3, § € R for all
i=1,2,..m0<&§E <<€ <1,pqgeR, pefl,n—-2],qc0,p], Df; is the
Riemann-Liouville derivative of order «, f may change sign and may be singular at
t=0ort=1.

The aim of this paper is to establish multiple positive solutions for the fractional
differential equation with Caputo derivative of order « € (3,4].

(1.1) °Diu(t) + f(t,u(t) =0, te(0,1)
(12) O =@ =0, (0 =u(1) = Y n ()

inwhich0 < & <& < ... <1< <...<1,7=123,..,n >0, f(t,u)
may be singular at t=0. In this paper we will suppose that the following conditions
hold.

(Hl) 1-— ilnjfj >0
j=

(Hs) f(t,z) : (0,1] x [0,00) — [0,00) and there exists a constant 0 < o < 1
such that t7 f(¢, ) is continuous in [0, 1] x [0, c0).
The organization of this paper is as follows. In section 2, we provide some definitions
and preliminary lemmas which are key tools for our main result. In section 3, we
give and prove our main results. Finally, we give examples to illustrate how the
main results can be used in practice.
In order to assert our main results, we will give Avery Peterson fixed point
theorem and Leray-Schauder nonlinear alternative theorem.
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Let ¢ and 6 be nonnegative continuous convex functionals on P, ¢ be a non-
negative continuous concave functional on P and ¥ be a nonnegative continuous
functional on P. Then, for positive numbers a,b,c,d, we define the following convex
sets:

P(e,d) ={x € P: p(x)
P(e,¢,0,d) ={z € P: ¢(x)
P(p,0,0,b,c,d) ={x € P: ¢(x)
R(p,¥,a,d) ={z € P:¢(x)

THEOREM 1.1. [4] Let P be a cone of E, ¢ and 8 be nonnegative continuous
convex functionals on P, ¢ be a monnegative continuous concave functional on P

and ¥ be a nonnegative continuous functional on P. Provides v(lz) < l(x) for
1 € [0,1] such that for some positive numbers d and K,

¢(x) < Y(x) and |[lz| < Ke(z)
for all x € P(p,d). In that case

<

= <
x>b,()<
> <

T: P(p,d) — P(p,d)

is completely continuous, there are positive numbers a,b,c such that and a < b such
that it satisfies the following conditions:

(S1) {x € P(p,0,¢,b,¢,d) : p(x) > b} # 0 and ¢(Tx) > b for
x G P(s07 07 ¢7 b’ C7 d) 7'
(S2) ¢(Tx) > b for x € P(p,¢,b,d) with 0(Tx) > ¢;
(S3) 0¢ R(p,¢,a,d) and v(Tz) < a for x € R(p, v, a,d) with ¥(z) =

Then T has at least three fixed points w1, us, ug € m, such that
o(uj) <d, forj=1,2,3
and
b<o(ur), a<i(uz), oluz)<b, a>w(us).

THEOREM 1.2. [1,7] Let E be a Banach space, C is a closed, convex subset of
E, U an open subset of C and 0 € U. Suppose that A : U — C is a continuous,
compact map. Then either

(A1) A has a fived point in U ; or
(A2) There is ax € OU and X € (0,1) with x = MA(x).

2. Preliminaries

In this section, some lemmas and definitions required for fractional calculations
that will be used later are given in [3,10,11,13,14,17].
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DEFINITION 2.1. The Riemann-Liouville fractional integral of order o > 0 of a
function y : (0,00) — R is given by

eytt) = ey [ (€= 90" )i

provided the right-hand is pointwise defined on (0,00) and where T' is the
gamma function.

DEFINITION 2.2. The Caputo fractional derivative of order o > 0 of a function
y:(0,00) = R is given by

c o _ 1 / n—a—1, (n
Dgiy(t) = 1“(n—a)0/(t_ 5) y™ (s)ds

where « is fractional number n = [a] + 1, provided that the right-hand side is
pointwise defined on (0, 00).

LEMMA 2.1. Letn—1< a<mn, u € C"0,1], then

I8 °Dyu(t) = u(t) — e — cat — oo — ™t

where n = [a] + 1, [o] is the smallest integer greater than or equal to a, ¢; € R
(i=1,2,..,n)

LEMMA 2.2. Ify € C[0,1], then the fractional differential equation

(2.1) ‘Dfiu(t)+yt) =0, 0<t<1

with the boundary condition (1.2) has a unique solution

u(t) = /G(t,s) y(s)ds, te]o,1]
0

where,
t o0
(2:2) G(t,s) = g(t,5) + % D ni9(51 9)
j=1
1 -9 t—(t—9)>1  0<s<t<1
2.3 t,8) = —
and

A=1-= % .
j=1



POSITIVE SOLUTIONS FOR SINGULAR FDE 5

PRrROOF. The equation (2.1) can be translated into the following equations:

t

1
u(t) = c1 — cot — c3t? — cqt?® — m/ y(s)ds.
0

"

By using the condition u” (0) = " (0) = 0, we obtain ¢z = ¢4 = 0. Then we
can get that,

(2.4) u(t) =c1 — cat — ﬁ 0/ (t —s)* Ly(s)ds.

M8

For the resulting function (2.4), then the condition u (0) = ju(€5), we can

1

J

get that co = > nu(§;).
j=1

00 1
By other condition u(1) = 3" n;u(;), we obtain ¢; = ﬁ [ (1= s)*y(s)ds.
Jj=1 0

So, the unique solution of the problem (2.1) is given by

Flo/1 )2 Ly(s)ds + = ji_o: Jj(ls)aly(s)ds
tA§ Z ; lb/tt—sal )d
t 1
r(l)l/[(l_s) L (t— ) ds+/ Je-ly )ds}
0 t

So,

G(t, s)y(s)ds.

=
I
O\H
>\
" MS
@‘f
||
O\H
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LEMMA 2.3. The function g(t, s) expressed by (2.3) involve the following prop-
erties:

g(t, s) is continuous and g(t,s) =0, t,s € [0,1].
b) g(t,s) <7(s), t,s€][0,1].
g(t,8) > pr(s), L€ [kcl, 5 € [0,1] where k,C € (0,1) with k <,

(1—s)2t

v(s) = TT() pr=1-¢"""

PRrROOF. a) By definition of the function g we deduce that g is a contin-
uous function and g¢(¢,s) > 0, t,s € [0,1].

b) if s < ¢, we obtain,

(1—s)2"t —(t—s)*!

g(t,s) = F(a)

g(t,s) = TT(a) =7(s).
Hence, we conclude

g(t,s) <~(s), t,sel0,1].

c) if s < t, we obtain,

(1—s)27t—(t—s)2t

g(t,s) = (o)
> ﬁ (1= 5)77t = (= 15)>]
_ ﬁ [
1

= m(l =) (1 —t")

>q(s)(1—¢*7h)
= p17(s)
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if t < s, we deduce

Hence, we conclude

g(t,s) = p1y(s), te [k, (] and se|0,1].
O

LEMMA 2.4. The function G given by (2.2) is a continuous function on [0, 1] x
[0,1] and satisfies the inequalities:

a) G(t,s) < p2v(s), t,s€[0,1] where po =1+ +% > n;
j=1

b) G(t,s) > p1v(s), te [k, (] and s € [0,1] where p; =1 —¢>L.

PROOF. a) This property follows from the definition of function g and
Lemma 2.3,

Lt
A

Mg

G(ta 3) = g(t,S) -g(fj,S)

1

> \
)

l>"—‘ \|' 2
iy
3

So,
G(t,s) < pary(s).
b) for t € [k,(] and s € [0,1], we get

G(t,s) =g(t,s) + Z g(&,s)

> g(t,s)
> p17y(s).
So,
G(t,s) =2 pry(s).

Thus, the proof is completed.
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Let B= C [0,1] with the norm |ju| = m[ax |u(t)| for u € B. Define a cone,
te[0,1

P={uc B ult)>0, te0,1], min u(t)> 2{ul}
telk.q]
an operator T': P — B given by

:/mmﬁ@mm@
0

LEMMA 2.5. T : P — P is completely continuous operator.

PRrROOF. Firstly, let’s prove in that T(P) C P. G(t,s) and s° f(s,u(s)) are
continuous functions for all t,s € [0,1] and s~ is integrable on [0,1]. We know
Tu(t) > 0 from Lemma 2.4. Also, for all ¢t € [k, (] and for all s € [0, 1], we obtain
that

1
ITall < pa [ ~(5)5 (s, ule))ds

0
So,

min Tu(t) mln/Gts (s,u(s))ds
telk,C] te[k(

1

> pl/’y(s)f(s,u(s))ds
0

> 2Ly
P2

Thus, T(P) C P.

According to Lemma 2.3 and for v € P, it is clear that Tu(t) is nonnegative.
Also we can be saying that the T': P — P is continuous due to (H2).

Next, we will show that for bounded V' C P, T(V) is relatively compact.There
is a M > 0 such that t7 f(¢,u(t)) < M for t € [0,1] and for any v € V.

1 1
:/G(ts)f(s,u(s))ds: /G(t,s)s_”s”f(s,u(s))ds
0 0

1
< pzM/v(s)s_”ds
0

o pQMF(l—U)
CI'(a+1-0)
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Therefore,

P2 MF(I — 0')

P(a+1-0)
It show that T(V) is uniformly bounded. Finally, we show that T(V) is equicon-

tinuous. For u € V and ¢y, t5 € [0, 1] such that ¢; < t2, we have

[Tu(t)]] < <oo,u€V.

| Tu(ty) — Tu(ty) | = /1G (t2, ) /1G (t1,5) s))’
0 0

G(tg,s)sf"s”f(s,u(s))ds—/G(ths)s*”s"f(s,u(s))ds
0

Il
o _

1
/ I'(a) I'(a)
0
= (st = (-t
tl —5)4” o t72 ) —8)*” —0o
_AZ”-’/ (o) d +AZ”’/ (o) ds
Jj=1 9 =1 3
=) = Flta— )
to —s)*t _, Lo 2 =)
_/ o) s %ds AZ%/ o) s %ds
0 Jj=1 9
=) = fti—s)
tl 5)%7 —o 1 tl s)*~ —0
+/ o) ds—i—AZm/ o) ds
0 =1 9
B 1B — a—o
=M - AT (@) ;773 ;77] +1t5 7 B
_ nj — to‘ B + ;
Ar<a>; o )X:Z ]

So we get the result, | Tu(ts) — Tu(ty) |— 0 when (t; — t2).
Consequently, applying the Arzela-Ascoli theorem, we conclude that T : P — P

is a completely continuous operator.
O
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3. Main results

The prove that (1.1), (1.2) has three positive solutions the following three

functionals are defined by convex functional 8(u) = p(u) = ¥(u) = ||u|| and the
concave functional ¢(u) = rr[lénq lu(t)].
telk,

THEOREM 3.1. Assume that there exist positive constants a,b,c,d with a < b,

¢ > maz{ek, %}b, d > 11’3\, and d > ¢ and f holds the following conditions:

(H3) tof(tu) < &, (t,u) €[0,1] x [0,d]

(H4) f(t,u) > S5, (tu) € [k, ] x [b,d]
(H5) t7f(t,u) <%, (t,u)€0,1] x [0,q]

where r = py fl'y(s)s’gds and N = fc'y(s)ds.
Then the pml?lem (1.1),(1.2) has at leastkthree positive solutions ui, us and us
such that
o(u;) <d, forj=1,2,3
and
b<d(ur), a<ip(uz), ¢(u2) <b, a>p(us).

PROOF. First, we indicate that T: P(p,d) — P(¢,d). If u € P(p,d), then
o(u) < d, |lu|| <d. In view of (H3), we can get,

p(Tu) = [|Tull
1
- | | Ot oo
0

< [tedmss s i

0
d 1
< *pz/v(S)S*”dS
.
0
=d

So, we obtain T : P(p,d) — P(¢,d).
Next, we indicate that condition (S1) of Theorem 1.1 is fulfilled. Let’s choose
a function u(t) = be' for t € [0,1]. We have ¢(u) > b for u € P(p,0,¢,b,c,d),
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¢(u) = ¢(be’)

= min ‘bet|
telk,(]

> be
> b.

Hence, {u € P(p,0,0,b,c,d) : ¢(u) > b} # (. Choose u € P(p,0,$,b,¢,d), then
this means u(t) € [b, ¢] for any t € [0,1]. By (H4) we get,

te[kVC]
1
= 1 Gt d
guin | [ Glt.)f(s.uls)ds
0

¢
b
— d
> p1 plN/v(S) s
k

=0

Thus, condition (S1) of Theorem 3.1 holds.
Let’s get u € P(p, ¢,b,d). So we have, §(Tu) = ||Tu|| > ¢. Since Tu € P, from
the definition of cone and from Z—jb <c,we get

Tu) = min |Tu(t
¢(Tw) tg[llgldl u(t)]

P1
> —||Tull
P2

>&c
P2

>b

So, (S2) holds.
Since a > 0, 0 is not member of R(p,%,a,d) with ¥ (u) = a, then using (H5), we
get
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So, the condition (S3) holds. By Theorem 3.1, we can get that (1.1) , (1.2) has at
the least three positive solutions w1, us, ug satisfying:

()O(U])gd, forj:1,2,3
and

b<o(w), a<ip(uz), b>d(uz), a>P(uz).

THEOREM 3.2. Let f(t,z) : (0,1] x [0,00) = [0,00) and 0 < o < 1 such that
t? f(t,x) is continuous in [0,1] x [0, 00)

(H6) There exist a function p € C([0,1],(0,00)) and a nondecreasing function
q:(0,00) — (0,00) such that

t7 f(t,u) < p(t)g([[ull) for all (t,u) € [0,1] x [0,00)

(HT) There exists a constant r > 0 such that

rI'(a+1—0)

Tl = L

Then, the problem (1.1), (1.2) has at least one positive solution on [0,1].
PROOF. The first step is to show that the operator T maps bounded sets into

bounded set in E. For a positive number v, let B, = {u € E : |lu]| < v} be a
bounded set in E.
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Then

<o 1 gy IPlaw)
and consequently,
I'(l-o)
Tul| € pp———F——
7l < o 1 Pl

Hence, T'(B,) is uniformly bounded.
The next step is to verify that the operator T maps bounded sets into equicon-
tinuous sets of E. Let t1 <ty and 1,2 € [0, 1] for u € B,. So we have,

1

Hence, by Arzela-Ascoli theorem, the operator T is completely continuous since
the right hand side tends to zero independent of u € B,, as to — 1.

Let U = {u € E : |Ju|| < r}. We claim that there is no u € 90U, such that
u = A(Tu) for A € (0,1).

Let’s admit that w = A(T'u) for all A € (0,1) and for ¢ € [0, 1].
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[ull = [AMTw)]]
1
:tren[(é)l,)i] A/G(t,s)f(s,u(s))ds
0
1

= max
te[0,1]

A / G(t,s)s7s™ 7 f(s,u(s))ds
0

N

1
. / 7(s)5~p(s)q(lull)ds
0

ri-o)
F(O[JFIJ)|P||Q(7’)1

This gives

rCla+1-—o0)
pal'(1 =) |plla(r) ~

which is contradiction with (H7). There is no u € U that can satisfy u = A(Tu) for
A € (0,1). By the nonlinear alternative theorem of Leray Schauder type (Theorem
1.2) we deduce that T has a fixed point u € U which is a solution of the problem
(1.1), (1.2).

This completes the proof.

O
ExXAMPLE 3.1. Consider the following boundary value problem:
D2 u(t) + f(tu(t) =0, 0<t<1
(3.1) u (0)=u (0)=0,
u/(()) =u(l) = Zl 2_7.1+4u<1 — 2—17),
J=
where
1219t(1+€/ﬁ), t,u 0,1] x [0,2]
Gu
f(t,u) = 3%, (t,u) € (0,1] x [4,9]
%, t,u) € (0,1] x [100,00)
0= o=% k=} (=% m=gh G=1-h A~o0m
_ 8(1-s)2

v(s) = 525, v~ 0,3147359, N ~0,0238184, pi ~0,82322, pp~ 1,06521.
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Let we choose a= 2, b=4, c¢=9, d=300.
We see that all the conditions of Theorem 3.1 are satisfied. Namely, the problem
(3.1) has at least three positive solutions satisfying uq,us and us
o(uj) <300, forj=1,2,3

and
4< ¢(u1)7 2< ¢(U2)7 d)(uZ) < 4u 2> w(US)

ExXAMPLE 3.2. Consider the following boundary value problem:

" "

(3.2) u (0) =u (0) =0,
uﬂn:mnzgggguuf§)

Diult) + f(tu(t) =0, 0<t<1
0

Wheref(t7u)267£2(u+5)a a:%v U:%’ 773'227'%7 5j:1—2%,
So, we get A ~ 0,95833, py ~ 1,06522. Clearly t'/3f(t,u) < p(t)q(r) with
p(t) =e ' +2, q(r)=r+5. Consequently,

rCla+1-o0) TF(%)

paT (1 —0)llpllg(r) — (1,06522)1'(2)3(r + 5)

is holds when r > 3,58092. So, Theorem 3.2 all conditions of satisifed. Thus, this
problem has at least one positive solution.
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