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ABSTRACT. In this paper, we prove the existence of common fixed points for
a pair of maps using F-class function in partial metric spaces. Further, we
introduce Geraghty-Suzuki type contraction for two pairs of selfmaps and prove
the existence of common fixed points of these maps in a complete subspace
of a partial metric space under the assumption that these maps are weakly
compatible. Two examples are given to verify the given results.

1. Introduction

The development of fixed point theory is based on the generalization of con-
traction conditions in one direction or/and generalization of ambient spaces of the
operator under consideration on the other. Banach contraction principle plays an
important role in solving nonlinear equations, and it is one of the most useful re-
sult in fixed point theory. In 1994, Matthews [16] introduced the notion of partial
metric in which the concept of self distance need not be equal to zero.

Throughout this paper we denote

F={B:]0,00) = [0,1) : B(ts) — 1 implies ¢, — 0 as n — oo}, RT = [0, 00)
and N is the set of all natural numbers.

In 1973, Geraghty [8] proved the following theorem which generalizes the Ba-
nach contraction principle.

THEOREM 1.1 ([8]). Let (X, d) be a complete metric space and let T : X — X be
a selfmap. Suppose that there exists B € § such that d(Tx,Ty) < B(d(x,y))d(z,y)
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holds for all x,y € X. Then T has a unique fixed point u € X and for each x € X
the Picard sequence {T"x} converges to u as n — 0.

In 1975, Dass and Gupta [5] established a fixed point result using contraction
condition involving rational expression as follows:

THEOREM 1.2 ([5]). Let (X,d) be a complete metric space and T : X — X be
a mapping such that there exist a, 8 > 0 with a + 5 < 1 satisfying
(y, Ty)[1 + d(z, Tx)]

1+d(z,y)
for all x,y € X. Then T has a unique fized point.

d(Tz, Ty) < ad(z,y) + Bd

In 2008, Suzuki [18] proved two fixed point theorems, one of which is a new
type of generalization of the Banach contraction principle and does characterize
the metric completeness.

The following theorem is due to Suzuki [18].

THEOREM 1.3 ([18]). Let (X,d) be a complete metric space and let T be a
mapping on X. Define a non-increasing function 6 : [0,1) — (%, 1] by

1 if0<r< Y5l
O(r)=9 AQ—r)r=2 if —*/52_1 <r<2e

(147" if2 2 <r<1.
Assume that there exists r € [0,1), such that
O(r)d(z, Tx) < d(z,y) implies d(Tx,Ty) < rd(z,y)
for all x,y € X. Then, there exists a unique fized point z of T. Moreover,
lim T"x = z, x € X.

n—oo

DEFINITION 1.1. ([16]) Let X be a nonempty set. A mappingp: X x X — R*
is said to be a partial metric on X, if it satisfies the following conditions:

(P1) z =y plx,z) =plz,y) =py.y),
(P2) p(z, ) < plz,y),
(Ps) p(z,y) = ply, z),
(1) p(z,y) < p(z,2) + p(2,y) — p(2,2)
for all ,y,z € X. Then the pair (X, p) is called a partial metric space.
If p is a partial metric on X, then the function p® : X x X — R™ defined by

p*(x,y) = 2p(z,y) — p(z,2) — p(y,y)

is a (usual) metric on X.

ExamPLE 1.1. ([1, 14, 16]) Consider X = R* with p(z,y) = max{z,y}. Then
(X, p) is a partial metric space. It is clear that p is not a (usual) metric.

Note that in this case, p*(z,y) = |x — y|.
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ExaMPLE 1.2. ([11]) Let X = {[a,b] : a,b € R,a < b} and define
p([a, b], [¢,d]) = max{b,d} — min{a, c}.
Then (X, p) is a partial metric space.

Each partial metric p on X generates a 7 topology 7, on X, which has a base,
the family of open p-balls {B,(z,¢€) : « € X, e > 0}, where

By(z,e) ={y € X | p(z,y) < p(x,r) + €}
for all z € X and € > 0.

Clearly, limit of a sequence in a partial metric space need not be unique. More-
over, the function p need not be a continuous.

ExAMPLE 1.3. ([6]) Consider X = R* with p(z,y) = max{z,y}. Set z,, = 1,
for all n € N. Then for each x > 1, we have p(z,,x) = p(z, ).

DEFINITION 1.2. ([16]) Let (X, p) be a partial metric space. A sequence {z,}
converges to z if and only if p(z,z) = lim p(z,x,).
n—oo

DEFINITION 1.3. ([16]) Let (X, p) be a partial metric space. A sequence {z,}

is said to be a Cauchy sequence if lim p(z,,z,,) exists and is finite.
n,m—o0

DEFINITION 1.4. ([16]) A partial metric space (X, p) is said to be complete if
every Cauchy sequence {z,} in X converges with respect to 7,, to a point z € X,
such that p(z,z) = lm p(z,,zm).

n,m—o0

The following lemmas in a partial metric space are useful in proving our main
results.

LEmMA 1.1 ([16]). Let (X,p) be a partial metric space. Then the sequence
{zn} is a Cauchy sequence in X if and only if it is a Cauchy sequence in the metric
space (X, p®).

LEMMA 1.2 ([16]). A partial metric space (X,p) is complete if and only if the
metric space (X, p®) is complete. Moreover,

lim p*(z,2,) =0 < p(z,x) = lim p(z,z,) = lUm p(zp, Tm).
n—oo n— 00 n,Mm—00

LEMMA 1.3 ([16]). Let (X, p) be a partial metric space. Assume x, — z asn —
oo such that p(z,z) = 0. Then lim p(x,,y) = p(z,y) for every y € X.
n— oo

LEMMA 1.4 ([16]). Let (X,p) be a partial metric space. Then

(i) plz,y) = 0=z =y,

(ii) z # y = p(z,y) > 0.

The Banach fixed point theorem in the context of partial metric spaces due to
Matthews [16] is the following:

THEOREM 1.4 ([16]). Let (X,p) be a complete partial metric space, and let
T: X — X be a mapping such that there exists k € [0,1), satisfying p(Txz, Ty) <
kp(z,y) for all z,y € X. Then T has a unique fized point in X.
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Recently, Dukié¢ et al. [7] proved a fixed point theorem using Geraghty-type
contraction in partial metric spaces as follows:

THEOREM 1.5 ([7]). Let (X,p) be a complete partial metric space and let T :
X — X be a selfmap. Suppose that there exists B € § such that p(Tx,Ty) <
B(p(xz,y))p(x,y) holds for all z,y € X. Then T has a unique fized point u € X and
for each x € X the Picard sequence {T™x} converges to u as n — 0.

For more works on fixed point results and common fixed point results in partial
metric spaces, we refer [1, 4, 6, 9, 10, 11, 13, 14, 19].

DEFINITION 1.5. ([12]) Let X be a nonempty set. Let A : X — X and
B : X — X be two selfmaps. If Ax = Bx implies that ABx = BAx for x in X,
then we say that the pair (A, B) is weakly compatible.

DEFINITION 1.6. ([2]) A mapping F : Rt x Rt — R is called C-class function
if it is continuous and satisfies the following conditions:

(i) F(s,t) < s;

(ii) F(s,t) = s implies that either s =0 or t = 0 for all s, € RT.

We denote the set of all C-class functions by C.

ExAMPLE 1.4. ([2]) The following functions F : RT x RT — R are elements of
C, for all s,t € RT:
(i) F(s,t) =s—t, F(s,t)=s=t=0;
(i) F(s,t) =ms, 0 <m < 1,F(s,t) =s=s=0;
(iii) F(s,t) =sB(s), B: Rt —10,1), and is continuous, F(s,t) =s = s=0;
(iv) F(s,t) =s—(s), F(s,t) =s=s=0, where ¢ : R" - RT is a
continuous function such that p(t) =0 <t = 0;
(v) F(s,t) = ¢(s), F(s,t) =s=s=0, where ¢ : Rt - R isa
continuous function such that ¢(0) = 0, and ¢(¢) > 0 for ¢ > 0.

Babu and Sudheer [3] introduced F-class functions as follows:

DEFINITION 1.7. ([3]) A continuous map F : Rt x RT — R is said to be F-class
function if F(s,t) < s for all s,¢ > 0.

We denote F-class functions as F.
Babu and Sudheer [3] proved that C = F and F(0,0) may not be zero.

DEFINITION 1.8. ([15]) (Altering Distance Function) A function ¢ : RT — R*
is called an altering distance function if the following properties are satisfied:

(i) ¢ is nondecreasing and continuous, and

(ii) ¥ (t) = 0 if and only if ¢t = 0.

DEFINITION 1.9. ([2]) (Ultra Altering Distance Function) An ultra altering
distance function is a continuous, nondecreasing mapping ¢ : R — R* such that
@(t) > 0,t >0 and ¢(0) > 0.

We use the following two notations in our discussion.
U = {¢|¢p : RT — R* is an altering distance function} and
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® = {p|p : Rt — RT is an ultra altering distance function}.
Recently, Yildirim et al. [20] proved the following theorem in partial metric
spaces.

THEOREM 1.6 ([20]). Let (X, p) be a complete partial metric space andT : X —
X ba a selfmap such that there exist a pair of functions p € ¥, ¢ € ®, and F € C
such that

e(p(Tz, Ty)) < max{F(p(p(z,y)), ¢(p(z,y))),
Fp(p(y, Ty) FEETE), ¢(py, Ty) LT )
forallx,y € X. Then T has a unique fized point in X.

In 2017, Hima Bindu et al. [10] proved the following theorem in partial metric
spaces as follows:

THEOREM 1.7 ([10]). Let (X,p) be a partial metric space and let S,T, f, g :
X — X be mappings satisfying
3 min{p(fz, Sz), p(gy, Ty)} < p(fz, gy)
for all z,y € X, where ¢, a, B : RT — Rt are such that v is an altering distance

function, « is continuous, and B is lower semi continuous, a(0) = £(0) = 0 and
P(t) — a(t) + B(t) > 0, for allt > 0 and

M (z,y) = max{p(fz,gy), p(fz,Sz),p(gy, Ty), 3 [p(fx, Ty) + p(gy, Sz)]}.
Assume that

(i) S(X) € g(X), T(X) € f(X),

(ii) either f(X) or g(X) is a complete subspace of X,
(iii) the pairs (f,S) and (g,T) are weakly compatible.
Then S, T, f and g have a unique common fized point in X.

In the following we introduce Geraghty-Suzuki type contraction for two pairs
of maps.

DEFINITION 1.10. Let (X,p) be a partial metric space, and let A, B, S and T
be selfmaps of X. If there exists 8 € § such that
3 min{p(Sz, Az), p(Ty, By)} < p(Sz, Ty)
(1.2) implies that p(Az, By) < S(M(z,y))M (z,y)
for all z,y € X, where

M (z,y) = max{p(Sz, Ty), p(Sz, Azx), p(Ty, By), %[p(S% By) + p(Ty, Az)]},

then we say that the pairs (A4,5) and (B, T) are Geraghty-Suzuki type contraction
maps.

ExXAMPLE 1.5. Let X = [0,1]. We define p(z,y) = max{z,y} for all z,y € X.
Then (X, p) is a partial metric space. We define selfmaps A, B, S and T on X by

AX) =2, B(X)=2%,5(X) =22 T(X) = % and (1) = 1.
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Then clearly the pairs (4,S) and (B,T) are Geraghty-Suzuki type contraction
maps.

In Section 2, we extend Theorem 1.6 to a pair of maps by using F-class function
(Theorem 2.1). Also, we prove the existence of common fixed points by replacing
the inequality (1.1) of Theorem 1.7 with Geraghty-Suzuki type contraction for two
pairs of maps (Theorem 2.2). In Section 3, we draw some corollaries and provide
examples in support of our results.

2. Main results

THEOREM 2.1. Let (X, p) be a partial metric space and let f and g be selfmaps
on X. Assume that there exist ¢ € ¥, ¢ € ® and F € F such that

e(p(fz, fy)) < max{F(p(p(g9z, 9y)), o(p(92, 9y)))
(2.1) F(p(plgy, fy) TrRE28) 6(p(gy, fy) Troeeda))y
forallz,y € X. If f(X) C g(X), the pair (f,g) is weakly compatible and g(X) is
a complete subspace of X then f and g have a unique common fized point in X.

PROOF. Let xy be an arbitrary point in X. Since f(X) C g(X) there exists
x1 € X such that fxg = gr1 = yo. By induction, a sequence {z,} can be chosen
such that fz,, = gr,11 = yn, for all n € NU {0}

Case (i): Assume that p(yn, yn+1) > 0 for some n. We show that

P(Yn Ynt1) < P(Yn—1,Yn);n € N.
Then by (2.1) for all n € N, we have
e(PWn, Yn+1)) = @(p(fTn, fpi1))
< max{F(o(p(9n; gTn+1)), ¢(P(9Tn, 9Tn+1))),

1 Tn,JTn
F(Sp(p(gx”“’f‘”nﬂ)%),

1 Ty, fTn
Bp(gnsr, fonn) Thpfrieiatohy )}

= max{F(@(P(Yn—1,Yn)) P(P(Yn—1,Yn)))
F(p(p(Yns Y y1) TR (g, Y 1) FrE) )
= max{F(@(P(Yn—1,Yn)) P(P(Yn—1,Yn)))

(2.2) F(p(0(Yns ynt1)), #(0(Yns Ynt1)))}-
If

maX{F(‘»p( (yn 1ayn))7d)(p(ynfl,yn)))?F(@(p(ynvyn+1))»¢(p(yn7yn+1)))}
= F(e(p(Yn: yn+1)), ¢(0(Yn: Yn+1))),

then from (2.2), we have

O(PYn, Yn+1)) < F(@(p(Yn, Yn+1)), ¢(0(Yn: Ynt1))) < @(0(Yns Ynt1))s

which is a contradiction. Therefore
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max{F(@(p(Yn-1,Yn))s @(PUn—1,Y)))s F(@0Yn, Yn+1)), #@(Yns Ynt1)))}
= F(o(p(yn—1,Yn))s ¢(P(Yn—1,Yn)))-

Hence

O(@Yn, Yn+1)) < F(@(P(Yn-1,Yn)), 2(0(Yn-1,Yn))) < @(0(Yn—-1,Yn))

and by the property of ¢ we have p(yn, yn+1) < P(Yn—1,yn). Then, the sequence
{p(Yn, yn+1)} 1s a decreasing sequence. Then there exists r > 0 such that
(2.3) im p(yn, Ynt1) =1

n—oo
We claim that » = 0. On the contrary suppose r > 0. On letting n — oo in (2.2)
and using (2.3), we get

o(r) < F(p(r),o(r)) < o(r),
it is a contradiction. Hence

(2.4) Jim p(yn, ynt1) = 0.
Thus from (P;), we get that

(2.5) Jim_ p(yn, yn) = 0.

By the definition of p*, (2.4) and (2.5), we get

(2.6) lim p*(yn, yn+1) = 0.

n—oo

Next, we prove that {y,} is Cauchy in (X, p®).

On the contrary suppose that {y,} is not a Cauchy sequence. There exist € > 0
and monotone increasing sequence of natural numbers {my} and {n;} such that
ng > my with
(27) ps(ymk7y”k) > € and ps(y"lk’ynk—l) <€
Now we prove that (i) lerI;Op(ymk,ynk) =3.
Since € < p*(Ym,, Yn,,) for all k, we have
(2.8) e < liminf p* (Y, , Yn,, )-

k—o0

Now for each positive integer k, by the triangular inequality, we get
ps(ymk ) ynk) < ps(ymk ) ynk_l) + ps (ynk—17 ynk)
On taking limit superior as k — oo, from (2.6) and (2.7), we have
(2.9) lim sup p* (Y, » Yny,) < €.
k—o0

Hence from (2.8) and (2.9), we get

Hm p°(Ym,,, Yn, ) exists and Hm p*(Ym,, Yn, ) = €.

k— o0 k—o0

Hence, from the definition of p® and (2.5), we have klim PYmys Yni) = 5-
— 00
In similar way, it is easy to see that
(11) lim p(ynk-l-hymk) = é;
L oo
(111) lim p(ynkaymkfl) = %
k—o0
We now consider
@(p(ynk-i-lv ymk)) = So(p(fxnk-i-l) fxmk))

< maX{F((p(p(gmnkJrhgxmk))’ ¢(p(gxnk+17 gwmk)))7
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Lp(gny 41,0y 1)
F(pp(gmes Fom) Thpigr gy )

14p(9%ny +1,f Tny +1)
¢(p(gmmk7fxmk) 1+P(9®::i1,g%}i:; ))}

= maX{F(<p(p(ynk ) ymk—l))v ¢(p(ynk ) ymk—l)))7

14+p(Yny, Yng+1)
F(w(p(yMk—laymk)%)7

1+ ( nprdng 1)
SPYm—1 Ymi) Trpry gy )}

On letting k£ — oo and using (2.4), (ii) and (iii), we get
p(5) < max{F(p(5). 6(3)), F((0), 6(0))}.

If Fp(5),¢(5)) is maximum then, o(5) < F(o(5),9(5)) < ¢(5), which is a
contradiction.
Suppose F(¢(0),$(0)) is maximum. Then ¢(5) < F(¢(0),¢(0)) < ¢(0). By the
property of ¢ we have § < 0, a contradiction. Hence {y, } is a Cauchy sequence in
(X,p%).

Case (ii): Assume that y,, = yn41 for some n.
If p(Yn+1,Ynt2) > 0. We have
(P(Yn+1:Yn+2)) = o(P(fTni1, fTni2))
< max{F(o(p(gTnt1, 92n+2)), O(P(9Tnt1, 9Tn+2))),

1+ nt1,fTn
F(p(p(gn 2, [ny2) TRLes Lt )y,

OP(g7ns2, Fn o) Toceies))
= maX{F(go(p(ym yn+1))7 ¢(p(yn7 yn+1)))v

1+ nsYn
F(o(p(ns1, Yoz) L1 )

1 nyYn41
S(P(Yn+1, Yn+2) Traletetiy )}

= max{F(o(0(Yn, Yn+1)): PYn: Yn+1))),

. F(o(p(yns1,Ynt2)), 6(0(Yns1,Yni2)))}-

maX{F(SD(p(ym yn+1))7 (b(p(ym yn+1)))7 F(go(p(yn+1, yn+2>)7 ¢(p(yn+1= yn+2)))}
= F(e(p(Yn+1,Yn+2)), @(0(Un+1, Yn+2)));

then we have

P(P(Un+1,Yn+2)) < F(@(0Wnt1,Yn+2)): @(P(Yn+1, Ynt2))) < 0(P(Yn+1, Ynt2)),
which is a contradiction. Therefore

max{F((p(Yn, Yn+1)); 2(0Yn: Yn+1))) F(0(P(Yn+1, Yn+2))s S(0(Ynt1, Ynt2)))}

= F(Sp(p(ym ynJrl))v (b(p(ym ynJrl)))‘

Hence

Qo(p(yn+1a yn+2)) < F(Sp(p(yna ynJrl))v (z)(p(yna ynJrl))) < ¢(p(ynv yn+1))'
Since ¢ is monotonically increasing, we have

PYnt1,Yn+2) < PWns Un+1) = PYn+1, Ynt1)-
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Hence y,4+1 = yn42. Continuing in this way, we can conclude that y,, = y,4x for
all k > 0. Thus, {y,} is a Cauchy sequence in (X, p*). From Lemma 1.1, it follows
that {y,} is a Cauchy sequence in (X, p). Therefore

(2.10) lim  p(Yn,ym) = 0.

n,Mm—00
Suppose ¢g(X) is complete. Since y, = fx, = gxny1, it follows that {y,} C
g9(X) is a Cauchy sequence in the complete metric space (g(X), p?), it follows that
{yn} converges in (g(X),p®). Thus, lim p*(y,,u) = 0 for some u € g(X). ie.,
n—oo

lim y, =u = gt € g(X) for some ¢t € X. From Lemma 1.2 and (2.10), we have
n—oo
plu,u) = Hm p(ynir,u) = Hm plyn, w) = Hm  p(yn, ym)-
From (2.10), we have
pu,u) = lim py,,u) = lm_ p(yn, ym) = 0.

n,m—00
We now show that ft = u. Suppose p(ft,u) > 0. From (2.1), we have
e(p(ft,ynt1)) = e(p(fT, fTni1))

< max{F(p(p(gt, grn+1)), 9(p(gt, 9Tn11))),

1 9
F(o(p(9zn+1, fxnﬂ)%)%

1 b
Hplgar So) L))

= max{F(¢(p(u, yn)), ¢(p(u; yn))),

F(o(p(Yns Y+ 1) Tro5)), (0 (s Y1) L))}

On letting n — oo, we get

e(p(ft, u)) < max{F(p(0),$(0)), F(£(0),(0))} = F(»(0),6(0)) < ¢(0).
Since ¢ is monotonically increasing, we have p(ft, u) < 0, which is a contradiction.
Hence ft = u. Therefore ft = gt = u. Since the pair (f,g) is weakly compatible
and ft = gt = u, we have fu = gu. We now prove that fu = w.

On the contrary, suppose that p(fu,u) > 0. From the inequality (2.1), we have
P((fu; yni1)) = @(p(fu, frni1))

< max{F(o(p(gu, gxn11)), ¢(p(gU, gTn1))),

1 w, fu
F(@(p(gxn+lafxn+1)%)),

OW(gn i1, Fonin) b))

= max{F(o(p(fu,yn)), d(p(fu,yn))),

1 u, fu 1 u, fu
F(o(p(Yny Yn+1) L)), b(p(yn, Y s1) Tkl ).

On letting n — oo, we get

o(p(fu,u)) < max{F(o(p(fu,u)), d(p(fu,u))), F(¢(0),$(0))}
= F(e(p(fu,u)), p(p(fu,u))) < o(p(fu,u)),

which is a contradiction. Hence fu = gu = wu.
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Therefore u is a common fixed point of f and g.
Uniqueness of a common fixed point follows from the inequality (2.1). O

PROPOSITION 2.1. Let (X, p®) be a metric space with lim p*(yn,yn+1) = 0. If
n—oo
{yan} is a Cauchy sequence in (X,p®) then {y,} is also Cauchy in (X, p®).

PROOF. Suppose that {y2,} is Cauchy in (X, p®). We have
P (Y2n+1, Y2m+1) — P°(Y2n, Yom) = 2P(Y2n+1, Yom+1) — P(Y2n+1, Y2n+1)
—p(Y2m+1, Yom+1) — 20(Y2n, Y2m) + 2(Y2n, Yon)
+ p(y2m7 y2m)
< 2[p(Y2n+1, Y2n) + P(Y2n, Yom+1) — P(Y2n, Y2n)]
= p(Y2n+1,Y2n+1) — P(Y2m+1, Y2m+1)
= 2p(Y2n, Y2m) + P(Y2ns Y2n) + P(Y2m; Y2m)
= 2p(Y2n+1, Y2n) + 2P(Y2n, Yam+1) — P(Y2n, Y2n)
- p(y2n+17 Yon+1) — P(Y2mt1, Y2m+1)
= 2p(Y2n, Yam) + P(Y2m, Y2m)
= 0°(Y2n+1, Y2n) + 20(Y2ns Y2m+1) — 20(Y2n: Yom)
+ (Y2, Y2m) — P(Y2m+1; Y2m+1)
< P°(Y2n+15 Y2n) + 2[0(Y2n, Y2m) + P(Y2m;s Y2m+1)
— p(Y2m, Y2m)] — 20(Y2n, Y2m)
+ p(Y2m;s Y2m) — P(Y2m+1; Y2mt1)
= P (Y2n+1,Y2n) + 2D(Y2m, Y2m+1) — P(Y2m., Y2m)
— p(Y2m+1, Y2m1)
= P°(Y2n+1,Y2n) + P°(Y2m+1, Y2m)
so that
(2.11) P°(Y2nt1, Yom+1) = P°(Y2n, Yom) < P°(Y2n+1, Yon) + 0° (Y2m+1, Yom)-
Now, we have
P°(Y2n, Yom) — P° (Y2n+1, Y2m+1) = 20(Yon, Y2m) — P(Y2n, Yon) — P(Y2m, Y2m)
= 2p(Y2n+1, Y2m+1) + P(Y2n+1, Y2n+1)
+ p(Y2m+1, Yam+1)
< 2[p(Y2n, Yon+1) +PW2n+1; Yam) —P(Y2n+1; Y2n+1)]
—P(Y2n, Y2n) — P(Y2m, Y2m) — 2P(Y2n+1, Y2m+1)
+ p(y2n+1a y2n+1) + p(y2m+17 y2m+1)
= 2p(Y2n, Y2n+1) +20(Y2n+1, Y2m) —P(Y2n+1, Yon+1)
- p(anu y2n) - p(y2m7 y2m)
— 20(Y2n+1, Y2m+1) + P(Y2m+1, Y2m+1)
= p°(Y2n+1, Y2n) + 20(Y2n+1, Yom)
= 2p(Y2n+1, Y2m+1)
= p(Y2m; Y2m) + P(Y2m+1; Y2m+1)
< P°(Y2n+1, Y2n) + 2[P(Y2n+1, Y2m+1)
+ p(W2m+1,Y2m) — P(Yom+1, Y2m+1)]
—2p(Y2n+1, Yom+1) —P(Y2m> Y2m) FP(Y2m+1, Yom+1)
= °(Y2n+1,Y2n) + 20(Y2m+1, Yom) — P(Y2m, Y2m)
— p(Y2m+1, Yom+1)
= 0°(Y2n+1, Y2n) + P°(Y2m+1,Y2m)
so that
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(2.12) P°(Y2ns Yom) — P°(Yon+1: Yom+1) < P°(Y2n+1:Y2n) + P (Y2m+1, Yom)-
Thus, from (2.11) and (2. 12) we have
(2.13) 1D (Y2n+1, Y2mt1) — P (Y2ns Yam)| < P°(Y2n+1,Y2n) + P° (Y2m+1, Yom)-

On letting n,m — oo in (2.13), we have lim p*(yan+1, Y2m+1) = 0.
n,Mm—00

Hence {ya,+1} is a Cauchy sequence in (X, p®). Thus {y,} is Cauchy in (X, p®).
O

PROPOSITION 2.2. Let (X,p) be a partial metric space, and let A, B,S and T
be selfmaps of X. Assume that the pairs (A,S) and (B,T) are Geraghty-Suzuki
type contraction maps. Then the following hold:

(i) If A(X) C T(X) and the pair (B,T) is weakly compatible, and if z is a common
fized point of A and S then z is a common fized point of A, B,S and T and it
1S UNIqUE.

(i) If B(X) C S(X) and the pair (A, S) is weakly compatible, and if z is a common
fized point of B and T then z is a common fixed point of A, B, S and T and it
18 Unique.

PROOF. First, we assume that (i) holds. Let z be a common fixed point of
A and S. Then Az = Sz = 2. Since A(X) C T(X), there exists u € X such that
Tu = z. Therefore Az =Sz =Tu = z.

We now prove that Tu = Bu. Suppose that Tu # Bu. Since

%min{p(SZ,Az) p(Tu, Bu)} < p(Sz,Tu),

it follows from the inequality (1.2),
p(Tu, Bu) = p(Az, Bu)
< B(M(z,u)) M (2, u)
= B(max{p(Sz,Tu),p(Sz, Az), p(Tu, Bu), [ (Sz, Bu) + p(Tu, Az)]})
max{p(Sz, Tu),p(Sz, Az), p(Tu, Bu) 2[p(Sz, Bu) + p(Tu, Az)]}
= B(p(Tu, Bu))p(T'u, Bu) < p(T'u, Bu),
it is a contradiction. Hence Bu = T'u = z. Since the pair (B, T) is weakly compat-
ible, it follows that BTu = T Bu. i.e, Bz =Tz.
Suppose Bz # z. Since £ min{p(Sz, Az), p(T'z, Bz)} < p(Bz,Tz) < p(Sz,Tz),
from the inequality (1.2), we have
p(z,Bz) = p(Az Bz)
B(M(z,2))M(z, )
= ﬂ(max{p(Sz Tz) p(Sz, Az),p(Tz, Bz), 1[p(Sz, Bz) + p(Tz, Az)]})
max{p(Sz,T%z),p(Sz, Az),p(Tz Bz), 1[p(Sz, Bz) + p(Tz, Az)]}
— B(p(z, B2))p(z, B2) < plz, B2),
which is a contradiction. Thus, Bz = Tz = z. Hence A2 = Bz = Sz =Tz = 2.
Therefore, z is a common fixed point of A, B, S and T.
Let 2’ be another common fixed point of A, B, S and T'. Since

%min{p(S@Az) p(TZ',B2')} < p(z,2) < p(z,2') = p(Sz,T7),
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from the inequality (1.2), we have
p(z,2") = p(Az, BZ')
SB(M(z,2))M(z, 2)
= B(max{p(Sz,T2'),p(Sz, Az),p(T', Bz'), 5[p(Sz, B2') + p(T~', A2)]})
max{p(Sz,T?),p(Sz, Az),p(T%, B%'), 5[p(Sz, Bz') + p(T7', Az)]}
= ﬁ(p(zv Z/))p(Z, Z/) < p(Z, Z/)v
which is a contradiction. Hence z = z’. Thus z is a unique common fixed point of
A/ B,Sand T.
The proof of (ii) is similar to (i) and hence is omitted. O

THEOREM 2.2. Let (X,p) be a partial metric space, and let A, B, S and T be
selfmaps of X. Assume that the pairs (A,S) and (B,T) are Geraghty-Suzuki type
contraction maps. If

(i) A(X) CT(X) and B(X) C S(X),

(ii) either S(X) or T(X) is a complete subspace of X, and
(iil) the pairs (A, S) and (B,T) are weakly compatible,
then A, B, S and T have a unique common fixed point in X.

PROOF. Let zyp € X be an arbitrary point in X. Since A(X) C T(X) and
B(X) C S(X), there exist sequences of {z, }and {y,} € X, such that

Yo = Aoy = TTon41 and yon41 = Bxopy1 = Sxopys for n=0,1,2, ... .

Case (i): Assume that y, # yn+1 for all n € NU {0}. We now show that
p(ynayn—i-l) < p(yn—lyyn),n =12,3,... NOWa

1 .
5 mln{p(stna Ax2n)ap(Tx2n+la BxZnJrl)} < p(Sxva AxZn) = p(SxQn» TxZnJrl)?

it follows from the inequality (1.2), we have

P(Axoyn, Bropi1) < B(M (22, Tont1))M (220, Tony1)s
where
M (22n, T2pt1) = max{p(Swan, Tooni1), P(STon, AT2,), (T 22011, BToni1),
5[0(Sxan, Brany1) + p(Txoni1, Azan)]}
= max{p(Y2n—1,Y2n)s P(Y2n—1,Y2n), P(Y2n; Y2n+1),
% [P(Y2n—1, Y2n+1) + P(Y2n, Y2u)|}
= max{p(Y2n—1,Y2n), P(Y2n, Y2n+1)}-
If max{p(y2n—1,Y2n), P(Y2n; Y2n+1)} = P(Y2n, Y2n+1), then we have
P(Y2n, Y2nt1) < BO(Y2n, Y2n+1))P(Y2n, Y2nt1) < P(Y2ns Y2n+1),

which is a contradiction. Hence max{p(y2n—1,Y2n), P(Y2n; Y2n+1)} = P(Y2n—1, Y2n)-
Thus

(2.14) P(Y2n; Y2n+1) < BP(Y2n—1,Y2n))P(Y2n—1,Y2n) < P(Y2n—1, Y2n)-
Therefore, p(Y2n, Yon+1) < P(Y2n—1,Y2r). Similarly, we can show that

P(Y2n—1,Y2n) < P(Y2n—2:Y2n—1)-
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Thus, p(Yn, Yn+1) < P(Yn—1,Yn), for all n = 1,23, ... . Therefore {p(yn,Yn+1)} is a
decreasing sequence of nonnegative real numbers and converges to a real number
r > 0.
Suppose r > 0. On letting n — oo in (2.14), we have r < nh%rrgo Bp(Yn, Ynt1))r
Then 1 < lim B(p(Yn, Yn+1)) < 1 so that we have lim B(p(yn,yn+1)) = 1. Since
n—oo n—oo

B € F, we have lim p(yn,ynt+1) = 0, which is a contradiction. Hence r» = 0. Thus
n—oo

(2.15) lim p(yn,yn+1) = 0.
n—roo

Therefore from (P»), we get that
(2.16) lim p(yn,yn) =0 and Um p(yni1,Ynt1) = 0.

n—oo n—o0
By the definition of p*, using (2.15) and (2.16), we get that
(2.17) Jim p*(yn, yni1) = 0.
Now, we prove that {ys,} is a Cauchy sequence in (X, p®).
On the contrary, suppose that {y2,} is not Cauchy. Then there exist an € > 0 and
monotone sequences of natural numbers {2my,} and {2n4} such that ng > my,

(2.18) P* (Y2m, Y2n, ) = € and p*(Yam,, Y2n,—2) < €
Now we prove that (i) m p(y2m,,¥Y2n,) = §5-
k—o0
Since € < p*(Y2m,,, Y2n,,) for all k, we have
(2.19) € < likrginfps(ygmk7y2nk).
o0
Now for each positive integer k, by the triangular inequality, we get

P (Y2mis Y2n) < P (Y2mp, Y2ni—2) + D° (Y2ni—25 Y2n,—1) + P (Y2ni—1, Y2ns )
On taking limit superior as k — oo, from (2.17) and (2.18), we have

(2.20) lim sup p* (Yam, , Yan, ) < €.
Hence from (2.19) and (2.20), we kgztoothat kl;rrgo D°(Y2my,» Y2n,, ) e€xists and that holds
kli_}rrolops(ygmk,ygnk) = e. Hence from the definition of p® and (2.16), we have
ler{:O P(Y2my» Y2n,,) = 5. In similar way, it is easy to see that
(i) Hm p(yzn,ce1sy2m,) = 53 (1) Hm pyzn,, yom.—1) = § and

c

(iv) klifgop(y2mk—1, Yong+1) = 5-

If £ min{p(y2my—1, Y2my. )> P(Y2ns s Y2ni+1)} > P(Y2my—1, Y2n, ), then from (2.15) and
(iii), on letting k — oo, we get 0 > §, which is a contradiction. Hence

% min{p(yzm, 1, Y2m. ) P(WY2n, Y2n+1)} < P(Y2mi—1,Y2n,) = P(ST2m, s T2, 41)-
From the inequality (1.2), we have
P(Y2my > Yony+1) = P(AT2m, , Brop, 1)
(2.21) < BM (z2my, > T2ny+1)) M (T2my, , T2n,+1),
where
M (22m,,, Ton,+1) = max{p(Sxam,, TTon,+1), P(ST2m,, , AZ2m, ),
(T2, +1, Bron,+1),
5[0(Sxam,, Bro, 1) + P(T2on, 11, Ao, )]}
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= maX{p(mmrh y2nk)ap(y2mk717 y2mk)7p<y2nk y Yony, +1),
%[P(yzmrl,ymkﬂ) +p(y2nk7y2mk)]}'
Now, by using (2.15), (i), (ii), (iii) and (iv), we have
€

. € 1. ¢ €
lim M (zam,, Ton,+1) = max{i,0,0, 5[5 + 5]} =3

k—o0
On letting & — oo in (2.21), we get § < B(5)§ < §, which is a contradiction.
Therefore {ys,} is Cauchy. Thus by Proposition 2.1, {y,} is a Cauchy sequence in
(X, p®). Hence we have . rl;lgoo 2°(Yn, ym) = 0. Now, from Lemma 1.1, it follows
that {y,} is a Cauchy sequence in (X, p).

Suppose T'(X) is complete. Since ya, = Axa, = TTapt1, it follows that {ya,} C
T(X) is a Cauchy sequence in the complete metric space (T'(X), p®), it follows that
{yan} converges in (T(X),p®), and {y2,} converges to wu(say) in T(X). Thus,
nli_}rr;ops(ygn,u) = 0 for some u € T(X). That is, yap, — u =Tt € T(X) for some
t € X. Since {y,} is Cauchy in X and y, — u as n — oco. From Lemma 1.2, we
get
p(u,u) = lim p(yopy1,u) = Um p(Yon, Yont1) = lm  p(yn,ym) = 0. We now

n—roo n—oo n,m—oQ
show that for each n > 1 either

(2.22) (a): 3P(yzn—1,Y20) < P(Y2n-1,0) (01) (b): 3P(Y2n, Y2nt1) < P(Y2n, u)
holds. On the contrary, suppose that

20(y2n—1,Y2n) > P(Y2n—1,u) and p(yan, Yont1) > p(y2n, u) for some n > 1.

Then, by (Py) we have
P(Y2n—1,Y2n) < p(Y2n—1,u) + p(u, y2n) — p(u,u) < %[p(yanly Yon) + P(Y2n, Y2n+1)]
< p(Yan—1,Y2n),
which is a contradiction. Therefore (2.22) holds.
Subcase (a): Suppose %p(ygn_l,ygn) < p(yan—1,u). Suppose Bt # u. Since

2 min{p(Swan, Awan), p(Tt, Bt)} < 3p(Sway, Azay)
= %p(an—la an)
< p(an—ly u) = p(S$2n7 Tt))

it follows from the inequality (1.2), we have
(2.23) p(Al‘gn, Bt) < ﬁ(M(.’L‘gn, t))M(l‘gn, t),
where [M (22,,t) =

max{p(Sxan, Tt), p(Stan, Axay), p(Tt, Bt), %[p(S.TQn, Bt) + p(Tt, Azan)]}

On letting n — oo and using lim Sxo, = lim Axzs, = u, we get
n—oo n—oo
n—oo

lim M (zap,t) = max{p(u, Tt), p(u,u), p(Tt, Bt), %[p(u7 Bt) + p(Tt,u)]}

= max{p(u, Tt), p(u, u), p(u, Bt), 5 [p(u, Bt) + p(u, )]} = p(u, Bt).
On letting n — oo in (2.23), we obtain

p(u, Bt) < B(Z)(u’ Bt))p(u, Bt) < p(u, Bt),



COMMON FIXED POINTS OF RATIONAL TYPE AND GERAGHTY-SUZUKI TYPE... 355

which is a contradiction. Hence Bt = w = Tt. Since the pair (B,T) is weakly
compatible, it follows that Bu = BTt = T Bt = Tu.

Suppose Bu # u. We have %min{p(Smgn,Axgn),p(Tu,Bu)} < p(Szan, Tu).
From the inequality (1.2), we get
(2.24) p(Azay, Bu) < B(M(xon, w)) M (zon, u),
where

M (zon,u) = max{p(Sxan, Tu), p(Sxan, Axon), p(Tu, Bu),

%[p(ngn, Bu) 4 p(Tu, Axay,)]}-
On letting n — oo and using nh_{rgo Sxo, = nh_)rrgo Azxo, = u, we get
lim M (z2,,u) = max{p(u, Tu), p(u,w),p(Tu, Bu), £[p(u, Bu) + p(Tu, u)]}

n—oo
= max{p(u, Tu), p(u,u), p(u, Bu), %[p(u, Bu) + p(u,u)]}
= p(u, Bu).

On letting n — oo in (2.24), we obtain

p(u, Bu) < B(p(u, Bu))p(u, Bu) < p(u, Bu),

it is a contradiction. Hence Bu = u = Tu. Therefore u is a common fixed point
of B and T. Thus, by Proposition 2.2, we get that u is the unique common fixed
point of A, B, S and T.

Subcase (b): Suppose 2p(yYan, Y2n+1) < P(Y2n,u). On proceeding as in Sub-
case (a), it follows that u is a unique common fixed point of A, B, S and T

Case (ii): Suppose Y2, = Yam+1 for some m. Assume that yomi1 # Yomto.
We have

M (22m+42, T2mt1) = max{p(Yom+1, Y2m)s P(Y2m+1, Y2m+2), P(Y2m> Y2m+1),

%[P(y2m+1, Yom+1) + P(Y2m, Y2m2)] }-
From (P,), we have

P(Y2m+15Y2m) = P(Y2m+1, Yom+1) < P(Y2m+1,Y2m+2)-

Then, we have
3 [PWamt1,Y2mi1) + P(Y2ms Y2mr2)] < 51P(Y2ms Y2m+1) + P(Y2mt1; Yomr2)]
< 5[PWam+ 1, Yamr2) + P(Y2mt1, Yam2)]
= p(Y2m+1, Y2m+2)-
Hence M (2am+2, Tom+1) = P(Y2m+1, Y2m+2). Since
3 min{p(STom+2, Avomia), P(TT2m+1, Brams1)} < p(To2m+1, BTami1)
= p(ST2m+2, TTom+1),
it follows from the inequality (1.2), we have
P(Y2m+2, Y2nt1) = p(AT2m2, BTam11)
< B(M (22m425 T2mt1)) M (T2m42, Tam41)
= B(p(y2m+2, Y2n+1))P(Y2m+2, Y2n+1) < P(Y2m+2, Y2n+1),
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which is a contradiction. Hence Y241 = Yam+2. On continuing this process, it
follows that y, = yn1x for all k =1,2,3, .... Thus {y,} is Cauchy.
The rest of the proof follows as in Case (i). O

3. Corollaries and examples

In this section, we draw some corollaries from the main results of Section 2 and
provide examples in support of our results.
From Theorem 2.1, we have the following corollaries.

COROLLARY 3.1. Let (X, p) be partial metric space and let f and g be selfmaps
of X. Assume that there exist p € U, ¢ € &, and F € F such that

o(p(fz, fy) < F(e(p(gr, gy)), ¢(p(gx, gy))) for all x,y € X.

If f(X) C g(X), the pair (f,g) is weakly compatible and g(X) is a complete subspace
of X then f and g have a unique fixed point in X.

COROLLARY 3.2. Let (X, p) be partial metric space and let f and g be selfmaps
of X. Assume that there exist p € ¥, ¢ € ®, and F € F such that

e(p(f, fy)) < Fp(plgy, fy) Tra2eLa), 6(p(gy, fy) Traiels)

forall x,y € X. If f(X) C g(X), the pair (f,q) is weakly compatible and g(X) is
a complete subspace of X then f and g have a unique fized point in X.

Putting T' = f and g is the identity map on X in Theorem 2.1, we have the
following.

COROLLARY 3.3. (Theorem 3.1, [20]) Let (X,p) be a complete partial metric
space and T : X — X ba a selfmap such that there exist a pair of functions ¢ €
U, ¢ € P, and F € C such that

e(p(Tx, Ty)) < max{F(p(p(z,y)), ¢(p(z,v))),
Fp(ply, Ty) SEETE), o(p(y, Ty) FEETD) )}
forallx,y € X. Then T has a unique fized point in X.
In Theorem 2.2, if A= B = f and S =T = g, we have the following corollary.

COROLLARY 3.4. Let (X,p) be a partial metric space, and let f, g be selfmaps
of X. Assume that there exists 5 € § such that

s min{p(gz, f2), p(gy, fy)} < plgz, gy) = p(fz, fy) < BM (z,y))M(z,y) for all
z,y € X, where
M(z,y) = maxtplgr, g9). p(g, f),ploy. 1), 3 (o, f9) + gy, fo)]}
If
(i) f(X) C g(X), g(X) is a complete subspace of X, and
(ii) the pair (f,g) is weakly compatible,
then f and g have a unique common fixed point in X .

The following is an example in support of Theorem 2.1.
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0 if x =
EXAMPLE 3.1. Let X = [0,1] and p(z,y) = 1 TV for all
max{z,y} if x#y,
z,y € X. Then (X, p) is a partial metric space. Define f,g: X — X by f(z) =
g(z) = z—; Define F(s,t) = 25, ¢, ¢ : Rt — RT by o(t) = 3t, ¢(t) = £ for
all t > 0. Clearly f(X) C ¢(X) and the pair (f,g) is Weakly compatlble Wlth
out loss of generality we assume x y Here o(p(fz, fy)) = 16 ; o(plgz, gy)) =

2 x,fx
8 L oplgr,gy) = & plgz, fx) = 55 plgy, fy) = %3 (plgy, fy) L) =

z>
4

L
8
ax{F(¢(p(g92, 9v)), ¢(p(92, 99))),
Fle(plgy, F9) EEE29). o(p(gy. fy) T2t}
Therefore f and g satisfy all the hypotheses of Theorem 2.1 and 0 is the unique
common fixed point.

The following is an example in support of Theorem 2.2.

EXAMPLE 3.2. Let X = [0,1] and p(z,y) = max{z,y} for all z,y € X. Then
(X, p) is a partial metric space. Define selfmaps A, B, S and T on X by

Alw) =%, Blx) =%, S(z) = (5 — 2) and T(z) = £(6 — x).
Define 3 : [0,00) — [0,1) by B(t) = %, t>0.
Clearly 8 € §. Also, clear that A(X) C T(X) and B(X) C S(X). The pairs
(A,S) and (B,T) are weakly compatible. Without loss of generality, we assume
that z > y.

L min{p(Sz, Az), p(Ty, By)} = 5 min{max{% (5-2), % }, max{2(6-y), % }}
= S min{%(5 - 2), £(6 — y)}
—1(6-y)

Here
p(Az, By) = max{%, 5} = 2, p(Sz, Ty) = (5 — ),
p(Sz, Az) = (5 — ), p(Ty, By) = £(6 — y), p(Sz,By) = (56 — x),
p(Ty, Azx) = max{¥(6 — y), 7} and £[p(Sz, By) + p(Ty, Az)] < (5 — z).

Therefore
M (x,y) = max{p(Sxz, Ty), p(Sz, Az), p(Ty, By),

3[p(Sz, By) + p(Ty, Az)]}

706 —1).
We now consider

72

p(Az, By) = - < B(5(5 — ) 7(5 — 2) = A(M(2,)) M (x.y).
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Therefore A, B,S and T satisfy all the hypotheses of Theorem 2.2 and 0 is the
unique common fixed point of A, B, S and T
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