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P — ALMOST DISTRIBUTIVE FUZZY LATTICES
Assaye A. Berhanu, Alemneh Mihret, and Tefera Gerima

ABSTRACT. The concept of P; —Almost Distributive Fuzzy Lattice as an exten-
sion of P;—Almost Distributive Lattice is introduced and we prove basic prop-
erties a bout P —ADFL. Necessary and sufficient conditions for a Py—ADFL
to become P;—ADFL are investigated.

1. Introduction

U. M. Swamy and G. C. Rao in [11] introduced the concept of an Almost
Distributive Lattice (ADL) as a common abstraction of existing lattice and ring
theoretic generalization of a Boolean algebra and observed that the set PI(R) of
all principal ideals of an ADL (R,V,A,0,m) with a maximal element m,form a
distributive lattice. G. Epstein and A. Horn in [4] introduced the concept of a Py —
lattice. Later in [12] T. Traczyk studied and explored its properties P;—lattice has
good application in computer and logic theory and the notion of a P,—ADL was
introduced by G. C. Rao, A. Mihret and N. Kakumar in [5].

The concept of fuzzy set was introduced by Zadeh in [13] and this concept
was adapted by Goguen in [5] and Sanchez in [10] use to define and study fuzzy
relations. In this paper we use fuzzy partial order relation defined in [3] and the
idea of fuzzy lattice in [3] to extend some important properties of P — ADL to
P, — ADFL’.

2. Preliminaries

DEFINITION 2.1. An algebra (R, V,A,0) of type (2,2,0) is called an ADL if it
satisfies the following axioms:
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(1) av0=a.

(2) 0Aa=0.

(3) (avb)Ahc=(aAc)V(bAc).
(4) an(®Ve)=(anb)V(anc).
(5) av(bAc)=(aVb)A(aVec).
(6) (aVvb)Ab=hb, for all a,b,c € R.

THEOREM 2.2 ([9]). Let m be a maximal element in an ADL R and a € R.
Then the following are equivalent :

(1)  m is mazimal element of a poset (R, <).
(2) aAm=a.
(3) avm=m.
(4) aVm is mazimal.
DEFINITION 2.3. ([12]) Let R be an ADL with a maximal element m and
B(R) ={a € RlaAnb=0and a Vb is maximal for some b € R}.

Then (B(R),V,A) is a relatively complemented ADL and it is called the Birkhoff
center of R.

LEMMA 2.4 ([9]). Let (R,V,A,0) be an ADL. Then for any a,b,c € R, the
following conditions hold:
1) avb=a<aANb=0D.
aVb=bsaAb=a.
N\ is associative.
aANbANc=bANaAc.
(avb)Ae=(bVa)Aec.
aANb=0<bAa=0.
aV(bAe)=(aVb)A(aVc).
aN(aVb)=a,(aNb)Vb=DbandaV (bAa)=a.
aNa=a andaVa=a.
(9) OVa=aandaN0=0.
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DEFINITION 2.5. ([9]) Let R be an ADL with 0. Then for any a,b € R, define
a < bif and only if a A b = a or equivalently a Vb =b. Then (R, <) is a poset.

DEFINITION 2.6. ([7]) Let R be an ADL with 0. Then a unary operation * on
R is called a pseudo-complementation on R if, for a,b € R:
(1) ana*=0.
(2) aAb=0=a*Ab=h.
(3) (aVvVb)* =a* Ab*.

So that a* is called a pseudo-complement of @ € R and R is called a pseudo-
complemented ADL.An element a in R is said to be dense if a* = 0.

DEFINITION 2.7. ([7]) A pseudo-complemented ADL (R, V, A, *,0,m) is called
a stone ADL if, for any a € R, a* V a** = 0*.
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DEFINITION 2.8. ([9]) Let R be an ADL with 0. A non empty subset I of R is
an ideal of R, if it satisfy the following conditions:
(1) abel=avbel.
(2) aelandzeR=aAz€R.

THEOREM 2.9 ([9]). Let R be an ADL with 0. Then for any a,b € R, we have
the following :
(1) (a] ={aAzx|ze€ R}.
(2) aclebra=a
S @ Cleanz<bAz, forallz € R.
LEMMA 2.10 ([9]). For any a,b € R, the following hold:
(1) (@]n ] =(and]=(bAa].
(2) (a]Vv(b)=(aVd]=(bVa].

DEFINITION 2.11. ([7]) Let (R,V,A,0,m) be an ADL with Birkhoff center
B(R). R is called a psuedo-suplemented ADL if, for each z € R, there exists
b € B(R) such that

(1) zAb=0.
(2) If c € B(R) such that z Ac=¢, then bAc=c.

In this case, b A m is uniquely determined by x and is denoted by !z. We call
!z the pseudo-supplement of x.

DEFINITION 2.12. ([7]) Let R be a bounded distributive lattice and B(R) the
center of R. Achain base of R is a finite sequence 0 = eq, €1, ...,€,_2,€,_1 = 1 such
that R is generated by B(R) U {eg, €1, ...,en—1 = 1}.

If R has a chain base, then R is called a Py— lattice.

DEFINITION 2.13. ([7]) Let R be an ADL with 0 and maximal elements. Then
R is called a Pp— ADL if (PI(R),V,A,0, R) is a Py— lattice.
DEFINITION 2.14. ([3]) Let X be a set. A function A : X x X — [0, 1] is said
to be fuzzy partial order relation if it satisfies the following condition;
(1)  A(z,z) = 1,Vz € X that is A is reflexive.
(2) A(x,y) > 0, and A(y,x) > 0 implies that = y.That is A is antisym-
metric.
(3) A(z,z) = supyexmin[A(z,y), A(y, z)] > 0. That is A is transitive.

If A is a fuzzy partial order relation in a set X, then (X, A) is called a fuzzy
partial order relation or fuzzy poset.

DEFINITION 2.15. ([3]) Let (X, A) be a fuzzy poset. Then (X, A) is a fuzzy
lattice if and only if x V y, and = A y exists for all z,y € X.

DEFINITION 2.16. ([3]) Let (X, A) be a fuzzy lattice. Then (X, A) is distribu-
tive if and only if
2A(yVz)=(xAy)V(zAz),and (xVy)A(zVz)=zV(yAz), foral z,y,z € X.
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DEFINITION 2.17. ([6]) Let(X, A) be a fuzzy lattice and Y C X. Then Y is an
ideal of (X, A):
(1) IfzeXyeY and A(z,y) >0, thenxz €Y.
(2) Ifz,yeYthenazVyeY.

DEFINITION 2.18. ([6]) Let (X, A) be a fuzzy lattice and = € X. Then the
set determined by | © = {y € X : A(y,z) > 0} is called principal ideal of (X, A)
generated by x. The family of all ideals of a fuzzy lattice (X, A) will be denoted by
1(X).

DEFINITION 2.19. Let (R,V,A,0,m) be an ADL with a maximal element m,
suppose — is a binary operation on R satisfying the following axioms for a,b,c € R:

(1) a—a=m
(2) (a—=bAb=D
(3) an(a—b)=aAbAm
(4) a— (bAc)=(a—=Db)A(a—c)
(5) (aVvd) = c=(a— c)A(b— ¢)then (R,V,A,—,0,m) is Heyting almost
distributive lattice.

DEFINITION 2.20. ([5]) A P;— lattice (R;eq,e1,...,en—1) is a Py— lattice to-
gether with a chain base such that e;11 — e; = e;. It follows that e; — ¢; = e;, for
i>jand e —e; =1, for i <j.

DEFINITION 2.21. ([5]) A P,— ADL is a Py— ADL (R;ep,e1,...,en—1) such
that (e;11 — e;) Am = e; A'm, for every i.

LEMMA 2.22 ([5]). If (R;eq,€e1,....,en—1) is a Pi— ADL, then the following
holds:

(1) e —ej=¢ej, fori>j
(2) e —ej=m, fori<j.

THEOREM 2.23 ([8]). Let (R;eo,€1,...,en—1) be a Po— ADL with Birkhoff cen-

ter B(R). Then the following are equivalent:
(1) e; — e exists for0<i,j<n—1
(2) R is a Heyting ADL
(3) Risan R-ADL.

DEFINITION 2.24. An ADL R with maximal element m is called an R — ADL,
if for any a,b € R, [(a = b) V (b — a)] Am = m.

THEOREM 2.25 ([7]). Ewvery element in a Po— ADL has both monotone and
disjoint representation.

DEFINITION 2.26. ([2]) Let (R, A) be an ADFL with maximal elements. Then
(R, A) is called Py— ADFL if (PI(R), A) with maximal element R is a Py— fuzzy
lattice.

THEOREM 2.27. Let (R, A) be an ADFL and let ((R,A);ep,€1,...,€n_1) 1S @
Py— ADFL with center Ba(R) and R = [e;, e;], where e; < ej. Then

((R,7A)7 €it+1,€i+2, "'7€j)
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is a Py— ADFL with center Ba(R') = {[e; V (b; A ej)] Am,b; € Ba(R)}.

DEFINITION 2.28. ([1]) Let (R, V, A, 0) be an algebra of type (2, 2,0) and we call
(R, A) is an Almost Distributive Fuzzy Lattice(ADFL) if the following condition
satisfied:

(1) A(a,av0)=A(aV0,a)=

(2) A(0,0Aa) = A(0Aa,0) = 1

3) A(lavd)Ae,(anc)V (bAc)=A((aAc)V (bAc),(aVb)Ae)=1.
(4) A(an(dVe),(andb)Vianc)=A(aNb)V(aAc),aN(bVc)) =1.
(5) A(av(bArc),(avd)A(aVve)=A((aVbd)A(aVc),aV (bAc))=1.
(6) A((aVvb)Abb)=A(,(aVd)Ab) =1, forall a,b,c € R.

Throughout this paper we write (R, A) for an ADFL and R an ADL (R, V, A, 0)
with maximal element ,(PI(R), A) is a principal ideal fuzzy lattice of an ADFL
(R, A) and B4 (PI(R)) the Birkhoff center of a principal ideal (PI(R), A). In (R, A)
and (PI(R),A) A represents A: R x R — [0,1] and A : PI(R) x PI(R) — [0, 1]
respectively z € (R, A) < z € R and (a] € (PI(R),A) < (a] € PI(R).

3. Pi— Almost Distributive Fuzzy Lattice
DEFINITION 3.1. Let (R, A) be an ADFL with maximal element m and let —
be a binary operation on (R, A) satisfy the following axioms for a,b,c € R:
(1) A(a—a,m)=A(m,a—a)=1
(2) A(b,(a—=b)Ab)>0
(3) A(an(a—=b)yaANbAm)=AlaAbAm,aN(a—D))=
(4) A(a— (bAce),(a—=bA(a—c)=A((a—=b)Ala—c),a— (bAc)) =1
(5)  A((avbd) = ¢, (a = c)A(b —¢)) = A((a = c)A(b— ¢),(aVd) = ¢) = 1.
Then (R, A) is called a Heyting Almost Distributive Fuzzy Lattice.
DEFINITION 3.2. An R-ADFL is a Heyting ADFL in which
A(m,[(a = b)V (b —a))]Am)>0
holds for all a,b € R.
LEMMA 3.3. Let (R, A) be an ADFL with a mazimal element m and Ba(R) be

the Birkhoff center of (R, A). Then for each mazimal element m and for z,y € R
the following holds:

(1) If x — y exists and b € Ba(R), then
A((bAz) =y, ™V (= y) =A™V (2 = y), bAx) > y) = 1.
(2) If x — y exists and ¢ € Ba(R), then
Az = (eVy),(cAm)V(z = y))=A((cAm)V (x = y),z = (¢Vy)) = 1.
(3) If v — y ewists and b,c € Ba(R), then
A((bAz) = (eVy), b V(cAm)V(x—y))=
A@™V (cAm)V(x—=y),(bAz) = (cVy)) =1,

where b™ is the complement of b A m in [0, m].
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THEOREM 3.4. An ADFL (R, A) is a Heyting ADFL if and only if for any
a,b € R, there exist t € R such that :

Hy: Alant,bAaNt) >0 and

Hy: If s€ R and A(aANs,bAaAs)>0.
then A(s,t A s) > 0.

PROOF. Assume (R, A) is a Heyting ADFL.

(1) Let a,b € Rfort € R, bAaAt = aAt, sincebAa=a. Imply that
bAaAt < ant and ant < bAaAt by definition of equality. Hence A(aAt,bAaAnt) > 0.
Therefore H; holds.

(2) For a,b € R, there exist s € R such that bAaAs=aAs, then t As=s.
Imply that bAaAs<aAsand aAs<bAaAs. Sothat A(aAs,bAans)>0
and ¢t A s = s which imply that t As < s and s <t As. Hence A(s,t As) > 0.
Therefore A(a A s,bAaAs)>0then A(s,t As) >0, for all a,b € R and s € R.

Conversely, for any a,b € R, we have

Hiy:A(laNt,bANaNnt) >0

Hy: If se Rand A(a As,bAaAs) >0, then A(s,s A s) > 0.

Let m be a maximal element of(R, A). Then t Am = a — b exists. Now, for any
a,b € R, we have

Ala Am, VI (b Aes Am)) = AVESH(bi Ae; Am),a Am) =1 and
Ab Am, VI (e Aeg Am) = AV e Aes Am),bAm) =1
Write b Am = /\;Lz_ll(cj Ve;j_1) Am. Then
A(b Am, /\?;11(0]- Vej_1) Am) = A(/\?;ll(cj Vej—1) Am,bAm) =1.
Let ¢ and j be fixed. So that
A(bl Ne; — Cj V €i—1, [b;n Vv (Cj A\ m)] \Y (ei — ej,l)
= A([b:n V (Cj A\ m) V (ei — ejfl),b/\ e — ¢V 63‘,1) = 1)
and hence
A((a — b) Am, VI (bi Aeg Am) — /\?;f(cj Vej_1) Am) =
ANV b Aeg Am) — /\;-Lz_ll(cj Vej_1)Am),(a = b)Am)) =1
Thus
A(VESH(binei Am) = A2 (e Vej—1) Amy AP ATV (¢ Am)]V (e — ej—1)} Am)
= AWV AT (b Aed) = (ciVe )] Am, AR ATZH{[BTV (e Am)]V (e — e5-1)} Am)
= AN NIV (¢ Am)]V (e = e5-1)F Amy AL AT BTV (e Am)]V (e —
€j71)} A m) =1.
So that we get
A((a — b) Am, /\?;11 /\?;11 {7V (c; Am)|V (e; = ej—1)} Am)
= AN /\}’;11 {7 v (¢; Am)]V (e, = €j_1)} Am,(a — b) Am) = 1.
Imply that e; — e;_; exists. Therefore (R, A) is a Heyting ADFL. O
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COROLLARY 3.5. Let (R, A) be an ADFL with mazimal element m and Birkhoff
center By(R) and a,b € R. If A(a,bAa) >0, then A(m, (a — b) Am) > 0.

LEMMA 3.6. Let (R, A) be an ADFL and x be a pseudo-complementation on

(R, A) with Birkhoff center Bao(R). Then
A((DAZ)* Am, (B™ V) Am) = A"V a*) Am,(bAxz)* Am) =1

forbe Ba(R),x € (R, A).

COROLLARY 3.7. Let ((R, A);e1,€ea,....,en—1) be a Po— ADFL. Let x € R and

Az Am,VEZHb Aei Am)) = AVEZH b Aei Am),x Am) = 1

be a monotone representation of x. Then
A(VE (b Aei Am), A (b Veim) Am) = AN (bi Veim1) Am, VIS (b Aes Am)) = 1.

More over, if x is pseudo- complementation on (R, A), then
ANZ O Veei_y),x") = Al®, AP (07 vV ef_y)) = L

THEOREM 3.8. Let ((R,A);ep,€1,...,en—1) be a Po— ADFL with Birkhoff cen-

ter Ba(R). Then the following are equivalent.
(1) e; — e; exists, for 0 <i,j <n-—1.
(2) (R, A) is a Heyting ADFL.
(3) (R, A) is an R-ADFL.

PROOF. (1) = (2) Suppose e; — e; exists for 0 <4,j <n—1. Then e; = e;_1
exists for 0 < i,j < n— 1. Let z,y € R and A(x A m, VI (bi Ae; Am)) =
ANV (b Aeg Am),z Am) = 1 and A(y Am, VIS (e Aeg Am))=A(VIZ e A
e; Am),y Am) =1 be mono.reps. of x and y respectively. Thus for fixed 4,5 and
bi,c; € Ba(R),(biNe;) — (¢;Vej_1) exists and equal to [b]"V (c; Am)]V (e; — ej_1).
A((x = y) Am, Ny [0V (e; Am)]V (e; — ej—1) Am)
:A(\/znz_ll (bl Ne; /\m) — /\?z_ll (Cj V €j,1) Am, /\i,j [b:ﬂ V (Cj /\m)] V (61' — 6]',1) /\m)
= A(\/?Z_ll /\?:_11 [(bz N 61‘) — (Cj V ej_l)] Am, /\iyj [bzn V (Cj N m)] \% (ei — 6]‘_1) A m)
=ANZAIZH([BV (e Am)IV (e — €5 1) Am, Ay BTV (¢; Am)V (e; — e;-1) Am)
ZA(/\i,j [b:n V (Cj /\m)} \Y (ei — €j,1) Ay, Niyj [b:n V (Cj /\m)] V (ei — 63;1) /\m) =1.
Hence
A((z = y) Amu A {B7V (¢ Am)]V (e; = ej—1)} Am)
= AN AT V(c; Am)V (e; = ej_1)} Am,(x = y) Am) =1.
Thus (R, A) is a Heyting ADFL.

To prove(2) = (3), suppose (R, A) is a Heyting ADFL. Let 2,y € R such that

Az Am,VIZHbi Ae; Am)) = A(VIZH(bi Ae; Am),z Am) =1 and
Aty Am, Vi (i Aeg Am)) = AVIZ (e Aeg Am),y Am) =1

be mono.reps of x and y respectively. Since
A((z — y) Am, AP /\;‘;11 b7V (c; Am)]V (e; = €j_1)} Am)
= Az = y) Am, A} /\?:_11 {I" V (¢; Am)|V (e; » ej_1)} Am) =1 and
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Aly = @) Amy AL N[V (b Am)]V (e = ej-1)} Am)
=A((y = ) Am, /\?;11 A e v (b Am)|V (e; = ej_1)} Am) =1
Now, again

A((x = y) Am, AP A BV (¢ Am)]V (e — ej-1)} Am)
= ANZE NSV (e Am)V (e — ej1)} Am,

NS Nz {7V (¢ Am)]V (e = ¢j-1)} Am)

= AN N IV (¢ Am)]V (5 — ej1) A

NP ZE ATV (e Am)]V (e — e51)} Am,

NS N {07V (¢ Am)]V (e = ej-1)} Am)

= ANS Nz {7V (¢ Am)]V (e — ej1)} Am,

NN {0V (e Am)]V (e = ej-1)} Am) = 1.

Hence

j=1

A((x — y) Am, AITE A;-:l {[b" V (¢c; Am)]V (e; = €j—1)} Am) =1,

since e;_1 A e; = e;, for 7 > i. We get
A((e; = ej_1) Am,m) = A(m,(e; = ej_1) Am) = 1.
So that
A((z — y) Am, /\;’:_11 /\;-:1 OV (c;j Am)) V (e; = ej_1) Am)
> A((z — y) Am, /\?;11 ;-:1 (07" V ¢j) Am)
> AN Ny (B i) Amy AR (BT i) Am)
= ANV NSy (e Am)] AR BTV ¢) Am)
=ANZ BV e) Am, NSV e) Am) = 1.
Hence A((x — y) Am, AIZHbI V ¢;) Am) > 0. Similarly
AN (O Vi) Amy (2 — y) Am) > 0.

In the same manner we have A(A?Z[' (/" Vb;) Am, (y — ) Am) > 0, which imply

A((z = y) V (y = 2)] Am, AL /\?;11 (0" Ve; Vet Vb)) Am) > 0.
Hence

AN /\;-L:_l1 O Ve Ve Vb)) Am [z —y)V(y— x)] Am) > 0.
Now, if ¢ > j, then A(b; V", b; Vb =m) > 0. If i < j, then A(¢; V', eV =
m) > 0. Hence, for all ¢,j € {1,2,...,n— 1}, A(bJ" V¢; V" Vb;,m) > 0. Hence
A(m,[(x = y) V (y = )] Am) > 0. Therefore (R, A) is an R~ ADFL.

To prove (3) = (1), assume (R, A) be an R- ADFL. So that

Az = y) Am, NS ATV (g Am)]V (e = €j-1)} Am)=
ANZE NPTV (¢ Am)]V (e — ej_1)} Am, (z — y) Am) = 1, and
Ay = ) Am, AP AT (e v (b Am)] VY (e — ejo1)} Am)
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= A(/\;’;l1 /\?;11 {l&d” Vv (bj Am)]V (e; = ej—1)} Am,(y = x) Am) = 1.

Therefore e; — e;_1 exists. O

DEFINITION 3.9. For a Py— fuzzy lattice ((R, A); eg, €1, ...., en—1) together with
a chain base such that A(e;,e;r1 — €;) > 0, for 0 < i < n — 1 we say that it is a
P, -fuzzy lattice.

DEeFINITION 3.10. A P;— ADFL is a Pp— ADFL ((R, A);ep, €1, ..., en—1) such
that A(e; Am,(e;41 —e;)) Am)>0,for0<i<n—1

THEOREM 3.11. Let (R, A) be an ADFL with maximal element m. (R, A) is a
Pi—ADFL if and only if (PI(R),A) is a Pi— fuzzy lattice.

PROOF. Suppose (R, A) is Pi— ADFL. Then there exist a chain base {e;,
€2, ..., en—1} such that ((R,A);e1,e2,...,en_1) is a Pp— ADFL and A((e;+1 —
e;) ANm,e; Am) > 0 and A(e; Am,(e;401 — e;)) Am) >0, for 0 < ¢ < n—2.
Thus ((PI(R),A);(eola, (e1]a, ..., (en—1]a) is a Po— fuzzy lattice. Since (e;41 —
e;) Am = e; Am. So that

[(ei+1]la = (es]al A (m]a = ((eix1 — ;) Am]a = (e; Amla = (ei]a,

since m is maximal. Hence (e;11]a — (e;]a C (e;]a.

Similarly ,(e;]a C (ei+1]a — (ei]a. Thus ((PI(R), A); (eo)a, (e1]a, ..., (en—1]a)
is a Py— fuzzy lattice.

Conversely, suppose ((PI(R),A); (eo]a, (e1]a, ..., (en—1]a) with maximal ele-
ment R is a P;— fuzzy lattice. Then there exist a finite sequence (0]4 = (eg]a C
(e1]a C .... € (en—1]a = R such that (PI(R), A); (eola, (e1]a, ..., (en—1]a) is a Py—
fuzzy lattice. So that (e;+1]a — (ei]a C (ei]a and (e;]a C (ei+1]a — (ei]a, for
0<i<n—2 (ei+1]a — (ei]la = (e;]a. Imply that e;11 — e; = e; and we have
e1 < ez < ... < ep—q1. Hence ((R,A);ep,e1,...,en—1) is a Pp— ADFL and hence
((R,A);eq,e1,...,en_1) is a Pi1— ADFL. O

LEMMA 3.12. Let (R, A);eg,€1,...,en—1) be a Py— ADFL. Then
A(e; Am, (e; = ej) Am) > 0.

COROLLARY 3.13. Let ((R, A);ep,e1,....,en—1) be a P.— ADFL. Then (R, A)
is a Heyting ADFL.

THEOREM 3.14. If ((R, A); e, €1, ...,en—1) is a Po— ADFL with Birkhoff center
Ba(R) and (R, A) is a Heyting ADFL, then there ezists a chain base {fo, f1, ...,
fn—l} such that ((R, A), fo,fl, fg, ...,fn_l) s a P1, ADFL.

Proor. Let ((R, A);ep,e1,€2,...,n_1) be a Pp—ADFL and (R, A) be a Heyt-
ing ADFL. Then there exist a chain base { fo, f1, ..., fn—1} such that f; Am is dense
in (R, A), we show by induction on n.

If n= 1, we get the result by taking A(0 = eq, fo) = A(fo,0 =¢p) = 1.

Assume the result holds for n-1.

Let (R, A) = ([e; Am,m], A). Then by Theorem 2.27, (R, A); €0, €1, ..., €n_1)
is a Py— ADFL. Since (R',A) C (R,A) and (R,A) a Heyting ADFL, we get
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(R/,A) is a Heyting ADFL. Hence by induction hypothesis, there exist a chain
base {f1, fa, .-, fu—1} such that ((R,7A);f1,f2,...,fn_1) is a Pi— ADFL. Since
{0 =e0 = fo, f1, f2, s fa_1} is & chain base of (R, A). Therefore ((R', A); f1, vfa,
vy fn_1) is a Po— ADFL. Since ((R',A); f1, fas s fn—1) is a Pi— ADFL. We get
A((fi_;_l — fl) /\m,fi/\m) = A(fi/\m,(fi+1 — fz) /\m) = 1, for 1 <1<n-—1in
(R,,A). We prove that for 1 <7< n—2,

A((fixr = fi) Amy fi Am) = A(fi Am, (fiyr — fi) Am) =1

in (R, A). Suppose t € R and A(fi+1 At, fi A fiz1 At) > 0. Since A(f;, fir1) >
0 we have f1 < fi+1 and fz AN fi+1 = fl We get A(fi+1 AN t,fi AN t) > 0, but
A(fi Nty fixr At) > 0. So that f; At = fi11 At by antisymmetry property of A.
Hence A(f; At, fir1 At) = A(fiv1 A, fi At) = 1. We need to show A(t, f; At) > 0.
Let A(s, (f; Vt) Am) = A((fi Vt) Am,s) =1 and hence s € R". Now,

14(‘}6z N s, (fZ A\ m) V (fi-‘rl At /\m) = A(fl A (fz V t) Am, (fz A m) V (fi-i—l ANt A m))
=A([(fi NF)V(int)] Am, (fi Am)V (figr At Am))

=A((finm)V (fi Nt Am), (fi Am)V (fiyr AT AM))
=A(finm)V (fi Nt Am),(fi Am)V (fi N\t Am)) =1

A(fixit As, (fi Am)V (fixt NEA m))ZA(fH_l A(fiVE)Am, fix1 AS)

= A([(fisa A )V (firr AD]AM, figa As)

A(lfi vV (fisr AOTAmM,[fi V (fisr AD)] Am)
=A((finm)V (fixr At Am), (fi Am)V (fiza AtAm)) =1.

Imply that f; As = fiy1 A s, since f; At = fiz1 At. Hence A(f; As, fiz1 Ns) =
A(fis1 Ns.fins) =1.

A(fl A\ fi+1 A\ S, S): A(f1 A\ [(fl A\ m) V (fz At A m], S)

=A(fi N[(fi V(i NE) Am],s)

=A(fi NI V ) N(fivViE) Am],s)

=A(fi N[fi N(fi VE) Am],s)

=A((fi Vt) Am,s) = A(s,s) = 1.

Hence A(S,fz A\ fi—i—l A S): A(fz N fi+1 A\ S,S) = 1. We have A((fz+1 — fz) N S,S)
=A(s, (fix1 — fi) As) = 1. So that A(s, fi A's) > 0. Therefore A(f; A (fi V) A
m, (fiVEO)AM)=A((f;VE)Am, i N(fiVE)Am) = 1. A((fiVE)Am, [fiV (fi At)]Am)=
A(fs N(fivt) Am,[fi v (fi N Am)

AU A SN (i AOAm [V (fi A8 Am)

=A(lfiv (fi NOIAmM[fi V (fi ND)] Am) = 1.

Imply that f; At =t. Hence A(t, f; At) > 0. So that A((fi+1 — fi) Am, fi Am)
=A(fi Am,(fix1 — fi) Am)=11in (R, A). for 1 < i < n — 2. Since f; is dense
in (R, A),A(fl — fo,f()) = A(fo,fl — fo) = 1. Hence ((R, A);fo,fl, ---afn—l) is a
P,— ADFL. O

THEOREM 3.15. If ((R, A);ejo,€j1,..,€n;—1) 48 a Pi— ADFL, for j € J,
(R,A) = (ILjesR;j,A), n = maz{n;} and eji is defined to be e;(n; — 1) i.e
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ejk = €j(n,—1) for k = nj,then (IjesR;, A);eo, €1, ..., en—1) is a Pi— ADFL, where
e; = (eji,j S J)

PROOF. Let ((R;, A);ejo,€j1, s €j(n,) I8 @ Pi— ADFL, where e; = (ej;,j €
J),i € J. Then for each j € J,

A((ej(i+1) — €i+1) Am,eip1 N m) = A(ei+1 Am, (ej(i—i-l) — 61'_;,_1) N m) =1,
for 0 < i < n; —1. Now, define e; = (ej;,5 € J) for 0 < i < n — 1, where
ej; = ej(n; — 1), for nj < ¢ < n—1. Then by ((R,A);ep,e1,....,en—1) is a Po—
ADFL and A(ejy1 Am, (€jiit1) — €ix1) Am) >0, for 0 < i < n—1. Fix i, for
0 <i<n—1, weneed to show A(e; Am, (e;41 — ¢;) Am) > 0. Since
A((€1 AT AN m)j, €ji A m):A((ez A €it+1 AR A m)j, €ji AN m)
ZA((Bji A ej(i+1) A tj A m), €ji A m) < A(eji A m,ej; N m) =1
imply (e; AtAm); < ej;Am, for j € J. Hence A((e;AtAm);, ej;Am) > 0. Therefore
14(6j1'/\7fj/\7n7 eji/\m) > 0. Thus A(tj A, €5(i41) — €55 = eji/\m) > 0forall j € J.
so that A(t Am,e; Am) > 0. Imply that A(¢,e;) > 0 and hence A(t,e; At) > 0.
Therefore A(e;,eir1 — e;) > 0. Hence A(e; A m,(e;41 — €;) Am) > 0, for
0<i<n-—1 Thus (R, A);ep,e1,...,n_1) is a Pi— ADFL. O

LEMMA 3.16. Let (R, A) be an ADFL with Birkhoff center Bo(R) and by, b,
ooy bn—1, €1, €2, ..., cp—1 be elements in Ba(R) such that A(b; Ab;,0) > 0, for
1 # 7 and A(cip1 Amyc; Acizr Am) >0, for 1 <i<n—2. Then
ANV (binei Am), AP0V e) Am) = AN (07 Ve) Amy VIS (b AciAm)) = 1
where b is the complement of b; A'm in [0,m] and

A(bg Ay AL_ b)) = AN b, b Am) = 1 and A(co,m) = A(m, co) = 1.

DEFINITION 3.17. Let ((R, A);ep, €1, ...,en—1) be a Pi— ADFL. The chain base
{eo, €1, ..., en—1} is called strictly increasing if A(eqg Am,e; Am) > 0, A(e; Am,ea A
m) > 0,..., and A(e,—2 Am,e,—1 Am) > 0.

THEOREM 3.18. Let ((R, A);eq,€1,...,en—1) be a Py— ADFL. Then

(1) [i] A(O=-egAm,ex Am) >0, Alez1 Am,ez Am) >0,...,
Ale,pAm=ep_1 Am,ep_1 Am=m)=Alep-1 Am=m,e, Am=e,_1 Am) =1,
for some p > 1 and (R, A) has order p.

[ii] ;41 A m is the smallest dense element in [e; A m,m], for 0 < i< p—2.

[iii] {eq,e1,...,en—1} is the unique strictly increasing chain base in (R, A) sat-
isfying (ii) such that ((R, A);eq,€1,...,ep—1) is a Pi— ADFL.

(2) If A(x Am, Vit Aei Am)) = ANV (b Aes Am),z Am) =1 is a
mono.rep. of x, then
A([(x = e;) = ei] Am, (b Vei) Am) = A((bfL Vei) Am, [(x — ;) — e;]Am) =1,
for0<i<n—1.

(3) If

Az Am,VIZHb A Am) = ANVITH(bi Aeg Am),z Am) =1
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is a disjoint representation of x and
Aty Am, Vi (e Aeg Am)) = ANV (ei Aeg Am),y Am) =1

is @ mono.reps. of x, then

Az = y)Am (y/\m) VI (b Aei Am)] =
A((ly Am) V [VE 1(b /\cz/\m) (1:—>y)/\m)=1
where A(bg A m, Al_ b)) = A(A_ b, bg Am) =1, and A(co,m)= A(m,co) = 1.

Proor. Let ((R, A);eo,el,...,en,l) be a P,— ADFL.
(1) Let p be the smallest positive integer such that

Alep—1 Amye, Am) = A(ep, Am,ep—1 Am) = 1.
Now, since e,—1 Am = (e, = ep—1) A m =m. Hence
Alep—1 Am,m) = A(m,ep,—1 Am) = 1.
Imply that
Alep—1 Am,ep, Am) = Ale, Am,ep_1 Am) =1, ..., A(m,ep—1 Am) > 0.

Hence (R, A) has order p and {eg, €1, ..., €,—1} is strictly increasing chain base such
that ((R,A);eq,e1,...,ep—1) is a Py— ADFL. Now, since (e;41 = ¢;) Am=e; A'm
in [e; A'm,m] imply that
Ale; Amy(ei41 — e;) Am) = A((ej41 — €;) Amye; Am) =1
in ([e; A m,m], A) where e;11 A m is dense in [e; A m, m]. Suppose f is dense in
[e; Am,m], for 0 <14 < p—2. We know that ([e; Am,m], A) is a Py— fuzzy lattice
with {e; Am,e;t1 Am,...,ep_1 Am =m)} as a chain base. Let
A(f AmVEZL (b Ae Am)) = A(VEZLL (b Aey Am), f Am) =1
be a mono.reps. of f where by, € B4([e; A m,m]). Then
A(e; Am, b)) = A(f* Am, b)) = A(/\g;;_l(b;” Vep) Am, bt ) by corollary 3.6
= A0, Ve ) A (b?h Verg) A Aty Vs 1) Am,bYy)
> A(bL V(e A A €y _O)lAm ) = A6 Voerg) Amybiy)
- A( i+1 z+1) L.
Hence A(b}}1,e; Am)=A(e; Am, bt ;) = 1 since b}y, is in [e; A m,m]. Now,
A(m, bi+1 AN m) == A((bl-‘rl vV bﬁl) AN m, bi+1 A m) = A((bz+1 \ €; A m) AN m, bi+1 A m)
= A((bi+1 vV ei) Am, bi+1 N m) = A((bz—i-l AN m) vV (ei A m), bi+1 AN m)
= A(bj11 Am,bi11 Am) =1, since e; A m is the zero element in [e; A m, m].
Hence A(m,biy1 Am) =A(bix1 Am,m) =1 > 0. Again,
Aleir1 Am, fAmM) = A(biy1 Aeipr Am, f Am)
< A((big1 A eipr Am)VVEZL L (be Ay Am), f Am)
= ANVEZi (b Neg Am), f Am) = A(f Am, f Am) =1> 0.
Therefore A(e; 1 Am, fAM))= A(fAm,e;+1Am) = 1. Thus e;11 Am is the smallest
dense element in [e; Am, m]. Now, to prove the uniqueness, suppose {eg.e1, ..., €,—1}
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and {f1, fa, ..., fn—1} with {A(ep,e1) > 0, A(e1,e2) >0, ..., A(ep—2,p—1) > 0} and
{A(fo, f1) > 0,A(f1, f2) > 0,...,; A(fr—2, fr—1) > 0} be strictly increasing chain
base for (R, A) satisfying (ii). Clearly A(eqg Am, fo Am)= A(fo Am,eg Am) = 1.
Assume that A(e; A m, f; Am)= A(fi Am,e; Am) =1, for 0 < i< p—1. Then
eir1 Am, fir1 Am are smallest dense elements in [e; A m, m| = [f; A m,m]. Thus
we get A(eip1 Amy, fiy1 Am) = A(fix1 Am,e;p1 Am) = 1. Hence by induction,
p=kand A(e; Am, f; A\m) = A(fi Am,e; Am) =1, for 0 <i < p— 1. Therefore
{A(0 =eg,e1) > 0, A(e1,e2) >0, ..., A(ep_2, €p—1) > 0} is strictly increasing chain
base for (R, A) such that ((R, A);eo, €1, ...,ep—1) is a P,— ADFL.

(2) Let z € R and
Az Am, V(b Aeg Am) = ANVIZH b Aes Am),z Am) =1
be a monotone representation of x. Now,
A((z — e) Am, (b, V e;) Am) = (\/?;ll(bj Nej Am)) — e Am, (b Ve;) Am)
= A((VGZH(; Aej) = )] Am, (b2 V ei) Am)
= A(/\?;ll(b;” Vej) = ei)) Am, (b Ve Am))
((/\?;ll(b;” V(ej =€) Am, (b, Vei) Am)
(Nt [0V (€5 = e0) A (A2 BTV (e = eq), (By V es) Am)
(/\n;iﬂ_l(bgn V (ei Am), (b1 Ve;) Am) since b; > bj 1 = by > b
(AZZ2, (B (s Am), (673, V e5) A m)
((/\?:_Z-{Hb? Vi) A (/\;-’:_Z-legn vom), (bt Ve;) Am)
((/\;»L;iﬂ_lb;” Vi) Am, (bt V e;) Am), since b* € [e; Am,m].
(

=A%, Vi) Am, (D7 Ve) Am) = 1.

Hence

A((z — e;) Am, (/\;L:_;Jrlb;" Ve)Am) = A(/\?:_iilb;-” Ve)Am, (x—e)Am)=1.

So that we have

A((x — e;) Am, (b1 Vey) Am) = A((bf 1 Ve, (x = e)) Am) =1,
since /\?:_il_|r1
A([(x — e;) = e] Am, (b1, V e;) Am)
= A([(b]11 Vei) = e) Am, (b, Ve;) Am)
(bt = ei) A(ei — e)] Am, (b1, Ve;) Am)
bty — e)) Am] Am, (bf%, Ve;) Am) since e; — e; =m
bty — ei) Am, (b, Vei) Am)
bty Nen—1 — e) Am, (b, Ve;) Am), since b = bt Aep_1
T Vo(en—1 — i) Am, (b1, Ve)) Am),

since bty Aep_1 —e; = b V (en—1 — €;)

=A((bfr, Am)V (en—1 — e;) Am), (b1, Vei) Am)

b = b}, Again,

—_ o~ =~
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= A((bjr, Am) V(e Am), (b1, Ve;) Am)
= A((bf1, Ve) Am, (bt Ve) Am)=1for0<i<n—1
Hence
A([(x = ei) = e] Am, (b3 Ves) Am) = A((b]L Vei)) Am, [(x — ;) — e;)]Am) = 1.
(3) Let z,y € R and

Az Am,VIZH b Aei Am)) = A(VEZH b Aei Am),x Am) = 1
be a disjoint representation of x and

Ay Am, \/?;ll(cj Nej Am) = A(\/;Lz_ll(cj Ne; Am),yAm) =1
be a mono.reps. of y. Then
Al = y) Am, NS DTV (65— y)] Am)
= A(IViS! (b Aei Am) = (y Am), AV (e — y)] Am)
= ANV (b Aei) =yl Amy ALV (65 — )] Am)
= ANV (e = )] Ay ARV (e — )] Am) = 1.
Hence

A((x = y) Amy AP BTV (e = y)] Am)
= ANV (e — 9)] Am, (— y) Am) = 1.

Again,
A((e; — y) Am, V;;ll(cj ANej Am)V (¢; Am))
= A([e; — \/nfl[cj Nej)) Am, \/é;ll(cj Ne; Am)V (¢; Am))

A(V7. e — (¢j Aej)] Am, \/;;ll(cj Nej Am)V (¢; Am))

(\/j 11([(6Z —¢j) A (e; = e5)] Am, \/;-;ll(cj Nej Am)V (c; Am)

= A(ViZ1([(es = ) Aler = e)]Am)V (Vi (ei = ¢j) A (e — e)] Am, ViZy (e A
e; /\m) V (¢; Am))

A(\/l Y(l(ei = ¢j) Aej Am)V (\/;‘:—il[(ei — ¢j) Am]), V;;ll(cj ANej Am)V (e; Am)),
since (e; > ej) Am=e; Am, for j <iand (e; > e;) A\m=mAm=m

= A(v?‘l(cj Nej Am)V (Vi (e; Am)),ViZi(e; Aes Am) V(e Am))

= A(ViZ lej Nej Am) V(e Am), \/J Yejnej Am)V (e Am)) = 1.

Hence

A((e; = y) Am, V;;ll(cj ANei Am)V (c; Am))

= A(V;;ll(cj Nej Am)V (e; Am), (e; = y) Am) =1

Now,

Ay V ¢;) Am, v;;ll(cj Nej Am))

= A([\/;’:—ll(cj Ne; Am)]V (e; Am), \/;;11 (¢j Nej Am)V (¢; Am))

=A([(s ANer) V(ca Nea) V(ei Aep) Vooo(en—1 A en—1) V] Am, \/j;ll(cj Aej A
m)V (¢; Am))
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=A([(c1 Aer)V(ca Ae2) V... Ve A m7\/§;11(cj Nej Am)V (e; Am))
= A( 2‘;11(03‘ Aej Am)V (e; Am),ViZi(c; Aej Am)V (c; Am)) = 1.

j=1
Hence
A((y Vv ¢;) Am, \/é;ll(cj ANe; Am)V (¢; Am))
= A(v;-;ll(cj ANe; Am)V(e; Am), (yVe)Am) =1
Therefore

Ale; = y)Am,(yVe)Am)=A((yVe) Am,(e; — y) Am) =1land
A((z = y) A m:/\?:_l1 (b V (ei — y) Am, (y Am) V VI (b Aci Am))
= ANS OV (y v ei) Am), (y Am) V VIS (bi Aei Am))
= A((y Am) VAIZHOP Vo) Amy (y Am) V VIS b A e Am))
=A((y Am) vV VIS b Aeg Am), (y Am) vV VIS (b Ae; Am)) = 1.
Thus
A((x = y) Am, (y Am) V VI (b A i Am)
= A((y Am) V VI b Aci Am), (z — y) Am) = 1 where
A(bg Amy AL bT") = A(A_ BT by Am) = 1
and A(cg,m) = A(m,cp) = 1. O
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