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ABSTRACT. The graph labeling problem that appears in graph theory has a
fast development recently. Numerous variations of labeling have been investi-
gated in the literature. The total influence number is a new approach to the
concept of graph labeling. The total influence number can be viewed as ver-
tex labeling problems concerned with the sum of the labels. Although many
vertex labeling problems concerning with the sum of all of the labels study to
minimize the sum, the total influence number has the aim of maximizing the
sum. This means that this parameter attempt to maximize the profit associ-
ated with each vertex. In this paper, we consider the total influence number
in complementary prisms. We determined the total influence number of GG
for specific graphs G.

1. Introduction

The field of graph theory plays a vital role in various fields. One of the main
problems in graph theory is graph labeling. Typically, the problems can be de-
scribed as follows: for a given graph, find an optimal way of labeling the vertices
with distinct integers. If we want to find the labeling which minimizes the total
"length’ sum of the edges, we have the minimum sum problems. In a similar way the
so-called bandwidth and cutwidth problems are defined. Graph labelings were first
introduced by A. Rosa in 1967 [9]. Labeled graphs are becoming an increasingly
useful family of Mathematical Models for a broad range of applications.

Numerous variations of labeling have been investigated in the literature. Many
graph labeling problems seek to find the smallest integer label required to satisfy
certain constraints. Other problems seek to minimize the sum of all of the labels.
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242 AYTAC AND KARTAL

In this paper, we study the total influence number as a graph parameter. The total
influence number can be viewed as vertex labeling problems concerned with the
sum of the labels. It is another type of the graph parameter known as the influence
number.

The total influence number is a new approach to the concept of graph labeling,
introduced by Daugherty and Daugherty et al. in [4, 5]. Although many vertex
labeling problems are concerned with studying to minimize the sum of all of the
labels, the influence and total influence numbers have the aim of maximizing the
sum. Aytac and Ciftci studied the total influence number of some splitting graphs
in [1]. We studied the total influence number of some complement graphs in [2].

Throughout this paper, the following notation will be used. Let G = (V, E)
be a simple undirected graph of order n. The vertex set and edge set of a graph
is denoted by V(G) and E(G), respectively. It is assumed that V(G) will be
abbreviated V. For a vertex subset S C V, S =V — S denotes the complement of
S with respect to V.

The shortest distance in G between two vertices v and v will be denoted d(u, v).
The diameter of G, denoted by diam(G) is the largest distance between two vertices
in V(G) [3, 6]. For any vertex u, let d(u, S) = IUnElg d(u,v). Then d(u,S) = 0 if and

only if u € S
The total influence number of a vertex v € S is

1
WT(U) = Z 92d(u,v)

ues

The total influence number of a vertex subset S is

=S mw =Y vy

veES vES yes

The total influence number of a graph G is ny(G) = max nr(S). A set S is called

nr-set if nr(S) = nr(G) 4, 5.

The article proceeds as follows. In Section 2, basic results of literature on the
total influence number of some special graphs are presented. Some results of the
total influence number for complementary prisms are given in Section 3.

THEOREM 1.1 ([10]). If f is continious on a closed, bounded set D in R?, then
f attains an absolute mazimum value f(x1,y1) and an absolute minimum value
f(xa,y2) at some points (x1,y1) and (z2,y2) in D.

To find the absolute maximum and minimum values of a continious function f
on a closed, bounded set D:

1. Find the values of f at the critical points of f in D.

2. Find the extreme values of f on the boundary of D.

3. The largest of the values from steps 1 and 2 is the absolute maximum value;
the smallest of these values is the absolute minimum value.
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2. Main Results On The Total Influence Number

In this section, we recall some of the known results with respect to total influ-
ence number.

THEOREM 2.1 ([4]). For any graph G=(V,E), with vertex partitions V1 and Vs
gndasethVletSl =Vins, S =V¥nSs, S=V-5, 8 =V -5 and
Sz = VQ — Sz. Then,

nr(S) = nr(S1,S1) + nr(S2, S1) + nr(S2, S2) + nr(S1, S2).

DEFINITION 2.1. ([4]) A vertex subset S is called an alternating set if and
only if S is either (1) the empty set or (2) a maximal independent set such that
Jue S>3V eS, dlu,v) =2k for some k € Z.

THEOREM 2.2 ([4]). For a path P, (n > 1), a vertex subset S has mazimum
total influence if and only if it is a non-empty alternating set.

THEOREM 2.3 ([4]). The total influence number of
(a) the complete graph K, is

- if n is even,
77T(Kn) = 24 X .
== ifn is odd.
(b) the star Ky, is
(K1) {(711'62)2 if n is even,
nr 1n)—
’ n+1)(n+3 . .
%é) if n is odd.

(c) the double star DSy, p, is

1.2, 3 1,2, 3 1 3 ;
DS ) 1en +gn+ gm° +gm+ gnm+ 3 if n,m are even,
nr(DSnm) = 9 |

2,3 1,2, 3 1 11 .
6N +§n+ﬁm —i—gm—l—ﬁnm—i—ﬁ otherwise.

(d) the complete bipartite graph K, ,, is

= ifnzig,
2 2 . .

N1 (Knm) = ("1%’”) ifn <2, mis even,
(2”+m+1ié2n+m_1) if n <, m is odd.

(e) the path P, is

10)2-"4+6n-10 ., .
()% if n is even,

nT(P'n«) = —n
w if n is odd.

THEOREM 2.4 ([2]). For a graph C,, with n > 6, the total influence number is

4 2_%1(—% —n)—2 ifnisodd and [%] is even,
B oy 2- " (5 —n)—2  ifn and [%] are odd,
nT(Cn) B 2n 2no—2o
e

2n Sno—2o
E

N n
if n and 5 are even,

if n is even and % is odd.
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THEOREM 2.5 ([2]). The total influence number of Wi ,, with n > 6 is

2 . .
n"+8n—1 if n is odd,
nr(Win) = 2
’ n2+8n
16

if n is even.

THEOREM 2.6 ([2]). The total influence number of tKy is
£ if t is even,

nr(tKy) =1 2
294—_1 if t is odd.

3. Total Influence Number Of Some Complementary Prism Graphs

In this section, we have calculated total influence number of complementary
prisms of some known graph such as K, K,,, K1 n—1K1n-1, KnmEn,m, tKotKs.

DEFINITION 3.1. ([7, 8]) For a graph G, its complementary prism, denoted
GG, is formed from a copy of G and a copy of G by adding a perfect matching
between corresponding vertices. For each v € V(G), let T denote the vertex v in
the copy of G. Formally, GG is formed from G UG by adding the edge vv for every
v e V(G).

To aid the discussion of complementary prisms, we will use the following ter-
minology: For vertex partitions V; and V; of GG, let Vi = V(G) and V, = V(G).

THEOREM 3.1. For the complementary prism graph K, K, a set S is an np-set

if and only if it contains exactly | %] vertices from Vi and [%] vertices from Va or
[ 5] vertices from Vi and |5 ] vertices from V. Additionally, these vertices are not

corresponding to each other. Furthermore,
- 9n2+8n
nT(KnKn) = 32

2 . .
9”":;% if nis odd.

if n is even,

PRroOOF. For a vertex subset S, let x = |V NS| and y; + y2 = |[Va N S| and
f(z,y1,92) := nr(S), where y1, yo are the number of vertices corresponding to z
vertices and not corresponding to x vertices, respectively. Thus we have

@) = 2a(n—2) + 2@ — 1) + 2 (& — (& — 1) + ~a(n — 7 — )

2 2 4 4
1 1 1 1
(3.1) +-yi(n—a)+ syi(n—y1 —y2) + sy2 + ~y2(y2 — 1)
4 8 2 4
1 1
+ zyz(n —r—y2) + §y2(n — Y1 — Y2)-

Bounds are 0 < z < n, 0 < y3 < z and 0 < y2 < n — z. Solving the system
fm(xvylva) = 0» fy1 (1.73/172/2) = 07 fyg(xvyhyQ) = 0 does not give a solution. So
we search to the maximum of f(z,y1,y2) by looking at the boundaries of z, y;, ya.

Case 1. For z = 0, we maximize f(0,y1,y2) = %yz - iy1 - %ylyz + %yln +
%yﬂl - %y% - %y% SOIVing the SyStem fy1 (ZL’, Y1, y2) - 07 fyz (:Cv Y1, y2) = 0 does not
give a solution and we must seek the maximum of the function at the boundaries
of y1 and ys.
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Case 1.1. For y; =0 (y; = = = 0), we maximize f(0,0,y2) = gy2(3n — y2 +2).

Solving fy,(0,0,y2) = 0 gives y» = 32, But this value is outside the range [0, 7).

From the boundaries of ys, we get f(0,0,0) = 0 and f(0,0,n) = %. Since
0 < |S| < 2n, we ignore f(0,0,0) = 0.
Case 1.2. For yo =0and yo =n —x =mn, since 0 < y; <z and x = 0, y; just
takes the value 0. Thus we have same results as the boundaries of y2 in Case 1.1.
In Case 1, the function is maximized at y; = 0 and ys = n.

) Casle 2. For z = 711, we rilaximize f(n,y1,y2) = —syd — tyiye — Jyain — Jy1 —
2Y3 — Syan + Fy2 + 1n® + fn. Solving fy, (n,y1,y2) = 0, fy,(n,y1,92) = 0 for yy
and ys doesn’t give a solution and we must seek the maximum of the function at
the boundaries of y; and ys.

Case 2.1. For y3 = 0 and y; =« = n, since 0 < yo < n— 2z and & = n, Yo
just takes the value 0. So we have f(n,0,0) = W and f(n,n,0) = 0 at the
boundaries of y;, respectively.

Case 2.2. For yo = 0 (y» = n — z = 0), we maximize f(n,y;,0) = f%(yl —
n)(y1+2n+2). Solving fy, (n,y1,0) = 0 gives y; = —2E2. But this value is outside
the range [0,n]. From the boundaries of y;, we get same results as Case 2.1.

In Case 2, the function is maximized at y; = 0 and y, = 0.

Case 3. For y1 =0, f(2,0,y2) = Ty2 + 1o + 3yon — Lyow + 3nw — §y3 — 122

Solving fz(x,0,y2) = 0, fy,(x,0,y2) = 0 for x and y» doesn’t give a solution and
we must seek the maximum of the function at the boundaries of x and ys.

Case 3.1 Examinations at x = 0 and x = n are equivalent to Case 1.1 and Case
2.1, respectively.

Case 3.2 For y» = 0, we maximize f(2,0,0) = z(3n — 2z + 1). Solving
fo(2,0,0) = 0 gives z = 3L € [0, n].

3 n n n2 n

i. Let n be even and n = 4k. We hgwe FO2%5E],0,0) = f(32,0,0) = 2nton
and f([#551,0,0) = f(*4,0,0) = Agn=s.

ii. Let n be even and n # 4k. We have f([2%t],0,0) = f(22-2,0,0) =

2 — n 103 112 n
8n=t and f([#4],0,0) = f(*42,0,0) = 250,

iii. Let n be odd and n = 4k + 1. We have f(?’"jl,0,0) = 9"22#.
Ziv. Let n be odd and n # 4k + 1. We have J:(L?"LT+1J,0,0) = f(221,0,0) =
9n Jggna”) and f(|—3n4+1-‘,070) — f(3n4+3’0’0) — 9n Egn73.
After examination at the boundaries of =, we get f(0,0,0) = 0 and f(n,0,0) =

2nt1) Since 0 < [S] < 2n, we can ignore f(0,0,0) = 0.

Case 3.3. For y» = n — x, we maximize f(z,0,n —z) = in? + %nz + %n — éxZ.

— 1
Solving fu(x,0,n —x) =0 gives z = § € [0, n].

i. Let n be even. x = § is only valid. So we have f(%3,0,%) = 9”2738”.
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ii. Let n be odd. We need to try bothw =15l = ”51 andz = [%] = 2L, So we

=7
havef(”gl,(), n;l)_Qn +8n 177f( n;rl)_9n +8n— 1andf( n+1 0 1):
2
gntBn=l For f(24L,0, ”T'H), since y» + £ > n we can ignore this result.

After examination at the boundaries of z, we get f(0,0,n) = f(n,0,0) =
n(n+1)
=

In Case 3, the function is maximized at y» =n — 2 and v = 3.

Case 4. For y; = z, we maximize f(z,z,y2) = iyg + gygn - in,fL' + gnx —
+y3 — 322, Solving the system f,(z,2,y2) = 0 and fy,(z,z,y2) = 0 doesn t give
a bOluthIl and we must seek the maximum of the function at the boundaries of x
and ys.

Case 4.1. Examinations at x = 0 and = = n are equivalent to Case 1.1 and Case
2.1, respectively.

Case 4.2. For y, = 0, we maximize f(z,z,0) = Jz(n—z). Solving f,(z,x,0) =0
gives x = § € [0,n].

i. Let n be even. xz = 7 is only valid.

i
2
1(5.5.0) = %5
ii. Let n be odd. We need to try bothz = [2] = 2 andz = [2] = 2. So we
have f(251, 251, 0) = 9029 f(ntl ntl ) = 929 apq f(nEL, ";1,0) = 9"3;7
For f(’%l7 ”TH, 0), since 11 > x, we can ignore this result.
At the boundaries of z, since 0 < |S| < 2n, we don’t obtain solution.
Case 4.3. For yo = n — z, we maximize f(z,2z,n — ) = 2(n — 2)(n + 22 +1).
Solving f,(z,z,n — x) =0 gives x = 27+ € [0,n]. We need to try both z = | 23|

and 2 = [271]. Consequently we find the maximum value of this case,

if n is even:
—4 3 9In’+6n+4 :
fO 2 ) = 5t it n = 4k,
n+2 n—2 3n—2\ _ 9n’+46n+4
f( v T4 0 4 )_ 32 lfn#llk
if n is odd:

40 4
f(rdd n Bnoly _ 9nP46nds gy o g g,

{f(n—l nol Smply _ 9nPEbntl jf g — gl 41,

s T4 0 4
After examination at the boundaries of z, we have f(0,0,n) = % and
f(n,n,0) = 0. Since 0 < |S| < 2n, we can ignore f(n,n,0) = 0.
In Case 4, the function is maximized at yo =n —z and z = ”771.
Case 5. For yo = 0, we maximize f(x,y;,0) = :177 fy1+ Sylnf 2y1x+ S3nx—

1y? — 122, Solving the system f,(z,y1,0) =0 and Jyr (,y1,0) = 0 doesn’t give a
solutlon so we must seek the maximum of the function at the boundaries of z and
y1. Examinations at x =0, x = n, y; = 0, y; = x are equivalent to Case 1.2, Case
2.2 and Case 3.2, Case 4.2, respectively.
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Case 6. For y = n — x, we maximize f(z,y1,n—2) = —3y} + §y1n — 510 —
ilerianr%nerinfézZ. Solving the system f;(x,y1,n—z) = 0and fy, (z,y1,n—
x) = 0 doesn’t give a solution so we must seek the maximum of the function at
the boundaries of z and y;. Examinations at + = 0, x = n, y1 = 0, y1 = = are
equivalent to Case 1.2, Case 2.2, Case 3.3, Case 4.3, respectively.

From Case 1, Case 2, Case 3, Case 4, Case 5 and Case 6, the proof is completed.
O

THEOREM 3.2. For the complementary prism graph K1, 1K1 -1, a set S is
an ny-set if and only if it contains evactly [ 4] vertices from Vi, exactly | 5 | vertices
from Va and center vertex of Ky ,—1 must be in S and its corresponding vertex in
K11 must not be in S or is the complement of this set. Furthermore,

5n% + 3n

nr(Kipn-1K1n-1) = 16

PROOF. For the total influence set .S, assume without loss of generality that
the center vertex of K;,_; is in S. Since its corresponding vertex in Fl,n_l
only adjacent to center vertex, this vertex is not in S. Let x = |V; N S| and
y1 +y2 = |Van S|, where y1,y2 are the number of vertices corresponding to x
vertices and not corresponding to x vertices, respectively. By using definitions of
x, y1, y2 and f(x,y1,y2) := nr(S), we have

1 1 1 1
flyny) =sh—2)+5+-(n—1-y1 —y2) + ~(z - 1)(n—2)

2 2 4 4
1 1 1

b1+ 32— 1y + 3= Do -z )
1 1 1 1 1

+Z(x—l)+1y1(n—x)+§y1+§y1(n71—yl7y2)+§y2
1

1 1 1
+ 1y2(y2 —-1)+ 1y2(n —x—y2)+ Y2 + §y2(’ﬂ —1—y1 —yo2).

Boundariesare 1 <z <n,0<y; <z —1and 0 < y» <n— z. Solving the system

fo(,y1,92) =0, fy,(x,y1,y2) = 0 and fy,(z,y1,y2) = 0 doesn’t give a solution so
we must seek the maximum of the function at the boundaries of z, y; and ys.

, Cas$ 1. ljor x 1: 1, we. maximize f(1,y1,y2) = %n — %yg — %yl —y1y2 + %yln—i—
zyznfgy%*ﬂ/%*z Solving the system fy, (1,y1,y2) = 0, fy,(1,y1,y2) = 0 doesn’t
give a solution so we must seek the maximum of the function at the boundaries of

Y1 and ya.
3

Case 1.1. For y; = 0 (y1 = # — 1 = 0), we maximize f(1,0,y2) = 3n — gy2 +
%yzn — %y% — %. Solving fy2(1,07y2) =0 gives yp = 6n§5.

i. Let n be even and n = 4k. We need to try both yp = [9%=2| = 324 and

y2 = [¢52] = % Thus we obtain f(1,0, #=) = 94 and f(1,0,32) =
In“+9n—8
n 3271 .
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ii. Let n be even and n # 4k. We need to try both yp = [9%=5 | = 32=8 and y, =

[0n=51 = 31-2 Thus we obtain f(1,0,3270) = 249n=14 4pq f(1,0, 322) =

32
9n®4+9n—2
32
iii. Let n be odd and n =4k + 1. We need to try both y, = L 5| = and
— |‘6n—5" — 371,:—1. ThllS we obtain f(1>07 371,4—3) _ 9n2—§gn—2 (1 0 3n+1)
9n +9n— 14
32
iv. Let n be odd and n # 4k + 1. We need to try both yo = |2 ] = and
Yo = (6718—5“ _ 3n L Thus we obtain f(1,0, 3n4—5) _ 9n2—ggn—8 d £(1,0, 3n 1)
In?4+9n—4
32
After doing examinations at the boundaries of yo, we get f(1,0,0) = % and

_ 2n°+3n—1
f(1,0,n — 1) = =n=2n=,
Case 1.2. Forys =0and yo =n—z=n—1,since 0 <y; <z —1and z =1,
y1 just takes the value 0. Thus we have same results as at the boundaries of y5 in
Case 1.1.

In Case 1, the function is maximized at y; = 0 and y, = bn=5

g

Case 2. For 2 = n, we maximize f(n,y1,y2) = —%y%—y1y2+%y1n—§y1—%y§+
1yan — 2y2 + In? + In. Solving the system fy, (n,y1,y2) =0 and fy,(n,y1,y2) =
0 doesn’t give a solution so we must seek the maximum of the function at the
boundaries of y; and ys.

Case 2.1. Foryy =0and yy =z —1=n—1,since 0 <y <n—z and z =n,
y2 just takes the value 0. Thus we get f(n,0,0) = % and f(n,n—1,0) = 324
from boundaries of y;.

Case 2.2. For y2 =0, (y2 = n—z = 0) we maximize f(n,y1,0) = —2yf+Iyin—
8y1 + 1n% 4 in. Solving fy, (n,y1,0) = 0 gives y; = 222 € [0,n — 1].

i. Let n be even and n = 4k. After trying both y1 = |2%2] = 24 and

B _ 2
ZnSS—‘:%7wegetf(n7%470):wandf( 747 ):W

ii. Let n be even and n # 4k. After trying both y; = [2%-2| = 278 and

_ _ _ 2 _ o 2
y = [255] = 232, we get f(n, %5%,0) = 2224216 and f(n, 252,0) = St

iii. Let n be odd and n = 4k + 1. After trying both y; = L2n875J = ans and

yr=[255] = 258, we get f(n, 235,0) = 22359 and f(n, 251,0) = 24gesd,
iv. Let n be odd and n # 4k + 1. After trylng both y; = L%J = "T_3 and
yr = [2555] = 2 we get f(n, %32,0) = 2530 and f(n, 2, 0) = it
We also get same results as Case 2.1. at the boundarles of y;.
In Case 2, the function is maximized at y; 2" 5 and y5 = 0.
Case 3. For y; = 0, we maximize f(z,0,y2) = an fy2+ 4y2n7 7y2:r+ Lna—

2y3 — 22, Solving the system f,(z,0,y2) = 0 and f,,(,0,y2) = 0 doesn’t give a
solution so we must seek the maximum of the function at the boundaries of x and

Y2-
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Case 3.1. Examinations at x = 1 and z = n are equivalent to Case 1.1 and Case
2.1, respectively.

Case 3.2. For y; = 0, we maximize f(z,0,0) = —ixQ + %n:v + %n. Solving

x,0,0) = 0 gives x = n € [0,n]. Thus we get n,0,0) = 2 ot 4 = n. We

T g g n,y, 4
also get f(1,0,0) = 22=1 from the boundaries of z.

Case 3.3. For yo = n—x, we maximize f(z,0,n—z) = inz—i—%nx—i—%n—fx —|— x.
Solving f,(z,0,n — x) = 0 gives x = 2L € [1,n).

i. Let n be even. After trying both z = [ 2%t | = 2 and z = [2Hl] = nd2)
we obtain f(%2,0,2) = Buo43n - p(n g n=2y — SwiEdn=6 g f(nd2 0, n2) =
%3"_2. Additionally, we get f(”T'*'Q, 0, 5) but we ignore this result, since z+y, >
n.

ii. Let n be odd. After trying both z = |2 | = 2-L and o = [22t1] = ol
. — — 2 —
we obtain (51,0, 251) = s j(acd g 1) = % and
[t 0, npt) = Sngdn Add1t1onally, we get f( 24l 0, 241) but we ignore this

result since x + yo > n.
We also examine at the boundaries of x. From this examinations, we get
2 2
f(1,0,n — 1) = 243n=1 and f(n,0,0) = 22

In Case 3, the function is maximized at yo =n —z and = = %.

Case 4. For y; = = — 1, we maximize f(z,x — 1,y2) = %yg — %n + %x +
Sysn — Syox + 2na — Y3 — 22% 4 . Solving the system f,(z,2 — 1,y2) = 0 and
fys(z,2 — 1,y2) = 0 doesn’t give a solution so we must seek the maximum of the
function at the boundaries of x and ys.

Case 4.1. Examinations at x = 1 and = = n are equivalent to Case 1.1 and Case
2.1, respectively.

Case 4.2. For yp = 0, we maximize f(z,z —1,0) = 2z — In+ 3naw — 222 4+ L.
Solving f,(z,x —1,0) = 0 gives x = 10;‘76"7 € [1,n].
i. Let n be even. We need to try both z = Llo”+7j =2 and o = [1007] = nd2

for z. We also need to try both x — 1 = ”2

5 for y1. By using

these results, we obtain f(%,252,0) = 5"21776”“, f(eg2 "?72,0) = %6’”6 and
[z 20) = M We also get f(%, %,0) but we can ignore this result since
y1 >z —1.

ii. Let n be odd. We need to try both z = Lm;i(;”j = 2L and z = [19247] =

"—H for . We also need to try both x — 1 = ”; andx—1= ”—71 for y1. By using
1 n=3 757 10 +1 n— _ 5n°—n+42

these results, we obtain f(%5=, %5°,0) = ===, ("3~ L7 ) = 245~ and

[t o=l o) = W. We also get f(251, 251, 0) but we can ignore this result

since y; >z — 1.

We also examine at the boundaries of z. From these examinations, we get
f(1,0,0) = 221 and f(n,n —1,0) = 3%H
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Case 4.3. For y» = n— =z, we maximize f(z,z —1,n—z) = tn®+ 3n— 1o+ §.
Solving f.(z,x — 1,n — ) = 0 doesn’t give a solutlon. After examlnatlons the
boundaries of x, we get f(1,0,n —1) = Q”%C% and f(n,n—1,0) = 3%

In Case 4, the function is maximized at yo = 0 and = = 10;’0+ 7
Case 5. For yo = 0, we maximize f(z,y;,0) = an 7y1 + 4y1n7 §y1z+ nr —

1y? — 222 Solving the system f,(z,y1,0) =0 and f, (z,y1,0) = 0 gives x = 2455

and y; = 2" 2,
i. Let n be even. We need to try both |24 | = 242 ang [2£2] = 2 for

x, also both LQ"_‘L”j = 224 and [2272] = 232 for y;. From these cases, we get

F(252,552,0) = "j", F(B2,B52,0) = Soas | f(ngd not ) Sntoasd gy
St 252,0) = o2,

ii. Let n be odd. We need to try both [2%E5| = ol apg [2£2] — 243 for

i

z, also both |22=8] = 223 and [22=3] = 2L for y;. From these cases, we get
+1 n=3 () —

f(nTv nTa 0) -

2 P 2
5n2 7n+2’ f(n+1 nfl O) 5n Iﬁn+47 f(ngi’) nf‘S’O) 5n ;6n+6
and f(242, 251 0) = 75”16_”.

2
Additionally, examinations at the boundaries of z and y; are equivalent to Case
1.2, Case 2.2 and Case 3.2, Case 4.2, respectively.

Case 6. For yo =n—x, we maximize f(z,y1,n— ) = 2n— gy1 — §0— 3y1n+
(Az— 1) (n—2)— yi1(y1 —z+1)+ 1n? Solving the system fx(x, y1,n—x) =0 and
fy (&, 91, — 2) = 0 doesn’t give a solution. Examinations at the boundaries of
and y; are equivalent to Case 1.2, Case 2.2 and Case 3.3, Case 4.3, respectively.

From Case 1, Case 2, Case 3, Case 4, Case 5 and Case 6, the total influence
number of Ky ,,_1K1n—1 i8 97 (K1 n-1K1n-1) = (5n* + 3n)/16. O

THEOREM 3.3. Consider the complementary prism graph Ky, mK n,m With n <
m, let S be a total influence set and S, = ViNS, So =Van S, S1 = Vi — 54,
Sy = Vo — 55, Addztzonally Vi and Vo can be partitoned in two pieces V( ) =
{v1,v9,...; 05}, V1 R {Vn+1,Unt2, ey Untm} and Vz( ) — {71,72, ..., Un}, V2(2) =
{Tn+1,Tnt2y ooy Unpm }, respectively. Let x = |V1(1) NSl y = |V1(2) NS, z =
|V2(1) nS|,y= |V2(2) NS|. Then S is an nr-set if and only if the following conditions
or their complements are satisfied:

n m T ] T Y
odd | even | 0 2”% ”Tfl %
even | even | 0 2”% 3 5 m
ontimtl | ni1 | mo1 | <%
odd | odd |0 | =*=r= | 2= | M=
even | odd |0 W 5 mTfl
odd | odd |0 m ”;1 mT_l
n m—1
even | odd |0 m 51 5 n>m
odd | even | 0 m =7 2
even | even | 0 m 5 5
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Furthermore,
. m .
ifn <
2 2 X X
. +9mnfém+8n = an v Odd, me 1S even
5m2+9mn+4m+8n2—2n f . ’
(K F ) i 16 i n 1S even,
nr n,m=:n,mj — 5m2+9mn+4m+8n2+2n—4 an is Odd
, . .
2 16 if m is odd.
5m“+9mn+4m+8n-—1 an is even
16 ’
ifn > %
4m2+13mn+6m+4n2—2n—5 an is Odd
2 16 . T difm s odd,
4m“+13mn+4m-+4n an is even
J— 16 7
nT(Kn,mKn,m) = 2 2 . .
4m +13mn1jg4m+4n 4 an is Odd, me i even
2 2 . . :
4m +13mn—{—62m+4n +2n an is even,

PRrROOF. By Theorem (2.1), we can write following expression for nr(S).
(3.2) nr(S) = nr(S1, 51) +17(S1, S2) + 01 (S2, 1) + 01 (S2, S2).

By Theorem (2.3), we know n7(S1,S1) and values of x, y. We must calculate
nr(S2, S2) and values of Z, J. Examining the influence of Sy to S gives

7(79) = 3T ~T) + $7m ~ ) + 55m —7) + 550~ 7).

Bounds are 0 < T < n and 0 < § < m. Solving the system fz(Z,7) = 0 and
7@, 7) =0givesT =5 € [0,n] and = § € [0,m]. T = § is only valid when n is
even , we need to try both T = "T'H and T = 21 when n is odd, and similarly for

y when m is odd. For each case we calculate np(Ss).

i. Let n,m be even. We have
n om, 2m? + mn + 2n?

133 6
ii. Let n be even, m be odd. We have

n m-—1 _2m2—|—mn—|—2n2—2
5= 16

n m+1 _2m2+mn+2n2—2
IG—=)= 16 '

iii. Let n be odd, m be even. Since the equivalence of the complementary sets,
this case is equivalent to ii.

iv. Let n,m be odd. We have
f(n—l m—l)_2m2+2n2+mn—5
2 72 16
f(n—l m+1)_2m2+2n2+mn—3
2 72 16
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n+1 m—1 _2m2+2n2—|—mn—3

=) =
f(n—i—l m+1)_2m2+2n2+mn—5
2 7 2 7 16 '

We also examine at the boundaries of T and §. Due to symmetry of f(Z,7),
we can ignore searching along T = n and § = m. Thus we consider two cases: first
7 = 0 and second y = 0.

Case 1. For T = 0, we maximize f(0,%) = £ng+1y(m—7). Solving f5(0,7) =0
gives y = %. If n < 4m, 2 € [0,m]. We have four subcases depending on n

8
and m. We calculate nr(S3) for each case.

Case 1.1. Let n, m be even.
i. For n = 8k, we have f(0, 475" |) = f(0, [42%E2])= f(0, 42utn)

_ 16m? +8mn+n2

ii. For n = 8k+2, we have f(0, LZZ"%J) = f(0,dman=2) — 16m2+817;§+n2_4 and
f(O, |‘4m8+n‘|) _ f(O, 4m—§n+6) _ 16m~+8mn+n —36'

128
iii. For n = 8k + 4, we have f(0, | 4% |) = f(0, dmtn=4) — 16m*+Smnin®-16

2 2_
and f(O, |’4m8+n") — f(O, 4m—ién+4> — 16m +8;né§+n 16.

iv. For n = 8k + 6, we have f(0, L74m8+nj) = f(0, 47”2"_6) = 167”2‘*8;’{;@‘?”2—36

2 2_
and f(O, |’4m8+n“) — f(07 4mJ%n+2) — 16m +81n27,§1+n 4.

Case 1.2. Let n be odd, m be even.

i. For n = 8k + 1, we have f(0, L742m8+"J) = 10, 4””;”—1) = 16m2+817;§1+”2—1 and
f(O, |‘4m8+n‘|) _ f(O, 4m+8n+7) _ 16m +87lr§g+n —49

ii. For n =8k+3, we have f(0, [ £t |) = f(0, d24n=3) — 16m2+81’;§+"2_9 and

F(, [W%D = f(0, 4m+8"+5) = 16m2+8717;g+n2725.

iii. For n = 8k + 5, we have f(0, |22 |) = f(0, dmtn=5) — 16m”+8mn+n”—25

2 2
and ]L'(O7 |’4m8+n“) — f(O, 4m4én+3) — 16m +81n21§1+n 9'

iv. For n = 8k + 7, we have f(0, LL"%*"J) = ;(O, dmAn=T) — 16m2+871"2§+”2*49
a11(1 f(O, (4m8+nW) —_ f(o’ 4m-|én+1) _ 16m +81172’L§z+n —1'
Case 1.3. Let n be even and m be odd.

i. For n = 8k, we have f(0, %) = f(0, 4mtn=2) = 16m2+8§r§’§+"2_16 and

2 2
f(o’ |’4m8+n‘|) — f(O, 4m§n+4) _ 16m +87lr§g+n 16

ii. For n = 8k + 2, we have f(0, ¥ ]) = f(0, 4mtn=6) = 16m2+871"27§+”2*36

2 2
and ]L'(O7 |’4m8+n“) — f(O, 4m4én+2) — 16m +81n21§1+n 4'

iii. For n = 8k + 4, we have f(0, ¥ |) = f(0,[4%2]) = f(0, Lmtn) =

16m? +8’mn+n2
128
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iv. For n = 8k + 6, we have f(0, L4m+”j) = f(0, 4mdn=2) — 16771%81772157;%71274
and f(O, (4m8+'rq) —_ f(O, 4m+8n+6) — 16m? +8mn+n —36

128
Case 1.4. Let n be odd, m be odd.

i. For n = 8k + 1, we have f(0, L%J) _ ]20(07 4m+8n75) _ 16m2+8717§r§+n2725
4 — 4 3y _ 16 8 —9
and f(0, [4mkn]) = f(0, imtetd) — dom sfmnin’o0

ii. For n = 8k + 3, we have f(0, [4%™]) = f(0, 4mtn=T) = 16m?+8mn-tn® 49

128
and f( |‘4m+n") — f(O, 4m+8n+1) — 167n2+81w2L8n+n2—1 .

iii. For n = 8k + 5, we have f(0, 4% ]) = f(0, 4min=l) — 16m>+8mntn’—1

128
and f(0, [475]) = f(0, mgrT) — 1om=iSppin 10,

iv. For n = 8k + 7, we have f(0, [*%]) = f(0, 4mtn=3) = 16m”48mntn®—9

128
and f(0, [4mEn]) = f£(0, dmEnts) — 16m> +8717”§7§+n ~25

We also get f(0,0) = 0 and f(0,m) = “¢* from the boundaries of . Since
0 < |S2] < n+ m, we can ignore f(0,0) = 0.

Case 2. For j = 0, we maximize f(Z,0) = gmZ+ 3Z(n—7). Solving fz(z,0) =
0 gives T = mJg4" If m < 4n, %4" [0, n]. We have four subcases depending on
n and m. We calculate nT(S2) for each case.

Case 2.1. Let n, m be even.

i. For m = 8k, we have f(|™£3 | 0) = f([™£12],0) = f(2£22,0)
_ m”+8mn+16n>
128 .

ii. For m = 8k + 2, we have f(Lm+4"J, 0) = f(mtr=20) = m?48mn16n® -4

128
and f(|’m4é4n‘|70) — f(m+4§n+6,0) _m +8m7{,;rSlGn 736

iii. For m = 8k + 47 we have f Lm+4nJ ) — f(m+4n74’0) — m24+8mn+16n°—16

128
27
and f(|’m4é4n‘|70) — f(m+4§n+470) _m +8m7{,;816n 16

: _ m-+4n _ m+4n—=6 _ m2+8mn+16n2736
iv. ForT—8k+6, Wiha;e I TQSJ,O)lE 2f(4 e—,0) = 58
and f([7510],0) = f(mEdnt2 () = mibsmppiontot,

Case 2.2. Let n be odd, m be even.

i. For m = 8k+1, we have f(Lm+4nJ 0) = f(mtdn=1 () — mit8mntlon®~1 49
f([m-§é4n1’0) _ f(m+4én+770) _m +Sm7113-816n —49

i — +4 _ +4n—3 _ m*4+8mn+16n%-9
ii. For 1741 = 8k + 3, Wi hzzve f(LmTZJ,O)w—jg’:T",O) = M SmRLon =2
and f([?n-ig— n‘|70) — f(?rz+8n+ ,0) —_m + m7lbél-8 n-— .

111 m n m n— m2 mn TL2—
iii. For m = 8k + 5, we have f([2£1],0) = f(min=5 () = m+8mnilon 25

128
and f(|'m-g4n'|70) — f(m+é;n+3,0) _m +8mlrL2-glGn —9

iv. For m = 8k + 7, we have f( m§4nJ,0) _ f(m-i—z;n—?’o) — m24+8mn+16n2—49

128
and f(|'m-18-4n'| 7 0) _ f-(m+4én+1 7 0) _ m2+8m1n2-',8-16n2—1.

Case 2.3. Let n be even and m be odd.
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i. For m = 8k, we have f(| ™) 0) = f(mtin=t ) = mieSmnil6n =16 4pq

128
f( [m-gél’rq , O) _ f( m+één+4 , 0) — m2+8m7113-816n2—16

.. m-+4n m-dn— m2+8mn n2_
ii. For m = 8k + 2, we have f(|2t=2 +4 1,0) = £( +4 6 () = m*+8 1;816 36
and f([m%],O) — f(m+4§n+2’0) _m +8mn+16n =

128
iii. For m = 8k + 4, we have f(|™t],0) = f([2£*2],0) = f(™t12,0) =
m2+8mn+16n2
128 :

iv. For m = 8k + 6, we have f(L%%LO) :Zf(%ﬂ) = %
and f([%élnho) = f(m+4§n+6,0) _m +8mq;816n 36
Case 2.4. Let n be odd, m be odd.

i. For m = 8k + 1, we have f(|™t12] 0) = f(mtin=5 () = mo48mnilon-2

128
2 2
and f([%‘ln'ho) — f(m+4§n+3,0) _m +8m{7,248»16n 9.

s _ m+4n _ m+4n77 _ m2%48mn+16n2—-49
ii. For m = 8k + 3, we have f( IE )—f( ,0) = o8
and f(|’m4é4n‘|70) — f(m+4§n+170) _m +8m1n2~glGn 71

iii. For m = 8k + 5, we have f(Lm+4"J 0) = f(mHn=l 0) = m? +8mni16n®—1

128
2_
achl f(|'m48»4n‘|70) —_ f(m+4§n+770) _m +8m7113816n 49

iv. For m = 8k + 7, we have f(|2512],0) = f(mp=?, 0) = mottmpion=0

and f([m-glln]’o) — f(m+1§n+5,0) _m +8mr1L;-816n —25

We also get f(0,0) = 0 and f(n,0) = %" from the boundaries of Z. Since
0 < |S2| < n+m, we can ignore f(0,0) = 0.

The function f(Z,%) is maximized at Z = § and ¥ = . And also we know

the value of z and y by Theorem (2.3). By considering the value of z, y, T, 7, we
can write two functions for K, Ky m. If © =0 and y +7 > m, we will use first
function, f;. If x = n and y + 7 < m, we will use second function, f.

i, 4,7 3) =5u(m — ) + Jyn+ 5(m —F) + 3y~ Dim —F) + y(n —7)
+ %E(n -T)+ %f—l— if(n 1)+ if(m y) + %E(m —7)
4 5m —7) + 3m ) + 1 m— )G~ 1)+ {In+ L5~ 7).
f2(x7yafay) :%
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We substitute the value of x, y, T, ¥ into the these functions, depending on
three subcases and compare them to maximize the summing unknow terms in the
expression (3.2). These subcases are first, n > %; second, n < % and m is even;
last, n < 3 and m is odd.

Case i. Let n > %

(:c,y) = {(07m) or (n70)}
@,9) ={(lz) [F]) or (L5], [3]) or ([51,[5]) or ([51.[51)-}

e Let n, m be odd.
47n2+13mn+6m+4n272n7r
J1(0,m, 3 16 >
fl(o m, —+1 _ 4m2+13mn+2m+4n2+2n—7

A, 6
fl (0 m, il m 1) — 4m2413mn42m~+4n>42n+1
) =

2 2 16
nt+l m—+41 4m2+13mn72m+4n2+6n75
fl (0 m, 2 v 2 16
e Let n be odd, m be even.

n—1 m\ _ 4m2+13mn+4m+4n2—4
f1(0,m, 5=, ) = 16
ntl my _ 4m2+13mn+4n2+4n
f1(0,m, 5=, 3) = 16
e Let n be even, m be odd.
2 2
fl (0 m, 2’ m— 1 — 4m*+13mn+4m—+4n

16
4m2+13mn+4n2+4n74
den

5)
f1(0,m, 2’T+1)

o Let n, m even.
my\ __ 4m2+13mn+2m+4n2+2n
fl (0 m, Qa P ) 16

These sets are complements of sets which obtained by x = n. Thus we get
same results from fo with x = n.

Case ii. Let m be even and n < 7
(z,y) ={(0,n+ %) or (n, 3 —n)}
@,y) ={(5], %) or ([53],3)}

e Let n be odd.

f (0 2n+7n n—1 m) _ 5’m2+9mn+4m+8n2—4
, =

2 72

fl(o 2n+m n+l m

172 03
° Letnbeeven

fl((), 2n2+m n m) =

727 2

16
) _ 5m2+9mn+4m+8n2 —4n
- 16

5m2+9mn+4m+8n2 —2n
16

These sets are complements of sets which obtained by x = n. Thus we get
same results from fo with x = n.

Case iii. Let m be odd and n < 7.
(z,y) ={(0, [n+ % ]) or (0,[n+ F]) or

@7) = (5], %)) or

e Let n be even.

5
(L"H%DOY([% L)) or (5112 D

fl (0 2n+m71 n mfl) _ 5m2+9mn+4m+8n271
720 2 - 1
(O 2n+m 1 n m+1) _ 5m2+9mn+4m+8n274n71
’ )20 2 - 16
fl (O 2n+m+ n m—l) _ 5m? +9mn+4m+8n —1
120 2 -
f (0 2n+m+ n m+1) _ 5m? +9mn+4m+8n —4n—9
1 202 )T 16
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e Let n be odd.

fl(o 2n+m 1 n—1 m-—1 5m2+9mn+4m+8n2+2n78

» T2 T2 ) 16
f (O 2n+m 1 n—1 +1) _ 5m2+9mn+4m+8n2—2n—6
1 2 02 )T 16
f (0 2n+m 1 n+l m—l) _ 5m249mnt4m+48n—2n+2
1 T2 T2 )T 16
f (0 2n+m 1 nitl m+1) _ 5m2+9mn+4m+8n276n
1Y, s 9 3 9 - 16
(O 2n+m+1 n—1 mfl) _ 5m2+9mn+4m+8n2+2n74
fl ) y T2 v 9 - 16
£1(0, 2n+m+1 n—1 m+1) _ 5m*49mn+4m+8n®—2n—10
1 202 )T 16
0 2n+m+1 n+1 m—1Y\ __ 5m2+9mn+4m+8n2—2n—2
fl( ) ) 2 ) - 16
f (0 2n+m+1 n+1 m+1) — 5m2+9mn+4m+8n276n712
’ 2 v 2 2 16

These sets are complements of sets which obtained by x = n. Thus we get
same results from fo with x = n.
From Case i, Case ii and Case iii, the proof is completed. O

THEOREM 3.4. For the complementary prism graph tKotKo, let S be a total
influence set and S1 = VinNsS, So =VanS, S1 =Vi — 81, Sy = Vo — Sy, Ad-
ditionally, V1 and V5 can be partitioned in two pieces V1( ) — {v1,v3, ..cy V2t 1},
‘/1(2) {1}2,1]4,...,U2t} and ‘/2(1) = {@1,@3,...,52,5_1}, ‘/2(2) = {52,54,...,5%}, re-
spectively. Let x = |V1(1) NSl y= \V1(2) NS, z= |V2(1) ns|,yg= |V2(2) N S|, where
v 1is the number of vertices non-adjacent to one of T vertices. Then S is np-set if
and only if following condition or its complement is satisfied:

(1‘20, y=t,z= I—%L Y= L%J)
Furthermore,

9t2 + 5t

nr(tKstKs) = 3

PROOF. By theorem (2.1), we can write following expression for np(S5).
nr(S) = n7(S1, S1) +nr(S1, S2) + 17(S2, S1) + N7 (Sa, S2)

By theorem (2.6), we know 77 (S2, S2) and have two options for Z, 3. These options
are (T =[5],y=|4]) or (= %],y =[%]). They are complements of each other
and have the same total influence number. Additionally, we must find the values
of z, y for maximum value of nr(S;,S1). For every v; € Vl(l), v; € V1(2)7 since
(vi,vj) € E(tKs), where j =i+ 1 and ¢ € {1,3,...,2t — 1}, j € {2,4,...,2t}, we
must choose all vertices v; or all vertices v; for S;. Thus we get © =0, y =t or
r=t,y=0.

For the set S, assume without loss of generlity that = [£] and 7 = [ £]. We
have two cases depending on x and y.

Case 1. Let z =0 and y = 1.
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Case 1.1. Let t be even. In this case % is only valid for 7, 7 and we get following
value of nr(S) for t Kyt Ko complementary prism by using the values of x, y, T, 7.

T (8) =gt gt~ 1)+ 58+ S (2) 4 1)~ D+ )+ 5(5)
1.t 1.t
+ 1(5)@‘ -1+ 1(5)15
_9t* + 5t
RESS

Case 1.2. Let t be odd. In this case, 7 = ©! and y = 51 is only valid for 7,
y and we get following value of nr(S) for tKyt Ky complementary prism by using
the values of =, y, T, 7.

1 1 1 1 1.t+1 1 t+1
mr(S) =5t + gtt— 1) + 58— 3+ () + () -1
t

2 8 2 42
Lt—1. 1 t+1  1t+1 1,t—1
() D (—= (—\(t-1 Z
+ (Gt () (= D+ (5o
9P+ 5t
=—a

Case 2. Let x =t and y = 0.

Case 2.1. Let t be even. In this case, 5 is only valid for Z, 7 and we get following

value of nr(S) for t Kyt Ko complementary prism by using the values of x, y, 7, 7.

T (8) =gt e = 1)+ 58+ 2 (2) 4 1= D+ )+ 5(5)
F 1)1+ (5
9% + 5t
95t

Case 2.2. Let t be odd. In this case, T = % and § = % is only valid for 7,

7 and we get following value of nr(S) for tKyt Ky complementary prism by using
the values of z, y, T, ¥.

me(8) =st+ bt~ )+ 52— 1+ 2 e
t—

1t+1, 1,t-1,  1t—1 1,t+1

t (=)t =1+ = (——
+4(2)+2(2)+4(2)(t )+ (=)
9?45t —4

8
By Case 1 and Case 2, the total influence number of tKytK is
9% + 5t

nr(tKatKs) =
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