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GENERALIZED DEGREE DISTANCE
OF FOUR TRANSFORMATION GRAPHS

K. Pattabiraman and Manzoor Ahmad Bhat

ABSTRACT. The generalized degree distance, denoted by H,(G), is defined as
1
HiG) =5 Y (o) +do0Ndiu,v),
u,veV(G)

where A is any real number. In this paper, we discuss the mathematical properties for the
generalized degree distance of four edge grafting transformations of graph.

1. Introduction

A single number that can be used to characterize some property of the graph of a
molecule is called a topological index. Topological index is a graph theoretical property
that is preserved by isomorphism. The chemical information derived through topological
index has been found useful in chemical documentation, isomer discrimination, structure
property correlations.The interest in topological in-dices is mainly related to their use
in non-empirical quantitative structure-property relationships and quantitative structural-
activity relationships . One of the oldest and well-studied distance based graph invariants
associated with a connected graph G is the number W(G) , also termed as Wiener index
in chemical or mathematical chemistry literature, which is defined Wiener as the sum of
distance over all unordered vertex pairs in G , namely,

1
WG =5 >, daw.y),
u,veV(G)
where dg(u, v) is the shortest distance between two vertices. Another distance based graph
invariant, defined in a fully analogous manner to wiener index,is theHarary index , which
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206 K. PATTABIRAMAN AND M. A. BHAT

is equal to the sum of the the reciprocal distances overall unordered vertex pairs in G that
is,
H(G) = 1 1
uvev(G) dg(u,v)

Dobrynin and Kochetova [3] and Gutman [4] independently proposed a vertex-degree-
weighted version of Wiener index called degree distance, which is defined for a connected
graph G as,

1
DD(G) = 35 Z (dg(u) + dc(vV))dg(u, v).
u,veV(G)
The additively weighted Harary index(Hy) or reciprocal degree distance(RDD) is defined
in [1] as,

Hy(G) = RDD(G) = > Z W.

u,veV(G)
Hua and Zhang [7] have obtained lower and upper bounds for the reciprocal degree
distance of graph in terms of other graph invariants. The chemical applications and
mathematical properties of the reciprocal degree distance are well studied in [1, 11, 14].
The generalized degree distance, denoted by H,(G), is defined as,

HG) =% (dotu) + do(v)diu, v)
2 u,veV(G)

where A is any real number. If 4 = 1, then H;(G) = DD(G) and if 4 = -1, then
H,(G) = RDD(G). The generalized degree distance of unicyclic and bi cyclic graphs are
studied by Hamzeh et. al [5, 6]. Also they are given the generalized degree distance of
Cartesian product, join, symmetric difference, composition and disjunction of two graphs.
The generalized degree distance of the strong and tensor product of graphs are obtained
in [12, 13]. In this sequence, here we find the bounds for the generalized degree distance
of four edge grafting transformations of graph.A pendent path at v in a graph G is a path
in which no vertex other than v is incident with any edge of G outside the path, where the
degree of v is at least three. Call v a pendent vertex (or a leaf) in G, if dg(v) = 1.

2. a-transformation

LetGibe a simple graph,as depicted in Fig.1, where H;,H, are two connected graphs.
Let

Gy =Gy —{vix: x € Ng,(v)} + {vix : x € Nug,(»)}.

We call that G, is obtained by « - transformation on G;. In particular, if G; is a tree
, Kelmas [9] used this tree-transformation to prove the some results on the number of
spanning trees of graph in [9]. Recently , Bollobas and tyomkyn [2] used this tree-
transformation to count the total number of walks(resp.closed walks,paths) of trees. Here
we obtain the generalized degree distance of a-transformation.

THEOREM 2.1. Let G, be the graph obtained from G| by a-transformation . Then
H)(Gl) < H/](G2) lfﬂ, <0 andHA(Gl) > H,{(Gz) lf/l > 0.
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Ficure 1. a-transformation

Proor. For each x in V(H))\ {v;} and for each vertex y in V(H,)\ {v;} , one can easily
check that,

dg, (%) = du,(x) = dg,(x)
and

dg,(y) = du,(y) = dg, ()
. Moreover , for each y € V(H>),

dﬁ,z(v,,y) =t
in Gy if and only if
d,/;z(vl,y) =t
in G,. For each vertex x € V(H;)\ {vi}, we have
D () = Dyevinim diy, (6 3) + Zico (dn, (x,v1) + k)’
+ Dyevin g (i (6 v1) + 1= 1+ dy, (v, )"
and
D) = Byevimnimn diy, (6) + Sizo(da, (x, v1) + o)
+ Dyevinm) (@a, (X, v1) + du,(v1, )"

To obtain Dé] (x) — Déz (x) we have.

DL -DL® = Y (du v+ =1+ d(,)"
YEV(H)\{vi}
- Z (dp, (6, v1) + dy (01, 0))"
yeV(H)\{v1}

A
= D0 D O v + = 1l (v, )

yEV(H)\vi} a=0

A
= DT D, (), 1, )"

YEV(Hy)\{vi} a=0

By direct calculation ,we have Dé1 (x) < Déz (x), when A < 0, and Dél (x) > Déz (x), when
A>0.
Observe that dg, (x) = dy,(x) = dg,(x) for all x in V(H})\ {vi}. If 1 > 0 then

> da, DL (0> D de, (D, (x)

xeV(H)\{vi} xeV(H)\{vi}
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andif 1 <0, we get
(1) > do DL < D de,()DE, ().
xeV(H\{v1} x€V(H)\{v1}

For each vertex x in V(H»)\ {v;}, we have

-1
DL = Y dy )+ Y (da (o) + k)
YEV(H)\{(v)),x} k=0

> (d G+ L= 1+ dyg ()
YEV(HD)\{v1}

and
-1

DL = > dhey)+ ) du(x ) + 0

YEV(Hp)\{vy,x} k=0
Y )+ di ()
YEV(H)\{v1}

Next we compute

DL -DLm = > (dm(xv)+1-1+dy,(01,y)"
YEV(H)\{v1}

- DL @)+ diy )
yeV(HD)\{v1}

once again using simple calculation we get

D¢, (x) < D¢, (x) when 1 < 0

and
D¢, (x) > D{, (x) when A > 0

one can note that dg, (x) = dp,(x) = dg,(x) ,for all x in V(Hy)\ {v/}.
Hence whenever A < 0 we get

> de DL < YL de,(D (),
xeV(H2)\{vi} xeV(H2)\{vi}
and if 4 > 0 we get
2) > de D> Y. de,()DLx)
xeV(H)\{vi} xeV(H)\{vi}
For each v; € V(P)) = {v(,v2,..., v}, we have

DLop= Y duev)+j-1)
x€V(H)\{vi}

3) +Dp, (v)) + Z (du,(x,v) + 1= j)'

xeV(H)\{vi)
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D (v)) = Z (d, (x,v1) + j— 1)
xeV{H\(v1}

4) + D} (v)) + Z (d,(x.v1) + j = 1)
xeV(H)\{vi}

One can easily observe that dg, (v;) = dg,(v;) = 2, for each v; € V(P))\ {v,v;}, and it is
easily to find that dg, (vi) = du,(v1) + 1, dg,(v)) = dg,(v) + 1,
dg,(v1) = dp,(v1) + dp,(v1) + 1 and dg,(v)) = 1.

thus
1
> do, ()DL, () =<dH1<v1>+1>( DL dh v+ D)
J=1 xeV(H)\{vi}
+ > (de(x,vl)+l—1)/l)
xeV(Hy)\{vi}
+(dH2(vl>+1>( DL di v+ Dhw)
x€V(H)\(v1)
+ D, (de<x,v1>+1—1>‘)
xeV(H)\(v1)
-1
+2Z( DT @ v+ - 1)+ DY)
J=2 “xeV(H)\{vi}
+ > (dHZ(x,v»H—j)ﬂ),
XV (H)\(v1)
by Eq. 3, and

[
Ddo, (v)) DL, (v) = i, () + diy () + 1)( D1 d v + Do)
J=1 xeV(H)\{v1}

+ Z df,z(x,vl))
X€V(H)\{v1}

-1
+2 Z( D @ Cov)+j- D+ DY)
J=2 xeV(H)\(v1)

+ Z (day(x,vi + j— 1)1)
XeV(H2)\(v1)
(du,(x,v1) + 1= D' + D, (v)

xeV(H)\(v1)

£ @new)+1-11)
x€V(H)\(v1)
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by Eq. 4. where Df,[(vl) = ngl ).

Hence
1 )
D oD ) = D do 6D vy =dmed( Y (dmCev)!
j=1 j=1 xeV(H)\(v)

- > Gmnw+i- D
xeV(H)\(v1)

D D (dn (6 )

xeV(H)\(v1)

(dp, (x,vi) + 1 — 1)*)
xeV(H)\(v1)

Ay, ) D (@, 0o

xeV(H)\(v1)

A
Doy = 1))

xeV(Hy)\(v) a=0
+dy, ) Y (dh ()
xeV(H)\(v1)
2
- > D ey 1)
xeV(H)\(v1) a=0
Simplify the above equation , we have;

) !
when 1> 0, 3 dg,(v))D, (vj) > 3 dg,(v))Dg; (v;) and if A < 0, we have
=1 =1

! i
Z] dGz (VJ‘)D/Gl2 (Vj) < Zl dG| (Vj)Dél (Vj) .............. (5)
J= J=

From (1), (2) and (5) , we have
H,(Gy) < H)(Gy) if A < 0and Hy(Gy) > Hy(Gy)if 4> 0. O

3. p-transformation

Let T be an n-vertex tree as shown in Fig. 2, where wv € E(T) with dy(v) = m+1(m >
2),T,,T,,...,T, are subtrees under v with root vertices vy, va,...,V, such that the tree
T, is actually a path P;, H; contains a path P, = us... satisfying |V(H;)| > [+ 2 and
V(P 2 [V(P)|.Let T" = T — {vv,vva, ..., vt} + {wv,wya, ..., wy,_1}, see Fig. 2
. Clearly T’ is obtained from T by p- transformation . Ili¢ [8] used p- transformation to
study the Laplacian coefficient of trees. Here we obtain the generalized degree distance of
p -transformation .

THEOREM 3.1. Let T’ be the n-vertex tree obtained from T by p-transformation. Then
we have H)(T) < Hy(T") if A < 0 and Hy(T) > H)(T") if 1 > 0.

Proor. Let H, =T\ UT,U...UT,_;.Let P, =uju,...u; be apath onlength L . One
can see that H; contains a path P, = us... whose length is no less than that of 7}, = P;.
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FiGure 2. p-transformation

Observe that for all x € V(H)\V(Py) , we have

Di= > diy ey +diy (xow) + (dy Ceow) + 1)1

yEV(H)\{x.w}

I
+ Z (dHl(x,w) +1 +j)1

j=1
A
+ Z (dHl ()C, W) +1+ dT[V(HZ)u[V}](y, v))
yeV(Hz)
and
A
Di(x) = d}y (x.y) + djy (x,w) + (dp, (x, w) + 1)
YEV(H)\{x,w}
!
P
+ Z(dyl(x,w) +j+ 1)
j=1
A
(3.1) O (dm o w) + drvanon s w))
YEV(H>)

where for each y in V(H,) we have (drpv)yup s V) = (drvanyomn (s w)* Now we
obtain D7, (x) — D(x).

Dy}, (x) — Dy (x) = ¥ yevirndu, (X W) + drvionn 0 w))*
= Yyeveay (da, (x, w) + 1+ drvayopn 3, v
= Yyevit) Zazo(OE (e w) + diury iy 05 W)

A-a
- ZyEV(Hz) Z;:O(ﬁ)(dHl (X, W) + 1) d;[V(HZ)U{V]](y, V))/l-
= Zyevin) Za=ola )7 1viayonn s W) [dl/:l_]a(x’ w)
A-a
~(du, Geow) + 1) 7]

/]_
If A < 0, then (df;“(x, w) < (dp, (x,w) + 1) * thus D2, (x) < D2 (x).
If 1> 0, then

A-a
(A" xw) > (d Geow) + 1) thus D (0> D (o)
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Observe that for each vertex x inV(H1)\V(Py) , we have dr(x) = dy, (x) = dj.(x).
Hence

dr(D}(x)< Y dr(ID}(x). IfA<0
xeV(H)\V(Py) XeV(H)\V(Py)

and

Z dr(x)D(x) > Z dr(x)DL,(x). if 2> 0. (1)

xeV(HD\V(Pr) xeV(H)\V(Py)

Similarly , for each vertex x in V(H,), we have

A
DI = > dh, 063 + (drvanomn (e v) +
YEV(H2)\{x}

A
(dT[V(Hz)u[v}](x, v) + 1)

!

N
+ Z (dT[V(Hz)U{v}](-x’ V) + ])
=1
2
+ Z (dT[V(Hz)U{v}](xv v)+ 1 +dy(y, W))

YEVHD\{V(Pr).w}

k
+ Z (dT[V(Hg)U[v]]()C, V) + j+ 1)/1
=1

and

1
D},(x) = Z déz(X, y)+ (dT’[V(Hz)U{w]](X, W))
YEV(H)\{x}

A
(dT’[WHz)ulwn(x, w) + 1)

!

A

+ Z (dT’[V(Hz)U{w}](xa w)+j+ 1) ,
J=1

+ Z (deu{wl(x, w) +dp, (9, W)))

YEVHD\V(Pr).w}

k

!

+ Z(dT’[V(HZ)U{w}](x, w) + j)".
=
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By using similar calculation on (1) we have

D} -Diw = Y (¢ Gow)+ j+1)"
T’ T - T'[V(H)Uiw) ]\ X, W J
J

- Z (dT[V(Hz)U{v}](x’ V) + j)}

1

~ 7
—_

~.

k
+ Z (dT'[V(Hz)u[w}](x’ w) + j)/l

j=1

~
I

2
(dT[V(Hz)u{v}](x, v+ j+ 1)

M=

~.
Il

+ Z (ngu{w}(x’ w)
YEVH)\V(Pi).w}

1
+dy, (v, w) = drv)yopn (%, v) + 1+ dy, (v, W)) .

If Hy is a path , thatis , k > [ + 1, then

k
N
D) = D3 = > (drvamopn(xw) + j)
Jj=l+1

k
- Z (dT’lWHz)urwn(x, w)+ j+ 1)1

Jj=l+1

k

A
_ AN gA— .
= Z (a)drf[tz/(yz)u[w}](x, W)(J)a
j=Ir1 a=0

k A
- Z Z(i)(dr'[wm)u(wn(% w) + I)H(j)“

j=I+1 a=0

k A
= 3 S O (o @ w) ~ (drvamn o + 1) ).

j=I+1 a=0
1a A-a
If 1 >0, then (dT’[V(Hz)U[w]](x’ W)) > (d]‘/[v(yz)u{w”(x, w) + 1) .
. _ —a
and if A < 0, then(d (6, W) < (drvamupn(w) + 1) (2)
Hence D7, (x) — D}(x) < 0 when A > 0 and D7, (x) — D-(x) > 0 when 1 < 0

Again if H) is a path, thatis , k > / + 1 then we have

A
D;lw (x) - D;(x) = Z [(deu{W}(x$ W) + dH1 (y7 W))
YEVH)\{V(Pr),w}

p
- (dT[V(Hg)U{v}](xv v)+ 1 +dpy,(y, W)) ]
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A similar argument in (2) , we have if 4 < 0, then D%, (x) - D/}(x) <0andif A2 > 0, then
D;,(x) - D’}(x) > 0.
One can easily observe that for each x € V(H,), dr(x) = du,(x) = dr/(x). Then
DxeV(Hy) dT(X)D/}(X) > YveviHy) At (x)DﬂT,(x) when A > 0 and
D xeV(Hy) dT(x)D/}(x) < Yxevim) dr (x)D%,(x) when A < O................ 3)

Foreachu; € P, 1< j< /I letd(u;) = dr(u;) = dr(uj). Then

., . ./l
D)) = Dy )+ + G+ + D (drvamomn (o) + )
xeV(H;)

k
+Z ]+1+z Z (j+1+dHl(x,w))A
i=1

xeVHD\{V(P).w)

and
Pl
D}, (uj) = Dy (u)) + j* + (j+ D' + Z (dT’[V(HZ)U{W”(X’ Wi+ j+ 1>
XEV(HZ)
ko A : 4
Bl S )
i=1 xeVHO\{Vip,)w}
This implies

Z dr (u)Dj, () - Z dr(up)D}(uy) = Z dw)) > (drwvimuopm(xw)

j=1 j=1 x€V(Ha)
+j+ 1)
- Zd(uj) Z drv)upn (X, v)
xeV(H,)
\
+ ]) ........................ (4)

For each w; € Py, 1 < j <k, letd(w;) = dr(w;) = dr.(w)), then we have

A
Diw) = Dy wp) + '+ G+ 1+ D (drvamopn (o) +j +1)
xeV(H,)

!
+ Z(j+ 1+t + Z dyy, (x, w)).
im1

xeV(H)\V(Pr).w}



GENERALIZED DEGREE DISTANCE OF FOUR TRANSFORMATION GRAPHS 215

and
D)) = D)+ '+ G+ DY+ D (drvann(ew) + )
xeV(H,)
!
+ Z(j +1+0)+ Z gy, (x, w).
i=1 xeVIHVip,).w}
This gives

Z dr (WD, () Z dr(w)D}w)) = Z d(w))
=1

j=1

1
X Z (dT'[V(Hz)U{w}](xv w) + J)
xeV(Hy)

k
- Z d(wj)x
j=1

Z (dr[v(H2>u[v}](X, V) +j+ 1)1..,5

xeV(H3)

If H, is not a path, then, for each 1 < j </ < k, we have d(w;) > d(u;) there exists
Jj€1{1,2,...,k} such that d(w;) > d(u;). Hence,a similar of above results we have at 4 > 0

Z dp (u))D} (u)) = Z dr (up)D (u)) + Z dp (WD} (w)) - Z dr(w)Dj(w))

j=1 Jj=1 J= Jj=
k
> Z d(w;) Z (dr/[sz)u n(x,w) +J)
j=rs) xEV(Hy)

) 2
— Z d(wj) Z - [V(H2)u{w]](x’ w)+ j+ 1) > 0.

Jj=l+1 xeV(H>)

Thus

] k ]
. dr@pDy.w)) + Y drwpDF.(w)) > > dr(u)Dij(u;y)

J=1 J=1 J=1

In case of 4 < 0, H is not a path, then, for each 1 < j <<k, we have d(w;) > d(u;)
there exists j € {1,2,...,k} such that d(w;) > d(u;).
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Hence, in view of above results, we have

/ ! k k
D dr@pDy ) = > dr@pDup) + Y drw D (w)) = > dr(w)Di(w))
j=1

j=1 j=1 j=1

k
< Z d(w)) Z (dT/[V(Hz)U{w}](x’ W)_i_j)ﬁ

j=l+1 xeV(H,)
k
. A
= DL d0v) > (drvamumnew) + j+ 1) <0.
j=l+1 xeV(Hy)

Thus,

l k i k
D dr @)Dy ) + Y dp WD w)) < Y deryupDyy ) + > deryw DD (w)).

=1 =1 j=1 =1

However, if H| is a path and A > 0 we have
/ k l k
D drwpD} ) + Y dr(wpDhwy) > > dr@pDiu)) + Y dr(w)Di(w))
J=1 J=1 j=1 Jj=1
and A < 0 we have
i k 1 k
> dr@pDy. ) + Y dp WD (w)) < Y drpDiuy) + Y dr(w)Di(w)),
=1 J=1 J=1 J=
By definition of D (u), we have

k !
Diwy = > dyCewy+ Y G+ DT Y ()

xeV(H)\{V(Py)w} J=1 J=1
p
+ Z (dT[V(HZ)u{v}](xa V) + 1)
xeV(H3)

and

l k
Drwm= Y dyaw+ Y (G+D Y )+
1

xeV(H)\{V(Py).w} J=1

A
* Z Ay ey (6 W)-

xeV(H>)
2 k
D= > (dmCewy 1) + DG+ D+
xeV(H)\V(Pr),w}) J=l

1
~A A
+Z(1) + Z A7y o (% V)
=

xeV(H,)
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and

k
Dhoy= > (o) + 1)A+Z(j+ D41
XeVHNV(POw) =1
]
+ Z(j)ﬂ + Z (dT’[V(Hg)U{w}](xa w) + 1)/1-
=1

xeV(H>)

Substituting dr(w) = dpy,(W) + 1, dr(v) = m + 1, dp/(w) = dy,(w) + m and dp/(v) = 2.
Hence
dr(w)Dj,(w) + dp(v)Dy,(v) = dr(w)Dy(w) — dr(v)D}.(v)

k k
=om=( 20 = DG+ DY+ 0= D Y o)

j=l+1 J=l+1 xeV(H,)

- Z (dT'[V(Hz)u{w}J(X, w) + 1)1)-

xeV(Hy)

Observe that m > 1 ,we have dy, (w) > 1. If A > 0 we have d-(w)D},(w) + dp(v)DE,(v) >
dr(w)DE(w) + dr(v)DH(v)
and if 1 < 0 we have

dr(W)D3, (W) + dp-(V)D},(v) < dr(W)D}(w) — dr(v)D(v).
Therefore from (1),(2),(3),(4),(5) and (6), we obtain

when A < 0 Hy(T) < H(T"),
and if 1> 0,H\(T) > Hy(T).

Hence get desired result . O

H H

. 'UI m+1

‘1»‘0 U1 Um+1 ’ffm+d :UI 0 1 Um Um+2

> :
Um P Pry2 m+1 P,

G Gmt1,1-1

Ak

m+1

Figure 3. Graphs G,,; and G411

THEOREM 3.2. Let u be a vertex of connected graph H and for non-negative integers m
and I, let G,y be the graph obtained from H by adding two pendent paths of length m and
I, respectively , to u of H ; see Fig. 3. If | > m + 2, we have Hy(G,;) < Hy(Gpiry-1) if
A< 0andif A > 0we have
H) Gy > Hi(Gpiv-1)
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Proor. Let G| := Gy and Gy := Gy -1
For all x € V(H)\ {u}, we have

m+l

DL= > i)+ Y (duCow) +dpi.v)'
yeV(H)\{u,x} Jj=0
m—1
= Z d?i(x, y) + Z (dH(x, u)+m-— j)ﬂ + d;;(x, u)
yeV(H)\{u,x} Jj=0
m+l
+ 2 (dH(x, u)+ j— m)/{
j=m+1

y S A
= Z dy(x,y) + (dH(x, u)+m-— J) +dp(x,u)
yeV(H)\{u,x} J

1
+ 3 (At + )’
=1

Similarly , we obtain

3

1l
[=)

m+l

DL= > i+ Y (duCew) +dp,Guv))

yeV(H)\{u,x} j=0

= > dhy+ i (duxw) +m+1-j) +dhxw

YEV(H)\{u.x} J=0
m+l

+ ) (duCewy+ j = (m+ 1)’
Jj=m+2

= Z dfi(x, y) + i (dH(x, u+m+1-— j)/l + dfi(x, u)

yeV(H)\{u,x} j=0

-1
+ 3 (e u) + i)

=
1
Now on subtracting D, (x) - D (x) = (dH(x, u)+m+ 1) - (dH(x, u) + )' > 0 whenever

A1<0,l<m+1and (dH(x, u)+m+ l)d - (dH(x, u) + ' < 0 whenever 1 > 0

The above inequality are obtained from / > m + 1. Note that , for each x in V(H)\ {u}, we
have

dg,(x) = duy(x) = dg,(x). Hence,

D do DL ™ > ). d,(ODE,(x), when 1> 0
xeV(H)\{u} xeV(H)\{u}
and

Z dg,(x)DE, (x) < Z dg,(x)D¢, (x), when A < 0,
xeV(H)\{u} xe€Vy\{u}
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Next we focus the vertex on the two pendent paths in G (resp.G»).

In fact ,G(resp.G,) can be obtained by identifying the vertex u of H with the vertex
Vim(resp.vy 1y of path Py := Pyijp1 = VoVi...VyVimel ... Vg For each v; € V(Pg), we
have

A
DL =Dy o+ D (duru)+dp, (v vm)
xeV(H)\{u}

and

A
DLON=Dp N+ D (dueu)+dp, (v, vmen))
xeV(H)\{u}

Note that dg, (v;) = dg,(v;) if j€{0,1,...,m+[}\ {m,m + 1}, whereas
dg,(vim) < dy(u) + 2,dg,(Vin+1) = 2, dg,(vin) = 2 and dg, (vin+1) = dy(u) + 2,
Hence,

m+l m+l
D do, 0D, () = Y dg, (v)D},(v))
J=0 j=0

m+l

> o) Y (daew) + dp v
=0

xeV(H)\{u}
< (dy(u) + 2)D}, (V) + 2D} (Vs)
m+l

D de,)DE )

Jj=0,j#m.m+1

+ > (dutxw

xeV(H)\{u}

m—1
+m)/l +ZZ Z (a’,,,(x,l,t)+m—j)/l

Jj=1 xeV(H)\{u}
+ (du(u) + 2)djy(x, u)

-1
w23 S (dutrou + i)

J=1 xeV(H)\{u}

> (dutru + '

xeV(H)\{u}
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and
m+l m+l
D de, (DY, () = ) de,(v)D},(v))
Jj=0 Jj=0
m+l

+ D de,v) > (dy(xu) + dp (v, V)
Jj=0 xeV(H)\{u}

= 2D/}>k Vi) + (dg(u) + Z)D/p}k(vmﬂ)
m+l

+ Z dg, (V,/‘)D/}Jk(v./)

Jj=0, j#m,m+1

+ Z (dH(x, u)+m+ 1)1
xeV(H)\{u}
m—1
w23 S (duro +m- j)
J=0 xeV(H)\{u}

+ (dy(u) + 2)d} (x, u)

-2
w23 (duew + )

Jj=1 xeV(H)\{u}

> (dutra +1-1)"

xeV(H)\{u}
Observe that one can find
m+l m+l
D do,0ADE, ) = Y dG, (v)DE (v)) <du()(D}, (vmar) = D, (V)
=0 =0
+ D @i +m+ 1y
xeV(H)\{u}
2
- > (dnew+1-1)
xeV(H)\{u}
+ Z (du(x,u) + m)*
xeV(H)\{u}
2
- DL (duew+1)
xeV(H)\{u}
By simple calculation ,we have
m+l m+l

D do,IDE, ) > ) de, (v)D k(v), whend < 0
j=0 j=0
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and

m+l m+l

Z de,(v))Dg, (v)) < Z de,(v))D k(v,), whend > 0.
j=0 j=0

On above observations we find H(G,;) < Hi(Gp14-1) if A <0
and if A > 0 we have H,(G,,,;) > H;(G+15-1)- Hence desired O

4. f-transformation

Let uw be a cut edge of a bipartite graph U with dy(w) > 2. G is obtained from U
and the star S;,, by identifying u with a pendent vertex of S;,, whose center is v. Let
G[v — w; 2] be the graph obtained from G by deleting all edges vz, z € w and adding all
edges wz, z € w, where w = Ng(V)\ {u}.

In notation, G[v — w;2] = G —{vz:ze€ w} + {wz: z € w} and we say G[v — w;2]
is obtained from G by 6-transformation. Graphs G , G[v — w;2] are depicted in Fig. 4.
The Laplacian permanent of trees with given bi-partition using above -transformation is
studied by Li and Zhang [10]. Here we are to use the 6-transformation as a tool to study
the generalized degree distance of trees.

& . -
s 0F 0 R T
! R TP
i I —
\ \ T
Pl
L % T 1
L - -
v = ur 2

Ficure 4. G = G[v — w; 2] by 6-transformation

THeEOREM 4.1. Let G and G[v — w;2] be the bipartite graphs with some labelled
vertices as above . Then

H,Glv » w;2] > H)(G), If 1 >0
and if A < 0we have H,G[v — w;2] < H)(G).
Proor. Let G’ = G[v — w;2] and let T be the component in G — {wu, uv} which

contains u. Define A = V(U)\(V(T1) U {w}).
One can observe that , for all x € A, we have

DL = )" (dye ) + (dy(x, w)'
yeA\{x}

4.1) + Z (d(x, ) + (dy(x, w + 2)" + k(dy(x, w) +3)",
yev(Ty)
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DL = " (dyey)' + (dy(x,w)’

yeA\{x}
(4.2) + Y (dor ey + (dy(xw + 2) + k(dy (e, w) + 1)
yeV(Ty)
Note that
DAy = ) dhny
yeV(Ty) yeV(Ty)

Hence D/, (x) < D}(x) , if 2 < 0 and D, (x) > D} (x) when A > 0. It is easy to check that
for all x in A, one has dg(x) = dy(x) = dg/(x). So we obtain that Whenever A < 0

D1 do(ODEX) < 3 dor ()DL (%)

X€EA X€EA

andif 4 >0,
Z d(x)DL(x) > Z de ()DL, ().

xeA X€A

For each vertex x in V(T), it is easily check that dg(x) = dr,(x) = dg(x) and Dé(x) =
D/, (x). Hence

D, @D = Y do (DG ().

xeV(Ty) xeV(T)
For each u; € X’ = {uy,uy,...,u}, by direct calculation we have
Diup =1+ @' k=1 + > @dexv)+ 1) + @'+ ) dy(x,w) +3)",
xeV(Ty) x€A

Do) =1+ k=1 + > (dolew)+ '+ B + ) (dy(xw) + D

xeV(Ty) xeA

It is routine to check that di:(x, v) = dg, (x,w) for x € V(T").
Hence we have D, (u;) < D (u;). Note that dg(u;) = dg/(u;) = 1 for u; € X’. Hence when
A < 0 we have

> deupDu) < ', der (upD ()
u€X’ u;€X’

and if 4 > 0 we have
> dapDu) > Y deupDy (w)).
u;eX’ u;ex’

By overall calculation, we have

D) = Y (duCxw)' + > (dolew)! + ()" + k(3)!

x€A xeV(Ty)

and DEO) = Y (dyCew) + 25+ ) (do(x ) + () +k

X€EA xeV(Ty)
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Similarly, we obtain

D& w) = Y dyew)' + Y. (dor (W) + () +k

X€EA xeV(Ty)
and D}, (v) = Z(dy(x, w)+ 204 + Z (de (x, V) + (2 + k(3.
X€A xeV(Ty)

One can see that dg(w) = dy(w) + 1,dg(v) = k+ 1,dg(w) =dyw) +k+ 1,ds(v) = 1
and for each vertex x in T, dg(x,w) = dg(x,v) = dg (x,w) = dg(x,v). Observe that the
difference of

de (W)Dg, (W) + der (V)Dg, (v) = do(w)D(w) = dg(V)Dg(v)

=KX @utrn) + Y [ortxw)! + @)')+ k{duw) +k + 1)

X€EA xeV(Ty)
~ kY ) + 1) = k(Y (o Cxw) + 2 + D (o (e)' +2)')
X€EA xeVr,
+ k(3 —k(k—1)
@' W, 6
> @kdU(W) + @k + @k > 0,

i.e., when A > 0 we have
de (W)Dg, (W) + dg (VD (v) > dg(w)Dg(w) + dg(v)Dgs (v)
but when A4 < 0 we have
de:(W)Dg, (W) + dir (V)Dig, (v) < dg(W)Dg(w) — d(v)Dg(v).
In view of the above results we get the following inequality
H,Glv —» w;2] > H)(G),IfA1>0
and

H,G[v - w;2] < H)(G),ifA <0 as desired

5. Conclusion

In this paper, we determine the generalized degree distance of some graphs by using
the transformation of graphs,viz.f-transformation,p-transformation etc.
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