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ABSTRACT. In this paper, we consider the problem of how to define I'-nearness
semigroup theory which extends the notion of a nearness semigroup and rough-
ness of I'-semigroups ([6] and [11]) to include the algebraic structures of near
sets and rough sets, respectively. Also, we introduce some properties of aprox-
imations and these algebraic structures.

1. Introduction

In 1982, the concept of a rough set was originally proposed by Pawlak [20] as
a formal tool for modeling incompleteness and imprecision in information systems.
The theory of rough sets is an extension of The set theory, in which a subset
of a universe is described by a pair of ordinary sets called the lower and upper
approximations. A basic notion in the Pawlak rough set model is an equivalence
relation. The lower approximation of a given set is the union of all the equivalence
classes which are subsets of the set, and the upper approximation is the union of
all the equivalence classes which have a non-empty intersection with the set. An
algebraic approach of rough sets has been given by Iwinski [10]. Afterwards, rough
subgroups were introduced by Biswas and Nanda [1]. Kuroki in [12], introduced the
notion of a rough ideal in a semigroup. Since then the subject has been investigated
in many papers ([13], [3], [4], [14], [5], [11]).

In 2002, Peters introduced near set theory as an generalization of rough set
theory. In this theory, Peters defined a indiscernibility relation that depends on
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the features of the objects in order to define the nearness of the objects [23]. More
recent work considers generalized approach theory in the study of the nearness of
non-empty sets that resemble each other [21], [22], [24], [25], [26], [27], [28].

In 2012, Inan and Oztiirk investigated the concept of nearness groups [6, 7].
Also, in 2015, Oztiirk and Inan established nearness semigroups and nearness rings
[8, 9] (and other algebraic approaches of near sets in [15], [16], [17], [18]).

In 1986, Sen and Saha studied on I'-semigroup for the first time in [31]. After
this research, many mathematicians made good works on I'-semigroups, which are
parallel to the results in the semigroup theory ([29], [30], [11], [2], [32]).

The aim of this paper is to the concept of gamma nearness semigroup theory
which extends the notion of a nearness semigroup and roughness of I'-semigroups
([6] and [11]) to include the algebraic structures of near sets and rough sets, re-
spectively. Also, we introduce some properties of aproximations and these algebraic
structures.

2. Preliminaries

An object description is defined by means of a tuple of function values ®(z)
associated with an object x € X. Assume that B C F is a given set of functions
representing features of sample objects X C O. Let ¢; € B, where ¢; : O — R.
In combination, the functions representing object features provide a basis for an
object description @ : O — R ®(x) = (¢1(z), p2(z), ..., o1 (x)) a vector containing
measurements (returned values) associated with each functional value p;(x), where
the description length | @ |= L ([21] ).

Sample objects X C O are near each if and only if the objects have similar
descriptions. The important thing to notice is the choice of functions ; € B used to
describe an object of interest. Recall that each ¢ defines a description of an object.
Then let A, denote Ay, =| ;(2) — pi(z) |, where 2,2 € O. The difference ¢
leads to a description of the indiscernibility relation“~p” introduced by Peters in
[21].

DEFINITION 2.1. ([21]) Let ,2°€ O and B C F
~p={(z,2) € O x O | A,, =0 for all p; € B}
is called the indiscernibility relation on O, where description length ¢ <| @ |.
The basic idea in the near set approach to object recognition is to compare
object descriptions. Sets of objects X, X are considered near each other if the sets

contain objects with at least partial matching descriptions.

DEFINITION 2.2. ([21]) Let X, X"C O and B C F. Set X is called near X"if
there exists x € X,2°€ X, ¢; € B such that x ~, 2"
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Symbol Interpretation

B B C F, set of probe functions,

r (‘fl), i.e. , |B| probe functions ¢; € B taken r at a time,
B, r < |B| probe functions in B,

~B, indiscernibility relation defined using B,.,

[z] 5, [z]B, = {'€e O] x ~p, 2}, near equivalence class,

O/ ~p, 0,/ ~p,={[z]B, | * € O} = o B,, quotient set,

N, (B) N, (B) ={¢o,B, | B € B},set of partitions,

UN, vn, : p(O) x p(O) = [0,1], overlap function,

N, (B), X N, (B), X = [E]JB C]; lower approximation,

N, (B)" X N, (B)* X = [Z]LJ I’L)](j:@ , upper approximation,
Budy, (5 (X) | N, (B)" X\N, (B), X = {x € N, (B)' X | 2 ¢ N, (B). X}.

Table 1 : Symbols of Nearness Approximation Space

A nearness approximation space is a tuple (O, F,~p,, N,, vy, ) where the ap-
proximation space is defined with a set of perceived objects O, set of probe functions
F representing object features, ~p, indiscernibility relation B, defined relative to
B, C B C F, collection of partitions (families of neighbour-hoods) N,.(B), and
overlap function vy, ([21]).

DEFINITION 2.3. ([8]) Let (O, F,~p,,N,,vn,) be a nearness approximation
space and let “” be a binary operation defined on O. Let X C O and B, C F,
r <| B |. A indiscernibility relation ~p_ on O is called a complete indiscernibility
relation ~p _on perceptual objects O, if [z]p, - [y|Br = [z - y]p, for all x,y € X.

THEOREM 2.1 ([8]). Let (O,F,~p.,Nr,vn.) be a nearness approximation
space and XY C O, then the following statements hold;

1) N, (B), (X) € X C N, (B)" (X),

2) N, (B)" (XUY)=N (B)*(X)UN (B)" (Y),

3) Ny (B), (X NY) = Ny (B), (X) NN, (B), (Y),

4) X CY implies N, (B), (X) C N, (B), (Y),

5) X CY implies N, (B)" (X) C N, (B)" (Y),

6) Ny (B), (X UY) 2 Ny (B), (X)UN, (B), (Y),

7) N (B)" (X NY) C N, (B)" (X) NN, (B)" ().

DEFINITION 2.4. ([8]) Let (O, F,~p,, Ny, vN,) be a nearness approximation
space and “” be a binary operation defined on O. A subset S of perceptual

objects O is called a semigroup on nearness approximation space or shortly nearness
semigroup if the following properties are satisfied.
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1) z-y€e N, (B)" S forall z,y€S;

2) (z-y)-z=x-(y-z) property holds in N, (B)" S for all z,y € S.

DEFINITION 2.5. ([8]) Let (O, F,~p,,N,,vn,) be a nearness approximation
space, S a nearness semigroup and I a non-empty subset of S. If N,. (B)" I is a left
(right, two sided) ideal of S, then I is called a nearness left (right, two sided) ideal
of S.

DEFINITION 2.6. ([8]) Let (O, F,~p,, Ny, vn,) be a nearness approximation
space, S a nearness semigroup and I a non-empty subset of S. If N, (B)"I is a
bi-ideal of S, then I is called a nearness bi-ideal of S.

DEFINITION 2.7. ([31]) Let S = {a,b,¢,...} and T = {o, 8,7, ...} be two non-
empty sets. S is called a I'-semigroup if (i) aab € S, (i7) (aad)Be = aa(bBc) for all
a,b,c € S and for all o, 8 € T'.

DEFINITION 2.8. ([31]) A non-empty subset B of a I'-semigroup S is said to
be a sub I'-semigroup of S if BI'B C B.

DEFINITION 2.9. ([31]) A sub I'-semigroup B of a I'-semigroup S is said to be
a I-left (resp. right) ideal of S if STB C B (resp. BI'S C B). B is said to be a
I-ideal of S if it is both a I'-left ideal and a I'-right ideal of S.

DEFINITION 2.10. ([2]) Let S be a I-semigroup. A sub I'-semigroup B of S is
called a bi-I'-ideal of S if BI'ST'B C B.

3. '-Nearness Semigroups

In this section, vy, : (O) x p(O) — [0,1] is not needed which is overlap
function when algebraic structures are studied on the nearness approximation space
(O, F,~p,,Ny,vn,). Therefore, let’s start with the following definition.

DEFINITION 3.1. Let O be a set of perceived objects, F a set of the probe
functions, ~p, an indiscernibility relation, and NN, a collection of partitions. Then,
(O, F,~p,,N,) is called a weak nearness approximation space.

We will give the following theorem, which is the same proof as the proof of
Theorem 2.1.

THEOREM 3.1. Let (O, F,~p, ,N,) be a weak nearness approzimation space
and A, B C O, then the following statements hold;

i) N, (B),ACACN, (B)" A,

i) N, (B)* (AUB) = N, (B)" AUN, (B)" B,

iii) N, (B),(AnB)= N, (B), ANN, (B), B,

iv) A C B implies N, (B), A C N, (B), B,

v) A C B implies N,.(B)* A C N, (B)" B,

vi) N, (B), (AUB) 2 N, (B), AUN, (B), B,

vii) N, (B)* (AN B) C N, (B)* AN N, (B)* B.
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DEFINITION 3.2. Let S = {z,y,2,...} C O, and ' = {a, 8,7,...} C O where
(O, F,~p,,N,) and (O, F,~p ,N,) are two different weak near approximation
spaces. If the following properties are satisfied, then S is called a I'-semigroup
on weakly approximate approximation spaces O — O, or, in short, a I'-nearness
semigroup.

i) xyy € N, (B)" S forall z,y € S and v € T;

ii) (xBy)yz = xB(yyz) property holds in N, (B)*S for all z,y € S and

B,y er.

Let S be a I'-semigroup on weakly approximate approximation spaces @ — O
where (O, F,~p,,N,) and (O,F,~p,,N,) are two different weak near approx-
imation spaces. If O = O, then S is a I'-semigroup on weakly approximate

approximation spaces O.

ExaMPLE 3.1. Let O = {a,8,7,b,¢,d,e, f,g,h,i,j} be a set of perceptual
objects where

o [0 0] 5[0 0] _foo], _[1o0] _[10
“loo [P Tt o T o [P T oo 1 0]
d_'lo' [0 1 [0 o0 = 0 1 11
“lraa T loo ) oo T oY o0
h_'11' o o] . [10
I O O R I U O R (R |

for U = { [aijlo,s | aij € Za}, 7 =1, B = {¢1,92,03} € F be a set of probe
functions, and S = {d,e} C O, = {B,7} C O. Values of the probe functions

Y1 O — ‘/1 - {0[1,()(2,&3},
02 : 0 = Vo ={a1, 03,04},
03:0 = Vs ={a1,03,a4, a5}

are given in Table 2.

‘ a B ~v b ¢ d e f g h i j
Y1 | @1 Q@ Q@3 Q@ Q1 Q3 Q Q1 Q1 Q1 Q1 Q1
w2 | 1 Q3 Q3 Qg Q1 Q1 Qg Q3 Qg Q3 Q3 Qg
w3 | a3 Q3 Q1 Q1 Q4 Qg Q5 Q1 Q3 Q3 Q4 Q3

Table 2
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Let “” be a binary operation of perceptual objects on O with the following
table:

a B v b ¢ d e f g h i j
ala a a a a a a a a a a a
Bla a a B8 B vy i i al}p
yia B v a B i a vy vy i i vy
bla a a b b b e e g g a b
cla a a ¢ ¢ ¢ f f h h a c
dla b e a b g a e a g 1 d
ela b e a b g a e a g g e
fla ¢ f a ¢ h a f a h h f
gla b e b a e e a g a g g
hla ¢ f ¢ a f f a h a h h
ila B v B a v v a i a T i
jla B v b ¢ d e f g h i j

Table 3

Let us now determine the near equivalence classes according to the indiscerni-
bility relation of ~p, of elements of O:

[a’]<p1 = {.Z‘ €0 | 301(33) = @l(a’) = O41} = {a,c,f,g,h,i,j}
= [y, =fl,, =ldl,, = nl,, =i, =1,
[Bly, ={z € Ol p1(x) = ¢1(8) = a2} = {B,b, e}

= [t],, =[], ;
My, ={z €0 pi(x) =p1(7) = az} = {v,d}
= [b]ﬁl’l :

Then, we get that §,, = {[a]go1 ) [5]% ) [’Y]W }

la],, ={z € O @2(2) = pa(a) = ar} = {a, ¢, d}
= [y, = dl,,

1By, ={z € Ol 9, (2) = ,(B) = as} = {B,7, f, h, i, j}
= g, = Uy, = [y, = i, = iy, »

b, = {2z € O pa2(z) = pa2(7) = as} = {b,e, g}
= le],, = ldl,, -

Thus, we have that £,, = {[a]% 1), [b]w}.
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lal,, ={z € O | p3(x) = p3(a) = as} = {a, 8,9, N, j}
=[Bl,, = 9]y, = [Ay, = [y, -
Ve = {2 € Ol ps(x) = @3(v) = ar} ={v,b, f}

= [bly, = [fly, s
[cly, ={z € Ofws(x) = @3(c) = au} = {c,d, i}
= [dl,, = [il,, ,

le],, ={z € O p3(x) = ps(e) = as} = {e}.

From hence, we obtain that {,, = {[a]w3 Vg o €]y s [e]%}. Therefore, for r = 1,

a set of partitions of O is N, (B) = {{4,, &y, s} - Then, we can write

Ni(B)" S = Ui,

18], U, Uldl,, Ubl,, Uld,, Ule,,
={8,b,e} U{v,d} U{a,c,d} U{b,e,g} U{c,d,i} U{e}
= {a7/3777b’c7d767g’7:}'

In that case; S is a I'-semigroup on the weak near approximation space O by
Definition 3.2.

Now, let’s give a I'-semigroup example defined on weakly approximate approx-
imation spaces O — O.

EXAMPLE 3.2. Let O = {a,b,c,d, e, f, g, h} be a set of perceptual objects where
a=[0 0 0],b=[0 0 1],e=[0 1 0], d=[0 1 1],
e=[1 0 0],f=[10 1],9=[1 1 0],h=[1 1 1]

for U = { [aij] 5 | aij € Zo}, O = {a,B,7,0,\ 1,6,0} be a set of perceptual
objects where

OO OO
OO O OO
[ e S SO SY
== O = O
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for U = { laijls,, | aij € Zo}, 7 = 1, B = {p1,p2,03} € F be a set of probe
functions, and S = {b,c} C O,T = {a, 3} C O. Values of the probe functions

Y25 O — ‘/1 - {041,042,013},

p2: 0 = Vo= {1, a3},

©Y3 : O — VE}, = {ag,ag}

are given in Table 4.

‘ a b ¢ d e f g h
Y1 |1 . . G Q3 3 Qa3 Q2
P2 | 1 Q1 Q1 (3 Q3 Q3 Q3 Q3
P3| 2 Gz Q2 Qp Q3 Q3 Q3 Q3

Table 4

In this case,

[d],, = {z € O] ¢i(2x) = 1(a) = a1} = {a,b,¢}

= [bl,, = lcl,,

[d]% ={zc O] pi(z) =pi(d) = az} = {d, h}
= [hl,,

lel,, ={z € O] pi(x) = pi(e) = as} = {e, f, g}
= [fly, = lgl,, -

Then, we get that &,, = {[a]ga1 JAdl,, [e]%}.

[a],, ={z € O | @2(2) = pa(a) = a1} = {a, b, c}
= [bl,, = d,,

[d,, ={z € O] p,(x) =p,(8) = a2} ={d,e, f, g, h}
= lely, = g, = l9l,, = [, -

We have that &, = {[a]w d],, }

la],, = {7 € O | p3(2) = p3(a) = az} = {a,b,c,d}
= [b],, =[d,, =[d],,

le],, = {z € O] ps(x) = ps(e) = az} ={e, f,g,h}
=[fl,, = ldl,, = [Ml,, -

From hence, we obtain that &,, = {[a]@3 ) [e]%}. Therefore, for r = 1, a set of
partitions of O is N, (B) = {&4,,&ps,&ps } - Then, we can write
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Ni(B)"S U,

" lal,, N S#@
= {a,b,c,d}.

Considering the following tables of operations:

o R
ISERSEES
ISIESH e
Qo™
SONSH RS
o 2|0

S is a I'-semigroup on the weak near approximation space @ — @ by Definition 3.2.

DEFINITION 3.3. Let S C O and ' C O where (O, F,~p_,N,) and (O, F,~p,
, N;.) are two different weak near approximation spaces, B, C Fwhere r <| B |and
B C F, ~p,be a indiscernibility relation on O—O. Then, ~p_is called a congruence
indiscernibility relation on I'-nearness semigroup S, if z ~p_ y, where z,y € S
implies zya ~p, yya and ayz ~p, ayy for all a € S and y € I

PROPOSITION 3.1. Let S C O and T C O where
(Oa ‘Fv ~B,> NT) and (0/7 -Fa ~B,> NT)

are two different weak near approzimation spaces, S be a I'-nearness semigroup. If
~p, 15 a congruence indiscernibility relation on S, then [z, Y[y]p, C [xyy]B, for
all z,y € S andy €T

PROOF. Let z € [2]p,7[y]B,. In his case, z = ayb;a € [z]p,.,y € T',b € [y]B,.
From here x ~p_a,and y ~p_ b, and so, we have zyy ~p_ ayy,and ayy ~p, ayb
by hypothesis. Thus, vy ~p, ayb = z = ayb € [zyY]B, . O

DEFINITION 3.4. Let S C O and ' C O where (O, F,~p_,N,) and (O, F,~p,
, ;) are two different weak near approximation spaces, B, C F where r <| B | and
B C F, ~p, be aindiscernibility relation on O — . Then, ~ B, is called a complete

congruence indiscernibility relation on I'-nearness semigroup S, if [z]p Y[y]B,. =
[zvy]p, for all z,y € S and v € T.

S be a I'-nearness semigroup. Let XTY ={zyy |z € X,y €T, andy € Y} ,
where subsets X and Y of S.

LEMMA 3.1. Let S C O and T C O where (O, F,~p_,N,) and (O, F,~p,,N;)
are two different weak near approximation spaces, S be a I'-nearness semigroup.
The following properties hold:

i) If X,Y C S, then (N, (B)* X)I'N, (B)"Y) C N, (B)* (XTY).

i) If X, Y C S, and ~p, is a complete congruence indiscernibility relation on
S, then (N, (B), X)I' (N, (B),Y) C N, (B), (XTY).

PROOF. i) Let z € (N, (B)" X)I'(N,. (B)"Y). We have
rz=ayb;a€ N, (B)"X,be N, (B)"Y,
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andy€Tl.ae€ N, (B)*X = [alp, N X #@ = Ty €lalp,NX = y¢€ [ap, and
y € X. Likewise, b € N, (B)'Y = [b]g, NY # @ = 3z € [bp, NY = z € [b]p,
and z € Y. Since w = yyz € [a]g.7[b]B, C [avb]s,, we get w € [ayb]p, and
w € XTY. Thus, w € [ayb]p, N XTY = [avb|p, N (XTY) # @, and so ayb =z €
N, (B)" (XTY).

1) Let x € (N, (B), X)I'(N, (B),Y). We have x = ayb; a € N, (B), X,b €
N, ( Y,and'yef In this case, a € N,.(B),X = [a]p, € X and b €
N, (B),Y = [blg, C Y, so, we obtain [a]p,.v[a]g, € XTY. On the other hand,
since [avb}B, [a)g,v[b]B, € XTY. Thus, [ayb]lp, C XTY, and so ayb = x €
N, (B). (XTY). 0

B)*
B).Y

=3

DEFINITION 3.5. Let S be a I'-semigroup on O — O where (O, F,~p,,N;)
and (O, F,~p, ,N,) are two different weak near approximation spaces, and A a
non-empty subset of S.

i) A is called a sub I'-semigroup of S if ATA C N, (B)* A.

ii) A is called a upper-near sub I'-semigroup of S if (N,. (B)* A)I'(N,. (B)* A) C
N, (B)* A.

Now, let’s give an example to the sub I'-nearness semigroup and the upper-near

sub I'-nearness semigroup.

EXAMPLE 3.3. Let O = {a,b,c,d, e, f, g, h} be a set of perceptual objects where

=[0 1 1],b=[1 0 0],e=[1 1 0],d=[0 1 0],
=[1 0 1],f=[0 0 0],g=[0 0 1],A=[1 1 1]

for U = { [aij] 5 | aij € Zo2}, O = {a,B,7,0,\ 1,6,0} be a set of perceptual
objects where

0 0 0 1
a=|1|,p=|1|,v=|01|,6=]|0],
|1 | 0 | 1 | 0 |
[0 1] 1 (1]
A=|0|,u=|1|,6=[1|,0=1]0
| 0 | | 0 ] 1 |1

for U = { [aijls,q | aij € Zo},r = 1, B = {p1,92,3} C F be a set of probe
functions, and S = {a,g} C O, A= {g} C ST = {a, 8} C O. Values of the probe

functions
v1: 0 = Vy ={ag,as,a3},
21 O = Vo ={ay, 3,04},
w3: 0 = V3 ={az,a3,a4}

are given in T'able 5.
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‘ a b ¢ d e f g h

Y1 |1 . . G Q3 3 Qa3 Q2

P2 | g Q1 Q1 Q3 Q3 Q3 Q4 Q3

P3| g Q2 Qg Qp Q3 Q3 Q4 Q3
Table 5

In this case,

[a],, ={z € O] ¥1(x) = p1(a) = a1} = {a,b,c}

=[bl,, = [y,

[d],, ={zr € O] pi(z) = ¢i(d) = az} = {d, h}
= [hl,,

lel,, ={z € O pi1(z) = pi(e) = as} = {e, f,9}
= [fly, = lgly, -

Then, we get that &,, = {[OL]W1 dl,, [e]%}.

la],, = {z € O p2(x) = p2(a) = as} = {a, g}
=19y,

[b],, ={z € O] p,(x) = p,(b) = an} = {b,c}
=d,, >

[dhpz = {:L' €O ‘ @z(x) = @z(d) = a3} = {daevah}
=lel,, = [fl,, = [,

We have &, = {[al,,,, [, . [],, }-
[al,, = {z € O] w3(2) = p3(a) = aa} = {a, ¢, g}

= [d],, = [9],, >
(], ={z € O] ps(x) = p3(b) = a1} = {b,d}

= [d]ﬁ%’
le],, = {z € O] ps(x) = ps(e) = az} = {e, f, h}
= [fly, = [y, -

From hence, we obtain that &,, = {[a]w3 [V, €], } Therefore, for r = 1, a set
of partitions of O is N, (B) = {&4,,&p,,&ps } - Then, we can write

v Ym,
N1 (B) 8= [2],,, N ;7&@

= {a’ab7c>€a f’ h}
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Considering the following tables of operations:

Q |

« g
a f
g g

S is a I'-semigroup on the weak near approximation space @ — @. Furthermore,

Ny a= U
[z]% N A#£&

:{a7c’e7f7g}'

Since ATA C N,.(B)" A, A is a sub I'-semigroup of S. In addition to A is a upper-
near sub I'-semigroup of S, for (N, (B)* A)I'(N,. (B)" A) C N, (B)" A.

ExaMPLE 3.4. Let O = {a,8,7,b,¢,d,e, f,g,h,i,j} be a set of perceptual
objects, r = 2, and B = {1, ¢2,p3, 04} C F be a set of probe functions. Values
of the probe functions

p1:0 =V ={a1,as,a3,a4,a5},
02: 0 = Vo ={ag, 4,05},

w3 : 0 = V3 ={a1,as,a3,a5},
p1:0 = Vy={a1,as,aq4,a5}

are given in Table 6.

‘ a b ¢ d e f g h ¢ j
P1 | a3 Q1 Qo Qz Q5 Q3 Q4 Q4 Q4 Q3
P2 | 3 Q3 Qg Q3 Q5 Qg Q5 Q3 Q5 Qp
w3 | g G @3 Qa5 Q1 Q@ Q@3 a5 Q1 Q1
Y4 | 2 1 4 Q5 Q5 Q2 Qg4 G4 Q4 04

Table 6

In this case,

[a] (1. 00y = {2 € O | 01(2) = a(z) = p1(a) = p2(a) = a3} = {a}
(€] p1.00y = {2 € O T 01(2) = @2(2) = p1(e) = p2(e) = a5} = {e}.

Then, we have that £{,, 4,3 = {[a]{wwz} , [e]{LP1,LP2}}'
[0l (p) .05y = {2 € O | 01(2) = p3(x) = 1(b) = ¢2(b) = a1} = {b}.

We get {(4y,05) = {[b]{sohw;a}}'
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blior.0y = {2 € Ol 01(2) = pa(2) = 91(b) = pa(b) = au} = {b},

)

(D pn = {7 € O | 01(2) = pale) = @1(e) = pale) = as} = {e},
)
)

9] 101,003 = {2 €O [ 01(z) = pa(z) = 01(9) = ¢a(g) = aa} = {g, h, i}

- [h]{LPl#/M [Z {p1,04} "
Thus, £{<p1,tp4} - {[b]{LPMPS} ’ [6]{¢1,<P4} ’ [g]{%,w}}'
[ (ps,py = {2 € O | 2(2) = pa(x) = p2(c) = pa(c) = aa} = {c},
[€](ps.00) = 12 € O | p2(z) = pa(z) = p2(e) = pale) = as} = {e}.

We get that £(,, 0,1 = {[C]{wwm} , [e]{%,m}} )

[a](py.001 = {12 € O | p3(2) = pa(2) = p3(a) = pa(a) = a2} = {a, f}
- [f]{wmw} ’

(s .0y = {7 € O | p3(z) = pa()

[d] (4, 00y = {2 € O] p3(2) = @u(z)

@3(b) = @a(b) = ar} = {b},
p3(d) = pa(d) = az} = {d}.

From hence, we obtain that £, ,,3 = {[a]{%’(m} [0 pn 00y » [d]{m’%}}. There-
fore, for r = 2, a set of partitions of O is

Ny (B) = {f{wl,wz}’g{wl,ws}vf{s@wm}’§{wz,w4}v§{s&3>s&4}}'
If S = {e, f, g}, then we can write

N2 U [z ]{w e}

T Blipeey N 520
- [ ]{9017902} U [ ]{<P1,§94} U [g]{@mpzx} U [e]{tp2,§94} U [a]{¢3,¢4}
={efu{etU{g hi}U{e}U{q, f}
= {aaevfagvhvi}
and also
* * — U [m]{‘Piij}
Ny (B)" (N2 (B)™ S) = (5] pr.0ry N Na(B)* 570
{ayu{et U{e} U{g, h,i} U{e} U{a, f}
= {a’7eaf7g7hai}'
Thus, Ny (B)* (N3 (B)*S) = Ny (B)* S is obtained.

THEOREM 3.2. Let S be a I'-nearness semigroup where (O,F,~p., N;) and

(C’)’, F,~p,.,N.) are two different weak near approzimation spaces The following
properties hold:

i) Ifa#ACS, and ATA C A, then A is a upper-near sub I'-semigroup of S.
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ii) If A is a sub T'-semigroup of S, and N, (B)" (N, (B)* A) = N, (B)* A, then
A is a upper-near sub I'-semigroup of S.
PROOF. i) Let & # A C S, and ATA C A. From Lemma 3.1.(i), we have
(N, (B)® AYL(N, (B)* 4) C N, (B)" (AT A).
On the other hand, from Theorem 3.1.(v), we have that
N, (B)" (AT A) C N, (B)" A.
In this case,
(N (B)" AL (N, (B)" A) € N, (B)" A
is obtained. Hence, A is a upper-near sub I’-semigroup of S.
ii) Since A is a sub I'-semigroup of S, ATA C N, (B)" A. Thus, we have
N, (B)" (ATA) C N, (B)" (N, (B)" A) = N, (B)" A by Theorem 3.1.(v). and hy-
pothesis. Combining this and Lemma 3.1.(i), we conclude that
(N, (B)" A)T(N, (B)* A) C N,.(B)" A.
Hence, A is a upper-near sub I'—semigroup of S. O
DEFINITION 3.6. Let S be a I'-semigroup on O — O where (O, F,~p_, N,) and

(O, F,~g,,N,) are two different weak near approximation spaces, and A a sub
I'-semigroup of S.

i) A s called a D-right( left) ideals of S if AT'S C N, (B)* A (STA C N, (B)* A).
ii) A is called a upper-near I-right( left) ideals of S if (N, (B)" A)I'S C
N, (B)" A (ST(N, (B)" A) C N, (B)" A).
EXAMPLE 3.5. Let O = {a,b,¢,d, e, f, g, h} be a set of perceptual objects where
a=[0 1 1],b=[1 0 0],e=[1 1 0],d=[0 1 0],
e=[1 0 1],f=[0 0 0],9=[0 0 1],A=[1 1 1|

for U = { [ajl;,5 | aij € Za}, O = {a,8,7,0,\,11,6,0} be a set of perceptual
objects where

0 0 0 1
a=|11,8=|1|,v=|0],0=]0],
1] L0 ] 1 L0 ]
(0] (1] 1 (1]
Ax=|o|,u=|1],6=]1|,0=1]0
0 0 | 1 1

©1, 92,93} € F be a set of probe

for U = { [aijlsyy | ayj € Zo}ir = = )
ST ={y,6} C O. Values of the probe

L
functions, and S = {b,h} C O, A = {b}
functions
p1:0 =V ={aq, s, a3, a4},
w2 : O = Vo ={aq,as,a4},
v3: 0 = V3 ={ag,as,a4}
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are given in T'able 7.

‘ a b ¢ d e f g h
P11 |1 Qg Q1 Q2 Q3 Q4 Q3 Q4
P2 | Gy Qg Q1 Q1 Q3 Q4 Q3 Qq
P3| g Qg4 Q2 Q Q3 Q3 Gz Q3

Table 7
Then,

la],, ={z € O] wi(r) = ¢1(a) = a1} = {a, ¢}

= [el,,
[b,, = {z € O] wi(x) = ¢1(b) = aa} = {b, f, h}
= [fly, = [Py,

[d],, ={z € O|pi1(z) = 1(d) = az} = {d}
lel,, = {z € O] pi(z) = p1(e) = a3} = {e, g}
= lg],, -

Then, we get that &,, = {[a]% B, 1, L lel,, }

lal,, = {z € O] pa(2) = pa(a) = cu} = {a,0, f}

=[], = [fl,,

[d,, ={r € O] p,(z) = p,(c) = a1} = {c,d, h}
=[d,,

lel,, ={z € O] p,() = p,(e) = as} = {e, g}
=1[g],,

We have &, = {[a]%72 e, - [e]w}.

[al,, = {z € O] w3(2) = p3(a) = as} = {a,b}

=[], ;

[d],, = {z € O] p3(x) = p3(c) = a2} = {c,d, g}
=[d],, = 9]y,

e, = {7 € O] ps(2) = p3(e) = as} = {e, [, h}
= [fl,, = [hl,, -

From hence, we obtain that §,, = {[a]w3 ey s €], } Therefore, for r = 1, a set

of partitions of O is N, (B) = {&4,,&ps,&ps } - Then, we can write
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co_ Um,
N (B) 8= [2],,, N ;;éz

= {CLb,C,d,@, f’ h}

Considering the following tables of operations:

vl b A Slov h
b\ f f blb h
hlb h hlb h

S is a I'-semigroup on the weak near approximation space @ — . Furthermore,

Ny a= Jel
[z]% N A£Z

= {a,b, f,h}.

Since ATA C N, (B)" A, A is a sub I'-semigroup of S. In addition to A is a
[-ideals of S. Because of (N, (B)* A)T(N,. (B)" A) C N, (B)" A, A is a upper-near
sub I'-semigroup of S. Additionally, (N, (B)* A)T'S C N,.(B)" A (ST(N,. (B)* A) C
N, (B)" A) is obtained, and so A is a upper-near I'-right (left) ideal of S, i.e. , A
is a upper-near I'-ideal of S.

THEOREM 3.3. Let S be a I'-nearness semigroup where (O,F,~p,_,N,) and
(O, F,~g,,N,) are two different weak near approzimation spaces The following
properties hold:

i)Ifo#ACS, and ATS C A (STA C A), then A is a upper-near T'-right
(left) ideal of S.

ii) If A is a T-right (left) ideal of S, and N, (B)" (N, (B)" A) = N, (B)" A,
then A is a upper-near I'-right (left) ideal of S.

PROOF. It is done similar to the proof of Theorem 3.2. O

DEFINITION 3.7. Let S be a I'-semigroup on O — O where (O, F,~p_, N,.) and
(O,F,~g,,N,) are two different weak near approximation spaces, and A a sub
I'-semigroup of S.

i) A is called a I'-bi-ideals of S if ATSTA C N, (B)* A.

ii) A is called a upper-near I'-bi-ideals of S if (N, (B)" A)L'ST(N, (B)* A) C
N, (B)* A.

EXAMPLE 3.6. Let O = {a,b,¢,d, ¢, f, g, h} be a set of perceptual objects where

a=[0 1 1],b=[1 0 0],e=[1 1 0],d=[0 1 0],
e=[1 0 1],f=[0 0 0], 9g=[0 0 1],A=[1 1 1]
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for U = { [ajl;,5 | aij € Za}, O = {a,8,7,0,\,11,6,0} be a set of perceptual
objects where

[0 ] [0 ] 0 [ 1]
a=|1,=]1],y=]0|,0=]0 ],
_1_ _O_ 1 _0_
[0 ] [ 1] 1 (1]
A=|0|,u=|1|,6=|1|,0=1]0
_0_ _0_ 1 _1_
for U = { layls,, | aij € Zo}, 7 = 1, B = {p1,92,03} € F be a set of probe

functions, and S = {b,h} C O, A = {b} C ST = {v,8} C O. Values of the probe

functions

Q1 - 0=V = {al,a2aa37a4}a
@210 = Vo ={a1, a3, a4, a5},
¢3:0 = Vi = {as, a3, a4, a5}

are given in Table 8.

a b ¢ d e f g h
P1 | 1 Qg Q1 Qg Q3 Qg Q3 Q4
P2 | G5 Qg Q1 Q1 Q3 Q4 Q5 Q1
P3| g Q5 Q2 Qp Q3 Q3 Qz Q3

Table 8

Then,

lal,, = {z € Ofwi(2) = p1(a) = ar} = {a,c}

= [C]<P1’
[bl,, ={z € Ol e1(x) = p1(b) = aa} = {b, f, 1}
=y, =,

[d],, ={z € O | p1(z) = p1(d) = az} = {d}
lel,, = {z € O] pi(z) = ¢1(e) = as} = {e, g}
=[g],, -

Then, we get that £,, = {[a]% B, ., lel,, }
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[a],, = {z € O] @2(2) = ¢2(a) = as} = {a, g}

= [g],,

[b],, = {z € Ofw,(x) = ¢,(b) = as} = {b, [}
=[fl,,

[CLPQ ={z 0| yp,(x)=p,(c)=ar1} ={c,d,h}
= [d],, =[],

[e],, ={z € O p,(x) = p,(e) = az} = {e}.

—

We have &, = {[al,, . [a],,, [c], - [e],

p3(a) = as} = {a}
p3(b) = a5} = {b}
903(6) = O‘Q} = {C7 d7g}

[al,, = {z € O w3(x)
[b],, = {z € O wps(2)
(e, = {z € Ofwps(2)

=d],, = d,,
le],, = {z € O] p3(x) = ps(e) = az} = {e, f, h}
= [flp, = [Al,, -

From hence, we obtain that &,, = {[a]% [0, s [y s [e]%}. Therefore, for r = 1,

a set of partitions of O is N, (B) = {&,,,£4,,&ps } - Then, we can write

Ny (B)"S = Ui,

[a:]‘pi N S#&
= {b,c,d,e,f,h}-

Considering the following tables of operations:

-+

> o
| o
= S |
> O
S o o
> S

he weak near approximation space O — @. Furthermore,

U =,
]

[z w; N A+
={b,f,h}.

Since ATSTA C N, (B)" A, Ais asub I'-semigroup of S.In addition, A is a I'-bi-
ideals of S. Because of (N, (B)" A)T'(N,. (B)* A) C N,.(B)" A, Ais a upper-near sub
[-semigroup of S. Additionally, since (N, (B)* A)L'ST(N, (B)" A) C N, (B)* A, A
is a upper-near I'-bi-ideal of S.

S is a I'-semigroup on

N, (B)" A=
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THEOREM 3.4. Let S be a I'-semigroup on O — O where (O, F,~p,,N,) and
(O, F,~g,,N,) are two different weak near approxvimation spaces The following
properties hold:

i) Ifo#£ACS, and ATSTA C A, then A is a upper-near T'-bi-ideal of S.
ii) If A is a I'-bi-ideal of S, and N, (B)" (N, (B)*S) = N,.(B)" S, then A is a
upper-near I'-bi-ideal of S.

PROOF. i) Let @ # A C S, and AT'STA C A. From Theorem 3.1.(i), we have
(N (B)" A)LST(N, (B)" A) € (N, (B)" A)L(N, (B)" S)L (N, (B)" ).

From Theorem 3.1.(v) we have N, (B)" (AI'STA) C N, (B)" A by AT'STA C A.
On the other hand,

(N, (B)* A)L(N, (B)* S)[(N, (B)* S) C N, (B)* (ATST A)

is obtained by Lemma 3.1.(i). Hence, we get that (N, (B)" A)L'ST(N, (B)* A) C
N, (B)" A, ie. , Ais a upper-near I'-bi-ideal of S.
i) Since A is a I-bi-ideal of S, ATST A C N, (B)* A. Thus, we have

N, (B)" (ATSTA) C N, (B)" (N, (B)*A) =N, (B)" A
by Theorem 3.1.(v) and hypothesis. Also,
(N, (B)” ALST(N, (B)" A) C (N, (B)* A)L(N, (B)® S)T(N, (B)" )

by Theorem 3.1.(i). Combining this and Lemma 3.1.(i), we conclude that
(N, (B)" A)TST(N, (B)* A) C N,.(B)" A.
Hence, A is a upper-near I'-bi-ideal of S. (]
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