JOURNAL OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE
ISSN (p) 2303-4866, ISSN (o) 2303-4947

www.imvibl.org /JOURNALS / JOURNAL

Vol. 9(2019), 1-17

DOI: 10.7251/JIMVI1901001A

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

INTERVAL VALUED BIPOLAR FUZZY IDEALS
IN ORDERED I'-SEMIGROUPS

K. Arulmozhi, V. Chinnadurai and A. Swaminathan

ABSTRACT. In this paper, we introduce the notion of interval valued (7,4)
bipolar fuzzy ideal, bi-ideal,interior ideal, (€, €Vq)-bipolar fuzzy ideal of ordered
I'-semigroups and discuss some properties with examples.

1. Introduction

Fuzzy set was introduced by Zadeh [19]. Interval valued fuzzy sets were in-
troduced independently by Zadeh [20]. Ordered I'-semigroup was studied by Ke-
hayopula [9]. Pavel Pal [13] studied the Regularity of Po-I'-semigroups in terms
of fuzzy subsemigroups and fuzzy bi-ideals. Bipolar fuzzy set was first studied by
Lee [11]. Bipolar fuzzy set is an extension of fuzzy set whose membership degree
range is enlarged from the interval [0,1] to [—1,1]. Faiz Muhammad Khan et al
[3] introduced the concepts of (A, 6)-fuzzy bi-ideal and (\, 8)-fuzzy subsemigroup.
Jun et al [4] provided some results on ordered semigroups characterized by their
(e, € V q)-fuzzy bi-ideals. Kazanci and Yamak [5])introduced the concept of a gener-
alized fuzzy bi-ideal in semigroup and established some properties of fuzzy bi-ideals
in terms of (e, e V q)-fuzzy bi-ideals. Kehayopula and Tsingelies [8] initiated the
study of fuzzy ordered semigroups. Bhakat and Das [1] introduced the concepts
of (e,€e V g)-fuzzy subgroups using the notion “belongingness (€)” and “quasi-
coincidence (y)”. In this paper we define the new notions of interval valued (7, )
bipolar fuzzy ideal, bi-ideal, interior ideal, interval valued (€,¢€ V ¢)-bipolar fuzzy
ideal of ordered I'-semigroup and discuss some properties with examples.
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2. Preliminaries

DEFINITION 2.1. [15] An ordered T'-semigroup (shortly po-I'-semigroup) is a
I'-semigroup S together with an order relation < such that a < b implies ayc < byc
and cya < ¢yb for all a,b,c € S and vy € T.

DEFINITION 2.2. [15] Let A and B be two non empty subsets of a I'- semigroup
S. We denote (i) (A] = {t € S|t < h forsomeh € A},

(ii) ATB={aab:a € A,be B and a €T},

(il) Ay = {(y,2) € S x S|z < yaz}.

DEFINITION 2.3. [10] A non-empty subset B of a po I'-semigroup S is called
a bi-ideal of S'if (i) a € B, b€ S and b < a implies b € B, (ii) BI'STB C B.

DEFINITION 2.4. [19] Let X be a non-empty set. A mapping g : X — D[0,1]
is called an i-v fuzzy subset of X. For any = € X, pi(z) = [p~ (z), u" (x)], where pu~
and pt are fuzzy subsets of X such that = (x) < p™(z). Thus fi(z) is an interval(a
closed subset of [0, 1]) and not a number from the interval [0, 1] as in the case of a
fuzzy set. Let fi, 7 be i-v fuzzy subsets of X. The following are defined by

(i) il <7 <= filz) < B(x), (i) i = 7 <= i(z) = P(z)

(i8) (71U %) () = maxt { fi(2), 5(x)}, (iv) (707)(z) = min' { i), 7(z)}
) (0 4) @) =nr (] € o)
JEQ
o) (U &) @) = s ()| € 2
where inf'{A;(z)|j € Q} = |:II€1SfZ{A ()}, 125{14;'(3:)}} is the interval val-
ued infimum norm and supi{gj(:c) |j e Q)= [sgg{AJ_ ()}, Slelg{Aj_(I)}] is the
interval valued supremum norm. ’ ’

DEFINITION 2.5. [18] By an interval number a we mean an interval [a~,a™]
such that 0 < a= < at < 1, where a= and at are the lower and upper limits of
a respectively. The set of all closed subintervals of [0, 1] is denoted by D[0, 1]. We
also identify the interval [a, a] by the number a € [0,1]. For any interval numbers

aj = [a;, j] b = [b; ,b;r] € DI[0,1],5 € £ where Q is any index set. We define
max® {aj,b } maux{a]7 ; } max{aj ,b;r 1,
min® {aj,b } = mm{aj, : } mln{aj,bj+ 1,
inf?ij:{ﬂ aj, N a; ] supa/j:[u a; Ua]
jEQ ]EQ JEQ ZEQ
Let (i) @ <b<=a~ <b~ and a* <b*, (i) a=b<=>0a" =b" and a* = b*.

(iii) a<b<:>a banda#b (iv) ka = [ka™, ka™], whenever 0 < k < 1.

DEFINITION 2.6. [11] A bipolar fuzzy set A in a universe U is an object
having the form A = {(z,p%(z), Y (z)) : € X}, where pfy : X — [0,1] and
N': X — [~1,0]. Here pf(x) represents the degree of satisfaction of the element
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x to the property and pf (z) represents the degree of satisfaction of x to some
implict counter property of A. For simplicity the symbol <,u£, ply > is used for the
bipolar fuzzy set A = {(z, u%(z), i (z)) : z € X}.

DEFINITION 2.7. [3] A fuzzy subset p of an ordered I'-semigroup S is called a
(A, 0)-fuzzy bi-ideal of S if it satisfies the following conditions

(i) If <y, then p(z) > u(y),

(i) max{p(zy), A} > min{u(z), u(y), 0},

(ill) max{p(zyz), A} > min{p(x), u(z),0}, for all z,y,z € S.

DEFINITION 2.8. [6] A fuzzy subset p of a po I'-semigroup S is called a fuzzy
bi-ideal of S if

(i) If = < y, then pu(z) > u(y) and

(ii) p(zayBz) = min{u(z), u(z)} for every z,y,z € S and every o, 5 € I'.

DEFINITION 2.9. [12] A fuzzy subset p of an ordered I'-semigroup S is called
a fuzzy I'-subsemigroup of S if

(i) x <y = p(z) = py) for all z,y € S, and

(i) p(ray) > min{p(z), u(y)} for all z,y € S and « € T

DEFINITION 2.10. [13] A fuzzy subset p of an ordered I'-semigroup S is called
a fuzzy right (resp. left) ideal of S if

(i) x <y = p(z) = py) for all x,y € S, and

(i) p(zay) = p(x) (resp. p(xay) > p(y)) for all x,y € S and o € T.

A fuzzy subset p of an ordered I'-semigroup S is called a fuzzy ideal of S, if it
is both fuzzy left ideal and fuzzy right ideal.

DEeFINITION 2.11. Let A be a bipolar fuzzy set, if x, is the characteriatic

function of A, then ()(A)f7 is defined as

Bif xzeA,
Blx) —
(X4)a(@) {aifxgéA.

DEFINITION 2.12. [14] For two bipolar fuzzy subsets u = (u,u) and \ =
(AP, AN) of S, the product of two bipolar fuzzy subsets is denoted by o A and is
defined as

sup {u”(s) AAP(D)} if Ay #0
(uF o AP)(z) = { (s.p)ea,
0 if A,=0

inf  {AN(s) VAN (8)} if Ay #0

(4 0 AY)(z) = § (04
0 if A, =0

DEFINITION 2.13. A bipolar (5, 8) fuzzy sub T-semigroup B = (uk, u) of S
is called a bipolar (1,2) fuzzy-I'-ideal of S if

(i) max{pf; (pagB(rys)),n”} = min{uf(p), uf; (r), uf;(s),67} and

(it) min{i (pagB(rys)),n™} < max{ij (p), i (), pp(s), 0% },
for all p,q,r,s € S and «, 5,7 € I'.
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3. (7,9)-interval valued bipolar fuzzy bi-ideals of ordered I'-semigroups

In this section S denote as ordered I'-semigroup. In Yvhat follows, (77" ,cip ) €
D[0,1] and (7V,6") € D[~1,0] be such that 0 < 77 < 6" < 1Tand -1 <oV <
7™ <0, both (7,8) € D[0, 1] are arbitrary but fixed.

DEFINITION 3.1. An interval valued fuzzy subset i of S is called a (7,9)-
interval valued ( shortly i.v) bipolar fuzzy subsemigroup of S if it satisfies the
following conditions: (i) z < y = i’ (z) > ;}P(y) and z < y = aV(z) < @V(y).
(ii) max{i” (zay), 7} > min{i (z), 7" (y), 6"} and
min{™ (zay), i} < max{@™ (z), i (y),6V} for all 7,y € S.

EXAMPLE 3.1. Let S = {a1,a2,a3,a4} and I' = {a} where « is defined on S
with the following Cayley table:

(0% al as | asz | a4
ap | ap | a|ap | ax
a2 | ayp | az | a3z | G4
az | ap | ag | ag | as
a4 | A1 | A3 | G3 | G3

= {(ala al)a (a17 a2)7 (0’17 0,3), (ala a4)a (a‘27 a2)7 (a27 0’3)7 (aQa a4)a (a37 a’3)7 (a47 a3)7
(ag,a4)}. We give the covering relation and the figure of S.

<= {(a1,a2), (a1,as3), (a1, a4), (az,as), (az, aq), (aq, as)}.

as

a9 a4

ai

Define interval valued bipolar fuzzy subset i = [, V]

[0.6,0.7) if x = a1 [-0.9,-0.8] if v =a1
_p, o )[04,05] ifx=a2 N, )[-0.7,-0.6] if r=as
Atlw) = (0.1,0.2] if = = as i) = [—0.3,-0.2] if = = as
[0.2,0.3] if . =ay [-0.6,—0.5] if © =ay

Then j is a ([05,0.6],[07,0.8]) i.v bipolar fuzzy subsemigroup of S.

DEFINITION 3.2. An i.v fuzzy subset i of S is called a (7, d)-i.v bipolar fuzzy
bi-ideal of S if it satisfies the following conditions
(i) if # <y, then @P(z) > i (y) and = < y, then g™ (x) < @V (y)
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(i) max{7P (zay), 7} > min{i" (2), 47 (y), 57},

min{i™ (zay), iV} < max{@" (z), i (y), 6V},

(i) max{a" (zayBz), 7"} > min{ @ (x), i (2),6"},

min{ " (rayBz), 7N} < max{a" (z), iV (2), SN}, for all x,y,z € S,a, B € T.

EXAMPLE 3.2. Let S = {a1, a2,a3,a4} and T' = {a, } where «, § is defined on
S with the following Cayley tables:

Q | ap | a2 | a3z | a4 B lal|az|as|ay
ap | ap|a |G| & ap |G |G |G|
az | a1 | a2 | asg | a4 a2 | a1 | a2 | asg | a4

az | ap | ag | asz | as az | ap | ag | asz | as
aq | a1 | A3 | Q3 | G3 aq | A1 | Q2 | Q3 | G4

é: = {(a/la a1)7 (a17a2)7 (a17a'3)a (ala a4)7 (a27a2)7 (O,Q,ag), (GQ, a4)a (Cl3, Clg), (a4a a3)a
(a4, a4)}.

Define i.v bipolar fuzzy subset fi = [aF, i?V]: S x ' x § — [0,1] x [~1,0] as
0.81,0.91] if z=ay

] 0.85,—-0.75] if v = a1
0.62,0.72] if = a9

]

|

]

0.65,—0.55] if x = asq
0.34,0.44] if = a3 ]
0.43,0.53] if = = ay ]

0.30,—0.20] if = = a3

[_
)=
[-0.50,—0.40] if v = a4

|
e =,
|

Then £ is a ([0.70,0.80], [0.60,0.90]) i.v bipolar fuzzy bi-ideal of S

THEOREM 3.1. An i.v fuzzy subset fiz is a (7],0)-1.v bipolar fuzzy ordered T'-
subsemigroup (left, right, bi-ideal, interior ideal, (1, 2)-ideal) of S. Then the lower
level set p; = [uﬁp,,u%v] is an ordered T'-subsemigroup (left, right, bi-ideal, inte-
rior ideal, (1, 2)-ideal) of S, where ﬂg = {p € S|t (z) > 7T} and ﬂ%v ={pe
S|a" () < 7™}

PROOF. Suppose that fi; is a (7, 0)-i.v bipolar fuzzy ordered I'-subsemigroup.
Let ug is a (7%, SP) fuzzy I'-subsemigroup. Let z,y € S and « € T such that p,q €
M? Then P (z) > 77, 3" (y) > 7*. Since i¥ is a (77,67) fuzzy subsemigroup,
therefore max{i” (zay), 77} > min{a” (z), i¥(y),6"} > min{7", 77,67} = 7F.
Hence i (zay) > 7. Tt shows that paq € uf;. Therefore ,uﬁp is a I-subsemigroup of
S. Let u%v isa (77, 6N ) interval valued fuzzy ordered I'-subsemigroup. Let z,y € S
such that z,y € u%v. Then N (z) < 4V, i (y) < 7N .Since iV is a (7N, 6V)
interval valued fuzzy ordered I'-subsemigroup. Therefore min{i" (paq), 7N} <
max{iN (z), i (y), 0V} < max{a",7"N, 6V} = V. Hence iV (paq) < 7N. It
isSh(;w;_‘;Ef;tS :Iiiqgfo ﬁév .0 fifél.erefore u%\' is a I'-subsemigroup of S. Hence fi5 = [ﬁg , ,&%\' ]

THEOREM 3.2. A non-empty subset A of S is an ordered T'-subsemigroup (left,
right, bi-ideal, interior ideal, (1, 2)-ideal) of S if and only if the i. v bipolar fuzzy
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subset ji = [i¥, iN] of S defined as

P > 6P forallp e (4], _y B < 0N forallp € (4],
) = {ﬁp foratipg (4, F = {ﬁN foralip ¢ (4],

is a (ﬁ,g)—i.v bipolar fuzzy ordered I'-subsemigroup (left, right, bi-ideal, interior
ideal, (1, 2)-ideal) of S.

PROOF. Assume that A is an ordered I'-subsemigroup of S. Let p,q € S
be such that p,q € (A] then pag € (A] and a € T. Hence (paq) > 6% and
AN (pag) < 6N. Therefore max{i* (pagq), ¥} > 6F = min{i’ (), i¥ (y), 6} and
win {7 (paa), 7} < 5% = max{ (a). 7 (1), 6%). 1 p ¢ A or g ¢ (A] then
win{” (o), i (5),87) = 7, max(i (o), i (), 37} = 7. That is
max{fi" (paq), 7} > min{” (z), p" (y ),5’3} and min{ﬂN(paqu}
< max{i"™ (z), iV (y),0V}. Therefore ji = [, i"] is an interval valued bipolar
fuzzy I'-subsemigroup of S.

Conversely assume that g = [, iV] is

s a i.v bipolar fuzzy I'-subsemigroup of S.
Let p,q € (A]. Thenﬂp() P (y) = 6P and N (z) < 0N, u(y) < oN.
Now i is (7F,6F) and gV 6N)- fuzzy T-subsemigroup of S. Therefore
max{i’ (paq), 7} > min{p? ( ), 2P (y), 07} = min{6F 67 67 } = 6¥ and
min{ﬂN(pQQ)v ﬁN} < max{ﬂN(:c), ﬁN(y)a SN} < maX{SNv SN? ng} =N,

It follows that pag € (4] . Therefore A is a ordered T'-subsemigroup of S. (]

SP
(ﬁN

COROLLARY 3.1. A non-empty subset A of S is an ordered T'-subsemigroup (left,
right, bi-ideal, interior ideal, (1, 2)-ideal) of S if and only if the fuzzy subset p of S
defined as

AP (z) = > [0.5,0.5] forallx € (4] AN () = < [<0.5, —0.5] forall z € (4]
“\10,0] forallz ¢ (A] B =0100,0] for allz ¢ (A]

is a (e,€ V q)-i. v bipolar fuzzy subsemigroup(left, right, bi-ideal, interior ideal, (1,
2)-ideal) of S.

PROOF. The proof follows by taking 7" =10,0],6" =[0.5,0.5] and
7V =10,0],6" = [~0.5, —0.5] in Theorem 3.2 a

THEOREM 3.3. An i.v fuzzy subset fi of S is a (7775)-2',1; bipolar fuzzy sub-
semigroup (left, right, bi-ideal, interior ideal, (1, 2)-ideal) of S if and only if each
non-empty level subset (ﬁ(t’s)) is a subsemigroup (left, right, bi-ideal, interior ideal,
(1, 2)-ideal) of S for all t € (7F,67] and s € (7V,5V].

PROOF. Assume that i(t*) is an ordered T-subsemigroup over S for each t €
[0,1] and s € [—1,0]. For each p1,ps € S and a € (4], let t = min{a? (p1), i¥ (p2)}
and 5 = max{i (p1), i (p2)}, then py, ps € 9. That is max{i” ((pyg), 7"} >
t = min{a" (p1), ¥ (p2), 07} and min{ @™ (p1yp2), 7"} < 5 = max{@™ (p1), & (p2),
6N}, This shows that fi is i. v bipolar fuzzy I'-subsemigroup over S.

Conversely, assume that i is a i.v bipolar fuzzy ordered I'-subsemigroup of S. For
each a € (A],t €[0,1] and s € [~1,0] and py,py € ).
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We have af(p1) = t,if(p2) > t and iV (p1) < s, @i¥(p2) < s. Since ji is a i.v
bipolar fuzzy I'-subsemigroup of S,

max{fi” (p1vp2), 7"} = min{i” (p1), i (p2,67)} > ¢

min{i" (p1yp2), 7"} < max{a" (p1), A" (p2,0V)} < s,
v € T. Therefore ji**), this implies that p;yps € it®). Therefore f(t*) is a T-
subsemigroup of S for each t € [0,1] and s € [—1,0]. Similar proofs holds for left,
right, bi-ideal, interior ideal, (1, 2)-ideal also. O

EXAMPLE 3.3. Every i.v bipolar fuzzy subsemigroup i = [ii?, i’V] of ordered

I-semigroup S is a (7}, )-i.v bipolar fuzzy subsemigroup of S, but converse is not
true.

For the Example 3.1, we define i.v bipolar fuzzy subset ji = [af, iV] by

[0.65,0.75] if & = a1 [-0.85,—0.75] if = = a1
5 0.58,0.68] if r=a N —0.81,-0.71] if x=a
@) = DSOS =0 gy pifem
[0.51,0.61] if = a3 [-0.68,—0.58] if © = a3
[0.53,0.63] if v = a4 [-0.75,—0.65] if © = a4

Then fi is a ([0.46, 0.56], [0.60, 0.70]) i.v bipolar fuzzy ordered I'-subsemigroup of .S,
but not a i.v bipolar fuzzy subsemigroup.
Since if (asaaz) = if (a3) = [0.51,0.61] # min{if (ay), if (as)} = [0.53,0.63]

COROLLARY 3.2. Every (e,€eV q) i.v bipolar fuzzy ordered I'-subsemigroup of S

s a (7,0)-i.v bipolar fuzzy ordered T'-subsemigroup of S, but converse is not true.
For the Example 3.1, define i.v bipolar fuzzy subset fi = [i’, "]

[0.42,0.52] if = = aq

. 0.38,0.48] if x =a

(@) = { D38 048 i e

[0.26,0.36] if © = a3

[0.30,0.40] if © = a4

0.33,—-0.43] if x = ay
0.30,—0.40] if x = aq
0.20,—0.30] if x = a3
0.24,-0.34] if z=ay
Then i is a ([0.35,0.45], [0.45, 0.55]) i.v bipolar fuzzy ordered I'-subsemigroup of S,

but not a (e, eV ¢) i.v bipolar fuzzy ordered I'-subsemigroup.
Since if (agaaz) = i (a3) = [0.26,0.36] # min{i’ (a4), i (az)} = [0.30,0.40]

[_
)=
[_

EXAMPLE 3.4. Every i.v bipolar fuzzy bi-ideal i = [af, V] of an ordered

I-semigroup S is a (7, 6)-1.v bipolar fuzzy bi-ideal of S, but converse is not true.

For the Example 3.2, we define i.v bipolar fuzzy subset ji = [, i?]

[0.71,0.81] if x = ay [-0.85,—0.75] if = = a;
. 0.52,0.62] if x =a - —0.65,—0.55] if x =a
MP(J:): [ ] f B 2 MN(x): [ ] f B 2
[0.24,0.34] if v = a3 [-0.30,—0.20] if = = a3
[0.33,0.43] if © =ay [—0.50, —0.40] if = = a4
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Then [ is a ([0.60,0.70], [0.75,0.85) i.v bipolar fuzzy bi-ideal of S, but not a i. v
bipolar fuzzy bi-ideal, since if’ (azcazBas) = if’ (az) = [0.24,0.34] % min{i’ (a2),
iP (az)} = [0.52,0.62]

COROLLARY 3.3. Every (€,¢V q) i.v bipolar fuzzy bi-ideal of S is a (7],0)-i.v
bipolar fuzzy bi-ideal of S, but converse is not true.

For the Example 3.2, we define i.v bipolar fuzzy subset i = [, i"]

[0.33,0.43] if x = a1 [-0.35,—-0.32] if x = aq
- 0.28,0.38] if r=a N —0.30,—0.28] if r=a
i@y = QD2 OB e =0 gy | if o =az

[0.15,0.25] if = a3 [-0.20, —0.18] if = = a3

[0.20,0.30] if © =ay [-0.25,-0.22] if © = a4

Then f is a ([0.30,0.40],[0.37,0.47]) fuzzy bi-ideal of S, but not a fuzzy bi-ideal,
since fif (agcazBas) = jif (az) = [0.15,0.25] ¥ min{i’ (a2), if (a2} = [0.28,0.38]

DEFINITION 3.3. If i, is the characteristic function of A, then (XA)§~, is defined
(2) = oPifz € (4], (M) () = oNifx e (4]
i"ifx g (A iVifx ¢ (A

THEOREM 3.4. A non empty subset A of S is a subsemigroup (left, right, bi-
ideal, interior ideal, (1, 2)-ideal) of S if and only if fuzzy subset x , = [Xf:] , Xf\i]] s a

as

o
o

(xh)

(77,0)-1.v bipolar fuzzy subsemigroup(left, right, bi-ideal, interior ideal, (1, 2)-ideal)
of S.

PROOF. Assume that A is a subsemigroup of S. Then x,, is a i.v bipolar fuzzy
subsemigroup of S and hence X, is an (7, 5)—i.v bipolar fuzzy subsemigroup of S.
Conversely, let p,q € S be such that p,q € (A]. Then Xﬁ] (z) = 6F = XfDA] (y) =

6T and X(J\i](:ﬂ) =N = XZ]

(y) = 6N. Since X 18 @ (71,0)-i. v bipolar fuzzy
subsemigroup. Consider
max{x", (paq), 7"} = min{x”, (z),x", (v),0"}
= min{6", 67,67}
as ¥ < 67, this implies that X[, (paq)} > 6. Thus pag € (A].
Therefore A is a subsemigroup of S. And
cfUN N N N N
min{x  (paq), 7™} < max{x (), X, %), 0"}
= max{o", 6V, 6N}
= SN
as 0 < 7™, this implies that {Xf\i] (pag)} < 6N. Thus paq € (A].
Therefore (A] is a subsemigroup of S.
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Let p,q € S be such that p,q ¢ (A]. Then XZ] () =7t = Xi\] (y) = 7 and
xf\;] (x) =7" = XZ] (y) = 7. Since X(a I8 a (7, 5)—1. v bipolar fuzzy subsemigroup.
max{x", (paq), 7"} = min{x", (z),x", (v),0"}

= min{77", 7", 67}
=nF
as ¥ < 07, this implies that {XZ] (paq)} = 7. Thus pag € (A]. Therefore (A] is
a subsemigroup of S. And
min{x/ (paq), 7"} < max{x[} (2),x[, (v),6"}
= max{7", 7", 6"}
=V
as 6V < iV, this implies that {Xf\:;] (paq)} < 7. Thus pag € (A]. Therefore (A] is

a subsemigroup of S. Similar to proof holds for left, right, bi-ideal, interior ideal,
(1, 2)-ideal also. O

DEFINITION 3.4. Let i be a i.v bipolar fuzzy subset of an ordered semigroup
S. We define the i.v bipolar fuzzy subsets (ﬂp)%(x) = {@f () A 6T} v 7T and
(ﬁN)%(w) = {aN(z) VNI ARN forallpe S.

DEFINITION 3.5. Let fi; and fig be two i. v bipolar fuzzy subsets of an ordered
semigroup S. Then we define the interval valued bipolar fuzzy subset

(i) (af A i) (@) = {if A RS (@) A ST}V i7"

(i) ( M1 /\6 @) = {ad A pd (@) v Nt AN
(iii) (a0 Vv @) (x) = {ad v il (x) A 6T} v i
(iv) (a7’ év)(x) = {il v @ (z) v oV} AN
(v) (ul o) u D)) = {if o i§ (x) AT} v P

(vi) (@ o id ) (@) = {il o iy (x) v 6N} AN

LEMMA 3.1. Let A and B be non-empty subsets of S. Then the following hold:

() (@) 5 D)) = (RN, (1) A () @) = (17 (35)

(i) (A1) %( $)(@) = (] )% (#5)3), (B V3 (B2)) () = (B3 V (72)3)
)20

(iii) ((A]) 0% (Ad))(x) = ((&1)3 o (i} >5>, () 03 (ad))(x) = (B30 (ad)3).

LEMMA 3.2. Let A and B be non-empty subsets of S. Then the following hold:

(i) (X2, A3 (B]) (Xinp)y and (N, A2 XN ) = (Nnp)S

(ii) <xw \/5 Xy) = (ciop)y and (X, vi XN = 0Aup)!
)

(ii1) (X(A] OFﬁXB) = (X{AFB])% and (XA OFnX(B]) (X&FB] %

PRrROOF. (i) and (ii) Straightforward.
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(iii) Let p € S. If p € (AT'B], then (x{ypp))(2) = 67 and (x{ypp) (@) = 6V,
Since p < aab for some a € (4] , b € (B] and o € T', we have (a,b) € A, and
A, # 0. We have

(XZ] or Xi])(m) = sup mln{X (y)’Xi](Z)}
p=yaz
> min{x, (), x{,, (¥)}

= 4F

(O or x(y)(@) = inf min{x[ (), xy, (2)}

p=yaz
< max{x[y (2), x(y, (W)}
— 6N
Therefore (Xiu °r Xf;])(@ =07 = (x{. X(arp) (@) and (O, X(a °T Xf\;a )(x) =
(X(arp) (%)- If p ¢ (ATB] then (x fng )(@) =" and (x(yrp)() = ﬁ
Since p < aab for some a ¢ (4] , b ¢ (B] and « € I'. We have
(Xﬁl or Xf;])(aj) = pbllllgz mln{x(A] (y)’Xi] (2)}
=qF
(Xﬁ] or Xﬁ])(x) = plr;f mm{x(A] (y),Xf\i] (2)}
< max{x), (z),x}, (1)}
=7

Hence (x[, or X[, )(@) = 7" = (X(arp) (@), (X7, or X[,)(@) = 2™ = (x(arp)) (@)
O

THEOREM 3.5. Let S be an (f],S) ordered T'-semigroup. Let A,B C S and
{Aili € I} be a family of subsets of S then i i

(i) (A  (B] if and only if (x{n)s < ({5 and ()3 > (33

(i) (MierxBap)h = OE. oap)d and (Uiendy )8 = O )8

A,
(iii) (UieleAi])% = (XuleI(A ])“ and (ﬂzeIXé\;\i])g = (Xgie,(A,i])(%-

PRrROOF. The proof follows from Proposition 2.4 [17]. O

ProrosITION 3.1. If A is a (ﬁ,g)- i.v bipolar fuzzy left(subsemigroup, right,

interior, (1, 2)-ideal )ideal of S, then A = [(,&P)g,(ﬁN)g] is a 1.v bipolar fuzzy

left(subsemigroup, right, interior, (1, 2)-ideal) ideal of S.
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PROOF. Assume that A is a (7, §)-i.v bipolar fuzzy left ideal of S. If there exist
p,q € S, and o € T" then

max{(7i")2(pag), 7"} = max{({i" (pag) A 67} v 77), 7"}
= {ii" (paq) A 6T} v i
= {i" (paq) v i} A {07 v i}
= {(i" (pagq) v i) v "} A 6"
> {(i" () A7) viTr A 6"
> (") (y) A ST
and min{(7")} (paq), 7V} = min{({i™ (paq) v 5V} A7), 7V}
= {i" (paq) v oV} AN
= {i" (pag) AN} v {5V ATV}
= {(i" (pag) AFN) AN v SN
<{(EN () v M)y AN v oY
< (B3 (y) v &V

Hence A = [(/]P)‘EI, (/]N)g] is a i.v bipolar fuzzy left ideal of S.

Similar to proofs hold for subsemigroup, right ideals and interior ideal, (1, 2)-ideal
also. O

PROPOSITION 3.2. If A is a (7, 0)-interval valued bipolar fuzzy bi-ideal,then

A= [(,&P)%, ([LN)%] is a interval valued bipolar fuzzy bi-ideal of S.

PROOF. Assume that A is a (7, 0)-i. v bipolar fuzzy bi-ideal of S. If there exist
p,q,r €S, and «, 8 € T" then

max{(i")}(paqBr), i"} = max{({i" (pagBr) A 67} v i"), 7"}
= {@i" (pagBr) N 6"} v "
= {i" (pagpr) v "} A {o" v T}
= {i" (pagBr) v i~} n 6"
= {(a" (pagBr) v ") v T} A 6"
> {(ia" (x) AP (r) AGP) v iy A 6T
= {(@" (@) A" () AT ASTY VP v ity AT
= {(a" (@) A7) v iy A7 (r) A 6T vt A ST

= {(A")3(@) A (FD)3(r)} A 7.
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min{ ()3 (pagBr), iV} = min{({i" (pagBr) v ¥} A7), 7V}

= {i" (pagBr) v 6N} AN

= {a" (pagBr) AN} v {6V ATV}

= {i" (pagpr) AN} v 6N

= {(i" (pagBr) AN ) AN v 6N

<A{@EN (@) v @™ (r) v 6Ny ANy v oY

= {(i (@) v i (r) v 6N v o) AN A v oY
= L@ (@) v aN) ANV (@Y () v ON) AN Y v 6N
= {(AV)2(x) v (A™)5(r)} v 6.

By similar way we can show the remaining part of the proposition. O

THEOREM 3.6. Let A = (ﬂA,ﬂA) be a i. v bipolar (7},0)- fuzzy right ideal and
B = (ih, i) be a i. v bipolar (71, 8)- fuzzy left ideal of S then ((AOFB]) C Aﬂ5 B
and ((Ao pB])ﬁ DA U% B.

PROOF. Let A = (i, i) be a i. v bipolar (7,0)- fuzzy right ideal and B =
(5, iN) be a i. v bipolar (7],6)- fuzzy left ideal of S. Let (p,q) € I,. If I, # 0,
then r < pyq. Thus ff(r) > ﬂi(paq) > il (x) and ¥ (r) < @ (pag) < ¥ (2).
Similarly i5(r) > fi5(pag) > fih(y) and i (r) < A (pag) < A (y). we have

(Bfror )i’ () = (Al 4o (1) A7)V 7
= (max{ff (z) A G5y} A7) V7
= (max{if (z) A i (y)} AT AST) v i
= (max{ (75 (z) A 6T) A (A5 (y) A ST)} A ST v P
< {ERE) V") A @R () v AT AT v "
= ((BR(r) v ") A (@5 (r) v 77y N GT) v 7
= {((A () A BB () Vi) A 5P}Vﬁp
= {((B5 A i) (r) ATy v "
= (@l )()

o
/—\
\_/

and (H(AOFB])

min{ () () V 5N) V(g (y) v oM v aN) A
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{(@N () ") v (B (1) A Y)Y v ) A Y
N iy (r) A v 6N A
A (r) AFY) v Ny AGY
Y v i) ) voNy aqt

Let p,q & I. If I, = 0, then (% or @5)(r) = 0 = (@) or i¥)(r) and « € T such
that r < pag.We have

(ﬂonFB])%(T) = (i a0y p)(T) A o7y v i”

Therefore ((AorB])3 C AN? B and ((AorB])% 2 AU B. O

COROLLARY 3.4. Let A = (af,ilY) be a i. v bipolar (e,e V q)- fuzzy right
ideal and B = (i5,i¥) be a i. v bipolar (e,€ V q)- fuzzy left ideal of S then
((AorB]) CANB and (AorB]) 2 AUB.

PROOF. The proof follows taking 7 = 0,6" = 0.5 and 7V = 0,6~ = —0.5 in
Theorem 3.6. U

COROLLARY 3.5. [7] Let S be an ordered I'-semigroup is reqular if and only if
every right ideal A and every left ideal B of S then AN B = (AorB].

THEOREM 3.7. An ordered T-semigroup S is reqular,let A = (ik, i%y) be a i.
v bipolar (7}, 6)-fuzzy right ideal and B = ([{g, i) be ai. v bipolar (7}, 6)- fuzzy left
ideal of S if and only if ((Ao pB])% =A ﬂ% B and (Ao FB])% =A U% B.

PROOF. Let S be an ordered I'-regular semigroup and A = (ff, i) be a i.
v bipolar (7, §)-fuzzy right ideal and B = (5, il¥) be a i. v bipolar (,9)- fuzzy

left ideal of S. Let I be a non-empty set, then I, = {(p,q) € S x S|r < pyq} from
definition 2.2 in (iii). Thus af(r) > @4 (paq) > i%(z) and g (r) < @Y (paq) <
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[y (). Similarly fif;(r) > fi(pag) = fig(y) and fi (r) < fify (pag) < i (y)-

(Fi{aop 5y (r) A O7) V"
= (max{fif(x) A i (y)} A 67) v "
(max{fiy(z) A i (y)} A 67 A7) v i”
= (max{(fify (x) A 67) A (g (y) A 5P)} NOPYV i

> ({( () v i)} A sy v i
> (AR () V") A p(r) v i) A7) v i
= (R0 AR V") A 67y v i
= (&5 A ) (r) NS} v "
= (s ) (1)
and (o, 5))5(r) = (ifhor 5y (r) vV 3¥) AN
= (min{jiY (2) V A5 ()} V6N v i
= (min{a} (@) v 7§ (y)} v &Y v ) A

= (min{ (7} (2) v 6) v (i3 (y) v §™)} v &) A

< (X (razx) AN )V (33 () ATY)EV N ) AN
< (BN () ATV (A5 () ANV EN) AN
= {((@N (r) v a5 ) A7) v Ny AN
={((@N v i) (r) v eV A
(s )(7)

Thus ((A o FB]);% DA Ofi B and ((Ao pB])g c A Ug B, by Theorem 3.7 and
hence ((A o pB])‘E =A ﬂg B and ((Ao I‘BD% =A Ug B. Conversely assume that
(AorB))2 =AnS B and ((AorBl)] = AU B

Let A = (if], i) be a i. v bipolar (7, d)-fuzzy right ideal and B = (5, i%y) be a
i. v bipolar (7, S)— fuzzy left ideal of S. Then by Theorem 3.4, x4 be a i. v bipolar
(1, 0)-fuzzy right ideal and x4 be a i. v bipolar (7, 0)- fuzzy left ideal of S. By

Lemma 3.2 and Theorem 3.5, we have (X(AmB]) = 05 xB) = (XA or XB)" =

(XFAOFBL)% and (X&nBl) (XA U6 XB) (XJI or XB)~ = (X&OFB]) This implies
(AN B)f-, = ((Aor B])f-,. Hence by Corollary 3.5 S is regular. O

COROLLARY 3.6. Let A = (jiy, ilY) be a i. v bipolar (e, eV q)-fuzzy right ideal
and B = (%, i) be a i. v bipolar (e,e V q)- fuzzy left ideal of an ordered T -
semigroup S. S is reqular if and only if (AorB]) = ANB and ((AorB]) = AUB.
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PRrOOF. Taking 77 = 0,67 = [0.5,0.5] and 7~ = [0,0],6~ = [-0.5,—0.5] in
Theorem 3.7 the proof follows. O

THEOREM 3.8. Let A = (i}, i) be a i.v bipolar (7],0)-fuzzy bi-ideal and B =

(i5, iy) be a i. v bipolar (7, ) fuzzy left ideal of an ordered T'-semigroup S. S is
reqular if and only if (Ao pB)f7 =A 05 B and (Ao pB)~ =A U‘S B.

PROOF. Let S be an ordered I-regular semigroup and A = (jif, uA) beai. v
bipolar (7, 8)-fuzzy bi-ideal and B = (ji5, i) be a i. v bipolar (7,4)- fuzzy left
ideal of S. Let I be a non-empty set, then I, = {(p,q) € S x S|r < pyq}. Thus
i (r) > ph(paq) > py(x) and @ (r) < @ (pag) < @l (z). Similarly ag(r) >
[ (paq) > figy(y) and fi (r) < fiy (paq) < Ay (y)-

For r € S, there exists € S such that r < raxfr = ra(zfr) < (razfr)a(zpr).
Then (raxpfr), (xpr) € I,. We have

(Bl 5)3(r) = (ﬂiorB(r ASPY v P

= (max{(f}(z) A ~P) (5 (y) A 67} A OF) v i

{(ﬂﬁ(mmﬁr) i) A (i (@pr) v ity A8T) v T
) A (a5 (r) v i) A6T) v P

IZ( ) A fip(r) v ity A6y v it

fux A fig)(r) AT v T

)AﬁN

figy (y)} v oy vl
i)y v N v Ny AN

5™N) v (i (y )VéN)}VéN)AﬁN
)V () (@Br) AN} v ) AN

and (i, p)3(r) =

V( ( ) AT )V EN) AT
()VﬂB()) )véN}A
i) (r) v N}A
:(MXL%B)(T)
Thus (Ao rB); 2 ANd B and (AorB)) C AU; B

Conversely assume that (A o FB) oA ﬂ‘s B and (A o pB) CA U‘s B.
Let A = (f, i) be a i.v bipolar (77,5) fuzzy bi ideal and B = (ik, i%) be a
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i.v bipolar (f),g)— fuzzy left ideal of S. Since every i.v bipolar fuzzy (ﬁ,ﬁ)—right
ideal of S is a i.v bipolar fuzzy (7, §)-bi-ideal of S. Thus (A4 o FB);% DA ﬂ% B and

(Ao pB)f:7 CA Uf; B, by Theorem 3.7. Hence S is regular. O

COROLLARY 3.7. Let A = (il], i) be a i. v bipolar (€, €V q)-fuzzy bi-ideal and
B = (a5, i) be a i. v bipolar (€,€V q)- fuzzy left ideal of an ordered I'-semigroup
S. S is reqular if and only if (AoprB)=A ﬂ% B and (AorB)=A U% B.

ProOOF. Follows from Theorem 3.8 O

THEOREM 3.9. Let A = (%, i) be a i. v bipolar (7, 8)-fuzzy right ideal and
B = (@h, %) be a i. v bipolar (7,0)- fuzzy left ideal of an ordered I'-semigroup S.
S weakly regular if and only if (Ao pB)% DA ﬂ‘% B and (Ao FB)‘% cA U% B.

PROOF. Straightforward. O

COROLLARY 3.8. Let A = (jiy, ilY) be a i. v bipolar (e, eV q)-fuzzy right ideal
and B = (i, %) be a i. v bipolar (e,e V q)- fuzzy left ideal of an ordered T -
semigroup S. S is weakly regular if and only if (AorB) D2 ANDB and (AorB) C
AUB.

PrROOF. Straightforward. O

THEOREM 3.10. Let A = (ik, i) be a i. v bipolar (ﬁ,g)—fuzzy bi-ideal and
B = (a5, i) be a 4. v bipolar (i}, 6)- fuzzy left ideal of an ordered I'-semigroup S.
S is weakly regular if and only if (Ao pB)‘% oA ﬂ‘% B and (Ao FB)‘% cA U‘% B.

PrOOF. Straightforward. O

COROLLARY 3.9. Let A= (i, iY) be a i. v bipolar (e, €V q)-fuzzy bi-ideal and

B = (5, i¥) be a i. v bipolar (e, eV q)- fuzzy left ideal of an ordered T'-semigroup
S. S is weakly regular if and only if (AorB) D ANB and (AorB) C AUB.

ProOOF. Straightforward. O
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