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A STUDY OF BI-QUASI-INTERIOR IDEAL
AS A NEW GENERALIZATION OF IDEAL
OF GENERALIZATION OF SEMIRING

M. Murali Krishna Rao

ABSTRACT. In this paper, as a further generalization of ideals, we introduce
the notion of bi- quasi-interior ideals as a generalization of bi-ideal, quasi ideal,
interior ideal, bi-interior ideal and bi-quasi ideal of I'—semiring and study the
properties of bi-quasi-interior ideals of I'—semiring.

1. Introduction

In 1995, M.Murali Krishna Rao [15, 16, 17, 18, 19] introduced the notion of
I'—semiring as a generalization of I'— ring, ternary semiring and semiring.As a
generalization of ring, the notion of a I'—ring was introduced by Nobusawa [28] in
1964. In 1981, Sen [29] introduced the notion of a I'—semigroup as a generalization
of semigroup. The notion of a ternary algebraic system was introduced by Lehmer
[13] in 1932. Murali Krishna Rao and Venkateswarlu [24, 25, 26] studied regular
I'—incline, field T'—semiring and derivations. Lister [14] introduced ternary ring.
Dutta and Sardar [2] introduced the notion of operator semirings of I'—semiring.
The set of all negative integers Z is not a semiring with respect to usual addition
and multiplication but Z forms a I'—semiring where I' = Z. The important reason
for the development of I'—semiring is a generalization of results of rings, I'—rings,
semirings, semigroups and ternary semirings. The notion of a semiring was in-
troduced by Vandiver [32] in 1934, but semirings had appeared in earlier studies
on the theory of ideals of rings. A universal algebra (S,+,-) is called a semir-
ing if and only if (S,+), (S,-) are semigroups which are connected by distributive
laws, i.e.,a(b+ ¢) = ab + ac, (a + b)c = ac + be, for all a,b,¢ € S. The theory
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of rings and theory of semigroups have considerable impact on the development of
theory of semirings. Semirings play an important role in studying matrices and
determinants. Semirings are useful in the areas of theoretical computer science
as well as in the solution of graph theory, optimization theory, in particular for
studying automata,coding theory and formal languages. Semiring theory has many
applications in other branches.

Ideals play an important role in advance studies and uses of algebraic structures.
Generalization of ideals in algebraic structures is necessary for further study alge-
braic structures. Many mathematicians proved important results and charecteriza-
tion of algebraic structures by using the concept and the properties of generalization
of ideals in algebraic structures. Henriksen [4] and Shabir et al. [30] studied ideals
in semirings We know that the notion of an one sided ideal of any algebraic structure
is a generalization of notion of an ideal. The quasi ideals are generalization of left
ideal and right ideal whereas the bi-ideals are generalization of quasi ideals. In 1952,
the concept of bi-ideals was introduced by Good and Hughes [3] for semigroups.
The notion of bi-ideals in rings and semirings were introduced by Lajos and Szasz
[11, 12]. Bi-ideal is a special case of (m —n)-ideal. Steinfeld [31] first introduced the
notion of quasi ideals for semigroups and then for rings. Iseki [5, 6, 7, 8] introduced
the concept of quasi ideal for a semiring. Quasi ideals bi-ideals in I'—semirings
studied by Jagtap and Pawar [9, 10]. Murali Krishna Rao [22, 23, 24] introduced
the notion of left (right) bi-quasi ideal of semiring, I'—semiring,I"’—semigroup and
study the properties of left bi-quasi ideals. We characterize the left bi-quasi simple
I'—semiring and regular I'—semiring using left bi-quasi ideals of I'—semirings. Murali
Krishna Rao [18] studied ideals in ordered I'—semiring. Murali Krishna Rao [20]
introduced the notion of bi-interior ideal as a generalization of quasi ideal, bi-ideal
and interior ideal of semigroup and study the properties of bi-interior ideals of
semigroup, simple semigroup and regular semigroup.

In this paper, as a further generalization of ideals, we introduce the notion
of bi- quasi-interior ideal as a generalization of bi-ideal,quasi ideal, interior ideal,
bi-interior ideal and bi-quasi ideal of I'—semiring and study the properties of bi-
quasi-interior ideals of I'—semiring. Some characterization of bi-quasi-interior ideals
of I'—semiring,regular I'—semiring and simple I'—semiring. A necessary sufficient
condition for a I'—semiring to be regular and simple is proved using bi- quasi-interior
ideals I'—semiring.

2. Preliminaries

In this section we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

DEFINITION 2.1. [1] A set S together with two associative binary operations
called addition and multiplication (denoted by + and -, respectively) will be called
semiring provided

(i) Addition is a commutative operation.

(ii) Multiplication distributes over addition both from the left and from the
right.
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(ili) There exists 0 € S such that 4+ 0=z and 2-0=0-2 =0 for all z € S.

DEFINITION 2.2. Let (M,+) and (T',+) be commutative semigroups. Then
we call M a I'—semiring, if there exists a mapping M x I' x M — M (images of
(z,a,y) will be denoted by zay, for any z,y € M and « € T") such that it satisfies
the following axioms for all x,y,z € M and o, 5 € T

(i) za(y + z) = zay + zaz
(i) (z+y)az =zaz +yaz

(ili) z(a+ By = vay + xPBy

(iv) za(ysz) = (vay)Bz.

Every semiring R is a I'—semiring with I' = R and ternary operation zyy defined
as the usual semiring multiplication.

EXAMPLE 2.1. Let S be a semiring and M, ,(S) denote the additive abelian
semigroup of all p x ¢ matrices with identity element whose entries are from S.
Then M, 4(S) is a I'— semiring with I' = M, 4(S) ternary operation is defined by
raz = z(at)z as the usual matrix multiplication, where af denote the transpose of
the matrix «; for all z,y and « € M, ,(S5).

EXAMPLE 2.2. Let M be the set of all natural numbers. Then (M, maz, min)
is a semiring. If I' = M, then M is a I'—semiring.

EXAMPLE 2.3. Let M be the additive semigroup of all m x n matrices over the
set of non negative rational numbers and I" be the additive semigroup of all n x m
matrices over the set of non negative integers.Then with respect to usual matrix
multiplication M is a I'—semiring.

DEFINITION 2.3. A I'—semiring M is said to be commutative I'—semiring if
zay = yax, for all z,y € M and a € T

DEFINITION 2.4. Let M be a I'—semiring. An element 1 € M is said to be
unity if for each € M there exists a € I such that zal = lax = z.

DEFINITION 2.5. In a I'—semiring M with unity 1, an element a € M is said
to be left invertible (right invertible) if there exist b € M, € T such that baa =
1(aab =1).

DEFINITION 2.6. In a I'—semiring M with unity 1, an element ¢ € M is said
to be invertible if there exist b € M, « € T" such that aadb = baa = 1.

DEFINITION 2.7. A I'—semiring M is said to have zero element if there exists an
element 0 € M such that 0+z = x = 40 and Oax = za0 =0, for allz € M,a €T.

DEFINITION 2.8. An element a € I"'—semiring M is said to be idempotent if
there exists a € I' such that a = aaa.

DEFINITION 2.9. Every element of M, is an idempotent of M then M is said
to be idempotent I"'—semiring M.

DEFINITION 2.10. A non-zero element a in a I'—semiring M is said to be zero
divisor if there exits non-zero element b € M, o € I' such that aab = baa = 0.
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DEFINITION 2.11. A T'—semigroup M is said to be left (right) singular if for
each a € M there exists a € I" such that aab = a(aab = b), for all b € M.

DEFINITION 2.12. A I'—semiring M is called a division I'—semiring if for each
non-zero element of M has multiplication inverse.

DEFINITION 2.13. A non-empty subset A of I'—semiring M is called
(i) a I'—subsemiring of M if (A4, +) is a subsemigroup of (M, +) and AT'A C

A.

(ii) a quasi ideal of M if A is a I'—subsemiring of M and ATM N MTA C A.

(iii) a bi-ideal of M if A is a I'—subsemiring of M and ATMT A C A.

(iv) an interior ideal of M if A is a I'—subsemiring of M and MTAT'M C A.

(v) a left (right) ideal of M if A is a I'—subsemiring of M and MTA C
A(AT'M C A).

(vi) an ideal if A is a I'—subsemiring of M, A'M C A and MT A C A.

(vii) a k—ideal if A is a I'—subsemiring of M, ATM C A, MTA C A and
reEM, x+y€Aye Athen x € A

DEFINITION 2.14. A non-empty subset B of I'—semiring M is said to be bi-
interior ideal of M if B is a I'—subsemiring of M and MI'BI'M N BTMT'B C B.

DEFINITION 2.15. Let M be a I'—semiring. A non-empty subset L of M is
said to be left bi-quasi ideal (right bi-quasi ideal) of M if L is a subsemigroup of
(M,+)and MTLNILTMTLC L (LTMNLTMTL CL).

DEFINITION 2.16. Let M be a I'—semiring. L is said to be bi-quasi ideal of M
if it is both a left bi-quasi and a right bi-quasi ideal of M.

EXAMPLE 2.4.
(i) Let @ be the set of all rational numbers, M = {< Z b ) | a,b,c,d € Q}

the additive semigroup of M matrices and I' = M. Ternary operation AaB is
defined as usual matrix multiplication of A, o, B, for all A, , B € M. Then M is a
I"'—semiring.

(a) IfR{(g 8>|07éa,07éb€Q} then R is a quasi ideal of

I'—semiring M and R is neither a left ideal nor a right ideal.
(b) If S = {( N > |0#ac Q} then S is a bi-ideal of I'—semiring M.

0
(i) f M = ( )a,b,cEQ and I' = M then M is a I'—semiring
with respect to usual addition of matrices and ternary operation is defined

as usual matrix multiplication and A = { ( g 2 ) |0#£a,0#£b¢€ Q} .

Then A is not a bi-ideal of I'—semiring M.

DEFINITION 2.17. A I'—semiring M is called a left bi-quasi simple I'—semiring
if M has no left bi-quasi ideal other than M itself.
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3. Bi-quasi-interior ideals of I'—semirings

In this section we introduce the notion of bi-quasi-interior ideal as a gener-
alization of bi-ideal, quasi-ideal and interior ideal of I'—semiring and study the
properties of bi-quasi-interior ideal of I'—semiring.

DEFINITION 3.1. A non-empty subset B of a I'—semiring M is said to be bi-
quasi-interior ideal of M if B is a I'—subsemiring of M and BI'MT'BT'MTI'B C B.

Every bi-quasi-interior ideal of I'—semiring M need not be bi-ideal,quasi-ideal,
interior ideal bi-interior ideal. and bi-quasi ideals of I'—semiring M.

ExaMPLE 3.1. Let N be a the set of all natural numbers and I' = 4N be additive
Abelian semigroups. Ternary operation is defined as (z, a,y) = x4+ «a+y, where +
is the usual addition of integers. Then N is an I'—semiring. A subset I = 2N of N is
a bi-quasi-interior ideal of N but not bi-ideal, quasi-ideal, interior ideal, bi-interior
ideal and bi-quasi ideals of I'—semiring N.

In the following theorem, we mention some important properties and we omit
the proofs since proofs are straight forward.

THEOREM 3.1. Let M be a I'—semring. Then the following are hold.

(1) Ewery left ideal is a bi-quasi-interior of M.

(2) Ewvery right ideal is a bi-quasi-interior of M.

(3) Ewery quasi ideal is bi-quasi-interior of M.

(4) Every ideal is a bi-quasi-interior ideal of M.

(5) Intersection of a right ideal and a left ideal of M is a bi-quasi-interior
ideal of M.

(6) If L is a left ideal and R is a right ideal of T'—semiring M then B = RT'L
s a bi-quasi-interior ideal of M.

(7) If B is a bi-quasi-interior ideal and T is a T'—subsemiring of M then BNT
18 a bi-quasi-interior ideals of a I'—semiring M.

(8) Let M be a T'—semiring and B be a T'—subsemiring of M.
If BTMTMTMTB C B then B is a bi-quasi-interior ideal of M.

(9) Let M be a T'—semiring and B be a T'—subsemiring of M.
If MTMTMTMIBNBTMITMTMIU'M C B then B is a bi-quasi-interior
ideal of M.

THEOREM 3.2. FEwvery bi-ideal of a I'—semiring M is a bi-quasi-interior ideal
of a I'—semiring M.

PROOF. Let B be a bi-ideal of the I'—semiring M. Then BT MT' B C B. There-
fore BTMTBI'MT'B C BI'MTI'B C B. Hence every bi-ideal of the I'—semring M
is a bi-quasi-interior ideal of M. O

THEOREM 3.3. FEwvery interior ideal of a I'—semring M is a bi-quasi-interior
ideal of M.

PROOF. Let I be an interior ideal of a I'—semring M. Then ITMTITMTI C
MTITM C I. Hence [ is a bi-quasi-interior ideal of the I'—semiring M. (]
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THEOREM 3.4. Let M be a I'—semiring and B be a I'—subsemiring of M. B
is a bi-quasi-interior ideal of M if and only if there exist a left ideal L and a right
idealR such that RI'L C BC RNL .

PROOF. Suppose B is a bi-quasi-interior ideal of the I'—semiringM. Then
BI'MTBI'MTB C B. Let R= BI'MI'BI'M and L = MI'B. Then L and R are
left and right ideals of M respectively. Therefore RI'L C B C RN L . Conversely
suppose that there exist L and R are left and right ideals of M respectively such
that RI'L € B C RN L. Then

BTMTBTMI'B C (RNL)TMT(RNL)TMT(RNL)

C(RTMT(R)I'MT(L)
CRI'LCB.
Hence B is a bi-quasi-interior ideal of the I'—semiring M. O

THEOREM 3.5. The intersection of a bi-quasi-interior ideal B of a I'—semiring
M and a right ideal A of M is always bi-quasi-interior ideal of M.

PrOOF. Suppose C'= BN A. Then

CTMT'CTMI'C C BTMT'BITMI'BC B
CTMTCTMI'C C ATMT'ATMT A C A.

since A is a left ideal of M. Therefore
CTATCTMICTM CBNA=C.

Hence the intersection of a bi-quasi-interior ideal of B of the I'—semiring M and a
I'—subsemiring A of M is always bi-quasi-interior ideal of M. O

THEOREM 3.6. Let A and C' be bi-quasi-interior ideals of a I'—semiring M and
B = AT'C. If CTC = C then B is a bi-quasi-interior ideal of M.

PROOF. Let A and C be bi-quasi-interior ideals of thel'—semiring M and B =
AT'C. Then

BT'B = ATCTATC = ATCTCTCTMTCTATC
C ATCTMI'CTMI'C C AT'C = B.

Obviously B = AI'C is a I'—subsemiring of M

BTMI'BI'MT'B = ATCTMTATCTMT AT'C
C ATMTATMTATC C AI'C = B.

Hence B is a bi-quasi-interior ideal of M. O

COROLLARY 3.1. Let A and C be bi-quasi-interior ideals of the I'—semiring M
and B =CT A. If CTC = C then B is a bi-quasi-interior ideal of M.

THEOREM 3.7. the Let A and C be I'—subsemirings of M and B = ATU'C. If A
is the left ideal then B is a bi-quasi-interior ideal of M.
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PRrROOF. Let A and C' be I'—subsemirings of M and B = AI'C' Suppose A is
the left ideal of M. B'B = AT'CTAI'C C AT'C = B.

BTMTBIMTB = ATCTMTATCT MTATC
C ATC = B.

Hence B is a bi-quasi-interior ideal of M. O

COROLLARY 3.2. Let A and C be I'—subsemirings of al'—semiring M and
B = ATUC. If C is a right ideal then B is a bi-quasi-interior ideal of M.

THEOREM 3.8. Let M be a I'—semiring and T be a non-empty subset of M.
Then every subsemiring of T containing TUMTUTTUMTIT is a bi-quasi-interior ideal
of I'—semiring M.

PROOF. Let B be a subsemiring of T' containing TT MTTT MTT. Then
BI'MTBIMTI'B CTTMI'TTMTT C B.
Therefore BTMTBI'MT' B C B. Hence B is a bi-quasi-interior ideal of M. U

THEOREM 3.9. B is a bi-quasi-interior ideal of a I'—semiring M if and only if
B is a left ideal of some right ideal of I'—semiring M.

PROOF. Suppose B is a left ideal of some right ideal R of the I'—semiring M.
Then RI'B C B, RI'M C B. Hence

BI'MTBI'MT'B C BI'MTI'B C RTU'MI'B C RI'B C B.

Therefore B is a bi-quasi-interior ideal of the I'—semiring M. Conversely suppose
that B is a bi-quasi-interior ideal of the I'—semiring M .Then BT MT BI'MT'B C B.
Therefore B is a left ideal of right ideal BT MT'BI'M of the I'—semiringM . O

COROLLARY 3.3. B is a bi-quasi-interior ideal of a I'—semiring M if and only
if B is a right ideal of some left ideal of a T'—semiringM .

THEOREM 3.10. If B is a bi-quasi-interior ideal of a I'—semiring M, T is a
I'—subsemiring of M and T C B then BI'T is a bi-quasi-interior ideal of M.

PROOF. Obviously, BI'T is a I'—subsemigroup of (M, +). Then BTTTBI'T C
BTI'T. Hence BI'T is a I'—subsemiring of M. We have

MTBTTTM C MT'BT'M
BI'TTMTI'BI'T € BTMI'B

From this follows
BTTTMTU'BTTTMTBTT C BTMT'BIMI'BI'T C BI'T.
Hence BI'T is a bi-quasi-interior ideal of the I'—semiring M. O

THEOREM 3.11. Let B be bi-ideal of a I'—semiring M and I be interior ideal
of M. Then BN I is bi-quasi-interior idea of M.
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PRrROOF. Obviously BN is I'—subsemiring of M. Suppose B is a bi-ideal of M
and [ is an interior ideal of M. Then

(BNHI'MT(BNI)I'MI'(BT'I) C B(BNIH)I'MI'(BNI)I'MI'(BI'I)I'M C I
Therefore (BN I I'MT(BNI)I'MT(BT'I)I'M C BN I. Hence BN I is a bi-quasi-

interior ideal of the I"'—semiring M. O

THEOREM 3.12. Let M be a I'—semiring and T be an additive subsemigroup
of M. Then every additive subsemigroup of T containing TU MTUTTMTT is a bi-
quasi-interior ideal of M.

PRrROOF. Let C' be an additive subsemigroup of T' containing TTMTTT MTT.
Then

CITMI'CTMI'C CTTM NTTMI'T
cc.

Hence C' is a bi-quasi-interior ideal of the I'—semiring M. O

THEOREM 3.13. Let M be a I'—semiring. If M = MTa, for all a € M. Then
every bi-quasi-interior ideal of M is a quasi ideal of M.

PROOF. Let B be a bi-quasi-interior ideal of the I'—semiring M and a € B.
Then
BI'MI'BI'MTI'B C B
=MTa C MT'B, (BTM = M)
=M CMI'BCM
=>MI'B=M
=BI'M = BTMI'B C BTMI'BI'MT'BC B
=MT'BNBI'M C MI'M N BT'M C B.

Therefore B is a quasi ideal of M. Hence the theorem. O
THEOREM 3.14. The intersection of {Bx | A € A} bi-quasi-interior ideal of a
I'—semiring M is a bi-quasi-interior ideal of M.

PrOOF. Let B = () Bj. Then B is a I'—subsemiring of M.
A€EA
Since B, is a bi-quasi-interior ideal of M, we have

B\I'MT'B\I'MI'B\ C By, forall A\ € A
= N B\I'MT' N B\I'M N By) CNB)
=BI'MI'BITMI'B C B.
Hence B is a bi-quasi-interior ideal of M. O

THEOREM 3.15. Let B be a bi-quasi-interior ideal of a I'—semiring M ,e € B
and e be B—idempotent. Then el'B is a bi-quasi-interior ideal of M.
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PROOF. Let B be a bi-quasi-interior ideal of the I'—semiring M. Suppose = €
BNnel'M. Then x € B and z = eay,a € I';y € M.

T = eqy
= efeay
= ef(eay)
=efx € el'B.
Therefore
Bnel'M C eI'B
e'BC B and e'B C eI'M
=e[[BC BNnel'M
=el'B=DBnNel'M.
Hence eI’ B is the bi-quasi-interior ideal of M. O

COROLLARY 3.4. Let M be a I'—semiring M and e be a—idempotent. Then
el'M and MTe are bi-quasi-interior ideals of M respectively.

THEOREM 3.16. If B be a left bi-quasi ideal of a I'—semiring M, then B is a
bi-quasi-interior ideal of M.

PROOF. Suppose B is a left bi-quasi ideal of the I'—semiring M. Then
BTMT'BI'MTB C MT'B and BTMT'BI'MT'B C BT MT'B.

Therefore
BTMT'BI'MT'B C MI'BN MI'BI'M C B.

Hence B is a bi-quasi-interior ideal of M. O

COROLLARY 3.5. If B be a right bi-quasi ideal of a I'—semiring M, then B is
a bi-quasi-interior ideal of M.

COROLLARY 3.6. If B be a bi-quasi ideal of a I'—semiring M, then B is a
bi-quasi-interior ideal of M.

THEOREM 3.17. If B be a bi—interior ideal of I'— semiring of M, then B is a
bi-quasi-interior ideal of M.

PROOF. Suppose B is a bi-interior ideal of I'—semiring M. Then

BTMTBI'MI'B C MT'BI'M and BTMT'BITMI'B C MI'BT'M.

Therefore BTMT'BIMT'B C MT'BI'M N MT'BI'M C B. Hence B is a bi-quasi-
interior ideal of M. O
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4. Bi-quasi-interior simple I'—semiring

In this section,we introduce the notion of bi-quasi-interior simple I'—semiring
and characterize the bi-quasi-interior simple I'—semiring using bi-quasi-interior
ideals of I'—semiring and study the properties of minimal bi-quasi-interior ideals of
I'—semiring.

DEFINITION 4.1. A I'—semiring M is said to be bi-quasi-interior simple I' -
semiring if M has no bi-quasi-interior ideals other than M itself.

THEOREM 4.1. If M is a division I'—semiring then M is a bi-quasi-interior
simple I'—semiring.

PROOF. Let B be a proper bi-quasi-interior ideal of the division I'—semring
and 0 # a € B. Since M is a division I'—semiring, there exist b € M, € I" such
that aab = 1. Then there exist § € I';z € M such that aabfxr = x = zPaab.
Then © € BI'M. Therefore M C BI'M. We have BI'M C M. Hence M = BT'M.
Similarly we can prove MT'B = M.

M = MTIB
= BI'MI'BI'MT'BC B
M C B.
Therefore M = B. Hence division I'—semiring M has no properbi-quasi-interior
ideals. d

THEOREM 4.2. Let M be a simple I'—semiring. Fvery bi-quasi-interior ideal
is bi-ideal of M.

PROOF. Let M be a simple I'—semring and B be a bi-quasi-interior ideal of
M. Then BTMTBI'MT'B C B and MT'BI'M is an ideal of M. Since M is a simple
I'—semiring, we have MI"BI'M = M. Hence

BTMT'BI'MT'BC B
= BI'MT'B C B.
Hence the theorem. O

THEOREM 4.3. Let M be a I'—semiring. Then M is a bi-quasi-interior simple
I'—semiring if and only if (a)pqi = M, for all a € M, where (a)pq: is the bi-quasi-
interior ideal generated by a.

PROOF. Let M be a I'—semiring. Suppose that (a); is a bi-quasi-interior ideal
generated by a and M is a bi-quasi -interior simple I'—semiring. Then (a)pq; = M,
for all a € M.

Conversely suppose that B is a bi-quasi-interior ideal of I'—semiring M and
(a)pqi = M, for all @ € M. Let b € B. Then (b)pqi € B = M = (b)pqi € B C M.
Therefore M is a bi-quasi-interior simple I'—semiring. O

THEOREM 4.4. Let M be a I'—semiring. Then M 1is a bi-quasi-interior simple
I'—semiring if and only if < a >= M, for all a € M and where < a > is the
smallest bi-quasi-interior ideal generated by a.
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PROOF. Let M be a I'—semiring. Suppose M is a bi-quasi-interior simple
I'—semiring, a € M and B = MT'a. Then B is a left ideal of M. Therefore, by
Theorem 3.4, B is a bi-quasi-interior ideal of M. Therefore B = M. Hence MT'a =
M, for all a € M.

MT'aC<a>CM
=M C<a>C M.
Therefore M =< a > .
Suppose < a > is the smallest bi-quasi-interior ideal of M generated by a and
< a>= M and A is the bi-quasi-interior ideal and a € A. Then
<a>CACM
=M CACM.

Therefore A = M. Hence M is a bi-quasi-interior simple I'—semiring. O

THEOREM 4.5. Let M be a I'—semiring. Then M is a bi-quasi-interior simple
T'—semriring if and only if aU MTal'MT'a = M, for all a € M.

PROOF. Suppose M is left bi-quasi simple I'—semiring and a € M. Therefore
al’'MT'aI'MTa is a bi-quasi-interior ideal of M. Hence al' MT'al'MT'a = M, for all
a€ M.

Conversely suppose that al’ MT'al'MT'a = M, for all a € M. Let B be a bi-
quasi-interior ideal of the I'—semiring M and a € B.

M = al’'MT'al'MT'a
C BTMI'BT'MTB C B.

Therefore M = B. Hence M is a bi-quasi-interior simple I'—semiring. O

THEOREM 4.6. If B is a minimal bi-quasi-interior ideal of a I'—semiring M
then any two non-zero elements of B generated the same right ideal of M.

PROOF. Let B be a minimal bi-quasi-interior ideal of M and z € B. Then
(x)r N B is a bi-quasi-interior ideal of M. Therefore (z)r N B C B. Since B is
a minimal bi-quasi-interior ideal of M, we have (z)r " B = B = B C (x)g.
Suppose y € B. Then y € (2)r, (y)r C (v)r. Therefore (z)r = (y)r. Hence the
theorem. ]

COROLLARY 4.1. If B is a minimal bi-quasi-interior ideal of a I'—semiring M,
then any two non-zero elements of B generates the same left ideal of M.

DEFINITION 4.2. A T'—semiring M is a left (right) simple I'—semiring if M has
no proper left (right) ideal of M.
A T'—semiring M is said to be simple I'—semring if M has no proper ideals.

THEOREM 4.7. If I'—semring M 1is left simple I'—semiring, then every bi-quasi-
interior ideal of M is a right ideal of M.
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PRrROOF. Let B be a bi-quasi-interior of the left simple I'—semiring M. Then
MTB is a left ideal of M and MI'B C M. Therefore MT'B = M. Then
MI'BTM = MI'M =M
=BI'M = BTMI'B
= BI'M = BTMTBTMI'BCB
=BT'M C B.

Hence every bi-quasi-interior ideal is a right ideal of M. O

COROLLARY 4.2. If '—semring M is a right simple I'—semiring, then every
bi-quasi-interior ideal of M is a left ideal of M.

COROLLARY 4.3. Fvery bi-quasi-interior ideal of a left and right simple T -
semiring M is an ideal of M.

THEOREM 4.8. Let M be a I'—semiring and B be bi-quasi-interior ideal of M.
Then B is minimal bi-quasi-interior ideal of M if and only if B is a bi-quasi-interior
sitmple I'—susemiring.

PRrROOF. Let B be a minimal bi-quasi-interior ideal of a I'—semiring M and C'
be a bi-quasi-interior ideal of B. Then

CTBTCT'BI'C C C.
Therefore CTBI'CT BI'CT'B is a bi-quasi-interior ideal of M. Since C'is a bi-quasi-

interior ideal of B, we have
CTBTCTBI'C =B
=B =CTBICTBIC CC
=B =C.
Conversely suppose that B is a bi-quasi-interior simple I'—subsemiring of M.
Let C be a bi-quasi-interior ideal of M and C' C B. Since B is a bi-quasi-interior
simple I'—semiring, we have
CT'BI'CTBIC =C
=CT'BI'CTBI'C C CTMT'CTMTI'C C BTMT'BI'MTB C B,
=B =C.

Hence B is a minimal bi-quasi-interior ideal of M. O

THEOREM 4.9. Let M be a I'—semiring and B = RU'L, where L and R are
minimal left and right ideals of M repectively. Then B is a minimal bi-quasi-
interior ideal of M.

ProOOF. Obviously B = RI'L is bi-quasi-interior ideal of M. Let A be bi-quasi-
interior ideal of M such that A C B.
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We have MT' A is a right ideal. Then

MTACMI'B
= MTRT'L
cL,

since L is a left ideal of M. Similarly, we can prove A'M C R. Therefore MT'A =L
and A'M = R. Hence

B =AI'MTMTA
C ATMTATMT A.
C A.

Therefore A = B. Hence B is a minimal bi-quasi-interior ideal of M.

5. Regular I'—semiring

In this section,we characterize regular I'—semiring using bi-quasi-interior ideals
of I'—semiring.

THEOREM 5.1. Let M be a reqular I'—semiring. Then every bi-quasi-interior
ideal of M is an ideal of M.

PROOF. Let B be a bi-quasi-interior ideal of M. Then

BI'MT'BIMI'B C B
=BI'M C BTMT'B, since M is regular
=BI'M C BTMI'BTMT'B C B.

Similarly, we can show that MI'B C BCMTBI'MT'B C B. Hence the theorem. [

THEOREM 5.2. Let M be a reqular I'—semiring. Then every bi-quasi-interior
ideal is an ideal of M.

PRrROOF. Let I be a bi-quasi-interior ideal of M. By Theorem 5.1, I is an ideal
of M. Hence the theorem. O

THEOREM 5.3. Let M be a regular I'—semiring and I be an interior ideal of
M. Then MTITM = 1.

PROOF. Let a € M. Then there exist x € M,«, 3 € I such that a = aaxfa.
Thus there exist 6,7 € I' and y € M such that zfa = xBadyyzrLa. Therefore

a = aazfa = aaxfadyyxfa € MTITM.
Hence I C MT'IT'M. We have MT'IT'M C I. Hence MT'IT'M = 1. O
THEOREM 5.4. Let M be a regular I'—semiring. Then B is a bi-quasi-interior

ideal of M if and only if BTMTU'BT'MTI'B = B, for all bi-quasi-interior ideals B of
M.
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PROOF. Suppose M is the regular I'—semiring M , B is a bi-interior ideal of
M and x € B. Then BTMI'BITMT'B C B and there exist y € M, «,8 € T" such
that * = zayfrayfr € BITMI'BI'MT'B. Therefore + € BITMT'BI'MT'B. Hence
BI'MTBI'MT'B = B.

Conversely suppose that BTMT'BTMT'B = B, for all bi-quasi-interior ideals
B of M. Let B= RN L, where R is a right ideal and L is a left ideal of M. Then
B is a bi-interior ideal of M. Therefore (RN L)ITMT(RNL)ITMT(RNL)=RNL

RNL=(RNL)IMI(RNL)YIMT(RNL)
C RI’MTLI'MT'L
CRI'L
C RN L (since RTL C L and RT'L C R).

Therefore RN L = RI'L. Hence M is a regular I'—semiring. O

THEOREM 5.5. Let B be the bi-quasi-interior ideal of reqular I'—semiring M.
If B is a bi-quasi-interior ideal of M and B is reqular I'—subsemiring of M then
any bi-quasi-interior ideal of B is a bi-quasi-interior ideal of M.

PROOF. Let A be a bi-quasi-interior ideal of the regular I'—subsemiring B of
M. Then by Theorem 5.4, ATBTAI'BI'A = A. We have BTMT'BI'MT'B = B and
A C AT'B. Now

AUMTATMTA C BTMI'BTMT'B =B
= A'BTAT'BTA=ACB
= A= AIBTATBI'A C ATMTATMTA
= AUMTAI'MT A = A.

Hence A is a bi-quasi-interior ideal of M. O

THEOREM 5.6. M is a regular I'—semiring if and only if ATB = AN DB for any
right ideal A and left ideal B of a I'—semiring M.

PROOF. Let A, B be a right ideal and a left ideal of the regular ordered
I'—semiring M respectively. Obviously AT'B C AN B. Let x € AN B. Since M is a
regular, there exist a, 8 € I' and y € M such that x = xayBz. Since zay € A and
x € B, xrayPBx € AT'B. Thus x € AT'B. Hence ATB = AN B.

Conversely, suppose that AI'B = AN B for any right ideal A and left ideal
B of M. Let x € M and I be the right ideal generated by x and J be the left
ideal generated by x. We have x € I N J = IT'J. Therefore x = zay = zfz,«, 5 €
I',y,z € M which implies that © = xay~vyzBz, for some v € I'. Hence M is a regular
ordered I'—semiring. O

THEOREM 5.7. Let B be I'—subsemiring of a reqular I'—semiring M. If B can
be represented as B = RI'L, where R is a right ideal and L is a left ideal of M,
then B is a bi-quasi-interior ideal of M.
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PROOF. Suppose B = RI'L, where R is right ideal of M and L is a left ideal
of M. Then

BTMTBITMTB = RTLTMTRTLMTRTL
C RTL = B.

Hence B is a bi-quasi-interior ideal of the I'—semiring M.

Conversely suppose that B is a bi-quasi-interior ideal of the regular I'—semiring
M. We have BTMT'BI'MT'B = B. Let R= BI'M and L = MT'B. Then R = BI'M
is a right ideal of M and L = MT'B is a left ideal of M.

BI'M N MT'B C BTMI'BTMT'B = B
=BI'MNMI'BCB
=RNLCB.

We have

BCBI'M=Rand BC MI'B=1L
=BCRNL
=B =RNL = RTL, since M is a regular I'—semiring.

Hence B can be represented as RI'L, where R is the right ideal and L is the left
ideal of M. Hence the theorem. (]

The following theorem is a necessary and sufficient condition for I'—semiring
M to be regular using bi-quasi-interior ideal.

THEOREM 5.8. M is a reqular I'—semriring if and only if BNINL C BI'IT'L,
for any bi-quasi-interior ideal B, ideal I and left ideall of M.

PROOF. Suppose M be a regular I'—semiring, B, I and L are bi-quasi-interior
ideal, ideal and left ideal of M respectively. Let a € BNIN L. Then a € al'MTa,
since M is regular.

a€al'MT'a Cal’'MT'al'MTa
C BT'IT'B

Hence BNINL C BT'ITL.

Conversely suppose that BNINL C BI'IT'L, for any bi-quasi-interior ideal B,
ideal I and left ideal L of M. Let R be a right ideal and L be left ideal of M. Then
by assumption

RNL=RNMNLCRIMI'LRI'L.

We have RI'L C R and RI'L C L. Therefore RI'L C RN L. Hence RN L = RI'L.
Thus M is a regular I'—semiring. O
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6. Conclusion

As a further generalization of ideals ,we introduced the notion of bi-quasi-
interior ideal of I'—semiring as a generalization of ideal ,left ideal, right ideal, bi-
ideal,quasi ideal and interior ideal of semigroup and studied some of their properties.
We introduced the notion of bi-quasi-interior simple I'—semiring and characterized
the bi-quasi-interior simple I'—semiring ,regular I'—semiring using bi-quasi-interior
ideals of I'—semiring. We proved every bi-quasi ideal of I'—semiring and bi-interior
ideal of I'—semiring are bi-quasi-interior ideals and studied some of the properties of
bi-interior ideals of'—semiring. In continuity of this paper, we study prime bi-quasi-
interior ideals,prime, maximal and minimal bi-quasi-interior ideals of I'—semiring.
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