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G. Nanaji Rao and Habtamu Tiruneh Alemu

ABSTRACT. The concept of an Almost Lattice (AL) is introduced and given
certain examples of an AL which are not lattices. Also, some basic properties
of an AL are proved and set of equivalent conditions are established for an AL
to become a lattice. Further, the concept of AL with 0 is introduced and some
basic properties of an AL with 0 are proved.

1. Introduction

It was Garett Birkhoff’s (1911 - 1996) work in the mid thirties that started
the general development of the lattice theory. In a brilliant series of papers, he
demonstrated the importance of the lattice theory and showed that it provides a
unified frame work for unrelated developments in many mathematical disciplines.
V. Glivenko, Karl Menger, John Van Neumann, Oystein Ore, George Gratzer, P.
R. Halmos, E. T. Schmidt, G. Szasz, M. H. Stone , R. P. Dilworth and many others
have developed enough of this field for making it attractive to the mathematicians
and for its further progress. The traditional approach to lattice theory proceeds
from partially ordered sets to general lattices, semimodular lattices, modular lat-
tices and finally to distributive lattices.

In this paper, we introduced the concept of an Almost lattice AL which is
a generalization of a lattice and we gave certain examples of ALs which are not
lattices. Also, we proved some basic properties in the class of ALs and we defined
a partial ordering ” < ” on an AL. We proved that an AL L is directed above under
< if and only if L is a lattice. In addition, we established sets of identities for an
AL to become a lattice. The concept of zero element in an AL is introduced and
we observed that an ALL can have at most one zero element and it will be the least
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element of the poset (L, <). We also gave few examples of an AL with 0 and we
proved some basic properties of an AL with 0. A necessary and sufficient condition
for an AL with 0 to become a lattice with 0 is established. Finally, we introduced
the concept of a simple AL and gave a set of identities for an AL with 0 to become
a simple AL.

2. Preliminaries

In this section, we collect a few important definitions and results which are
already known and which will be used more frequently in the paper.

DEFINITION 2.1. Let A and B be non empty sets. A relation R from A to B
is a subset of A x B. Relations from A to A are called relations on A.

Note that if R is a relation on a non empty set A, then for any a,b € A we
write aRb instead of (a,b) € R and say that ”a is in relation R to b”. A relation R
on the set A may have some of the following properties.

(1) R is reflexive if for all ¢ in A, we have aRa.

(2) R is symmetric, if for all a,b in A, aRb implies bRa.

(3) R is antisymmetric, if for all a,b in A, aRb and bRa implies a = b.
(4) R is transitive if for all a,b, ¢ in A, aRb and bRc imply aRe.

DEFINITION 2.2. A relation R on a non empty set A is called an equivalence
relation if R is reflexive, symmetric and transitive.

DEFINITION 2.3. A relation R on a non empty set A is called a partial order
relation if R is reflexive, antisymmetric and transitive. In this case, (4, R) is called
a partially ordered set or poset.

Note that if (P,<) is a poset and x,y € P such that © < y and = # y, then we
write z < y.

DEFINITION 2.4. Let (P, <) be a poset. For any z,y € P, we say that y covers
x or x is covered by y, (denoted by = < y), if © < y, and there is no z € P such
that z < z < y.

DEFINITION 2.5. A partial order < on a set P is called a total order, if for each
a,b € R, either a < b or b < a. In this case, the poset (P, <) is called a totally
ordered set or a chain.
DEFINITION 2.6. Let (P, <) be a poset and a € P. Then
(1) a is called the least element of P if a < x for all x € P.
(2) a is called the greatest element of P if < a for all x € P.

It can be easily observed that, if least (greatest) element exists in a poset, then
it is unique.
DEFINITION 2.7. Let (P, <) be a poset and a € P. Then

(1) ais called a minimal element, if z < a, implies x = a for all z € P.
(2) a is called maximal element, if @ < z, implies a = x for all x € P.
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It can be easily verified that least (greatest) element (if exists), then it is
minimal (maximal) but, converse need not be true.

DEFINITION 2.8. Let (P, <) be a poset and S C P. Then
(1) a € P is called a lower bound of S <= for all x in S; a < x.
(2) a € P is called an upper bound of S <= for all z in S; z < a.
(3) The greatest amongst the lower bounds, whenever if it exists is the infi-
mum of S and is denoted by inf S or AS.
(4) The least amongst the upper bound of S whenever if it exists is called
supremum of S and is denoted by Sup S or VS.

DEFINITION 2.9. (Zorn’s Lemma) If (P, <) is a poset such that every chain of
elements in P has an upper bound in P, then P has at least one maximal element.

DEFINITION 2.10. Let (P, <) be a poset. If P has least element 0 and greatest
element 1, then P is said to be a bounded poset.

Note that if (P, <) is a bounded poset with bounds 0,1, then for any = € P,
we have 0 < x < 1.

DEFINITION 2.11. Let (P, <) be a poset. Then P is called lattice ordered set
if for every pair z,y of elements of P the sup(x,y) and inf(x,y) exist.

DEFINITION 2.12. An algebra (L,V,A) of type (2,2) is called a lattice if it
satisfies the following axioms. For any z,y,z € L,
(1) zvy=yVaand 2z Ay =yAz. (Commutative Law)
(2) (xvVy)Vz=azV(yVz)and (xAy)ANz=xA(yAz). (Associative Law)
(3) z V(zAy)=zand z A (zVy)==x. (Absorption Law)
It can be easily seen that in any lattice (L,V,A), V& = x and z Az =
z (Idempotent Law).

THEOREM 2.1. Let (L, <) be a lattice ordered set. If we define x Ay is the inf
(x,y) and x V y is the sup(z,y), where xz,y € L, then (L,V,A) is a lattice.

THEOREM 2.2. Let (L,V,A) be a lattice. If we define a relation < on L, by
x <y if and only if x = x ANy, or equivalently xVy =y. Then (L,<) is a lattice
ordered set.

Important Note: Theorem 2.1 and theorem 2.2 together imply that the concepts
of lattice and lattice ordered set are equivalent. We refer to it as a lattice in future.

DEFINITION 2.13. A lattice L with 0 is said to be pseudocomplemented if there
exists a unary operation x — z* on L such that z Ay = 0 if and only if < y* for
all x,y € L.

THEOREM 2.3. In any lattice (L,V.N), the following are equivalent:

(zAz)
(2) (xVy)Az=(xA2)V(yAz)
(3) zV(yAz)=(zVy) A(zVz)
(4) (zhy)Vz=(xVz)A(yV=2).
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DEFINITION 2.14. A lattice (L, V, A) is called a distributive lattice if it satisfies
any one of the above four conditions.

DEFINITION 2.15. Let (L,V,A) be a lattice. Then L is said to be bounded
lattice if L is bounded as a poset. That is, there exists 0,1 € L such that 0 Aa =0
and 1Va=1forallae€ L.

DEFINITION 2.16. A bounded lattice (L, V,A) with bounds 0 and 1 is said to
be complemented if to each z € L, there exists y € L such that Ay = 0 and
zVy=1.

DEFINITION 2.17. A bounded lattice (L, V, A) with bounds 0 and 1 is said to
be complemented if to each = € L, there exists y € L such that z Ay = 0 and
zVy=1.

DEFINITION 2.18. A complemented distributive lattice is called a Boolean al-
gebra.

DEFINITION 2.19. Let (R,+,.) be a ring with identity element 1. Then R is
called a Boolean ring if every element in R is idempotent.

DEFINITION 2.20. A semigroup is a groupoid (G,.) in which z.(y.z) = (z.y).z
for all x,y,z € G.

DEFINITION 2.21. A semilattice is a semigroup (.9,.) which satisfies the com-
mutative and idempotent law.

DEFINITION 2.22. Let (S, A) be a semi lattice with least element 0. An element
a* is a pseudocomplement of a € S if and only if a A a* = 0 and a A z = 0 implies
r<a* Ve es.

DEFINITION 2.23. A semilattice (S,A) with a least element 0 is said to be
pseudocomplemented semilattice if every element in S has a pseudocomplement.

DEFINITION 2.24. A ring R is called a p;— ring if, to each x € R, there exists
a central idempotent 2° € R such that:

(1) za®° ==z
(2) For any idempotent e of R, ze = x implies that z% = z° .

Here, z° is known as minimal idempotent duplicator of x in the center of R.

DEFINITION 2.25. A semigroup S with 0 is called a Bear-Stone semigroup if,
to each x € S, there exists a central idempotent x* € S such that:
(1) 2*S={yeSlay=0=yx}
(2) The map s — (z*s,x**s) is an isomorphism of S onto z*S x z**S .

DEFINITION 2.26. A pseudocomplemented distributive lattice with 0 is called
a Stone lattice if, for any x € L, z* V z** = 1.

DEFINITION 2.27. A pseudocomplemented semilattice S is called strongly ad-
missible if
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(1) For each = € S, there exists a dense element d € S (that is, d* = 0) such
that x = 2 A d

(2) There is a mapping f : S** x D — D, where S** is the set of all closed
elements of S and D, the set of all dense elements of S, such that, for any
z €S,z < f(a,d) ifand only if x Aa < d for alla € S** and d € D

(3) flavb,d) = f(a,d) A f(b,d) for all a,b € S** and d € D.

DEFINITION 2.28. A x— ring is a structure (R, *) where R is a ring and x is a
map of R into R satisfying, for any a € R:
i. aa* = a and
ii. € R,ax =a = a*x = a”.

DEFINITION 2.29. A ring R is called a regular ring if, to each a € R, there
exists x € R such that axa = a.

DEFINITION 2.30. A ring R is called a p- ring ( p is prime) if, for any = € R,
2P =z and px = 0.

DEFINITION 2.31. A ring R is called bi-regular if every principal ideal is gen-
erated by a central idempotent .

DEFINITION 2.32. A ring R is a Bear ring if, to each « € R, there exists a
central idempotent e € R such that eR = {y € R| xy = 0 = yx}.

DEFINITION 2.33. Let S be a semigroup with 0 in which, to each z € S, there
exists a central idempotent e of S such that ex = x and Eg, the semilattice of
all central idempotents of S, is directed above. An element a € S is said to be
B—central if there exists semigroups S7 and Sy with 0 such that S; has 1 also and
an isomorphism of S onto S; x So which maps the element a onto the element (1, 0)
of S1 x S3. The set B(S) of all B— central elements of S is called the Birkhoff
center of S.

DEFINITION 2.34. Let S be a semigroup with 0 satisfying the hypothesis of the
above definition. Then S is called a p;— semigroup if:
(1) For each z € S, there exist x° € B(S) such that z2° =z
(2) For any a € B(S) such that axz = z, must ax® = z° .

3. Almost Lattices (AL)

In this section, we introduce the concept of Almost Lattice(AL) and we give
some examples of an AL which are not a lattices.

DEFINITION 3.1. An algebra (L, V, A) of type (2,2) is called an Almost Lattice
if it satisfies the following axioms.

Ai. (anb)Ac=(bANa)Ac

As. (aVb)Ac=(bVa)Ac

As. (anNb)Ac=aAN(bAc)

Ay (avd)Ve=aV(bVc)

As. aA(aVb)=a
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Ag. aV(aAb)=a
A7 (aNb)VD=Db

For brevity, in future, we will refer to this Almost Lattices as AL unless other-
wise specified. Now we give some examples of an AL.

ExXAMPLE 3.1. Every lattice is an AL.
In the following, we give some examples of ALs which are not Lattices.

EXAMPLE 3.2. Let L = {a,b,c}. Define V and A on L as follows:

Vial|b]|c Alalb|c
alal|b]|c alalala
55 b5 [Blaldle
clclc|c cla|blc

Then clearly (L, V, A) is an AL, but not a lattice because ¢V b # bV c.
EXAMPLE 3.3. Let L = {a, b, c}. Define V and A on L as follows.

Vial|b]|c Alal|b|c
alalala ala|lb]|c
555 (5] Y [Halblc
cla|b]c clcl|clc

Then clearly (L,V, A) is an AL, but not a lattice since a Vb # bV a.
EXAMPLE 3.4. Let L = {1,2,3,4}. Define V and A on L as follows:

vili2]3]|4 All1]12]3|4
1111133 1111212
2121244 and |2]1]2]1]2
3131333 311(2|3|4
41414144 41112314

Then clearly (L, V,A) is an AL, but not a lattice since 3V 4 #£ 4V 3.

ExAMPLE 3.5. Let L be a non empty set. Define, for any a,b € L,aVb=a =
b A a. Then clearly (L,V,A) is an AL and this AL is called discrete AL.

We conclude this section by exhibiting the structure of an AL in some known
algebras.

G. Suryanarayan Murti (in his doctoral thesis entitled ”Boolean Center of Uni-
versal Algebra” (1980), Andhra University, Walltier, India); introduced the notion
of P;— semigroup as a common abstraction of P;j— rings and Baer- Stone semi-
groups. Thus the class of Pj— semigroups include the classes of Boolean rings,
regular rings, P-rings, bi-regular rings, Bear rings, Stone lattices, strongly admis-
sible semilattices etc. In the following example, we define two binary operations V
and A in a P;— semigroup (.5, .) and with this operation, (S, V, A) becomes an AL.
Thus we have an AL structure in each of the algebras mentioned above.
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EXAMPLE 3.6. Let (S,.) be a Py— semigroup. Let us recall that, to each z € S|
there exists 2° in the Birkhoff center B(S) of S which is least among the elements
of B(S) with the property 2%z = z. Since 2° € B(S), there exists z° € B(S)
such that the mapping y — (xoy,:voly) of S onto 208 x xS is an isomorphism.
Now, define for any z,y € S, z Ay = 2"y and = V y to be the unique element of S
such that z°(z vV y) = 2 and 2% (2 V y) = 2°'y. Then it can be easily verified that
(S,V,A) is an AL.

4. Lattice Theory of ALs

In this section, we prove some results in an AL L. Further, we define a partial
ordering < on L and prove that with this partial ordering, the poset (L, <) is
directed above if and only if L is a Lattice. Also, we establish some sets of equivalent
conditions for an AL to become a Lattice. First we prove the following.

LEMMA 4.1. Let L be an AL and a € L. Then;
I,. aVa=a
In. aNa=a

PRrOOF. (Iy):- By conditions A5 and Ag, in the definition of an AL, we have
aVa=aV{aA(aVa)}=a.
(In):- Again by Ag and As, we obtain aAa=aA{aV (aNa)} =a. O

LEMMA 4.2. Let L be an AL. Then for any a,b € L, a ANb = a if and only if
aVb=hb.

PROOF. Suppose a Ab = a. Then by A7, we get a Vb = (a Ab) Vb = b
Conversely, suppose a Vb =b. Then by As, we get aAb=a A (aVb) =a. O

In the following we define a partial ordering on an AL L.

DEFINITION 4.1. Let L be an AL and a,b € L. Then we define a is less than
or equal to b and write as a < b if and only if a A b = a or, equivalently a V b = 0.

THEOREM 4.1. The relation < is a partial ordering on an AL L and hence
(L, <) is a poset.

PROOF. The reflexivity of < follows from (I5). Let a,b € L such that a < b
and b < a. Then a Ab =aand bAa =b. Now,a =aAb=(aAb)AD=
(bAa)ANb=DbA(aNb) =bAa=D. Therefore < is antisymmetric relation on L.
Suppose a,b,c € L such that a < band b < c¢. Then aAb=a and bAc=>b. Now,
anNc=(aANb)Ac=aA (bAc)=aAb=a. It follows that, a < ¢ and hence < is
transitive relation on L. Therefore (L, <) is a poset. O

NOTATION 4.1. Every relation € on an AL L may not be a partial order relation
in general. For, if we define a relation § on an AL L by a 6 b if and only if aAb = b,
then clearly 6 is reflexive and transitive but not antisymmetric in general. For,
suppose L is an AL with at least two elements. Then (I5) we have a Aa = a
and hence a § a Va € L. Therefore 0 is reflexive relation on L. Also, for any
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a,b,c € L, suppose a # b and b & ¢. Then a Ab = b and b Ac = ¢. Now,
aNc=aA(bNc)=(aNb)Ac=bAc=c Hence a6 c. Therefore 0 is transitive
relation on L. Now, choose a,b € L with a # b such that a # b and b 6 a. Then
aANb=band bAa = a. But, a # b and hence 0 is not antisymmetric relation on L.

In the following, we prove some basic properties of an AL.

THEOREM 4.2. Let L be an AL. Then for any a,b,c € L, we have the following.

a<aVb

)
)
) (avVb)Aa=a

) (aVb)Ab=1D

) aANb=b<=aVb=a
Ja<b=aVb=bVa

) bV(aAb)=b
JavVb=bVa=aAb=bAa

PROOF. (1) Suppose a < b. Then a Ab = a. Now, we have a Ab =
(anb)Ab=(bNa)Ab=bA(aAb) =bAa. Hence aANb=>bAa.

(2) From As, we have a A (a V b) = a. It follows that, a < a V b.

(3) By Az and I, we have (aAb)Ab = aA(bAb) = aAb. Therefore, aAb < b.

(4) By (1) and (2) we get, a =a A (aVb) = (aVb)Aa,since a < aVb.

(5) By (4) and Ay, b= (bVa)Ab=(aVb)Ab.

(6) Suppose a Ab =0b. Then aVb=aV (aAb) = a. Conversely, suppose
aVb=a. ThenaAb=(aVb)Ab=0b,since by (5).

(7) Suppose a < b. Then b = a Vb. Now, by(4) we get (aV b) Aa = a. Hence
by (6), we get (aVb)Va =aVb. It follows that, bVa = (aVb)Va=aVb.
Therefore a Vb =10V a.

(8) We have a A b < b. Therefore, by (7) we get bV (a Ab) = (a Ab)Vb=b.

(9) Suppose aVb=bVa. ThenbAha=bA{aA(aVDd)}=(bAa)A(aVbd)=
(anb)A(aVvd)=aA{bA(aVD}=aAn{bA(bVa)}=aAb.

(10) Suppose a < ¢ and b < ¢. Then (aAb)Ac=aA (bAc)=aAb. Hence
aNb<c Also, (aVb)Ve=aV (bVe)=aVc=c. Therefore aVb<ec.
O

COROLLARY 4.1. Let L be an AL. Then for any a,b € L, we have the following.
1) (avb)vb=aVd
) (avb)Va=aVb
)aV(aVvb)=aVb
) aA(aAb)=aAb
) (aAb)Ab=aAb

2
3
4
5
6) bA(aNb)=aAnb

(
(
(
(
(
(

DEFINITION 4.2. An AL L is said to be directed above if for any a,b € L there
exists ¢ € L such that a,b < c.
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In the following we give a set of equivalent conditions that an AL to become a
lattice.

THEOREM 4.3. Let L be an AL. Then the following are equivalent:

(1) L is directed above.
(2) A is commutative.

(3) V is commutative.

(4) L is a lattice.

PROOF. (1) = (2):- Suppose L is directed above. Let a,b € L. Then there
exists ¢ € L such that a < c and b < ¢. This implies a =a A cand b = b A c. Now,
aANb=aA(bAc)=(aAb)ANc=(bAa)Ac=bA(aNc)=bAa.

(2) = (1):- Suppose A is commutative. Let a,b € L. Then by (As), we get
aA (aVb)=a. Therefore a < aVb. Also, we have bA (aVb) = (aVb) Ab=b.
Hence we get b < a VvV b. Therefore L is directed above.

(1) = (3):- Suppose L is directed above. Let a,b € L. Then there exists ¢ € L
such that a < cand b < ¢. Therefore a =aAcand b=bAcand henceaVe=c
and bV ¢ =c. Also, since (aVb)Vec=aV (bVec)=aVe=cand (bVa)Vc=
bV (aVe)=bVe=c Now, consideraVb=(aVbAc=(bVa)Ac=>bVa.
Therefore V is commutative.

(3) = (4):- Suppose V is commutative. Let a,b € L. Then by theorem 4.2 (9), we
have a A b = b A a. Therefore L is a lattice.

(4) = (1):- Suppose L is a lattice. Then for any a,b € L,a <aVbandb<aVb.
Therefore L is directed above. g

THEOREM 4.4. The following conditions are equivalent for all a,b € L of an
AL L.

(1) (anb)Va=a
(2) an(bVa)=a
(3) bAa)Vb=1b
(4) bA(aVd) =D
(5) anb=bAa
(6) avb=bVa
(7) L is directed above.

PROOF. (1) = (5):- Suppose (a Ab) V a = a. Then by lemma 4.2, we get
(aAb)Na = aAb. Now consider, aAb = (aAb)Aa = (bAa)Aa=bA(aAa) =DbAa.
Therefore a Ab =0 A a.

(5) = (1):- Suppose that a Ab=0bAa. Then (a Ab)Va=(bAa)Va=a.

(3) = (5):- Suppose (bAa)Vb=>b. Then by lemma 4.2, we get (bAa) Ab=0bAa.
Now,bAa=(bAa)Ab=(aAb)Ab=aAb. ThusaAb=0bAa.

(5) = (3):- Suppose a Ab=bAa. Then (bAa)Vb= (aAb)VDb=0.

(2) = (6):- Suppose aA(bVa) = a. Then by lemma 4.2, we have aV (bVa) = bVa.
But, by corollary 4.1 we get aV (bVa) =aVb. Hence aVb=">V a.

(6) = (2):- Suppose aVb=>bVa. Thena A (bVa)=aA (aVbd)=a.

(4) = (6):- Suppose b A (a VvV b) =b. Then by lemma 4.2, we get bV (aVb) =aVb.
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On the other hand, we have (bV a) Ab = b. Therefore bV (aVb) = (bVa)Vb=>bVa.
Therefore a Vb =bV a.

(6) = (4):- Suppose that a Vb =0V a. Then bA (aVb)=bA (bVa)=h0.

(2) = (7):- Suppose aA (bVa) = a. Then we get a < bVa. But, we have b < bVa.
Therefore L is directed above.

(7) = (2):- Suppose L is directed above. By theorem 4.3, V is commutative.
Now, consider a A (bVa) =aA (aVb) = a. By theorem 4.3, we get (7) and (5) are
equivalent. O

THEOREM 4.5. Let L be an AL. Then for all a,b € L, the following are equiv-
alent:

) avb=0bVa

yb<aVvd

) L is directed above

) a Vb isthe lub of a and b in the poset (L, <).
)a<bVa

) bV a is the lub of a and b in the poset (L, <).

(1
(2
(3
(4
(5
(6

PROOF. (1) = (2):- Suppose aVb=0bVa. Then bA(aVb) =bA(bVa)=Dh.
Therefore b < a Vb.
(2) = (3):- Suppose b < a V b. But, we have a A (a V b) = a and hence a < a V b.
Therefore L is directed above. Proof of (3) = (1) follows from theorem 4.3.
(2) = (4):- Suppose b < a V b. Now, since a A (aVb) =a, a < aVb. HenceaVb
is an upper bound of a and b in the poset (L, <). Suppose z € L such that z is
an upper bound of a and b in the poset (L,<). Then a < x and b < z. Tt follows
that, aVa =z and bV =z. Now, (aVbd)Va=aV (bVa)=aVz =2z Hence,
a Vb < x. Therefore a V b is the lub of a and b in the poset (L, <).
(4) = (2):- Suppose a V b is the lub of a and b in the poset (L, <). Then we have
b<aVhb.
(1) = (5):- Suppose aVb =bVa. Then aA(bVa) = aA(aVb) = a. Hence a < bVa.
(5) = (6):- Assume (5). Then we get a < bV a. But, we have b < bV a. Therefore
bV a is an upper bound of a and b in the poset (L, <). Suppose x € L such that
is an upper bound of a and b in the poset (L,<). Then a < z and b < z. Hence
aVaz=uxzandbVx =z Now consider, (bVa)Vz=>bV(aVa)=bVe=uz It
follows that, bV a < x. Therefore b V a is the lub of a and b in the poset (L, <).
Proof of (6) = (3) is clear. O

Though the duality principle is, in general, not valid in an AL, we have the
following theorem:

THEOREM 4.6. Let L be an AL. Then for all a,b € L, the following are equiv-
alent:

(1) aNb=bAa

(2) anb<a

(3) aAb is the glb of a and b in the poset (L, <).
(4) bAa<b
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(5) bAa is the glb of a and b in the poset (L, <).

PROOF. (1) = (2):- Suppose a Ab=bAa. Then (a Ab)Va=(bAa)Va=a.
It follows that, a A b < a.
(2) = (3):- Suppose a Ab < a. But, we have (a Ab) Vb = b and hence a A b < b.
Therefore a A b is a lower bound of a and b in the poset (L,<). Suppose ¢ € L
such that ¢ is a lower bound of a and b. Then ¢ < a and ¢ < b. Now, ¢ A (a Ab) =
(cAha)ANb=cAb=c. Hencec<aAb. Therefore a Ab is the glb of a and b in the
poset (L, ).
(3) = (1):- Suppose a Ab is the glb of a and b in the poset ( , <
Now, aAb=(aAa)Ab=aA(aAb)=(aAb)ANa=(bAha)Na=
Therefore a Ab=bAa.
(1) = (4):- Suppose aAb = bAa. Now, consider (bAa)Ab = (aAb)Ab = aAb = bAa.
Therefore b A a < b.
(4) = (5):- Suppose b A a < b. But we have b A a < a. Therefore b A a is a lower
bound of a and b in the poset (L, <). Suppose ¢ € L such that ¢ is a lower bound
of a and b. Then ¢ < a and ¢ < b. Hence ¢ = cAa and ¢ = ¢ Ab. Now, consider
cAN(bANa)=(cAb)ANa=cANa=c. Hence c <bAa. Therefore bAa is the glb of a
and b in the poset (L, <).
(5) = (1) Suppose b A a is the glb of @ and b in the poset (L, <). Then bAa < b.
Now, aAb=aA(bAD) =(aAND)Ab=(bAa)Ab=bA(bDAa)=(bAb)ANa=DbAa.
Therefore a Ab=bAa. O

Then a Ab <
A

)-
bA(aNa) —b/\a.

In the following we give an other set of equivalent condition that an AL to
become a lattice.

THEOREM 4.7. Let L be an AL. Then the following are equivalent:

) L is a lattice.

) The poset (L, <) is directed above.

) aA(bVa)=a forall a,be L.

) The operation \V is commutative.

) The operation A is commutative.

) The relation 6 = {(a,b) € L x Lla ANb = b} is anti symmetric.

2
3
4
5)
6
7) The relation 6 defined in (6) is a partial ordering on L.

(1
(
(
(
(
(
(

PRrROOF. From theorem 4.3 and 4.4, conditions (1),(2),(3),(4) and (5) are
equivalent.
(5) = (6):- Suppose the operation A is commutative. Let (a,b),(b,a) € 6. Then
aANb=Dband bANa=a. Now, b=aAb=>bAa=a. Therefore 0 is antisymmetric
relation on L.
(6) = (7):- Suppose 0 is antisymmetric. Then from notation 4.1, we get 0 is a
partial ordering on L.
(7) = (1):- Suppose 6 is a partial ordering on L. Let a,b € L. Now, consider
(anb)AN(bAa)=aN(bA(bANa))=aNn(bAa)=(aAb)ANa= (bAa)ANa=bAa and
also (bAa)A(aAb) =bA(aN(anb)) =bA(aAd)=(bAa)Ab= (aAb)Ab=aANb.
Hence (a Ab,bAa) € 0 and (bAa,a Ab) € 0. Therefore by antisymmetric we get
aAb=>bAa. Also, by theorem 4.3, L is a lattice. U
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COROLLARY 4.2. Let L be an AL be and a € L. Then the set L, = {x Na|z €
L} = {z € Lz < a} is a lattice under the induced operations V and A on L with a
as its greatest element.

PROOF. Let  Aa, yAa € L,. Then (xAa)A(yANa)=xA(aN(yAa)) =
zsA((ahy)hNa)=zA(yNa)ha) =xA(yANa) = (xAy)ANa € L,. Also,
we have x Aa < a and y A a < a and hence (x Aa) V (y Aa) < a. Therefore
(xAa)V(yAa) € L,. Therefore L, is closed under V and A. Clearly, L, is directed
above by a. Thus (L4, V,A) is a lattice. O

REMARK 4.1. From what we have done so far, it is evident that an AL L
satisfies the axioms of a lattice except possibly;

(1) (C), commutativity of the operation A.
(2) (Cv), commutativity of the operation V.

We have observed that (Cn) and (Cy) are equivalent in L (see theorem 4.10) and
if we add either of these two axioms to L, then (L, V, A) will become a lattice.

PROPOSITION 4.1. The operations V and A in an AL L are isotone. That is if
a,be L and a < b, then for anyc € L, aNc < bAc, cha<cAbandcVa<cVb.

PROOF. Suppose a,b € L such that a < b. Then a = aAb and hence a Vb = b.
Now, (aAc)A(bAc)=aA(cA(bAc))=aA(bAc)= (aAb)Ac=aAc. Therefore
aNc < bAe Also, (cha)A(cAb) = (aNc)A(eAb) =aA(cA(cAb)) =aA(cAb) =
(anNc)Nb=(cNa)ANb=cA(aAb) =cAa. Therefore ¢ Aa < ¢ Ab. Further,
(cva)V(eVvd)=((cVa)Ve)Vb=(cVa)Vb=cV (aVb) =cVb. Therefore
cVa<eVhb. O

It can be easily seen that for any a,b € L, a < b need not generally imply that
aVc<bVe. For, in example 3.2 we have a < b. But, aVc= cﬁ b=bVve.

DEFINITION 4.3. Let L be an AL. Then for any a,b € L, we say that a is
compatible with b, written as a ~ b if a Ab =0 A a or, equivalently, a Vb =bV a.

We can easily observe that the above relation ~ is reflexive and symmetric but
not transitive. For, in example 3.2, we have b ~ a and a ~ c. But, b »~ c.

PROPOSITION 4.2. Let L be an AL. Then for any a,b € L, a ~ b if and only if
aANb~bAa.

PROOF. Suppose a ~ b. Then aAb = bAa. Now, (aAb)A(bAa) = (bAa)A(aAb).
Therefore a Ab ~ b A a. Conversely, suppose a Ab~bAa. Then (a Ab)A(bAa) =
(bAa)A(anb). Now, (aAb)A(bAa) = ((aAb)Ab)Aa = (aAb)Aa = (bDAa)ANa = bAa.
Similarly, we can prove that (bAa) A (aAb) = aAb. Hence a Ab = bAa. Therefore
a~b. O

COROLLARY 4.3. Let L be an AL. Then for any a,b € L, a ~ b if and only if
aVb~bVa.

PrROPOSITION 4.3. Let L be an AL. Then for any a,b,c € Lya ~ b and a ~ ¢
implies a ~ b A c.
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PROOF. Suppose a ~band a ~c. ThenaAb=0bAa and a Ac=cA a. Now,
aN(bAc)=(anNb)Ac=((bNa)Nc=bA(aNc)=bA(cAa)=(bAc)Aa. Thus
a~bAec. O

COROLLARY 4.4. Let L be an AL. Then for any a,b,c € L, a ~ b and a ~ ¢
implies a ~ bV c.

5. Almost lattice with Zero

In this section, we introduce the concept of zero element in an AL analogous
to that of the least element in a lattice. Further we give some examples of an AL
with 0. We observe that an AL can have at most one zero element and it will be
the least element of the poset (L, <). Also, we prove some basic properties of an
AL with 0. Moreover, we prove that an AL with 0 is a lattice with 0 if and only if
~ is a transitive relation on L. First, we define the zero element in L.

DEFINITION 5.1. Let L be an AL. Then an element 0 € L is called a zero
element of L if
(01) 0ANa=0forallae L.

Observe that, not every AL has zero element. For, in example 3.4, L. does not
have zero element.

LEMMA 5.1. Let L be an AL. Then L has at most one zero element.

PROOF. Suppose L has two zero elements say 0;,0o. Then we have 0; =
01 /\(02/\01) = (01/\02)/\01 = (02/\01)/\01 = 02/\(01/\01) = 02/\01 = 02. Thus
01 = 05. O

Note that we always denote the zero element of L, if it exists, by ’0’. If L has
0, then the algebra (L, V, A,0) is called an AL with ’0’. In the following we give
some examples of an AL with 0. First we need the following:

LEMMA 5.2. Let L be an AL with 0. Then for any a € L, we have the following:

(05) aAO=0.
(03) aVvO0=a.
(04) OVa=a

PRrROOF. Suppose L is an AL with 0. Then,
(02) an0=aA(0Aa)=(aAN0)Aa= (0Aa)ANa=0Aa=0. Therefore a AO = 0.
(03) By Ag and (02), we have a VO =aV (a A0) = a.
(04) By A7 and 0; we have, 0Va=(0Aa)Va=a. O
Now, we have the following theorem whose proof is straight forward.

THEOREM 5.1. Let L be an AL and 0 be any external element of L. For any
x,y € LU{0}, define:
x ify=0.
rVYy=<Qy ifr=0 andx/\y—{
xVy (inL) ifx, yelL

xAy (in L) ifz,yel
0 otherwise
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Then (L U{0},V,A,0) is an AL with 0. We denote this AL by L°.
According to definition 3.1, an AL with 0 is an algebra (L,V,A,0) of type
(2,2,0) satisfying the following axioms:

(A1) (aAbD)Ae=(bAa)Ac
(A2) (avb)Ahec=(bVa)Ac
(A3) (anb)ANec=aN (bAc)
(Ag) (avb)Ve=aV (bVe)
(45) an(aVd)=a

(4g) aV(aNb)=a

(A7) (anb)Vb=

(01) 0Aa=0

EXAMPLE 5.1. Let L be a non empty set and fix x, € L. Define binary
operations V and A on L by:

if z =z, if o
;v\/y:{y nr= cmd;v/\y:{y ifz#z

z if z # x, r, ifz=ux,

Then (L,V,A,x,) is an AL with z, as its zero element and we call this AL by
discrete AL with 0.

EXAMPLE 5.2. Let L = {0,a,b,c}. Define V and A on L as follows.

v b b

and

o|lT||o
o|lTy oo
O|T|Y ||
o|o|o| T
ololololae
o|lT|y | o>
Ol O
THT | O
o|lT e |o|o

[en] Hen) Hen) Han) Nan}

Then clearly (L, V, A,0) is an AL with 0.

EXAMPLE 5.3. Let L = {0,a,b,c}. Define V and A on L as follows.

ViOla|b|c AlOla|b]|c
0|0ja|b]|c 0{0]0|0|0
alalalalaland |a|0]|a|b|c
b|b|b|b|b b|0|a|b|c
clcla|blc c|0jc|c]|c

Then clearly (L, V, A,0) is an AL with 0.

EXAMPLE 5.4. Let A = {0,a} and B = {0,b1,b2} be two discrete ALs. Then
L=AxB=1{(0, 0),(0, b1),(0, b2),(a, 0),(a, b1),(a, b2)}. Now, define vV and A
on L by point wise operations as follows.
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\ (0’ 0) (07 bl) (O bQ) (a’ O) (aa bl) (a” b2)
(0,0) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)
(07 bl) (07 bl) (07 bl) (O bl) (a7 bl) (aa bl) (a’ bl)
(0, bQ) (0, b2) (0, bg) (O bg) (a, bg) ((l, bg) (a, bg)
(a’ 0) (a’7 O) (aa bl) (CL, b2) (a’ 0) (CL, bl) (a’ b2)
(a, bl) (a, bl) ((L, bl) ((l, bl) (a, bl) (a, bl) (a, bl)
(a" b2) (Cl, b2) (a7 b2) (CL, b2) (Cl, b2) (a7 b2) (a’ b2)

and

A (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)
(0,0) | (0,0) | (0,0) | (0,0) | (0,0) | (0,0) | (0,0)
(O’bl) (0’0) (Ovbl) (07b2) (an) (07b1) (07b2)
(0,b2) | (0,0) | (0,61) | (0,b2) | (0,0) | (0,b1) | (0,b2)
(a,0) | (0,0) | (0,0) | (0,0) | (a,0) | (a,0) | (a,0)
(a,b1) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,b2)
(a,b2) | (0,0) | (0,b1) | (0,b2) | (a,0) | (a,b1) | (a,be)

Then clearly, (L, V, A, (

=

,0)) is an AL with (0,0) as its zero element.

ExaMPLE 5.5. Let (R,+,.,0) be a commutative regular ring. To each a €
R, let ag be the unique idempotent element in R such that aR = agR. Define for
any a,b € R,
(1) anb=agb
(2) avb=a+ (1—ag)b.
Then (R, V,A,0) is an AL with 0.
EXAMPLE 5.6. Let X be a non empty set with at least two elements and let Y
be any set. Let fo € XY. Now for any f,g € XY and y € Y, define;

_ ) W) # ) g9ly) i f(y) # fo(y)
(Fvel) = {g<y> it f(y) = foly) VNIV = {fo( )i S() = oly)
Then (XY, V, A, f,) is an AL with £, as its zero element.
In the following we prove some results in an AL with zero.

LEMMA 5.3. Let L be an AL with 0. Then for any a,b € L, a Ab =0 if and
only if bAa = 0.

PROOF. Suppose aAb=0. Then, bAa =bA(aNa) = (bAa)Aa = (aAb)ANa =
0 A a = 0. Converse is clear. O

COROLLARY 5.1. Let L be an AL. Then for any a,b € L, aAb = bAa whenever
aNb=10

In the following we give a necessary and sufficient condition for an AL with
zero to become a lattice with zero.

THEOREM 5.2. Let L be an AL with 0. Then L is a lattice with 0 if and only
if for any a,b € L, a <b impliesaV x < bV x for all x in L.
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PROOF. Suppose L is a lattice with 0. Let a,b € L, such that a < b. Then
b=aVb. Let x € L. Then (aVz)V (bVz)=((aVz)Vb)Ve=(aV(zVDb)Vr=
(av(bVvz))Ve = ((avd)Vz)Ve = (aVb)V(zVz) = (aVb)Va =bVx. Therefore
aVzx < bVz. Conversely, assume the condition. Let a,b € L. Then we have 0 < a.
Therefore by our assumption, 0 Vb < a VvV b. This implies b < a V b. But, we have
a < aV b. Therefore L is directed above. Thus L is a lattice with 0. O

Next we give another characterization for an AL with zero to become a lattice
with zero.

THEOREM 5.3. Let L be an AL with 0. Then L is a lattice with 0 if and only
if ~ is a transitive relation on L.

PROOF. Suppose ~ is a transitive relation on L. Let a,b € L. Then we have
a ~ 0 and 0 ~ b. Therefore by transitive a ~ b. Hence a Ab=bAa. Thus L is a
lattice with 0. The converse is trivial since L is a lattice. O

DEFINITION 5.2. Let L be an AL. Then an element a € L is maximal (minimal)
if forany x € L, a <z (x < a) implies a = z (z = a).

Now, we give a set of equivalent conditions for an element m € L to become a
maximal element.

PROPOSITION 5.1. Let L be an AL and m € L. Then the following are equiva-
lent:

(1) m is mazimal.
(2) mVa=m forallz e L.
(3) mAxz==x forallz € L.

PROOF. (1) = (2):- Suppose m is maximal element. But, we have m < m V z
for all x € L. It follows that, m = m V x for all x € L. Proof of (2) = (3) is clear
by theorem 4.2.

(3) = (1):- Assume (3). Let € L such that m < z. Then we have m = m A x.
Hence by (3), m = x. Therefore m is maximal element. O

In the following, we give a set of equivalent conditions for an element m € L
to become a minimal element.

PROPOSITION 5.2. Let L be an AL. Then for any m € L, the following are
equivalent:
(1) m is minimal.
(2) xAm=m for allz € L.
(3) xvm=ux for allz € L.

PROOF. (1) = (2):- Suppose m is minimal element. But, we have x Am < m
for all z € L. It follows that, x A m = m for all x € L. Proof of (2) = (3) follows
by theorem 4.2.

(3) = (1):- Assume (3). Let x € L such that # < m. Then we have m = z V m.
Hence by (3), © = m. Therefore m is minimal element. O



ALMOST LATTICES 171

COROLLARY 5.2. L is a discrete AL if and only if every element of L is maxi-
mal.

PRrROOF. Suppose L is a discrete AL. Then we have x Ay = y for all x,y € L.
Thus every element in L is maximal. The converse is trivial by proposition 5.1. O

DEFINITION 5.3. If L is a discrete AL, then the AL (L°,V,A,0) where L° =
LU {0} is called a simple AL.

We immediately have, from corollary 5.2, the following theorem.

THEOREM b5.4. Let L be an AL with 0. Then the following are equivalent:
(1) L is simple AL.

(2) Every non zero element of L is maximal.

(3) avb=a for all a # 0.

(4) anb="> for all a # 0.
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