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SOME PARAMETERS OF
THE V,-ARITHMETIC GRAPH

R. Rangarajan, Akram Algesmah and Anwar Alwardi

ABSTRACT. In this paper, we continue the study of Vj,-Arithmetic graph by
determining domination parameters of V,,. Bounds for some V;, graph param-
eters are established.

1. Introduction

Let G = (V,E) be a graph. As usual |V| and |E| denote the number of
vertices and edges of a graph G, respectively. In general, we use (X) to denote the
subgraph induced by the set of vertices X. The open and closed neighborhoods
of v are defined by N(v) = {u € V(G) : wwv € E} and N[v] = N(v) U {v},
respectively. The degree of a vertex v in a graph G denoted by deg(v) is defined to
be the number of edges incident with v. In simple graphs, deg(v) = |N(v)|. The
maximum and minimum degrees in a graph G are denoted respectively by A and
§. The complement G of a graph G has V(G) as its vertex set but two vertices are
adjacent in G if and only if they are not adjacent in G. A set of vertices which
cover all the edges of a graph G is called a cover for G. The minimum number of
vertices in any cover of G is called its covering number and is denoted by «. A set
of edges which cover all the vertices of a graph G is called an edge cover for G. The
minimum number of edges in any edge cover of G is called edge covering number of
G and is denoted by . A subset S of V is said to be independent if no two vertices
in S are adjacent in G. The maximum number of vertices in an independent set is
called the independence number of G and is denoted by 5. A subset M of edges in
a graph G is said to be edge independent set or a matching if no two edges in M are
adjacent. The maximum cardinality of an edge independent set of G is called the
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edge independence number or matching number of G and is denoted by §’, and for
any graph G, the equations a(G) + B(G) = |V|, &/'(G) + '(G) = |V| are satisfied.
All the definitions in this paper available in [5].

The concept of domination in graph theory was formalized by Berge [3] and
Ore [11] and is strengthened by Haynes, Hedetniemi, Slater in two books [6, 7].
Domination in graphs has been studied extensively and at present it is an emerging
area of research in graph theory. A subset D of V is said to be a dominating set of
G if every vertex in V' — D is adjacent to a vertex in D. The minimum cardinality of
a dominating set is called the domination number of G and is denoted by v(G). A
dominating set D of a graph G is a global dominating set if D is also a dominating
set of G. The global domination number ~,(G) is the minimum cardinality of a
global dominating set of G. This concept had introduced independently by Brigham
and Dutton [4] and Sampathkumar [13]. For a minimum dominating set D in
a graph G, if V — D contains a dominating set D’ of G, then D’ is called an
inverse dominating set with respect to D. The inverse domination number v~(G)
is the cardinality of a smallest inverse dominating set. Kulli and Sigarkanti had
introduced this concept in [8].

The common neighborhood graph (congraph) of G, denoted by con(G), is the
graph with the vertex set V(G), in which two vertices are adjacent if and only if
they have at least one common neighbor in the graph G. The common neighbor-
hood (CN-neighborhood) of a vertex v € V(G) denoted by N, (v) is defined as
Nen(v) ={u € V(G) : wv € E(G) and |I'(u,v)| > 1}, where |T'(u,v)| is the number
of common neighborhood between the vertices u and v, [1]. A subset D of V(G) is
called an injective dominating set (Inj-dominating set) if for every vertex v € V —D
there exists a vertex u € D such that |I'(u,v)| > 1. The minimum cardinality of
such dominating set denoted by v;,(G) and is called injective domination num-
ber (Inj-domination number) of G. Anwar Alwardi, R. Rangarajan and Akram
Algesmah had introduced this concept in [2].

PROPOSITION 1.1 ([2]). Let G be a nontrivial connected graph. Then v, (G) =
1 if and only if there exists a vertex v € V(G) such that N(v) = Ng,(v) and
e(v) < 2.

Vasumathi and Vangipuram have introduced the concept of V,-Arithmetic
graphs and studied some of its properties [15]. Let n be a positive integer with
n = p'ps? ... pp® as its prime factorization. Then the V,-Arithmetic graph is
defined as the graph whose vertex set consists of the divisors of n and two vertices
u,v are adjacent in V,, graph if and only if ged(u,v) = p; for some prime divisor
p; of n. In this graph vertex 1 becomes an isolated vertex. Hence, we consider
V,-Arithmetic graph without vertex 1 as the contribution of this isolated vertex is
nothing when the properties of these graphs and enumeration of some domination
parameters are studied. Clearly, V,, graph is a connected graph. In the trivial case
when n is a prime, the V,, graph consists of a single vertex. Hence it is a con-
nected graph. In other cases, by the definition of adjacency in V,, there exist edges
between prime number vertices and their prime power vertices and also to their
prime product and prime power product vertices. Also, any two vertices p; and p;,
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(¢ # j) are both adjacent to p;p; hence they lie in a path of length 2. Therefore
each vertex of V,, is connected to some vertex in V,.
Some properties like number of vertices, number of edges, maximum degree, mini-
mum degree, diameter, radius, Hamiltonian and Eulerian are presented in [12].

In [14], the authors have determined the domination number v of the V-
Arithmetic graph, where n = p{*p5? ...pp** as in the following theorem.

THEOREM 1.1 ([14]). For any V,-Arithmetic graph G with n = p{* ... pp** as
the prime factorization of n, the domination number of G is given by

| k=1, ifa;=1 for more than one i;
V(G) = { k, otherwise.

where k is the core of n.

Note that, the core of a positive integer n > 2 is the number of its distinct
prime factors. Actually, the study of various domination parameters shows that
the domination parameters of the V,, graphs are functions of k, where k is the core
of n (see [14, 10, 9]).

One of the main goals to constrict and study the different relations between
the different branches of mathematics is to solve and analysis the mathematical
problems by using different trends. Some difficult problems in algebra can be solve
easily geometrically or by using algebraic topology and visa versa. The arithmetic
graph is one of the methods to represent the numerical sets. Every V,,-Arithmetic
graph represent some numerical subset of positive integers, so some properties and
problems in the numerical subset of integers can be study and resolve by using graph
theory and vise versa, this motivated us to continue the study of V,,-arithmetic
graph by studying some different graph parameters of this graph.

In this paper, some parameters of V,,-Arithmetic graph like vertex covering
number, edge covering number for some special cases, domination number of V,,,
global domination number, inverse domination number and injective domination
number are studied and some bounds are established.

2. Domination Parameters of V,,-Arithmetic Graph

DEFINITION 2.1. Let G be a V,-Arithmetic graph with n = pJ* ... pp®*, where
p; are primes and o; are integers greater than or equal one, i € {1,2,...,k}. Then
V, is an Arithmetic graph with the same vertices of V,, such that any two vertices
u,v € V are adjacent if and only if the greatest common divisor of u and v doesn’t

equal to p; for somei € {1,2,... k}.

THEOREM 2.1. Let G be a V,-Arithmetic graph and G is its complement. Then

(1) 7(G) =2. . |
(2) 7(G) +~(G) = { Zié: if a; =1 for more than one i;

otherwise.
— _ | 2(k—=1), ifa; =1 for more than one i;
(3) ¥(G) 1(G) = { 2k, otherwise.
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PROOF. Let G be a V,-Arithmetic graph. By Definition 2.1, it is clear that,
the vertex u = pJp3? ... pr“* is adjacent to all the vertices of G except the primes
pi, t € {1,2,...,k} because ged(u,p;) = pi, © € {1,2,...,k} and any prime vertex
p; is adjacent to all the other primes because ged(p;,p;) = 1, j,i € {1,2,...,k}
then v(G) < 2, and there is no vertex of full degree. Hence, v(G) = 2

The proofs of (ii) and (#i¢) are straight forward and may be obtained by ap-

plying Theorem 1.1 and Part (i) of Theorem 2.1. O

THEOREM 2.2. For any V,,-Arithmetic graph G, the global domination number
of G is equal to k, where k s the core of n.

PRrOOF. We characterize two cases.

Case 1. Suppose a; = 1 for at most one ¢. In this case v(G) = k. The subset
D = {p1,p3pa,...,p?pr} of order k is a dominating set of both G and G. Since
Y9(G) 2 v(G), then v4(G) = k.

Case 2. Suppose «; = 1 for more than one . In this case v(G) = k — 1. The
subset Dy = {p1,p2,...,Pk—1Pk,n} of order k is a dominating set of both G and
G, 50 k—1 < v4(G) < k. Since any minimum dominating set D (|D| =k —1) of G
must contain a vertex of the form p;p;, where o; = a; = 1, then for any minimum
dominating set D of G we can find at least a vertex v € V' — D which is adjacent
to all the vertices of D in G, so v is not dominated in G. Hence, v,(G) = k. O

J k
THEOREM 2.3. Let G be a V,-Arithmetic graph, where n = Hpi H Py, g
i=1  i=j+1
is a nonnegative integer, a; > 1, Vi € {j+1,...,k}, and n # p*. Then the inverse

domination number of G is given by

—1 _ k7 Zf]<27
" (G)_{ k—1, if3<j<k.

where k is the core of n.

PRroOOF. We have two cases.

Case I. Let j < 2. Then

k
Subcase 1. Suppose j = 0 or j = 1 this means n = pr", all a; > 1, for
i=1
k

all i € {1,2,...,k} or n = p; Hp?", a; > 1, Vi € {2,...,k}, respectively. In

i=2
this case v(G) = k, so the subset D = {p1, p1p2, P13, - .,P1Pk} which has order
k is a minimum dominating set of G and hence the subset D’ € V — D where
D' = {p2,p3, ..., Pk, p1p3} which has order k is also a minimum dominating set of
G because the vertices p;, 1 = 2,3, ...,k dominate all the vertices of G except p;
(and its powers in case j = 0) so we have to choose one more vertex to dominate
p1 and its powers. Since y(G) < v~ 1(G) for any graph G has no isolated vertices,
then v~Y(G) = |D'| = k.
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k
Subcase 2. Suppose j = 2 this implies that n = pipo pr”, a; > 1, for all
i=3
i € {3,4,...,k}. In this case v(G) = k — 1, where D = {p1p2,D03,D4,---,Pk}
is & minimum dominating set of G (note that in this case any dominating set of
order k — 1 must contain the vertex pips), so the dominating set D’ C V — D,
where D' = {p1,p2, p1P3,D1P4, - - -, P1Pk } 18 @ minimal dominating set of G of order
|D'| = k. Since v(G) < v~ }(G), then v~ 1(G) = |D’| = k.
Case II. Let 3 < j < k. In this case v(G) = k — 1, thus we have the following

subcases.
k

Subcase 1. Suppose j = k. Then n = le-. Let D = {p1,pa2,...,pr—1Pk} is a
i=1
minimum dominating set of G. Then we have two possibilities.
(1) If k is even, then the subset

D' = {pk—1, Dk, P1D2, P3P4; - - - » Pk—3DPk—2> P1Pk, P3Pk - - - » Pk—5Dk }

which has order
, k—2 k-4
|D‘_2+T+?_k_1
is a minimum inverse dominating set of G with respect to D. Then
v HG) =D =k-1
(2) If k is odd, we have two situations,
(a) k=3, then D = {p1,pap3} and D’ = {p3, p1p2}.
(b) k > 5, then the subset

D' = {pk—l,pk,p1p27p3p4, -y Pk—2Pk—1,P1Pk, P3Pk - - - ,pk—GPk}

which has order
k—1 k-5
D|=2+—+—=k-1
is a minimum inverse dominating set of G with respect to D. Then
v YUG)=|D'|=k—1.

Subcase 2. Suppose 3 < j < k. Let D = {p1,p2,...,Pj—1Pj,Pj+1,---, Pk} IS

J
a minimum dominating set of G. Consider n = nj.no, where n; = Hpi and
i=1

k
ng = H p;*. Then from Case II (Subcase 1), the vertices of the factorization
i=j+1
ny of n has a minimum inverse dominating set D of order j — 1. Also from Case
I (Subcase 1), the vertices of the factorization ns of n has a minimum inverse
dominating set D5 of order k — j, where D) = {p;p;+1,p;Pj+2,--.,P;Pr}, and
any vertex consists of a product of some divisors of n; and ns is dominated by
at least one vertex of D] or D}, so the dominating set D’ = D/ |JDj of order
|ID'|=j—14k—j=Fk—1is a minimum inverse dominating set of G. Hence,
v HG)=|D|=k—1. O
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THEOREM 2.4. Let G be a non-trivial V,,-Arithmetic graph, where
n=pyips?...p®* such that cn = ag > ... = ay.
Then the injective domination number of G is given by
_ 27 an:p1p2 OT’TL:pa;
Yin(G) _{ 1, otherwise,

PRrROOF. We have three cases.

Case 1. Suppose n = p1p2 or n = p®. Then G is a star. So any end vertex v € V
inj-dominates all the other vertices except the center vertex. Hence, v;,(G) = 2.

Case 2. Suppose a; # 1, k > 2. The vertex v = p? satisfies N(v) = N, (v) and
since diam(G) < 2, then by Proposition 1.1, v;,(G) = 1.

Case 3. Suppose a; = 1 and n # p1pe. The vertex v = pips satisfies N(v) =
Nep(v) and since diam(G) < 2, then by Proposition 1.1, v;,(G) = 1. O

Now, it is our turn to obtain some bounds on the domination number of V,,-
Arithmetic graph.

PROPOSITION 2.1. For any V,-Arithmetic graph G, 0(G) = v(G). Further-
more, §(G) = v(G) if and only if a; = 1 for at most one i or n = pipa.

PrOOF. Let G be a V,,-Arithmetic graph. Then from Theorem 1.1, and since

1, ifn= ;
5(G) :{ P p1ip2

otherwise,
then §(G) = v(G). O

THEOREM 2.5. For any non-trivial V,,-Arithmetic graph G, where oy > ag >
...>2ap. Then

A(G) - 6(G

7(G) < [< )2 ( >-‘ +1.

Furthermore, the equality is attained if and only if n = p* or pips or pipaps or

P1DP2pP3P4-

PrOOF. We have the following cases.
Case 1. Suppose k =1 (n = p®, @ > 1). Then A(G) = a—1, §(G) = 1 and

~v(G) = 1. Hence,
A(G) - 6(G) o
_ == =1
’V 5 +1 5| % 1
Case 2. Suppose k > 2 and at most aj = 1. In this case the smallest choice of G
is when n = p?ps, so A(G) =4, §(G) = 2 and v(G) = 2. Hence,
{A(G) —0(G)

1=22>2.
]
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Case 3. Suppose «; = 1 for more than one ¢ and at least a; # 1 (here k& > 3).

k
Then A(G) = ay [J(ai +1) =1, 6(G) =k and 4(G) = k — 1, thus
=2
k
[AKD—MGW+i_{adLﬂ@m+U—1—kw+l
2 2
k=1 _ 1
>{aﬁi21kW+1>aﬂk2—[§]>k—L

Case 4. Suppose a; = 1 (here k > 2). Then A(G) = 271 §(G) = k and
~v(G) = k — 1. Hence,

{A(C’Y)Z_(g(@erl[Qk?]ﬂJrl)kl.

For the equality, if n = p? or p?py or p1pap3 or p1papspa, then from Case 1, Case 2
and Case 4, respectively, we easily can see that,

0) =[2Gy

PROPOSITION 2.2. For any V,,-Arithmetic graph G, where oy > ag > ... = «.
Then

ap +1 1 .
— 1.
w@s] | sl Yot
2—219134_1—‘, ifa; =1,Vie{1,2,...,k} .

PRrROOF. This bound comes from [16], for any graph G, then

"> [

3. Vertex (Edge) Covering of V,-Arithmetic Graph

THEOREM 3.1. Let G be a V,-Arithmetic graph, where n = pipa...pr (all
a; =1,71€{1,2,...,k}). Then the vertex covering number of G is given by

2k — k-1, if k <3;

ok—1 4 ;(f) -1, if k is even, k > 2;
2

o1 k-1 s

k=1 4 k] —1, ifkisodd, k> 3.
2

a(GQ) =
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PROOF. In this case |V| = 2¥ — 1. We have three cases.
Case 1. Assume that, k is even and k > 2. Let S; C V be the subset of those

k
vertices of V' such that each vertex consists of at least a product of 5 + 1 primes

k
ie. S = {u = H pi: By C {1,2,...,k},|B1| > 3 +1}. Then S; has no two

i€ By
adjacent vertices because any two vertices of S; have at least two common primes,
so S7 is an independent set of G.
It is clear that the cardinality of Sy is

i[5 () - (0] = -16)

We show that S7 is a maximal independent set of G. First, suppose S; is not
maximal. Then there exists an independent set So of GG such that S; C S5 and

k
|Sa] = |S1|+1. Let v € S, v = H pi, where By C {1,2,...,k}, |B2| < —.

2

1€ By
Then v ¢ Sy. So there exists at least a vertex u € Sy, such that By N By = {j}
for some j € {1,2...,k}, so u and v are adjacent, a contradiction. Hence, S is

maximal. On the other hand, a maximal independent set of G' can be obtained by
two other manners. First of them is the set of the prime vertices which clearly has
cardinality k, less than the cardinality of S; when k& > 3, and the second is the
set of all the vertices of G which has more than one common prime divisor. Let
S’ be the set of vertices of G which consists all the vertices of two common prime
divisors. Obviously, S’ has the greatest cardinality of such maximal independent
sets of G, where |S’| = 2572, But |S1| > |S'| for all k > 2. Then, S; is a maximum
independent set of G and

sil=5(6) =2 - 5 (1),

2
Case 2. Assume that, &k is odd and k£ > 3. As in (Case 1) let S; C V be the
subset of those vertices of V' such that each vertex consists of at least a product of

Hence, o(G) = |V| — B(G) = 2k—1 + ;(i:) —1.

k
{-‘ + 1 primes. Then S; is an independent set of G and

2
5= () * (raten) =+ () =27 ()

k
Let Xy = {u = H pi:B1 C{1,2,...,k},|B1] = {2-‘} and
i€By
k
Xy = {u = H pi i Bo C {1,2,...,k},|Ba| < [2—‘ } Then the vertices of X; are
i€Bsy
not adjacent to any vertex of S; and any vertex of X5 is adjacent to at least one
vertex of S;. Then S; is not maximal independent set of G. So to make a maximal
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independent set of G containing S; we have to add a maximum independent set of

k k—
vertices of X; to S;. Observably, | X;| = ([k]) So, < (*W > gives a number of
2 2

vertices of X; which are not adjacent one to each others. Hence, the subset Sy of

V', where
k—1 k-1
S, =19 +< ):2k—1_( )j
SISy 5

is a maximal independent set of G. Also, it is easy to see that |Sz2| > k and
|Sa] = |97 for all k > 3 (S’ is that independent set in the proof of Case 1). Thus,

k—1
S, is a maximum independent set of G. Hence, 5(G) = | S| = 2F~1 — ( O ) and
2

k—1
a(G):2k—1—ﬂ(G):2k_1+< X )—1.
15]
Case 3. Assume that, £ < 3. In this case one can simply observe that the
maximum independent set of G is S = {p; : i = 1,2,...,k} which has cardinality
k. Then a(G) =28 —1 — k. O

THEOREM 3.2. If G is a V,,-Arithmetic graph, where oy > ... > ay, k is even
and a1 # 1, then the covering number of G is given by

k
Z a; + Z (673 Z Qi + - .
i= i+1 ,
k—§+1j zk—%+2 k if 181] > (01— 1) H(ai +1);
LRI St o o
j=i+1 z=y+1
k k
QH(ai—i—l)—l, if |51] < a1—1 Haz—i—l,
i=2 =2
k=% k—5+1 k k
where |S1| = Zai Z aj... Z az—l—-n—i—Hai and y 1is the index of the
i=1  j=itl =y+1 i=1

before last summation.

k

PROOF. In this case |V| = H(ozi + 1) — 1. Let S; C V be the subset of
i=1

k
those vertices of V' such that each vertex consists of at least a product of — + 1
primes or their powers i.e. S; = {u = H pit il <a; < oy,Vi€ Bl}, where
1€ By
k
By Cc {1,2,...,k}, |B1| = 5 + 1. Then S; has no two adjacent vertices because

any two vertices of S7 have at least two common primes or their powers, so S7 is
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a maximal independent set of G (by the same argument in the proof of Theorem
3.1, Case 1). Tt is clear that the cardinality of S is

-k k—E41

k k
|51\=Zai Z Q... Z Ozz—|—---—|-H0¢i.
=1

=1 Jj=i+1 z=y+1

Let Sy € V be the subset of V' which consists of all the powers of p; (except py

itself) and their product to the other divisors of n i.e. Sy = {u = p{ H pi”' :
i€Bs

1 <a<o,0<b <o,Vi€ By}, where By C {2,...,k} (the powers of p; are

contained in S when b; = 0, Vi € By). From the definitions of V,,-Arithmetic graph

and the divisors of n all the vertices of Sy are independent one to each others and

for each vertex v € V — Sy there exist at least one vertex u € S which has a

common prime divisor with v. Hence, S is a maximal independent set of G of
k

order [S3] = (o — 1) H(ai +1).

i=2
In fact, there are three other manners to get a maximal independent set of G which
are as follows.

e The set of all the vertices of G which has more than one common divisor.
Since a > ap > ... > ay, then the set S’ of all the vertices of G which

has p1p2 as a common divisor has the greatest cardinality among such
k

sets, where |S'| = ajas H(ai + 1). But |9] less than or equal |S;| or
i=3
|52].
e The set S” of all the power vertices (except the primes) and their products,
k

which has cardinality |S”| = —1+H a;. But again |S”| less than or equal
i=1
|S1] or |Sa|.
e The set of prime divisors of n which has cardinality & less than or equal
the cardinalities of |S1| and |S2].

Since « is the greatest exponent of a prime divisor of n, then either S; or S is
a maximum independent set of G depending on the powers «;’s, i € {1,2,...,k}.
Therefore,

(1) If |S1] = |S2|, then

k

-1 k
Zai Z aj+ ...
=1

i=1 =i+l

k
a(G) = V] =181 = Y +
i=1

k—E41  k—E+2

k
+ Z «; Z Qaj ... Z Q.
i=1

J=it+1 z=y+1
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(2) If [S1] < |Sa|, then

k k
a(G) =V = 1S =[]l +1) = 1= (a1 = 1) [J (i + 1)
i=1 =2
k
= QH(OM +1)-1.
=2

O

(e 5N}

COROLLARY 3.1. For any V,,-Arithmetic graph G, where n = p{"p5?, a1 = ag
and ay # 1, the vertex covering number of G is

_J ortar, ifor <ar+1;
oG) = { 200 +1, otherwise.

THEOREM 3.3. If G is a V,, graph, where ay > as > ... > ay, k is odd and
a1 # 1, then the covering number of G is given by

k—[514+1  k—[%]1+2 k—1
ZO@ ZO&, Z Ol] . (092 Z Q5 Z Qjo... Z a,,
=1 Jj= 1—0—1 =1 Jj=i+1 z=y+1
a(G) =9 i [S1] = (a1 — 1) H(ai +1);
k =2 k
2H(ai+ )—1 Zf‘51| (041—1) H(ai—&—l),
=2 1=2
where

£ k—[£7+1

- k k k—1
51| = Zz a Y oy Yyt [Jeat i aj... Y a,

Jj=1i+1 z=y+1 =1 =1 Jj=1i+1 z=y+1
and y is the index of the before last summation.
ProOF. Consider S = {u = pr 1 < a; < ai,VieB}, where B C
ieB
k
{1,2,...,k} and |B| > {Qw + 1. Then S is an independent set of G, but it is not
maximal because all the vertices of X* = {u = H pit il <a; < ay,Vi€ B*},
i€B*
k
where B* C {1,2,...,k}, |B*| = [2—‘ are not adjacent to any vertex of S and
any vertex of X** = {u = H pit 1 < a; < ai,ViEB**}, where B** C
i€B**
k
{1,2,...,k}, |B*™| < B is adjacent to at least one vertex of S. Therefore, to get

a maximal independent set S of G containing S, we have to determine a maximum
independent set of X* and add it to S.
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From the prove of Theorem 3.2, if k is even the subset V; C V such that
Vo={u= ] p" :1<a; <a;,Vi € By}, where By C {1,2,...,k}, [Bo| = £+11is

1€ By
k
—k —k41 k
an independent set which has cardinality |Vy| = Z «; Z o . Z a,, where
Jj=i+1 z=y+1

y is the index of the before last summation. Smce k: is odd, then k — 1 is even and
k=151 k—[41+1
the subset Vi C X* which has cardinality |V| = Z o Z Q... Z ay,

=1 Jj=i+1 z=y+1
is a maximum independent set of X*. Thus,
k=51 k—[£1+41 k k k=41 k*(§W+1
WM—ZQZEI w2 kot ]Jaik 3 e
j=i+1 z=y+1 =1 Jj=i+1 z=y+1

where y is the index of the before last summation.

Now, let So C V be the subset of V' which consists of all the powers of p;
(except p1 itself) and their product to the other divisors of n ie. Sy = {u =
¢ H pt il <a<o,0<b <aVie BQ}, where B C {2,...,k}. Then Ss is

1€ B2
k

a maximal independent set of G of order |Ss| = (a; — 1) H(a,» +1).
i=2
By the same argument in the proof of Theorem 3.2, either S; or S5 is a maxi-
mum independent set of G depending on the powers «;’s, i € {1,2,...,k}. There-
fore,

(1) If ‘Sl| 2 |SQ|7 then
k=151 k—[51+1

k
a(@) = V1~ 151 = [T + 1)~ 1 - Yoo Yo Yo

=1 Jj=i+1 z=y+1

E=TE1 k=511 k-1
Q. g .
1+1

k
,W,H%, o
i=1

J= z=y+1
Since,
k—[514+1  k—[57+2 k k=T8T k—[g1+1 k—1
o P e asPa }oa ) e
j=i+1 z=y+1 Jj=i+1 z=y+1
E—TE1+1  k—[£7+2 k—1
—+ g Z ; Z Q... Z o,
=1 j=i+1 z=y+1
then

E—[51+1  k—[L742

ZO‘“'_ZO‘Z Z aj+ - Z Q; Z Q. ki:l Q.

= Jj=i+1 Jj=i+1 z=y+1
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(2) If [S1] < |Sa|, then

k k
a(G) = V| —|8,] = H(ai +1)—1—(a; — 1) H(ai +1)
k 1= 1=
=2[J(i+1) - 1.

O

COROLLARY 3.2. Let G be a V,,-Arithmetic graph, where n = p{* p32p5®, an >
as > ag and ay # 1. Then the vertex covering number of G is
3
(@) = 2a1+a3(a1+a2), if g < g+ 1;
1=
2(ag + 1)(as +1) — 1, otherwise.
THEOREM 3.4. For any V,-Arithmetic graph G, where n = pips...p; (all
a; =1,i€{1,2,...,k}), the edge covering number of G is given by o' (G) = 2+~1.
PROOF. Let G be a V,,-Arithmetic graph, where n = p1ps...pr. Then |V| =
k k
2% — 1. Since (k 1> = (1> = k, then we can make a matching of size k join the
prime vertices with the vertices which consist of a product of k — 1 primes. Also,
since oo = o) then we can make a matching of size 9 join the vertices

pipjs . j € {1,2,...,k} and the vertices which consist of a product of k —2 primes,

and so on to ( ]Z ) = ( IZ ) Therefore,
(31 13
2k —1

(1) If k is odd, then 8'(G) = { J and hence,

(2) If k is even, then ((]ZW) and (LIZJ) are same which are (IZ) Therefore,
2

2

2
ok _1

2

1/k
we can make a matching of size 3 <k> and hence, 8'(G) = { J and

2
o/(G) = 281
t

PROPOSITION 3.1. If G is a V,,-Arithmetic graph, where n = p{'p2, o > 1, then
the edge covering number of G is
/ _ 3, if o =2;
o'(G) = { 2o —1), if > 3.
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PROOF. Let n = p{ps, a > 1. Then |V| = 2« + 1. In this case all the vertices
of the form p$pa, 1 < a < a form an independent set in G. Therefore,

(1) If « = 2 = n = p?py. The subset M C E, where
M = {{php%pz},{pz,plm}} is a maximum matching set in G. Then
B'(G) = 2 and hence, o/ (G) = 3.

(2) If & > 3. Since the number of vertices which are adjacent only to the
primes p1, p2 is a — 1 > 2, then we have exactly a matching of size two
join p; and ps with only two vertices from these vertices. Also, we have
exactly one edge joins one vertex from the power vertices of p; with the
vertex pipz. Then the maximum matching set M of G has cardinality
|M| = 3. Thus, §'(G) = 3 and hence, o/ (G) = 2(a — 1).

O

PROPOSITION 3.2. If G is a V,-Arithmetic graph, where n = p{"p5?, ag >
ag > 1, then the edge covering number of G is

/ ] oqae, ifar <o+ 1;
o'(G) = { (a1 — 1)(ag + 1), otherwise.

PROOF. Let n = p'p5?, a1 = az > 1. Then |V| = (a1 + 1)(a2 + 1) — 1.
In this case the number of vertices which are adjacent only to the primes pi, ps
is (a1 — 1)(a2 — 1). Therefore, we have a matching of size two joins the primes
p1 and py with only two vertices from these vertices. Since the power vertices
of p; and py are adjacent to the vertices of the forms {p1p% : 1 < b < ay} and
{p%p2 : 1 < a < a1} which have orders as and a1, respectively, then

(1) f @1 = ag or @1 = ay + 1, then we have a matching of size oy — 1
joins the powers of p; with a; — 1 or all the vertices of {pip : 1 <
b < as} respectively. Also, we have a matching of size ay — 1 joins
the powers of py with as — 1 vertex of {pfps : 1 < a < ay}. Thus,
B'(G)=2+a3 — 14+ as —1=a; +as and hence, &/(G) = ajas.

(2) If iy > ap + 1, then we have a matching of size oy — 1 joins the powers
of py with g — 1 vertex of {pfps : 1 < a < a1} and a matching of
size aip joins exactly aso vertex of the power of p; with all the vertices of
{p1ph : 1 < b < as}. Thus,

,BI(G) =240y — 14+ as =2as +1,
and hence, o/(G) = (a1 — 1)(ag + 1).

4. Conclusion

As remarked earlier, the authors in [12] have studied some properties of the V,,-
Arithmetic graph. In this research work, we continue the study of V,,-Arithmetic
graph by determining domination parameters of V,,. Bounds for some V,, parame-
ters are established. The authors recommend many problems for future studies like
domatic number, coloring problems and the eigenvalues of V,,-Arithmetic graph.
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