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NEUTROSOPHIC IDEALS IN BCK/BCI-ALGEBRAS
BASED ON NEUTROSOPHIC POINTS

Mehmet Ali Oztiirk and Young Bae Jun

ABSTRACT. Given ®,¥ € {€,q,€ Vg}, the notions of (®, ¥)-neutrosophic
ideals of a BCK/BCI-algebra are introduced, and related properties are in-
vestigated. Characterizations of an (€, € V ¢)-neutrosophic ideal are provided.
Given special sets, so called neutrosophic €-subsets, conditions for the neutro-
sophic €-subsets to be ideals are discussed. Conditions for a neutrosophic set
to be a (g, €V ¢)-neutrosophic ideal are considered.

1. Introduction

The concept of neutrosophic set (NS) developed by Smarandache [5, 6] is a
more general platform which extends the concepts of the classic set and fuzzy set,
intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic set
theory is applied to various part which is refered to the site

http://fs.gallup.unm.edu/neutrosophy.htm.

Jun [3] introduced the notion of neutrosophic subalgebras in BCK/BCI-algebras
with several types. He provided characterizations of an (€, €)-neutrosophic sub-
algebra and an (€, € V g)-neutrosophic subalgebra. Given special sets, so called
neutrosophic €-subsets, neutrosophic g-subsets and neutrosophic € V g-subsets, he
considered conditions for the neutrosophic €-subsets, neutrosophic g-subsets and
neutrosophic € V g-subsets to be subalgebras. He discussed conditions for a neu-
trosophic set to be a (g, € V g)-neutrosophic subalgebra. In [1], Borumand Saeid
and Jun provided relations between an (€, € V g)-neutrosophic subalgebra and
a (g, € V q)-neutrosophic subalgebra. They discussed characterization of an (€,
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€ V g)-neutrosophic subalgebra by using neutrosophic €-subsets, and considered
conditions for an (€, €V g)-neutrosophic subalgebra to be a (g, €V ¢)-neutrosophic
subalgebra.

In this paper, we introduce the notion of (®, ¥)-neutrosophic ideal of a BCK/
BC1T-algebra X for &, ¥ € {€,q,€ Vq}, and investigate related properties. We
consider characterizations of an (€, € V ¢)-neutrosophic ideal. We provide condi-
tions for an (€, € V g)-neutrosophic ideal to be an (€, €)-neutrosophic ideal. We
consider conditions for a neutrosophic set to be a (¢, €V g)-neutrosophic ideal and
an (€, €V ¢)-neutrosophic ideal. We show that every (€ V¢, € V ¢)-neutrosophic
ideal is an (€, €V g)-neutrosophic ideal, and every (g, € V ¢)-neutrosophic ideal is
an (€, €V ¢)-neutrosophic ideal.

2. Preliminaries

By a BCI-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the
axioms:

(al) ((zxy)x(z*x2))*(z2xy) =0,

(a2) (z* (zxy))*xy =0,

(a3) zxx =0,

(ad) zxy=yxzx=0 = x =y,
for all x,y, 2z € X. If a BCI-algebra X satisfies the axiom

(a5) 0%z =0 for all z € X,
then we say that X is a BCK-algebra. A nonempty subset S of a BCK/BCI-

algebra X is called a subalgebra of X if x xy € S for all z,y € S.
A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies:

(2.1) 0el,
(2.2) (Ve,ye X)(zxyel,yel = xe€l).
We refer the reader to the books [2] and [4] for further information regarding

BCK/BCI-algebras.
For any family {a; | i € A} of real numbers, we define

. | max{a; | ¢ € A} if A is finite,
\/{al i€ A}:= { sup{a; | i € A}  otherwise.

inf{a; |7 € A}  otherwise.
If A = {1,2}, we will also use a1 V a2 and a; A as instead of \/{a; | ¢ € A} and
N{a; | i € A}, respectively.
Let X be a non-empty set. A neutrosophic set (NS) in X (see [5]) is a structure
of the form:

/\{ai lic A} = { min{a; | i € A} if A is finite,

A= {(x; Ar(x), Ar(x), Ap(x)) |z € X}

where Ar : X — [0,1] is a truth membership function, A; : X — [0,1] is an
indeterminate membership function, and Ap : X — [0,1] is a false membership
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function. For the sake of simplicity, we shall use the symbol A = (Ar, Ar, Ap) for
the neutrosophic set

A:={(z; Ar(x), Ar(x), Ap(x)) |z € X}.

Given a neutrosophic set A = (Ar,A;, Ap) in a set X, o,8 € (0,1] and
v € [0,1), we consider the following sets:

T(Aia) = {z € X | Ap(2) > a},
Te(A;B) = {z € X | A(x) > B,
Fe(Ain) ={z e X | Ap(z) <7},
Ty(A;a) ={r e X | Ap(z) + o > 1},

Ig(A; B) :={z € X [ Af(x) + 8 > 1},
Fo(A;y) :={z e X | Ap(z) +v < 1},

Tevg(A;0) ={r e X | Ar(z) > a or Ap(z) + a > 1},

Iey(A;B) i ={x e X | Aj(x) = B or Ar(z) + 5 > 1},

Fevg(A;y) ={x € X | Ap(z) <vyor Ap(z)+v < 1}.
We say Te(A;a), Ic(A;B) and Fe(A;y) are neutrosophic €-subsets; Tq(A;a),
I,(A; B) and Fy(A;~) are neutrosophic q-subsets; and Tey 4(A4; @), Tey q(A; f) and
Fey4(A;v) are neutrosophic € V g-subsets. For ® € {€,q,€ Vq}, the element of
To(A;a) (resp., Is(A;5) and Fg(A;7)) is called a neutrosophic Te-point (resp.,

neutrosophic Ig-point and neutrosophic Fg-point) with value « (resp., 8 and 7)

(see [3]).
It is clear that
(2.3) Teyq(A;a) =Te(A;0) UT,(4; ),
Tev o(A; B) = 1e(A; B) U 14(A; B),
Feyq(A;y) = Fe(A;v) U Fy(A4;7).

3. Neutrosophic ideals

In what follows, let X be a BCK/BCI-algebra unless otherwise specified.

THEOREM 3.1. For a neutrosophic set A = (A, Ar, Ar) in X, the following
are equivalent.

(1) The nonempty neutrosophic €-subsets Te(A;a), Ic(A;B) and Fe(A;7)
are ideals of X for all a, B € (0.5,1] and 7 € [0,0.5).
(2) A= (Ar,A;, Ar) satisfies the following assertions:
Ar(0) V0.5 > Ar(x)
(3.1) (Vze X)| Ar(0)vO0.5>= Ar(z)
Ar(0)AN0.5 < Ap(z)
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and

Ap(x) V0.5 > Ap(z xy) A Ar(y)
(3.2) (Vo,y € X) [ Ar(z) V052> Ar(z«y) A Ar(y)
Ap(z) AN0.5 < Ap(z*xy) vV Ap(y)

PROOF. Assume that the nonempty neutrosophic €-subsets Te (A4; ), Ic(4;B)
and Fe(A;v) are ideals of X for all o, 8 € (0.5,1] and v € [0,0.5). If there exist
a,b € X such that

(3.3) Ar(0)V 0.5 < Ar(a) and A;(0) V0.5 < A;(b),

respectively, then o, := Ap(a) € (0.5,1] and £ := Ar(b) € (0.5,1], and thus
a € Te(A;a,) and b € Ic(A; By). But (3.3) induces Ar(0) < Ar(a) and A7(0) <
Aj(b), which imply that 0 ¢ Te(A;a,) and 0 € Ic(A; By). This is a contradiction,
and so we get A7(0) V0.5 > Ap(z) and A;(0) V0.5 > Aj(x) for all x € X. If
Ar(0) A0.5 > Ap(z) for some = € X, then Ap(z) € [0,0.5). Since Fec(A; Ap(z))
is an ideal of X, we have 0 € Fc(A; Ap(z)) and so Ap(0) < Ap(z). This is a
contradiction, and so Ap(0)A0.5 < Ap(z) for all z € X. Suppose that Ap(z)V0.5 <
Aq(zxy)ANAr(y) for some x,y € X and take « = Ap(z*xy)AAr(y). Then « € (0.5, 1]
and y,z xy € Te(A;a). But z ¢ Te(A4; @) since Ar(z) < a, a contradiction. If
Ar(a) V0.5 < Ar(a *b) A Ap(b) for some a,b € X, then a xb,b € Ic(A;B) and
a ¢ Ic(A;B) where 8 = Ar(a xb) A Ap(b). This is a contradiction. Assume that
there exist z,y € X such that Ap(x) A 0.5 > Ap(z*xy) V Ar(y) := 7. Then

€ [0,0.5), zxy € Fe(A;vy) and y € Fe(A;y), but * ¢ Fe(A;). This is a
contradiction. Consequently, A = (Ar, A;, Ar) satisfies the assertions (3.1) and
(3.2).

Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X satisfying the
conditions (3.1) and (3.2). Let «o,8 € (0.5,1] and v € [0,0.5) be such that
Te(Aja) # 0, Ie(A; 8) # 0 and Fe(A;y) # 0. For any @ € Te(A;), y € Ie(4;B)
and z € Fc(A;7), we have

AT(O) V0.5> AT((E)
>

Ap(0) A 0.5 < Ap(z) <v <05,

and thus Ap(0) > a, A7(0) > B and Ap(0) < 7. Therefore 0 € Te(4; ), 0 €
Ic(A;B) and 0 € Fe(A;7). Let x,y,a,b,u,v € X be such that z xy € Tc(4;a),
yeTe(4;a),axbe Ic(4;5),b¢e IE(A;ﬁ), uxv € Fe(A;7) and v € Fe(A;7). Tt
follows from (3.2) that

Ar(z) V0.5 > Ap(z *y) A Ar(y) > o > 0.5,
A[(a) 5214](@*[))/\14[( ) >B>O5,
Ap(u) N0.5 < Ap(uxv)V Ap(v) <y <0.5.
and so that Ap(z) > «, Ar(a) > B and Ap(u) < 7, that is, z € Tc(4;a),

a € Ic(A4;8) and u € Fe (A,’y) Therefore the nonempty neutrosophic €-subsets
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Te(A;a), Ic(A;8) and Fe(A;y) are ideals of X for all o, 8 € (0.5,1] and v €
[0,0.5). O
DEFINITION 3.2. Given &, ¥ € {€,¢q, €V ¢}, aneutrosophicset A = (A, A;, Ar)
in a BCK/BC1I-algebra X is called a (®, ¥)-neutrosophic ideal of X if the following
assertions are valid.
z€Te(A;a,) = 0€Ty(A; )
(3.4) (Ve e X) | vela(A;8:) = 0€lu(A;8:) |,
T € Fo(A;7s) = 0€ Fu(4;7)
and
(3.5)
rzxy € Top(A0y), y € To(A o) = € Tu(Asay Aay),
(Vez,ye X) | xzxy€la(A;Bz), y € Ia(A;By) = € Tu(A;Bs A By),
zxy € Fo(Aiv), y € Fo(A;vy) = 2 € Fu(Av V)
for all ag, ay, Bz, By € (0,1] and 4,7, € [0,1).
THEOREM 3.3. For a neutrosophic set A = (A, Ar, Ar) in X, the following
are equivalent.
(1) A= (Ap, A, Arp) is an (€, €V q)-neutrosophic ideal of X .
(2) A= (Ap,A;, Ar) salisfies the following assertions:
Ar(0) = Ap(z) AN0O.5
(3.6) vz e X) | A7(0) = Ar(z) A 0.5
Ap(0) < Ap(z) V0.5
and
Ar(z) > N Ar(z xy), Ar(y),0.5}
(3.7) (Vz,y € X) | Ar(z) > N{Ar(z *y), Ar(y),0.5}
Ar(z) < V{Ar(z *y), Ar(y),0.5}

PROOF. Suppose that A = (Ar, A7, Ap) is an (€, €V ¢)-neutrosophic ideal of
X. Let z € X and assume that Ap(z) < 0.5. If Ap(0) < Ap(z), then A7(0) < a, <
Ar(z) for some a, € (0,0.5). It follows that z € Te(A;a,) and 0 ¢ Te(A; ay).
Also, A7(0) + a; < 1, that is, 0 ¢ T,(A;a,). Hence 0 ¢ Tey 4(A; ap) which is
a contradiction, and so Ar(0) > Ar(x) for all z € X. Now if Ap(z) > 0.5, then
x € Te(A;0.5) and thus 0 € Ty 4(4;0.5). If Ap(0) < 0.5, then A7(0)+0.5 < 1, that
is, 0 ¢ T,(A;0.5). This is a contradiction, and thus Ar(0) > 0.5. Consequently,
Ar(0) =2 Ap(x) A 0.5 for all x € X. Similarly, we know that A;(0) > A;(x) A0.5
for all z € X. Assume that there exists z € X such that Ap(0) > Ap(z) V 0.5.
Then Ap(0) > v, > Ap(z) vV 0.5 for some v, € (0,1), which implies that v, > 0.5,
z € Fe(A;7,) and 0 ¢ Fe(A;7.). Since Ap(0) ++, > 1, we have 0 ¢ F (A4;7,).
This is impossible, and so Ap(0) < Ap(z) V 0.5 for all z € X. Suppose that there
exist a,b € X such that Ar(a) < A{Ar(a*b), Ar(b),0.5}. Then

Ar(a) < a < \{Ar(a*b), Ap(b),0.5}
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for some a € (0, 1). It follows that axb € Te(A4;a), b € Te(A;a) and a ¢ Te(A; ).
Since @ < 0.5, we have Ar(a) + @ < 2a < 1 and so a ¢ Ty(A;«). This is a
contradiction, and therefore Ap(z) > A{Ar(zx*y), Ar(y),0.5} for all z,y € X. Let
x,y € X and suppose that A;(z*xy)AAr(y) < 0.5. Then A;(x) > Ar(xxy) ANAr(y).
If not, then Aj(z) < 8 < Ar(xz xy) A Ar(y) for some B € (0,0.5). It follows
that x xy € Ic(A;8), y € Ic(A;B8) but & ¢ Iey4(A;B), a contradiction. Hence
Ar(z) > Ar(z*xy)AA;r(y) whenever Ap(zxy)AAr(y) < 0.5. If Af(xxy)AA;(y) = 0.5,
then x *y € Ic(4;0.5) and y € Ic(A;0.5), which implies that € Ig, 4(4;0.5).
Therefore Ar(z) > 0.5 because if Aj(xz) < 0.5 then Aj(z) +0.5 < 0.5+ 0.5 = 1,
a contradiction. Hence Ar(z) > AN{Ar(z xy), A;(y),0.5} for all z,y € X. Now
suppose that Ap(z) > VV{Ar(z *xy), Ar(y),0.5} for some z,y € X. Then there
exists v € (0,1) such that Ap(z) > v > VV{Ar(z xy), Ar(y),0.5}. Thus v > 0.5,
xxy € Fe(A;7) and y € Fe(A; 7). It follows from (3.5) that € Fey 4(A; 7). Since
Ap(z) > v and Ap(z) +v > 2y > 1, we have ¢ ¢ Fg,4(A;v) a contradiction.
Therefore Ap(z) < \VV{Ar(zxy), Ar(y),0.5} for all z,y € X.

Conversely, let A = (A1, A7, Ar) be a neutrosophic set in X satisfying the
conditions (3.6) and (3.7). For any z,y,z € X, let o, 8 € (0,1] and v € [0,1)
be such that x € Te(A;a), y € Ic(A;8) and z € Fc(A;v). Then Ar(z) > «,
Ar(y) = B and Ap(z) < 7. Suppose that Ar(0) < a, Ar(0) < 8 and Ap(0) > . If
Ap(z) < 0.5, then Ap(0) > Ap(x) A0.5 = Ar(z) > «, a contradiction. Hence we
know that Ap(x) > 0.5 and so

AT(O) +a > 2AT(O) > 2 (AT(I) A 05) =1

Hence 0 € T, (A; ) C Ty ¢(A; ). We can verify that 0 € Io, 4(A; B) by the similar
way. If Ap(x) > 0.5, then Ap(0) < Ap(x)V 0.5 = Ap(x) < which is a contradic-
tion. Thus Ap(x) < 0.5 and so Ap(0) +v < 2Ar(0) < 2(Ar(z) vV 0.5) = 1. Hence
0 € Fy(4;7) C Feyq(4;7). For any z,y,a,b,u,v € X, let ay,ay, Ba, By € (0,1]
and vy, vo € [0,1) be such that zxy € Te(4; ), y € Te(A;ay), axb € Ic(4; Ba),
b e Ic(A;8), uxv € Fe(A;vy) and v € Fe(4;7,). Then Ar(x xy) 2 g,
Ar(y) = ay, Ar(a*b) = Ba, Ar(b) = Bp, Ar(uxv) < v, and Ap(v) < vo. Suppose
that Ar(z) < az Aoy If Ap(z *y) A Ap(y) < 0.5, then

Ar(z) > /\{AT(CE *y), Ar(y), 0.5} = Ar(x x y) N Ar(y) > az Aay
which is a contradiction. Hence Ar(z *y) A Ap(y) > 0.5, and so
Ar(@) + (ap Aay) > 2A7(z) > (/\{AT zxy), Ar(y ),0.5}) -

This induces & € To(A;a, A o) € Tayq(A;az A ay). Similarly, we have a €
Icyq(A; Ba A By). Assume that Ap(u) > v, V v, that is, u € Fe(A4;v, V). If
Ap(uxv)V Ap(v) > 0.5, then

Ap(u) < \/{Ar(uxv), Ap(v),0.5} = Ap(u*v) V Ap(v) < Yu V 70
which is a contradiction. Hence Ap(u *v)V Ap(v) < 0.5, and so

Ap(u) + (e V1) < 245 (u) < 2 (\/{Ap(u x v),AF(v),O.B}) -
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This induces u € Fy(A; v, V) C Fey q(A; v, V7). Consequently, A = (Ap, Ar, Ar)
is an (€, €V g)-neutrosophic ideal of X. O

PROPOSITION 3.4. Every (€, €V q)-neutrosophic ideal A = (Ar, Ar, Ap) of X
satisfies:

Ar(z) = MA1(y), A1(2),0.5}
Ap(r) < V{Ar(y), Ar(2),0.5}

PROOF. Let z,y,z € X be such that z xy < z. Then (x * y) * 2 = 0, which
implies from (3.6) and (3.7) that

( { Ar(z) = NAr(y), Ar(2),0.5} )
(3.8) (Vr,y,zeX)| zxy<z = .

Ar(zxy) > N{Ar((z *y) * 2), Ap(2),0.5} = /\{AT Ar(2),0.5} = Ap(2) A 0.5,
Ar(zxy) = N{Ar((zxy) x 2), A1(2),0.5} = \{A1(0), A1(2),0.5} > Ar(2) A 0.5,
Ap(z+y) < \/{Ar((z *y) * 2), Ap(2),0.5} = \/{AF (0), Ap(2),0.5} < Ap(z) V 0.5.

It follows from (3.7) that

Ar(z) > N{Ar(z*y), Ar(y), 0.5} > /\{AT ),0.5},
Ar(x) = N{Ar(z = y), Ar(y),0.5} > \{A1(y) 05}
Ap(z) < \/{Ar(z *y), Ar(y),0.5} < \/{AF ),0.5}.
This completes the proof. O

THEOREM 3.5. A neutrosophic set A = (Ar, A1, Ar) in « BCK/BCI-algebra
X is an (€, €V q)-neutrosophic ideal of X if and only if the nonempty neutrosophic
e-subsets Te (A; a), Ic(A; B) and Fc(A;~) are ideals of X for all o, § € (0,0.5] and
v €10.5,1).

PrOOF. Assume that A = (Ap, A;, Ap) is an (€, €V g)-neutrosophic ideal of
X and let o, 8 € (0,0.5] and v € [0.5,1) be such that Te(A;a) # 0, Ic(A;5) #0
and Fe(A;~) # 0. Using (3.6), we have Ar(0) > Ar(x) A 0.5, A7(0) > Ar(y) A0.5
and Ap(0) < Ap(2) V0.5 for all x € Te(A; ), y € Ic(A;8) and z € Fe(4;7). Tt
follows that A7(0) > a A0.5 =a, A7(0) > A 0.5 = and Ap(0) <y V0.5 =1,
that is, 0 € Te(A;a), 0 € Ic(A;8) and 0 € Fe(A;v). Now let z,y,a,b,u,v € X
be such that z xy € Te(A;a), y € Te(4;a), axb € Ic(A4;8), b € I(4;5),
uxv € Fe(A;7) and v € Fe(A;y) for o, € (0,0.5] and v € [0.5,1). Then
Ar(zxy) > o, Ar(y) = a, Ar(axbd) = 8, A;(b) = B, Ap(u*xv) < vand Ap(v) < 7.
It follows from (3.7) that

AT(x)>/\{AT(x*y) Ar(y),05} 2 aAN0.5 =q,
Ar(a) > \{A1(axb), Ar(b),0.5} > BAO5 =B,
Ap(u) < \/{AF uxv), Ap(v),05} <yVO05=17y
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and so that x € Tc(4; @), a € Ic(A; ) and u € Fe(A; 7). Hence Te(A4; ), Ic(A4; B)
and Fe(A;~) are ideals of X for all a, 8 € (0,0.5] and v € [0.5,1).

Conversely, let A = (Ar, A7, Ar) be a neutrosophic set in X such that the
nonempty neutrosophic €-subsets Te (A; a), Ic(A; 8) and Fc(A;~) are ideals of X
for all @, 8 € (0,0.5] and v € [0.5,1). If there are z,y,z € X such that Ap(0) <
Ap(z) A 0.5, Ar(0) < Az(y) A 0.5 and Ap(0) > Ap(z) V 0.5, then A7(0) < ay <
Ap(z) AN0.5, Ar(0) < By < Ar(y) A 0.5 and Ap(0) > v, > Ap(z) V 0.5 for some
ag, By € (0,0.5] and v, € [0,0.5). Hence 0 ¢ Te(A;ay), 0 ¢ Ic(A;5,) and 0 ¢
Fc(A;7,), which is a contradiction. Therefore Ar(0) > Ap(x) A 0.5, Ar(0) >
Ar(z) AN0.5 and Ap(0) < Ap(z) vV 0.5 for all z € X. Assume that there exist
x,y,a,b,u,v € X such that Ar(z) < A{Ar(z *y), Ar(y),0.5}, Ar(a) < A{Ar(a*
b), Ar(b),0.5}, and Ap(u) > \/{Ar(u*v), Ap(v),0.5}. Taking

=1 (AT(J:) + /\{AT(x * ZU)7AT(iU),O-5})

implies that o € (0,0.5) and Ar(z) < a < A{Ar(z*y), Ar(y),0.5}. Then x xy €
Te(A;a) and y € Te(4; a), but « ¢ Te(A; «). This is a contradiction. If

B = N\{Ar(axb),Ar(b),0.5},

then 8 € (0,0.5], axb € Ic(A;B) and b € Ic(A;5). But Ar(a) < B implies
a ¢ Ic(A;B), which is a contradiction. Taking v := \/{Ap(u * v), Ap(v),0.5}
induces v € [0.5,1), uxv € Fe(4;7v) and v € Fe(A;). Since Ap(u) > v, we
have u ¢ Fec(A;7), a contradiction. Therefore Ar(x) > A{Ar(z *y), Ar(y),0.5},
Ar(z) = N{Ar(x xy), Ar(y),0.5} and Ap(z) < \/{Ar(z xy), Ar(y),0.5} for all
z,y € X. It follows from Theorem 3.3 that A = (Ar, A;, Ar) is an (€, € Vq)-
neutrosophic ideal of X. O

We note that every (€, €)-neutrosophic ideal is an (€, € V ¢)-neutrosophic ideal.
But an (€, € V g)-neutrosophic ideal may not be an (€, €)-neutrosophic ideal as
seen in the following example.

EXAMPLE 3.6. Let X = {0,a,b,c,d} be a BCK-algebra with the binary oper-

Wy ”

ation “x” which is given in Table 1. Let A = (Ar, A7, Ar) be a neutrosophic set

TABLE 1. Tabular representation of the binary operation x

QO T O *
QU O o OO
QL T O O
QU O O 2 O
QUL O O OO0
S0 O Ol

in X defined by Table 2. Then
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TABLE 2. Tabular representation of the binary operation *

X Ar(x) Aj(x) Ap(x)
0 0.6 0.5 0.45
a 0.4 0.3 0.95
b 0.3 0.7 0.65
c 0.4 0.3 0.95
d 0.1 0.2 0.75
{0} if o € (0.4,0.5],
v ) {0,a,¢}  ifae(0.3,04],
Te(A;a) = {0,a,b,¢} if a €(0.1,0.3],
X if o € (0,0.1],
(0,0} if 8 € (0.3,0.5],
I(A;8) = {0,a,b,c} if B €(0.2,0.3],
X if 5 € (0,0.2],
X if v € (0.9,1),
{0,b,d} if v € [0.7,0.9),

) — [
Fe(A;7) = {0,6}  ify€[0.6,0.7),
{0} if v € [0.5,0.6),

which are ideals of X for all o, 8 € (0,0.5] and y € [0.5,1). Hence A = (Ar, As, Ar)
is an (€, €V g)-neutrosophic ideal of X by Theorem 3.5. But it is not an (€, €)-
neutrosophic ideal of X since b € I (A4;0.6) but 0 € I(A4;0.6).

We provide conditions for an (€, € V ¢)-neutrosophic ideal to be an (g, €)-
neutrosophic ideal.

THEOREM 3.7. Let A = (A, A;, Ap) be an (€, € V q)-neutrosophic ideal of
X such that Ap(z) < 0.5, Ar(z) < 0.5 and Ap(z) > 0.5 for all x € X. Then
A= (Ar, A, Ap) is an (€, €)-neutrosophic ideal of X.

PROOF. Let z,y,2 € X, a, 3 € (0,1] and ~y € [0,1) be such that x € Te(4; ),
y € Ic(A;5) and z € Fe(A;v). Then Ap(x) > o, Ar(y) =  and Ap(z) <, which
imply from (3.6) that

Ar(0) > Ap(z) A 05 = Ar(z) > a,
Ar(0) = Ar(y) N0.5 = Af(y) = B,
AF( )gAF(Z)\/O5:AF( )<’7

It follows that 0 € Te(A; ), 0 € Ic(A; 8) and 0 € Fc(A; ). For any z,y,a,b,u,v €
X, let ay, a9, B1,82 € (0,1] and 71,72 € [0,1) be such that z xy € Te( o),
ye TE(A;CVQ)v a*b € IE(A;Bl)a be IE(A;ﬂZ)a uU*v € FE(A7’YI) and v € FE(Aa'y2)'
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Then Ap(zxy) > aq, Ar(y) = ag, Ar(axb) > i, Ar(b) = B2, Ap(u*v) < and
Ap(v) < 2. Using (3.7), we have

Ar(z) = N{Ar(z x ), Ar(y), 0.5} = Ar(z xy) A Ar(y) > a1 Aas,
A[(a) 2 /\{A[(a * b),A](b),05} = A](a * b) A A[(b) 2 61 A\ 52,
Ap(u) < \/{Ar(uxv), Ap(v),0.5} = Ap(u*v) V Ap(b) < 71 V 2.

Hence z € Te(A;01 A az), a € Tc(A; 81 A B2) and u € Fe(A;v V 72). Therefore
A= (Ar, A, Ap) is an (€, €)-neutrosophic ideal of X. O

We consider a relation between an (€ V ¢, €V g)-neutrosophic ideal and an (€,
€V q)-neutrosophic ideal.

THEOREM 3.8. Every (€V q, €V q)-neutrosophic ideal is an (€, €V q)-neutro-
sophic ideal.

PrOOF. Let A = (Ar, Ar, Ar) be an (€ Vg, € V q)-neutrosophic ideal of X.
Let z,y,z € X, o, 8 € (0,1] and « € [0,1) be such that x € Te(4; ), y € Ic(4;5)
and z € Fe(A;7y). Then ¢ € Ta ¢(A;a), y € Ievq(A;5) and z € Feyq(4;57). Tt
follows from (3.4) that 0 € Te, 4(A;a), 0 € Ia, 4(A;B) and 0 € Fey4(4;7). For
any x,y,a,b,u,v € X, let ay,as, 1,82 € (0,1] and 41,72 € [0,1) be such that
vy € Te(Ajan), y € Te(Aja2), axb € Ie(A;81), b € Ie(A; B2), uxv € Fe(A;m)
and v € Fe(A4;72). Then zxy € Tey4(A;01), Yy € Tey g(Asa2), axb € Ioy 4(A; 51),
beloq(A;fB2), uxv € Fayq(A;71) and v € Fey 4(A;72). It follows from (3.5) that
x € Teyg(A;a), a € Iey4(A; ) and u € Feay4(A;y). Therefore A = (Ap, A1, Ar)
is an (€, €V ¢)-neutrosophic ideal of X. O

The converse of Theorem 3.8 is not true in general as seen in the following
example.

EXAMPLE 3.9. Let X = {0,a,b,c,d} be a BCK-algebra with the binary oper-

Wy ”

ation “x” which is given in Table 3.

TABLE 3. Tabular representation of the binary operation *

QO T O *
Q0o T OO
QL O O
>0 O Ol
QO OO0
SO0 O Ol

Let A= (Ap, Ar, Ar) be a neutrosophic set in X defined by Table 4.
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TABLE 4. Tabular representation of the binary operation *

X Ar(z) Aj(z) Ap(z)

0 0.7 0.6 0.4

a 0.3 0.7 0.3

b 0.2 0.2 0.8

c 0.3 0.7 0.3

d 0.2 0.2 0.8

Then

{0} if a € (0.3,0.5],
Te(4;0) =< {0,a,c} if @€ (0.2,0.3],

X if o € (0,0.2],

o {0,a,¢} if B€(0.2,0.5],
IE(A’B)_{ X if 3 € (0,0.2],

L[ X if v € [0.8,1),
Fe(A;y) = { {0,a,¢} if vy €[0.5,0.8),

which are ideals of X for all o, 8 € (0,0.5] and v € [0.5,1). Hence A = (Ar, A1, AF)
is an (€, € Vg)-neutrosophic ideal of X by Theorem 3.5. Note that b xa €
Tcyq(A;0.82),a € Iay q(A;0.7) and b ¢ Io, 4(A;0.82A0.7). Hence A = (Ap, A7, Ap)
is not an (€V g, €V g)-neutrosophic ideal of X.

THEOREM 3.10. For a neutrosophic set A = (A, Ar, Ar) in X, if the nonempty
neutrosophic € V q-subsets Tey ¢(A; @), Iey q(A; B) and Fey 4(A;7y) are ideals of X
for all a, 8 € (0,0.5] and v € [0.5,1), then A = (Ar, A;, Ar) is an (€, € Vq)-
neutrosophic ideal of X.

PrROOF. Let A = (Ar,A;, Ar) be a neutrosophic set in X such that the
nonempty neutrosophic € V g-subsets Te, q(A4; @), Ieyq(A;5) and Fey4(A4;7) are
ideals of X for all o, 5 € (0,0.5] and v € [0.5,1). Assume that Ap(0) < Ap(z) A
0.5 := ag, A7(0) < Ar(y) A0.5 := By and Ap(0) > Ap(z) V 0.5 := ~, for some
z,y,z € X. Then oy, By € (0,0.5], v, € [0.5,1), z € Te(A;0z) C Teyq(4; ),
y € Ic(A;By) C levg(AsBy), 2 € Fe(A;v:) C Feavg(A;7:), 0 ¢ Te(A; ),
0¢ Ic(A;By) and 0 ¢ Fe(A;,). Also, since

Ap(0) + oy < 20, < 1, 1., 0 ¢ Ty(A; ay),
Ap(0) + 72 > 27, =2 1, ie., 0 ¢ Fy(4;72),

we have 0 ¢ Teyq(A;0q), 0 ¢ Ia q(A;By) and 0 ¢ Fayq(A;7.). This is a con-
tradiction, and so (3.6) is valid. Assume that there exist z,y,a,b,u,v € X such
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that
Ap(z) < /\{AT(JU xy), Ar(y),0.5} = «,
Ar(a) < \{A1(axb), Ar(b),0.5} := B,
AF() \/{AFU*’U) AF )05} =.
Then avﬂ € (0705]a v e [0571)7 T ¢ TG(A;OZ), a ¢ IE(AvB)v u ¢ FG(A;’Y)v and
xxy € Te(A;a) CTeyq(A;0), y € Te(A;0) C Teyg(4; ),
(3.9) axb e le(A;B) C levq(A;B), b€ Ie(A; B) © Tevq(4; B),
uxv € Fe(A;7) C Fevg(4;7), v € Fe(4;7) C Fevg(4;7).
Since Tey ¢(A; @), Iay4(A; B) and Fey 4(A;7) are ideals of X for all a, 8 € (0,0.5]
and vy € [0.5,1), (3.9) implies that z € Te(A;a) C Tevq(4;0), a € Ic(4;8) C
Ioyq(A; ) and u € Fe(A;y) C Fey g(A;7y). On the other hand, Ar(z) + o < 2a <
1, Aj(a)+ B <28 <1land Ap(u) +~v > 2y > 1, that is, z ¢ Ty(4; ), a & I,(4;B)
and u ¢ Fy(A;v). Hence x ¢ Teyq(A50), a ¢ Ioyq(A;8) and u ¢ Foyq(4;7),

which is a contradiction. Thus (3.7) is valid. Using Theorem 3.3, we know that
A= (Ar,Ar, AF) is an (€, €V g)-neutrosophic ideal of X. O

We provide conditions for a neutrosophic set to be a (g, € V ¢)-neutrosophic
ideal.

THEOREM 3.11. For a subset J of X, let A= (Ar, A1, Ar) be a neutrosophic
set in X such that

(3.10) (Vz € X) (A7 (0) > Ar(z), A1(0) > Ar(z), Ap(0) < Ap(z)),
(3.11) (Vx e J) (Ar(z) 2 0.5, A;(z) 2 0.5, Ap(z) < 0.5),

(3.12) Vee XN J)(Ar(z) =0,A;(x) =0,Ap(x) =1).

If J is an ideal of X, then A = (Ar, Ar, Ar) is a (q, € V q)-neutrosophic ideal of
X.

PROOF. Assume that J is an ideal of X. Let z,y,2z € X, o, € (0,1] and
v € [0,1) be such that « € T,(4;a), y € I;(A4; B) and z € Fy(A;~). Then

(3.13) Ap(z) +a>1, Ar(y) + 8 >1and Ap(z) +v < L.
Combining (3.10) and (3.13), we have

Ar(0)+a > Ar(z) +a > 1,

A1(0) + 8> Ar(y) + 8> 1,

Ar(0)+7v < Ap(2) +7 <1,

that is, 0 € T, (A;a) C Tey o(A; ), 0 € I,(A;8) C Iey4(A; ) and 0 € Fy(A;7) C
FE\/q(A v). For any z,y,a,b,u,v € X, let a1, aa, 51,52 € (0,1] and ~1,7v2 € [0,
be such that z xy € To(A;a1), y € Ty(A;00), axb € I,(A;81), b € I,(A; B2
uxv € Fy(A;m) and v € Fy(A;v2). Then Ap(z*y) +aq > 1, Ar(y) + s >
A[(a*b)—‘rﬂl > 1, A[(b)—l-ﬁg > 1, AF(U*U)—l-’}/l < 1 and AF( )—l—’}/g < 1.

)

1
)
1

If
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xxy ¢ Joryé J (resp.,, axbé¢ Jorbé¢J), then Ap(zxy) =0or Ap(y) =0
(resp., Ar(axb) = 0 or Ar(b) = 0). It follows that Ar(z xy) + a1 = a3 < 1 or
AT(y)+C¥2 = Q9 g 1 (I‘GSp.7 A](a*b)—Fﬂl = ﬂl g 1or AI(b)"—/BQ = ,@2 g 1) This is
a contradiction, and so xxy € J and y € J (resp., axb € Jand b e J). Ifuxv ¢ J
orv ¢ J, then Ap(uxv) =1o0r Ap(v) = 1. Hence Ap(u*xv)+y =14+~ >1or
Ap(v) + 92 = 14 v > 1, a contradiction. Thus u*v € J and v € J. Since J is
an ideal of X, we get x € J, a € J and u € J. Thus Ar(x) > 0.5, Ar(a) > 0.5 and
Ap(u) € 0.5. If ag < 0.5 or ag < 0.5 (resp., f1 < 0.5 or B3 < 0.5), then Ap(z) >
0.5 > a1 A ag (resp., Ar(a) = 0.5 = B1 A B2), that is, © € Te(A4; a1 A ag) (resp.,
a € Ic(A;81 A B2)). If ag > 0.5 and g > 0.5 (resp., f1 > 0.5 and B2 > 0.5), then
Ap(z)+ (a1 Aag) > 0.5+0.5 =1 (resp., Ar(a)+ (81 AB2) > 0.5+0.5 = 1), that is,
x € Ty(A;0n ANag) (resp., a € I,(A; B1AB2)). Therefore x € Tey 4(A; a1 Aaz) (resp.,
a € Iayq(A; 81 A B2)). Also, if 1 > 0.5 or 72 > 0.5, then Ap(u) < 0.5 < 11 Ve
and so v € Fe(A;m1 Vy2) € Fayq(A;71 Vye). If 1 < 0.5 and v2 < 0.5, then
Ap(u) + (71 Vy2) < 0.5+ 0.5 =1 and thus u € Fy(A;71 Vy2) C Feoyq(A;71 V 72).
Consequently A = (A1, A, Ar) is a (g, €V ¢)-neutrosophic ideal of X. O

The following example illustrates Theorem 3.11.

ExAMPLE 3.12. Consider a BCI-algebra X = {0,1,2,a,b} with the binary

Wy ”

operation “x” which is given in Table 5.

TABLE 5. Tabular representation of the binary operation *

SR N~ O ¥
SR N OO
L NN O
N O Ol
— O Q Q|2
oo Q ¢

Let A= (Ar, As, Ar) be a neutrosophic set in X defined by Table 6.

TABLE 6. Tabular representation of A = (Ar, A7, Ap)

0 0.7 0.8 0.2
1 0.0 0.0 1.0
2 0.5 0.7 0.4
a 0.6 0.6 0.3
b 0.0 0.0 1.0

Then J = {0,2,a} is an ideal of X, and so A = (A1, A;, Ar) is a (¢, € Vq)-
neutrosophic ideal of X.
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THEOREM 3.13. Every (g, €V q)-neutrosophic ideal is an (€, €V q)-neutrosophic
ideal.

PRrROOF. Let A = (A, A, Ar) be a (g, € V ¢)-neutrosophic ideal of X. For
any z,y,z € X, let ag, B, € (0,1] and v, € [0,1) be such that z € Te(4; ),
y € Ic(A;B8y) and z € Fc(A;7,). Then Ap(x) > oy, Ar(y) = By and Ap(2) < 7,.
Suppose 0 ¢ Ty ¢(A;az), 0 ¢ Iey4(A; By) and 0 & Fe, ¢(A;7.). Then

(3.14) A7r(0) < ag, A1(0) < By, Ar(0) > 7.,
(3.15) Ar(0) + ap <1, A7(0) + B, <1, Ap(0) + 7 > 1.
It follows that

(3.16) Ar(0) < 0.5, A7(0) < 0.5, Ar(0) > 0.5.

Combining (3.14) and (3.16), we have
A7(0) < ag A05, A7(0) < B, A0.5, Ap(0) > 7. V0.5,
and so
1—A7r(0) >1—=(az AN0.5) = (1 —ay) V05> (1—Ap(z)) V0.5,
1—A7(0)>1— (8, A0.5) = (1—B,)V0.5> (1— As(x)) V0.5
1—Ap(0) <1—(72V0.5)=(1—7:)A05< (1 —Ap(x)) A0.5.
Hence there exist a, 8 € (0,1] and v € [0,1) such that
1—-A7r(0) > a>(1— Ar(z)) V0.5,
(3.17) 1—A7(0) >8> (1—As(x)) V0.5,
1-Ar(0)<y<(1—Ap(x))VO0.5.
The right inequalities in (3.17) induces
Ap(x)+a>1, Af(x)+8>1, Ap(z) +v < 1,

that is, x € T,(4;0), y € I4(A4;B) and z € Fy(A;v). Since A = (Ap, A1, Ap) is
a (g, € V ¢)-neutrosophic ideal of X, we have 0 € T, 4(4; @), 0 € Ia, 4(A;8) and
0 € Fevq(A4;7y). But the left inequalities in (3.17) implies that

Ar(0)+a<land A7(0) <1 —-—a<05<q,

A;(0)+8<1land A;(0) <1-8<05<p,

Ap(0)+y>1and Ap(0) 2 1—~v> 05>,
that is, 0 ¢ Tevq(4;0), 0 ¢ I 4(A;B) and 0 ¢ Fey4(A;y). This is a contra-
diction, and so 0 € Teyq(4;0s), 0 € Teyq(A;By) and 0 € Fg q(A;7.). For
any z,y,a,b,u,v € X, let ay, a9, 51,02 € 0,1] and 71,72 6 [0,1) be such that
xxy € Te(A4; ozl) y € TE(A ag), axb € Ic(A;B1), b€ Ic(A;Ba), uxv € Fe(A;v)
and v € Fe(A;72). Then Ap(z*xy) > a1, Ar(y) = aq, AI(a*b) > [y, Ar(b) = o,
Ap(uxv) <y and Ap(v) < 2. Suppose ¢ Tey (A a1 Aaz), a & Iy 4(A; 1A B2)
and u ¢ Feyq(A;71 V 72). Then

(3.18) AT(.’I?) < a; N\ ag, A[(a) < B1 A Ba, AF(’LL) > v Va2,

<
<



NEUTROSOPHIC IDEALS IN BCK/BCI-ALGEBRAS

(319) Ar(x)+(an ANag) <1, Ar(a)+ (B1AB2) <1, Ap(u)+ (71 Vy2) = 1.
It follows that
(3.20) Ar(z) < 0.5, Ar(a) <05, Ap(u) > 0.5.
Combining (3.18) and (3.20), we have

Ar(x) < \{aw, 02,05}, Ar(a) < A\{B1, 82,05}, Ap(u) > \/{71,72,0.5},
and thus

1—Ap(x)>1- /\{oq,ag,()b} = \/{1 —a1,1 — ay,0.5}
> \/{1 - Ar(z xy),1 - Ar(y),0.5},

1—- AI(G’) >1- /\{Bla/82a0'5} = \/{1 - ﬁlv 1- ﬁ2705}
> \/{1 - Ar(axb),1- A[(b),0.5},

1-Ap(u) <1=\/{r1,72,05} = A{1 = 71,1 = ,0.5}
< A1 - Ap(u*v),1— Ap(v),0.5}.
Therefore there exist o, 8 € (0,1] and 7 € [0, 1) such that
1—Ap(x) 2 a > \/{1 - Ap(z xy),1 - Az(y),0.5},
(3.21) 1—Ar(a) >8> \/{1 - Ar(axb),1— A1(b),0.5},
1-Ap(u) <7< \{1—Ap(uxv),1- Ap(v),0.5}.
It follows that
Ap(z+xy)+a>1and Ar(y) +a > 1,ie, 2 xy € Ty(A;a) and y € T4(4; ),
Ar(axb)+ 6 >1and A;(b) + 5> 1,1e,axbe I,(A;5) and b € I,(A; F),
Ap(usv)+v<land Ap(v)+v <1, ie,uxve F(A;7) and v € Fy(4;7),
Ar(z)+a<land Ap(z) <1 —a<a,ie, z ¢ T/ ¢(4; ),
Ar(a)+ 8 <land Ar(a) <1 -8 < B, ie, a ¢ Iaq(4;0),

<
Ap(u)+v>1land Ap(u) 21—~ >, le., u ¢ Feyq(4;7).

It is a contradiction because A = (A, Ar, Ar) is a (¢, €V g)-neutrosophic ideal

X. Therefore x € Ty ¢(A; 1 A ), a € Iey4(A; 81 A B2) and u € Fey o(A;71 V 72).

Consequently, A = (Ar, A;, Ar) is an (€, €V g)-neutrosophic ideal of X.

COROLLARY 3.14. For an ideal J of X, let A = (Ar, A1, Ar) be a neutrosophic

set in X satisfying conditions (3.10), (3.11) and (3.12). Then A = (Ap, A1, Ar)
an (€, €V q)-neutrosophic ideal of X.

ProOOF. It follows from Theorems 3.11 and 3.13.

15
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Conclusions

We have introduced the notion of (®, ¥)-neutrosophic ideal of a BCK/BCI-
algebra X for &, ¥ € {€,q,€ Vq}, and have investigated related properties. We
have considered characterizations of an (€, € V ¢)-neutrosophic ideal. We have pro-
vided conditions for an (€, € V ¢)-neutrosophic ideal to be an (€, €)-neutrosophic
ideal. We have considered conditions for a neutrosophic set to be a (g, € Vq)-
neutrosophic ideal and an (€, €V ¢)-neutrosophic ideal. We have shown that every
(€ Vg, € Vg)-neutrosophic ideal is an (€, € V g)-neutrosophic ideal, and every
(¢, € V q)-neutrosophic ideal is an (€, € V g)-neutrosophic ideal. We display the
relations among (€, €)-neutrosophic ideal, (€, € V ¢)-neutrosophic ideal, (g, €V q)-
neutrosophic ideal and (€V g, €V g)-neutrosophic ideal by the following diagram.

‘ (€, €)-neutrosophic ideal ‘ ‘ (¢, €V q)-neutrosophic ideal ‘

NN S

‘ €, €V g)-neutrosophic 1deal‘

SN

‘ (€ V g, €V q)-neutrosophic ideal ‘
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