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EXISTENCE CRITERIA OF POSITIVE SOLUTION

FOR A SYSTEM OF RIENANN - LIOUVILLE TYPE

p-LAPLACIAN PRACTIONAL

ORDER BOUNDARY VALUE PROBLEMS

Boddu Muralee Bala Krushna

Abstract. This paper is concerned with determining the eigenvalue intervals
of λ1 and λ2 for which there exist positive solutions to a coupled system of
Riemann–Liouville type p-Laplacian fractional order boundary value problems
by utilizing a fixed point theorem on a cone under suitable conditions.

1. Introduction

The main aim of this paper is to study the existence of eigenvalue intervals
of λ1, λ2 for which there exist positive solutions to the coupled system of
p-Laplacian fractional order boundary value problems

(1.1) Dβ1

0+

(
ϕp

(
Dα1

0+y1(t)
))

= λ1f
(
t, y1(t), y2(t)

)
, t ∈ (0, 1),

(1.2) Dβ2

0+

(
ϕp

(
Dα2

0+y2(t)
))

= λ2g
(
t, y1(t), y2(t)

)
, t ∈ (0, 1),

(1.3)


y1(0) = y′1(0) = Dq1

0+y1(0) = 0,

ζy1(1) + ϑDq2
0+y1(1) = 0,

ϕp

(
Dα1

0+y1(0)
)
= ϕp

(
Dα1

0+y1(1)
)
= 0,
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(1.4)


y2(0) = y′2(0) = Dq1

0+y2(0) = 0,

ζy2(1) + ϑDq2
0+y2(1) = 0,

ϕp

(
Dα2

0+y2(0)
)
= ϕp

(
Dα2

0+y2(1)
)
= 0,

where

λ1, λ2 > 0, ϕp(s) = |s|p−2s, p > 1, ϕ−1
p = ϕq,

1
p + 1

q = 1, ζ, ϑ

are positive real numbers, αi ∈ (3, 4], q2 ∈ (2, 3], 1 < q1, βi 6 2 and Dαi

0+ , D
βi

0+ , D
qi
0+ ,

for i = 1, 2 are the standard Riemann–Liouville fractional order derivatives.

The theory of differential equations provides a broad mathematical basis to
understand the problems of modern society which are complex and interdisciplinary
by nature. Fractional order differential equations have attained much importance
due to their applications to almost all areas of science, engineering and technology
[2, 4, 8, 10, 13, 14, 16, 17, 19]. Among all the theories, the most applicable
operator is the classical p-Laplacian, given by ϕp(s) = |s|p−2s, p > 1 [3, 5, 6, 11].
These types of problems have a wide range of applications in physics and related
sciences such as biophysics, plasma physics, and chemical reaction design, we refer
[7, 18].

Recently, Prasad and Krushna [15] established the existence of at least three
positive solutions for a coupled system of p-Laplacian fractional order two-point
boundary value problems,

Dβ1

0+(ϕp(D
α1

0+u(t))) = f1(t, u(t), v(t)), t ∈ (0, 1),

Dβ2

0+(ϕp(D
α2

0+v(t))) = f2(t, u(t), v(t)), t ∈ (0, 1),

u(0) = Dq1
0+u(0) = 0, γu(1) + δDq2

0+u(1) = 0, Dα1

0+u(0) = Dα1

0+u(1) = 0,

v(0) = Dq1
0+v(0) = 0, γv(1) + δDq2

0+v(1) = 0, Dα2

0+v(0) = Dα2

0+v(1) = 0,

where ϕp(s) = |s|p−2s, p > 1, γ, δ are constants, 2 < αi 6 3, 1 < βi, qi 6 2 and

f1, f2 are given functions, by applying five functionals fixed point theorem.

We assume the following conditions hold throughout the paper:

(A1) f, g : [0, 1]× R2 → R+ are continuous,

(A2) each of f0, g0, f
0, g0, f∞, g∞, f

∞, g∞ by

f0 = lim
y1+y2→0+

min
t∈[ 14 ,

3
4 ]

f(t, y1, y2)

ϕp(y1 + y2)
, g0 = lim

y1+y2→0+
min

t∈[ 14 ,
3
4 ]

g(t, y1, y2)

ϕp(y1 + y2)
,

f0 = lim
y1+y2→0+

max
t∈[ 14 ,

3
4 ]

f(t, y1, y2)

ϕp(y1 + y2)
, g0 = lim

y1+y2→0+
max

t∈[ 14 ,
3
4 ]

g(t, y1, y2)

ϕp(y1 + y2)
,

f∞ = lim
y1+y2→∞

min
t∈[ 14 ,

3
4 ]

f(t, y1, y2)

ϕp(y1 + y2)
, g∞ = lim

y1+y2→∞
min

t∈[ 14 ,
3
4 ]

g(t, y1, y2)

ϕp(y1 + y2)
,

f∞ = lim
y1+y2→∞

max
t∈[ 14 ,

3
4 ]

f(t, y1, y2)

ϕp(y1 + y2)
, g∞ = lim

y1+y2→∞
max

t∈[ 14 ,
3
4 ]

g(t, y1, y2)

ϕp(y1 + y2)
,
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exists as positive real number.

The rest of the paper is organized as follows. In Section 2, we compute the
Green functions for the homogeneous boundary value problems corresponding to
(1.1), (1.3) and (1.2), (1.4) and estimate the bounds for these Green functions. In
Section 3, we establish criteria to determine the eigenvalue intervals of λ1, λ2 for
which the p-Laplacian fractional order boundary value problem (1.1)-(1.4) has at
least one positive solution on a cone by utilizing Guo–Krasnosel’skii fixed point
theorem. In Section 4, as an application, we demonstrate our results with an
example.

2. Green Functions and Bounds

In this section, the Green functions for the homogeneous boundary value prob-
lems are constructed and the bounds for the Green functions are estimated, which
are essential to establish the main results.

Let G1(t, s) be the Green’s function for the homogeneous boundary value prob-
lem

(2.1) −Dα1

0+y1(t) = 0, t ∈ (0, 1),

(2.2) y1(0) = 0, y′1(0) = 0, Dq1
0+y1(0) = 0, ζy1(1) + ϑDq2

0+y1(1) = 0.

Lemma 2.1. Let

∆1 = ϑΓ(α1) + ζΓ(α1 − q2) ̸= 0.

If h1(t) ∈ C[0, 1], then the fractional order differential equation

(2.3) Dα1

0+y1(t) + h1(t) = 0, t ∈ (0, 1),

satisfying (2.2) has a unique solution,

y1(t) =

∫ 1

0

G1(t, s)h1(s)ds,

where

(2.4) G1(t, s) =

{
G11(t, s), 0 6 t 6 s 6 1,

G12(t, s), 0 6 s 6 t 6 1,

G11(t, s) =
1

∆1

[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
[t(1− s)]α1−1,

G12(t, s) =G11(t, s)−
1

∆1

[
ϑ+

ζΓ(α1 − q2)

Γ(α1)

]
(t− s)α1−1.

Proof. Let y1 ∈ C4[0, 1] be the solution of fractional order boundary value
problem given by (2.3) and (2.2). An equivalent integral equation for (2.3) is given
by

y1(t) =
−1

Γ(α1)

∫ t

0

(t− s)α1−1h1(s)ds+ c1t
α1−1 + c2t

α1−2 + c3t
α1−3 + c4t

α1−4.
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Using the boundary conditions (2.2), one can determine c4 = c3 = c2 = 0 and

c1 =
1

∆1

∫ 1

0

[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
(1− s)α1−1h1(s)ds.

Hence, the unique solution of the fractional order boundary value problem given
by (2.3) and (2.2) is

y1(t)

=

∫ t

0

{
1

∆1

[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
[t(1− s)]α1−1 − (t− s)α1−1

Γ(α1)

}
h1(s)ds

+

∫ 1

t

1

∆1

[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
[t(1− s)]

α1−1
h1(s)ds

=

∫ 1

0

G1(t, s)h1(s)ds,

�

Lemma 2.2. Let g1(t) ∈ C[0, 1]. Then the fractional order differential equations

(2.5) Dβ1

0+

(
ϕp

(
Dα1

0+y1(t)
))

= g1(t), t ∈ (0, 1),

satisfying

(2.6) ϕp

(
Dα1

0+y1(0)
)
= ϕp

(
Dα1

0+y1(1)
)
= 0,

has a unique solution,

y1(t) =

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)g1(τ)dτ
)
ds,

where

(2.7) H1(t, s) =


[t(1− s)]β1−1

Γ(β1)
, 0 6 t 6 s 6 1,

[t(1− s)]β1−1 − (t− s)β1−1

Γ(β1)
, 0 6 s 6 t 6 1.

Proof. An equivalent integral equation for (2.5) is given by

ϕp

(
Dα1

0+y1(t)
)
=

1

Γ(β1)

∫ t

0

(t− τ)β1−1g1(τ)dτ + k1t
β1−1 + k2t

β1−2.

Applying (2.6), one can get k2 = 0 and k1 =
−1

Γ(β1)

∫ 1

0

(1− τ)β1−1g1(τ)dτ. Then,

ϕp

(
Dα1

0+y1(t)
)
=

∫ t

0

(t− τ)β1−1

Γ(β1)
g1(τ)dτ −

∫ 1

0

[t(1− τ)]β1−1

Γ(β1)
g1(τ)dτ

= −
∫ 1

0

H1(t, τ)g1(τ)dτ.
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Hence, y1(t) =

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)g1(τ)dτ
)
ds is the solution of

fractional order boundary value problem given by (2.5) and (1.3). �

Lemma 2.3. Assume that ϑ(q2 − 1)− ζΓ(α1 − q2)

Γ(α1)
> 0. Then the Green’s func-

tion G1(t, s) given in (2.4) is nonnegative, for all (t, s) ∈ [0, 1]× [0, 1].

Proof. Consider the Green’s function G1(t, s) given by (2.4). Let 0 6 t 6
s 6 1. Then, we have

G11(t, s) =
1

∆1

[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
[t(1− s)]α1−1 > 0.

Let 0 6 s 6 t 6 1. Then, we have

G12(t, s)

=
[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

] [t− ts]α1−1

∆1
−
[
ϑ+

ζΓ(α1 − q2)

Γ(α1)

] (t− s)α1−1

∆1

>
[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

] [t− ts]α1−1

∆1
−
[
ϑ+

ζΓ(α1 − q2)

Γ(α1)

] (t− ts)α1−1

∆1

> ϑ

∆1

[
(1− s)−q2 − 1

]
[t− ts]

α1−1 > 0.

�

Lemma 2.4. Assume that ϑ(q2 − 1)− ζΓ(α1 − q2)

Γ(α1)
> 0. Then the Green’s

function G1(t, s) given in (2.4) satisfies the inequality

G1(t, s) 6 G1(1, s), for all (t, s) ∈ [0, 1]× [0, 1].

Proof. Consider the Green’s function G1(t, s) given by (2.4).
Let 0 6 t 6 s 6 1. Then, we have

∂G11(t, s)

∂t
=

1

∆1

[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
(1− s)α1−1(α1 − 1)tα1−2 > 0.

Therefore, G11(t, s) is increasing in t, which implies G11(t, s) 6 G11(1, s).
Let 0 6 s 6 t 6 1. Then, we have

∂G12(t, s)

∂t
=
[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

] (α1 − 1)[t− ts]α1−2(1− s)

∆1

−
[
ϑ+

ζΓ(α1 − q2)

Γ(α1)

] (α1 − 1)(t− s)α1−2

∆1

> (α1 − 1)(t− ts)α1−2

∆1

[
ϑ
(
(1− s)−(q2−1) − 1

)
− ζΓ(α1 − q2)

Γ(α1)
s
]

=
(α1 − 1)(t− ts)α1−2

∆1

[(
ϑ(q2 − 1)− ζΓ(α1 − q2)

Γ(α1)

)
s+O(s2)

]
>0.
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Therefore, G12(t, s) is increasing in t, which implies G12(t, s) 6 G12(1, s). �

Lemma 2.5. Assume that ϑ(q2 − 1)− ζΓ(α1 − q2)

Γ(α1)
> 0. Then the Green’s func-

tion G1(t, s) given in (2.4) satisfies the inequality

G1(t, s) >
(1
4

)α1−1

G1(1, s), for all (t, s) ∈ I × [0, 1],

where I =
[
1
4 ,

3
4

]
.

Proof. Consider the Green’s function G1(t, s) given by (2.4).
Let 0 6 t 6 s 6 1 and t ∈ I. Then

G11(t, s) =
[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
[t(1− s)]

α1−1

=tα1−1
[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
(1− s)α1−1

>
(1
4

)α1−1

G11(1, s).

Let 0 6 s 6 t 6 1 and t ∈ I. Then

G12(t, s)

=
[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2

]
[t(1− s)]α1−1 −

[
ϑ+

ζΓ(α1 − q2)

Γ(α1)

]
(t− s)α1−1

>tα1−1
[ζΓ(α1 − q2)

Γ(α1)
+ ϑ(1− s)−q2 −

(
ϑ+

ζΓ(α1 − q2)

Γ(α1)

)]
(1− s)α1−1

>
(1
4

)α1−1

G12(1, s).

�

Lemma 2.6. [?] For t, s ∈ [0, 1], the Green’s function H1(t, s) satisfies the
following inequalities

(i) H1(t, s) > 0,

(ii) H1(t, s) 6 H1(s, s).

Lemma 2.7. Let ξ ∈ ( 14 ,
3
4 ). Then the Green’s function H1(t, s) holds the

inequality

(2.8) min
t∈I

H1(t, s) > ψ∗
1(s)H1(s, s), for 0 < s < 1,

where

(2.9) ψ∗
1(s) =


[ 34 (1− s)]β1−1 − ( 34 − s)β1−1

[s(1− s)]β1−1
, s ∈ (0, ξ],

1

(4s)β1−1
, s ∈ [ξ, 1).
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Proof. We define

h1(t, s) =
[t(1− s)]β1−1 − (t− s)β1−1

Γ(β1)
, h2(t, s) =

[t(1− s)]β1−1

Γ(β1)
and

H1(s, s) =
1

Γ(β1)
[s(1− s)]β1−1.

Then

min
t∈I

H1(t, s) =


h1(

3
4 , s), s ∈ (0, 14 ],

min
{
h1(

3
4 , s), h2(

1
4 , s)

}
, s ∈ [ 14 ,

3
4 ],

h2(
1
4 , s), s ∈ [ 34 , 1),

=

{
h1(

3
4 , s), s ∈ (0, ξ],

h2(
1
4 , s), s ∈ [ξ, 1),

>


[ 34 (1− s)]β1−1 − ( 34 − s)β1−1

[s(1− s)]β1−1
H1(s, s), s ∈ (0, ξ],

1

(4s)β1−1
H1(s, s), s ∈ [ξ, 1),

=ψ∗
1(s)H1(s, s).

�
In a similar way, we construct the Green’s functionG2(t, s) for the homogeneous

fractional order boundary value problem

(2.10) −Dα2

0+y2(t) = 0, t ∈ (0, 1),

(2.11) y2(0) = y′2(0) = Dq1
0+y2(0) = 0, ζy2(1) + ϑDq2

0+y2(1) = 0.

Lemma 2.8. Let ∆2 = ϑΓ(α2) + ζΓ(α2 − q2) ̸= 0. If h2(t) ∈ C[0, 1], then the
fractional order differential equation

(2.12) Dα2

0+y2(t) + h2(t) = 0, t ∈ (0, 1),

satisfying (2.11) has a unique solution,

y2(t) =

∫ 1

0

G2(t, s)h2(s)ds,

where

(2.13) G2(t, s) =

{
G21(t, s), 0 6 t 6 s 6 1,

G22(t, s), 0 6 s 6 t 6 1,

G21(t, s) =
1

∆2

[ζΓ(α2 − q2)

Γ(α2)
+ ϑ(1− s)−q2

]
[t(1− s)]α2−1,

G22(t, s) =G21(t, s)−
1

∆2

[
ϑ+

ζΓ(α2 − q2)

Γ(α2)

]
(t− s)α2−1.
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Proof. Proof is similar to Lemma 2.1. �

Lemma 2.9. Let g2(t) ∈ C[0, 1]. Then the fractional order differential equation

(2.14) Dβ2

0+

(
ϕp

(
Dα2

0+y2(t)
))

= g2(t), t ∈ (0, 1),

satisfying

(2.15) ϕp

(
Dα2

0+y2(0)
)
= ϕp

(
Dα2

0+y2(1)
)
= 0,

has a unique solution,

y2(t) =

∫ 1

0

G2(t, s)ϕq

(∫ 1

0

H2(s, τ)g2(τ)dτ
)
ds,

where

(2.16) H2(t, s) =


[t(1− s)]β2−1

Γ(β2)
, 0 6 t 6 s 6 1,

[t(1− s)]
β2−1 − (t− s)β2−1

Γ(β2)
, 0 6 s 6 t 6 1.

Proof. Proof is similar to Lemma 2.2. �

Lemma 2.10. Assume that ϑ(q2 − 1)− ζΓ(α2 − q2)

Γ(α2)
> 0. Then the Green’s

function G2(t, s) given in (2.13) is nonnegative, for all (t, s) ∈ [0, 1]× [0, 1].

Proof. Proof is similar to Lemma 2.3. �

Lemma 2.11. Assume that ϑ(q2 − 1)− ζΓ(α2 − q2)

Γ(α2)
> 0. Then the Green’s

function G2(t, s) given in (2.13) satisfies the inequality

G2(t, s) 6 G2(1, s), for all (t, s) ∈ [0, 1]× [0, 1].

Proof. Proof is similar to Lemma 2.4. �

Lemma 2.12. Assume that ϑ(q2 − 1)− ζΓ(α2 − q2)

Γ(α2)
> 0. Then the Green’s

function G2(t, s) given in (2.13) satisfies the inequality

G2(t, s) >
(1
4

)α2−1

G2(1, s), for all (t, s) ∈ I × [0, 1],

where I =
[
1
4 ,

3
4

]
.

Proof. Proof is similar to Lemma 2.5. �

Lemma 2.13. [?] For t, s ∈ [0, 1], the Green’s function H2(t, s) satisfies the
following inequalities

(i) H2(t, s) > 0,

(ii) H2(t, s) 6 H2(s, s).
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Lemma 2.14. Let ξ ∈ ( 14 ,
3
4 ). Then the Green’s function H2(t, s) holds the

inequality

(2.17) min
t∈I

H2(t, s) > ψ∗
2(s)H2(s, s), for 0 < s < 1,

where

(2.18) ψ∗
2(s) =


[
3
4 (1− s)

]β2−1 − ( 34 − s)β2−1

[s(1− s)]
β2−1

, s ∈ (0, ξ],

1

(4s)β2−1
, s ∈ [ξ, 1).

Proof. Proof is similar to Lemma 2.7. �

3. Existence of Positive Solutions

In this section, we establish criteria to determine the eigenvalue intervals of
λ1, λ2 for which the p-Laplacian fractional order boundary value problem (1.1)-
(1.4) has at least one positive solution on a cone by utilizing Guo–Krasnosel’skii
fixed point theorem.

Theorem 3.1. [9, 12] Let X be a Banach Space, P ⊆ X be a cone and suppose
that Ω1,Ω2 are open subsets of X with 0 ∈ Ω1 and Ω1 ⊂ Ω2. Suppose further that
T : P ∩ (Ω2\Ω1) → P is completely continuous operator such that either

(i) ∥ Tu ∥6∥ u ∥, u ∈ P ∩ ∂Ω1 and ∥ Tu ∥>∥ u ∥, u ∈ P ∩ ∂Ω2, or

(ii) ∥ Tu ∥>∥ u ∥, u ∈ P ∩ ∂Ω1 and ∥ Tu ∥6∥ u ∥, u ∈ P ∩ ∂Ω2 holds.

Then T has a fixed point in P ∩ (Ω2\Ω1).

Consider the Banach space B = E×E, where E = {y1 : y1 ∈ C[0, 1]} equipped
with the norm ∥(y1, y2)∥ = ∥y1∥0 + ∥y2∥0, for (y1, y2) ∈ B and the norm is defined
as

∥y1∥0 = max
t∈[0,1]

|y1(t)|.

Define a cone P ⊂ B by

P =
{
(y1, y2) ∈ B | y1(t) > 0, y2(t) > 0, t ∈ [0, 1] and

min
t∈I

[y1(t) + y2(t)] > η∥(y1, y2)∥
}
,

where

(3.1) η = min

{(1
4

)α1−1

,
(1
4

)α2−1
}
.

Let T1, T2 : P → E and T : P → B be the operators defined by

T1(y1, y2)(t) =λ1

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1(τ), y2(τ))dτ
)
ds,

T2(y1, y2)(t) =λ2

∫ 1

0

G2(t, s)ϕq

(∫ 1

0

H2(s, τ)g(τ, y1(τ), y2(τ))dτ
)
ds,



130 B.M.B. KRUSHNA

and

(3.2) T (y1, y2)(t) =
(
T1(y1, y2)(t), T2(y1, y2)(t)

)
, for (y1, y2) ∈ B.

Lemma 3.1. The operator T defined by (3.2) is a self map on P .

Proof. Let (y1, y2) ∈ P . Clearly, T1(y1, y2)(t) > 0 and T2(y1, y2)(t) > 0, for
t ∈ [0, 1]. Also, for (y1, y2) ∈ P ,

∥T1(y1, y2)∥0 6λ1
∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1(τ), y2(τ))dτ
)
ds,

∥T2(y1, y2)∥0 6λ2
∫ 1

0

G2(1, s)ϕq

(∫ 1

0

H2(s, τ)g(τ, y1(τ), y2(τ))dτ
)
ds,

and

min
t∈I

T1(y1, y2)(t) = min
t∈I

λ1

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1(τ), y2(τ))dτ
)
ds

> ηλ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1(τ), y2(τ))dτ
)
ds

> η∥T1(y1, y2)∥0.
Similarly, min

t∈I
T2(y1, y2)(t) > η∥T2(y1, y2)∥0. Therefore,

min
t∈I

{
T1(y1, y2)(t) + T2(y1, y2)(t)

}
> η∥T1(y1, y2)∥0 + η∥T2(y1, y2)∥0

= η∥(T1(y1, y2), T2(y1, y2))∥
= η∥T (y1, y2)∥.

Hence, T (y1, y2) ∈ P and so T : P → P . Standard arguments involving the
Arzela–Ascoli theorem shows that T is completely continuous. �

Let

Λ1 = max

{
1

2
[ ∫

s∈I
η2G1(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
ds
]
(f∞)q−1

,

1

2
[ ∫

s∈I
η2G2(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H2(τ, τ)dτ
)
ds
]
(g∞)q−1

}
and

Λ2 = min

{
1

2
[ ∫ 1

0
G1(1, s)ϕq

( ∫ 1

0
H1(τ, τ)dτ

)
ds
]
(f0)q−1

,

1

2
[ ∫ 1

0
G2(1, s)ϕq

( ∫ 1

0
H2(τ, τ)dτ

)
ds
]
(g0)q−1

}
,

where

(3.3) ψ∗(τ) = min
{
ψ∗
1(τ), ψ

∗
2(τ)

}
.
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Theorem 3.2. Assume that the conditions (A1)-(A2) are satisfied. Then, for
each λi, for i = 1, 2 satisfying

(3.4) λ1, λ2 ∈ (Λ1,Λ2),

there exists at least one positive solution to the coupled system of p-Laplacian frac-
tional order boundary value problem (1.1)-(1.4) that lies in P.

Proof. Let λ1, λ2 be given as in (3.4). Now, let ϵ > 0 be chosen such that

max

{
1

2
[ ∫

s∈I
η2G1(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
ds
]
(f∞ − ϵ)q−1

,

1

2
[ ∫

s∈I
η2G2(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H2(τ, τ)dτ
)
ds
]
(g∞ − ϵ)q−1

}
6 λ1, λ2

and

λ1, λ2 6 min

{
1

2
[ ∫ 1

0
G1(1, s)ϕq

( ∫ 1

0
H1(τ, τ)dτ

)
ds
]
(f0 + ϵ)q−1

,

1

2
[ ∫ 1

0
G2(1, s)ϕq

( ∫ 1

0
H2(τ, τ)dτ

)
ds
]
(g0 + ϵ)q−1

}
.

Let T be the cone preserving, completely continuous operator defined by (3.2).
Now from the definition of f0, we may choose H1∗ > 0 so that

(3.5) f(t, y1, y2) 6 (f0 + ϵ)ϕp(y1 + y2), for 0 < (y1, y2) 6 H1∗ .

Similarly from the definition of g0, there exists an H1∗∗ > 0 such that

(3.6) g(t, y1, y2) 6 (g0 + ϵ)ϕp(y1 + y2), for 0 < (y1, y2) 6 H1∗∗ .

In particular, then by putting H1 = min{H1∗ ,H1∗∗}. We find both (3.5) and (3.6)
hold for 0 < (y1, y2) 6 H1. So, define Ω1 by

(3.7) Ω1 =
{
(y1, y2) ∈ B : ∥(y1, y2)∥ < H1

}
.

Then for (y1, y2) ∈ P ∩ ∂Ω1, we have

∥T1(y1, y2)(t)∥ = λ1

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1(τ), y2(τ))dτ
)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1, y2)dτ
)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)(f
0 + ϵ)ϕp(y1 + y2)dτ

)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)dτ
)
(f0 + ϵ)q−1∥(y1, y2)∥ds

6 1

2
∥(y1, y2)∥.
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Therefore,

(3.8) ∥T1(y1, y2)(t)∥ 6 1

2
∥(y1, y2)∥, for t ∈ [0, 1].

Similarly,

(3.9) ∥T2(y1, y2)(t)∥ 6 1

2
∥(y1, y2)∥, for t ∈ [0, 1].

For (y1, y2) ∈ P ∩ ∂Ω1, we have

∥T (y1, y2)(t)∥ = ∥(T1(y1, y2)(t), T2(y1, y2)(t))∥

6 1

2
∥(y1, y2)∥+

1

2
∥(y1, y2)∥

= ∥(y1, y2)∥.
Hence,

(3.10) ∥T (y1, y2)∥ 6 ∥(y1, y2)∥, for (y1, y2) ∈ P ∩ ∂Ω1.

By the definition of f∞ and g∞ there exists H
2
> 0 such that

(3.11) f(t, y1, y2) > (f∞ − ϵ)ϕp(y1 + y2), for 0 < (y1, y2) > H
2
,

(3.12) g(t, y1, y2) > (g∞ − ϵ)ϕp(y1 + y2), for 0 < (y1, y2) > H
2
.

If we set H2 = max
{
2H1,

H
2

η

}
and define

(3.13) Ω2 =
{
(y1, y2) ∈ B : ∥(y1, y2)∥ < H2

}
.

If (y1, y2) ∈ P ∩ ∂Ω2 then it follows that ∥(y1, y2)∥ = H2, we have

(3.14) min
t∈I

[y1(t) + y2(t)] > η∥(y1, y2)∥ > H
2
,

and so

T1(y1, y2)(t)

=λ1

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1(τ), y2(τ))dτ
)
ds

>λ1
∫
s∈I

ηG1(1, s)ϕq

(∫
τ∈I

ψ∗(τ)H1(τ, τ)(f∞ − ϵ)ϕp(y1 + y2)dτ
)
ds

>λ1
∫
s∈I

ηG1(1, s)ϕq

(∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
(f∞ − ϵ)q−1(y1 + y2)ds

>λ1
∫
s∈I

η2G1(1, s)ϕq

(∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
(f∞ − ϵ)q−1∥(y1, y2)∥ds

>1

2
∥(y1, y2)∥.

Thus,

(3.15) ∥T1(y1, y2)∥ > 1

2
∥(y1, y2)∥, for (y1, y2) ∈ P ∩ ∂Ω2.
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Similarly,

(3.16) ∥T2(y1, y2)∥ > 1

2
∥(y1, y2)∥, for (y1, y2) ∈ P ∩ ∂Ω2.

Thus, (3.15)-(3.16) imply that

∥T (y1, y2)(t)∥ = ∥(T1(y1, y2)(t), T2(y1, y2)(t))∥
= ∥T1(y1, y2)(t)∥+ ∥T2(y1, y2)(t)∥

> 1

2
∥(y1, y2)∥+

1

2
∥(y1, y2)∥

= ∥(y1, y2)∥.

Hence,

(3.17) ∥T (y1, y2)∥ > ∥(y1, y2)∥, for (y1, y2) ∈ P ∩ ∂Ω2.

An application of Theorem 3.1 to (3.10) and (3.17) yields a fixed point (y1, y2) of
T that lies in P ∩ (Ω2\Ω1). This fixed point is the solution of the fractional order
boundary value problem (1.1)-(1.4). �

Let

Λ3 = max

{
1

2
[ ∫

s∈I
η2G1(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
ds
]
(f0)q−1

,

1

2
[ ∫

s∈I
η2G2(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H2(τ, τ)dτ
)
ds
]
(g0)q−1

}

and

Λ4 = min

{
1

2
[ ∫ 1

0
G1(1, s)ϕq

( ∫ 1

0
H1(τ, τ)dτ

)
ds
]
(f∞)q−1

,

1

2
[ ∫ 1

0
G2(1, s)ϕq

( ∫ 1

0
H2(τ, τ)dτ

)
ds
]
(g∞)q−1

}
,

where ψ∗(τ) is given in (3.3).

Theorem 3.3. Assume that the conditions (A1)-(A2) are satisfied. Then, for
each λi, for i = 1, 2 satisfying

(3.18) λ1, λ2 ∈ (Λ3,Λ4),

there exists at least one positive solution to the coupled system of p-Laplacian frac-
tional order boundary value problem (1.1)-(1.4) that lies in P.



134 B.M.B. KRUSHNA

Proof. Let λ1, λ2 be given as in (3.18). Now, let ϵ > 0 be chosen such that

max

{
1

2
[ ∫

s∈I
η2G1(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
ds
]
(f0 − ϵ)q−1

,

1

2
[ ∫

s∈I
η2G2(1, s)ϕq

( ∫
τ∈I

ψ∗(τ)H2(τ, τ)dτ
)
ds
]
(g0 − ϵ)q−1

}
6 λ1, λ2

and

λ1, λ2 6 min

{
1

2
[ ∫ 1

0
G1(1, s)ϕq

( ∫ 1

0
H1(τ, τ)dτ

)
ds
]
(f∞ + ϵ)q−1

,

1

2
[ ∫ 1

0
G2(1, s)ϕq

( ∫ 1

0
H2(τ, τ)dτ

)
ds
]
(g∞ + ϵ)q−1

}
.

Let T be the cone preserving, completely continuous operator defined by (3.2).
Now from the definition of f0, g0 there exist J1∗ > 0, J1∗∗ > 0 such that

(3.19) f(t, y1, y2) > (f0 − ϵ)ϕp(y1 + y2), for 0 < (y1, y2) 6 J1∗,

(3.20) g(t, y1, y2) > (g0 − ϵ)ϕp(y1 + y2), for 0 < (y1, y2) 6 J
1∗∗
.

In particular, then by putting J1 = min
{
J1∗ , J1∗∗

}
. In this case, we define

(3.21) Ω1 =
{
(y1, y2) ∈ B : ∥(y1, y2)∥ < J1

}
.

Then for (y1, y2) ∈ P ∩ ∂Ω1 and t ∈ I, we have

T1(y1, y2)(t)

= λ1

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1, y2)dτ
)
ds

> λ1

∫
s∈I

ηG1(1, s)ϕq

(∫
τ∈I

ψ∗(τ)H1(τ, τ)(f0 − ϵ)ϕp(y1 + y2)dτ
)
ds

> λ1

∫
s∈I

ηG1(1, s)ϕq

(∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
(f0 − ϵ)q−1η∥(y1, y2)∥ds

> λ1η
2

∫
s∈I

G1(1, s)ϕq

(∫
τ∈I

ψ∗(τ)H1(τ, τ)dτ
)
ds(f0 − ϵ)q−1∥(y1, y2)∥

> 1

2
∥(y1, y2)∥.

Therefore,

(3.22) ∥T1(y1, y2)(t)∥ > 1

2
∥(y1, y2)∥, for t ∈ [0, 1].

Similarly,

(3.23) ∥T2(y1, y2)(t)∥ > 1

2
∥(y1, y2)∥, for t ∈ [0, 1].
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And so
∥T (y1, y2)(t)∥ = ∥(T1(y1, y2)(t), T2(y1, y2)(t))∥

= ∥T1(y1, y2)(t)∥+ ∥T2(y1, y2)(t)∥

> 1

2
∥(y1, y2)∥+

1

2
∥(y1, y2)∥

= ∥(y1, y2)∥.
Hence,

(3.24) ∥T (y1, y2)∥ > ∥(y1, y2)∥, for (y1, y2) ∈ P ∩ ∂Ω1.

By the definition of f∞, g∞ there exists J
2
> 0 such that

(3.25) f(t, y1, y2) 6 (f∞ + ϵ)ϕp(y1 + y2), for (y1, y2) > J
2
,

(3.26) g(t, y1, y2) 6 (g∞ + ϵ)ϕp(y1 + y2), for (y1, y2) > J
2
.

There are two subcases.

Case(i) : Suppose L > 0 is such that max
t∈[0,1]

f(t, y1, y2) 6 L, max
t∈[0,1]

g(t, y1, y2) 6 L,

for all 0 < (y1, y2) <∞.
Let

J2 = max

{
2J1,2Lq−1λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)dτ
)
ds,

2Lq−1λ2

∫ 1

0

G2(1, s)ϕq

(∫ 1

0

H2(τ, τ)dτ
)
ds

}
,

and

Ω2 =
{
(y1, y2) ∈ B : ∥(y1, y2)∥ < J2

}
.

Then for (y1, y2) ∈ P ∩ ∂Ω2 with ∥(y1, y2)∥ = J2, we have

T1(y1, y2)(t) = λ1

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1, y2)dτ
)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(s, τ)Ldτ
)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)dτ
)
Lq−1ds

6 λ1L
q−1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)dτ
)
ds

6 1

2
J2 =

1

2
∥(y1, y2)∥.

Therefore,

(3.27) ∥T1(y1, y2)(t)∥ 6 1

2
∥(y1, y2)∥, for t ∈ [0, 1].
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Similarly,

(3.28) ∥T2(y1, y2)(t)∥ 6 1

2
∥(y1, y2)∥, for t ∈ [0, 1].

Thus by putting (3.27)-(3.28) together we find that for (y1, y2) ∈ P ∩ ∂Ω2,

∥T (y1, y2)(t)∥ = ∥(T1(y1, y2)(t), T2(y1, y2)(t))∥
= ∥T1(y1, y2)(t)∥+ ∥T2(y1, y2)(t)∥

6 1

2
∥(y1, y2)∥+

1

2
∥(y1, y2)∥

= ∥(y1, y2)∥.

Hence,

(3.29) ∥T (y1, y2)∥ 6 ∥(y1, y2)∥, for (y1, y2) ∈ P ∩ ∂Ω2.

Case(ii) : Let J2 > max
{
2J1, J

2
}

be such that f(t, y1, y2) 6 f(t, J2, J2),

g(t, y1, y2) 6 g(t, J2, J2) and

Ω2 =
{
(y1, y2) ∈ B : ∥(y1, y2)∥ < J2

}
.

Choosing (y1, y2) ∈ P ∩ ∂Ω2 with ∥(y1, y2)∥ = J2, we have

T1(y1, y2)(t) = λ1

∫ 1

0

G1(t, s)ϕq

(∫ 1

0

H1(s, τ)f(τ, y1, y2)dτ
)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)f(τ, J
2, J2)dτ

)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)(f
∞ + ϵ)ϕp(J

2)dτ
)
ds

6 λ1

∫ 1

0

G1(1, s)ϕq

(∫ 1

0

H1(τ, τ)dτ
)
(f∞ + ϵ)q−1∥(y1, y2)∥ds

6 1

2
∥(y1, y2)∥.

Therefore,

(3.30) ∥T1(y1, y2)(t)∥ 6 1

2
∥(y1, y2)∥, for t ∈ [0, 1].

Similarly,

(3.31) ∥T2(y1, y2)(t)∥ 6 1

2
∥(y1, y2)∥, for t ∈ [0, 1].

Thus by putting (3.30)-(3.31) together we find that for (y1, y2) ∈ P ∩ ∂Ω2,

∥T (y1, y2)(t)∥ = ∥(T1(y1, y2)(t), T2(y1, y2)(t))∥

6 1

2
∥(y1, y2)∥+

1

2
∥(y1, y2)∥

= ∥(y1, y2)∥.
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And so

(3.32) ∥T (y1, y2)∥ 6 ∥(y1, y2)∥, for (y1, y2) ∈ P ∩ ∂Ω2.

An application of Theorem 3.1 to (3.24), (3.29) and (3.32) yields a fixed point
(y1, y2) of T that lies in P∩(Ω2\Ω1). This fixed point is the solution of the fractional
order boundary value problem (1.1)-(1.4). �

4. Example

In this section, as an application, the result is demonstrated with an example.

Consider a coupled system of p-Laplacian fractional order boundary value prob-
lem,

(4.1) D1.8
0+

(
ϕp

(
D3.7

0+ y1(t)
))

= λ1f(t, y1, y2), t ∈ (0, 1),

(4.2) D1.7
0+

(
ϕp

(
D3.6

0+ y2(t)
))

= λ2g(t, y1, y2), t ∈ (0, 1),

(4.3)


y1(0) = y′1(0) = D1.5

0+ y1(0) = 0,

6y1(1) + 8D2.6
0+ y1(1) = 0,

ϕp

(
D3,7

0+ y1(0)
)
= ϕp

(
D3.7

0+ y1(1)
)
= 0,

(4.4)


y2(0) = y′2(0) = D1.5

0+ y2(0) = 0,

6y2(1) + 8D2.6
0+ y2(1) = 0,

ϕp

(
D3.6

0+ y2(0)
)
= ϕp

(
D3.6

0+ y2(1)
)
= 0,

where

f(t, y1, y2) =(y1 + y2)
(
6370000− 6369960e−3(y1+y2)

)
,

g(t, y1, y2) =(y1 + y2)
(
4560000− 4559980e−2(y1+y2)

)
.

Then the Green’s function G1(t, s) for the homogeneous boundary value problem,

−D3.7
0+ y1(t) = 0, t ∈ (0, 1),

y1(0) = y′1(0) = D1.5
0+ y1(0) = 0, 6y1(1) + 8D2.6

0+ y1(1) = 0,

is given by

G1(t, s) =


1

39.07

[
6Γ(1.1)
Γ(3.7) + 8(1− s)−2.6

]
[t(1− s)]2.7, t 6 s,

1
39.07

[
6Γ(1.1)
Γ(3.7) + 8(1− s)−2.6

]
[t(1− s)]2.7 − (t−s)2.7

Γ(3.7) , s 6 t,

and the Green’s function G2(t, s) for the homogeneous boundary value problem,

−D3.6
0+ y2(t) = 0, t ∈ (0, 1),

y2(0) = y′2(0) = D1.5
0+ y2(0) = 0, 6y2(1) + 8D2.6

0+ y2(1) = 0,
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is given by

G2(t, s) =


1

35.74

[
6

Γ(3.6) + 8(1− s)−2.6
]
[t(1− s)]2.6, t 6 s,

1
35.74

[
6

Γ(3.6) + 8(1− s)−2.6
]
[t(1− s)]2.6 − (t−s)2.6

Γ(3.6) , s 6 t.

Also the Green’s function H1(t, s) for the boundary value problem,

D1.8
0+

(
ϕp

(
D3.7

0+ y1(t)
))

= 0, t ∈ (0, 1),

ϕp

(
D3.7

0+ y1(0)
)
= ϕp

(
D3.7

0+ y1(1)
)
= 0,

is given by

H1(t, s) =

{
[t(1−s)]0.8

Γ(1.8) , t 6 s,
[t(1−s)]0.8−(t−s)0.8

Γ(1.7) , s 6 t,

and the Green’s function H2(t, s) for the boundary value problem,

D1.7
0+

(
ϕp

(
D3.6

0+ y2(t)
))

= 0, t ∈ (0, 1),

ϕp

(
D3.6

0+ y2(0)
)
= ϕp

(
D3.6

0+ y2(1)
)
= 0,

is given by

H2(t, s) =

{
[t(1−s)]0.7

Γ(1.7) , t 6 s,
[t(1−s)]0.7−(t−s)0.7

Γ(1.7) , s 6 t.

Clearly, the Green functions Gi(t, s) and Hi(t, s), for i = 1, 2 are positive, Let
p = 2. By direct calculations, one can determine η = 0.0237, f0 = 40, g0 = 20,
f∞ = 6370000, g∞ = 4560000. Applying Theorem 3.3, we get an eigenvalue in-
terval 0.0000087214 < λ1, λ2 < 0.8901146789, for which the p-Laplacian fractional
order boundary value problem (4.1)-(4.4) has at least one positive solution.
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