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A NEW SUZUKI TYPE
COMMON COUPLED FIXED POINT RESULT
FOR FOUR MAPS IN S,-METRIC SPACES

K. P. R. Rao, E. Taraka Ramudu, and G. N. V. Kishore

ABSTRACT. In this paper we prove a Suzuki type unique common coupled fixed
point theorem for two pairs of w-compatible mappings in Sp-metric spaces. We
also furnish an example to support our main result.

1. Introduction
In the year 2008, Suzuki [11] generalized the Banach contraction principle [2].

THEOREM 1.1 ([11]). Let (X,d) be a complete metric space and let T be a
mapping on X. Define a non-increasing function 0 : [0,1) — (%7 1] by

1 if 0<r< 5
ory={ (L=m)r™2 gy D < oh,
71 1

1+7) if 278 <r<l.

Assume that there exists r € [0,1) such that
0(r)d(z,Tx) < d(z,y) = d(Tz,Ty) < rd(z,y)
for all x,y € X. Then there exists a unique fixed point z of T. Moreover

ImT"z = 2
n

forallx € X.
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Bhaskar and Lakshmikantham [4] introduced the notion of coupled fixed point
and proved some coupled fixed point results .

Recently, Sedghi et al. [8] defined Sp-metric spaces using the concept of S-
metric spaces [9].

The aim of this paper is to prove Suzuki type unique common coupled fixed
point theorem for four mappings satisfying generalized contractive condition in
Sp-metric spaces. Throughout this paper R, RT and A denote the set of all real
numbers, non-negative real numbers and positive integers respectively.

First we recall some definitions, lemmas and examples.

DEFINITION 1.1. ([9]) Let X be a non-empty set. A S-metric on X is a function
S : X3 = R* that satisfies the following conditions for each z,v, z,a € X,
(S1): 0 < S(x,y,z2) for all x,y,z € X with x # y # z,
(52): S(z,y,2) =0 c=y=2z2,
(S3): S(z,y,2) < S(x,z,a)+ S(y,y,a) + S(z, z,a) for all z,y,z,a € X.
Then the pair (X, S) is called a S-metric space.
DEFINITION 1.2. ([8]) Let X be a non-empty set and b > 1 be given real

number. Suppose that a mapping S, : X? — RT be a function satisfying the
following properties :

(Spl) 0 < Sp(z,y,2) for all z,y,z € X with z # y # z,

(Sp2) Sp(z,y,2)=0x=y=2,

(Sp3) Sp(z,y,z) < b(Sp(z,x,a) + Sp(y,y,a) + Sp(z,2,a)) for all z,y,z,a € X.
Then the function S is called a Sp-metric on X and the pair (X,Sp) is called a
Sp-metric space.

REMARK 1.1. ([8]) It should be noted that, the class of Sp-metric spaces is
effectively larger than that of S-metric spaces. Indeed each S-metric space is a
Sp-metric space with b = 1.

Following example shows that a Sp-metric on X need not be a S-metric on X.
ExaMmPLE 1.1. ([8]) Let (X,S) be a S-metric space, and
S*(x, Y, Z) = S(QC, Y, Z)p

, where p > 1 is a real number. Note that S, is a Sy-metric with b = 22(°=1)_ Also,
(X, S,) is not necessarily a S-metric space.

DEFINITION 1.3. ([8]) Let (X, Sp) be a Sp-metric space. Then, for z € X and
r > 0, we define the open ball Bg, (z,r) and closed ball Bg, [z, r] with center z and
radius 7 as follows respectively:

Bg, (z,r) ={ye X :S(y,y,z) <r},

Bg,[x,r] ={ye€ X :Su(y,y,z) <r}.
LEMMA 1.1 ([8]). In a Sp-metric space, we have
Sp(x,z,y) < b Sp(y,y,x)
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and
Sb(yay7x) < b Sb(l‘,l’,y)
LEMMA 1.2 ([8]). In a Sy-metric space, we have
Sb(x7x7 Z) < 2b Sb(m,%y) + b2 Sb(ya y,Z)
DEFINITION 1.4 ([8]). If (X, Sp) be a Sp-metric space. A sequence {z,} in X
is said to be:
(1) Sp-Cauchy sequence if, for each € > 0, there exists ng € N such that
St (T, Ty Tn) < € for each m,n = ng.

(2) Sp-convergent to a point z € X if, for each € > 0, there exists a positive
integer ng such that Sy(x,, Ty, x) < € or Sp(x,,x,x,) < € for all n > ng

and we denote by lim x, = x.
n—oo

DEFINITION 1.5. ([8]) A Sp-metric space (X,S;) is called complete if every
Sp-Cauchy sequence is Sp-convergent in X.

LemMA 1.3 ([8)). If (X, Sy) be a Sp-metric space with b > 1 and suppose that
{zn} is a Sp-convergent to x, then we have
(i) 35 So(y,,2) < lm infSy(y,y,2n) < lim supSy(y,y, zn) < 2b Sy(y,y, )
and
(i) b%Sb(:E,x,y) < nlirgoinfsb(xnax7l7y) < nlgr;osupsb(xmxmy) < V2Sy(x,z,y)
forally e X.

In particular, if © =y, then we have lim Sy(xy,xn,y) = 0.
n—o0

DEFINITION 1.6. ([4]) Let X be a non-empty set. An element (z,y) € X x X
is called a coupled fixed point of a mapping F : X x X — X if x = F(z,y) and
y=Fly =)

DEFINITION 1.7. ([5]) Let X be a non-empty set. An element (z,y) € X x X
is called

(i) a coupled coincident point of mappings F': X x X — X and f: X — X
if fx =F(z,y) and fy = F(y,z).
(#4) a common coupled fixed point of mappings F : X x X — X and f: X —
Xifzx=foe=F(z,y) and y = fy = F(y,x).
Now we give our main result.

2. Main Result

Let ® denote the class of all functions ¢ : Rt — R* such that ¢ is non-
decreasing, continuous, @(t) < 44 for all ¢ > 0 and ¢(0) = 0.

THEOREM 2.1. Let (X, Sy) be a Sy-metric space. Suppose that A, B : X x X —
X and P,Q : X — X be satisfying

(2.1.1) A(X x X) C Q(X), B(X x X) C P(X),
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1.2) {A, P} and {B,Q} are w-compatible pairs,
(2.1.3) One of P(X) or Q(X) is Sy-complete subspace of X,

e
L min o\ B U, v), @) max Sy(Px, Pz, Qu),
(2.1.4) g Sy (Aly. 7). Aly, 2). Py). S { Sy(Py, Py, Qu) }

Sp(B(v,u), B(v u), Q)

implies that

2b5 Sb(A(l', y), A(ZL’, y)a B(ua ’U))

Sb(an va QU), Sb(Pyv Pyv Qv)v
Sv(A(z,y), A(z,y), Pz), Sp(Aly, z), Ay, x), Py),
Sp(B(u,v), B(u,v), Qu), Sp(B(v, u), B(v,u), Qv),

Sy(A(z,y),A(z,y),Qu) Sp(B(u,v),B(u,v), PI)
145y (Pz,Pz,Qu)
Sp(A(y,7),A(y,»),Qv) Sp(B(v,u),B(v,u),Py)
1+ Sy (Py,Py,Qv)

< ¢ | max

for all x,y,u,v € X, ¢ € &. Then A, B, P and @ have a unique common coupled
fixed point in X x X.

PROOF. Let zg,y0 € X. From (2.1.1), we can construct the sequences {x,},
{yn}, {zn} and {w,} such that

A(Zon, Yo2n) = QTani1 = 22n,
A(Y2n, T2n) = QY2nt1 = Wan,
B(zan+1,Y2n+1) = PTani2 = 22011,
B(yon+1, Tan+1) = Pyonto = wapy1, n=0,1,2,---

Case (i). Suppose zo; = zom+1 and wWay, = Womt1 for some m. Assume that
29m+41 F Z2am42 OF Wami1 7 Wamt2. Since

Sp(A(T2m2, Yam+2), A(T2m+2, Yamt2), Pram2),

1S(B(z2m+1, Y2m+1)s B(T2m+1, Yam+1)s QT2m+41),
b(A(Yamr2, Tam2), A(Y2mt2, Tamt2), PY2ms2),

b(B(Y2m+1, T2m+1)s B(Y2m+1, T2mt1), QY2m+1)

# min

n n

< max { Sp(Pramiz: Promiz, QTom+1), So(PYzmtzs Pyam+2, Qyams1) }-

From (2.1.4), we have
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Sp(22m+25 22m+2, 22m+1)

< 2b°Sp(A(T2m+2, Yom+2), A(Tom+2, Yam+2), B(Tam41, Y2m+1))

St (Z2m+15 22m+15 22m )5 Sb(W2m4-1; W21, Wam )
Sh (22m+2 y 22m4-25 22m+1 ) . Sh (w2m+27 W2m+2, Wam+1 ) ,

< ¢ | max Sp(Z2m+15 Z2m+15 Z2m)» Sp(Wam41, Wam41, Wam),

Sv(zam+2,22m42,22m+1) Sb(Z2m+41,22m+1,22m)
1+Sy (z2m+1,22m+1,22m) ’
Sb(Wa2m+2,W2m+2,W2m+1) Sp(Wam 41, W2mt1,Wam)
14+Sp (W2m 41, W2m+1,Wam)

= ¢ (max { Sp(22m+2, 22m+2, Z2m+1);, So(Wamt2, Wamt2, Wam41) }) -

Similarly, we can prove

S (22m+25 22m+2, Z2m+1),

Sb(Wam-+2, Wam-+2, Wam+1) < ¢ | max Sp(Wam+42, Wom+2, Wam+1)

Thus

Sb(22m+25 Z2m+2, 22m+1), <[ ma Sp(22m+25 22m+2, Z2m+1),
X
~
Sb(w2m+2a W2m+2, w2m+1) Sb(w2m+27 W2m+2, w2m+1)

max

It follows that 229m+2 = Z2m+1 and Wom+2 = W2m+1-
Continuing in this process we can conclude that zo;,1k = 2om and wopmik =
Way, for all k > 0. It follows that {z,} and {w,} are Cauchy sequences.

Case (ii). Assume that za,, # 29,41 and wa, # wap41 for all n. Put

Sn = max {Sb(zn+1; Zn+1, Zn)a Sb(wn+1; Wn+1, wn)} .

Since
Sp(A(Tany2, Y2nt2), A(Tant2, Yoni2), Pronya),
1 . Sp(B(T2n+1, Y2n+1), B(Tant1,Y2nt1), QTant1),
s ming (

b(A(Y2n+2, Tant2), A(Y2nt2, Tant2), PYoni2),
( )s B(Y2n+1, Tant1), Quani1)

»n

b B(y2n+1,$2n+1
<max { Sy(Prony2, Pront2, QTant1), So(Pyant2s Pyanta Quant1) }-

From (2.1.4), we have

Sp(22n42, 22042, Z2n+1)
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< 2058y (A(z2n+42, Yont2)s A(Tant2, Yont2), B(Tont1, Y2nt1))
St(22n41, 220415 22n) 5 Sp(Wan 11, Wany1, Wan),

St(22n+2, Z2n+2; 22n11)s So(Want2, Want2, Want1),
St(22n41, 220415 22n), Sp(Wan 11, Wany1, Wan),
Sp(22n+2,22n42,22n) Sp(22n+1,22n+1,22n41)
1+Sy(z2n+1,22n+1,22n) )
Sp(Wani2,Wont2,Wan) Sp(Wani1,Wont1,Wani1)
145 (W2n4+1,Wan41,W2n )

< ¢ | max

= ¢ [ max
Sp(Wan+41, Wont1, Wan ), Sp(Want2, Wont2, Wont1)

Sb(22n+1, 22n+1, Zzn), Sb(22n+27 22142, 22n+1)7 })
= ¢ (max{ S2n+1, Sgn }) .

Similarly, we can prove that

Sp(Want2, Want2, Want1) < ¢ (max { Sani1, Son })-
Thus
Sap+1 < ¢(max{San, S2nt1}).
If So,41 is maximum then we get contradiction so that Sy, is maximum. Thus

(2.1) Sont1 < 0(S2m)
< Sop.

Similarly we can conclude that Ss,, < So,_1.

It is clear that {S,} is a non-increasing sequence of non-negative real numbers
and must converge to a real number, say r > 0. Suppose r > 0. Letting n — oo, in
(2.1), we have r < ¢(r) < r. It is contradiction. Hence r = 0 Thus

(22) HIL)II;O S(Zn-l—lv Zn-‘rla Z'rL) == O
and
(23) nlingo S(wn-l—lvwn—l-hwn) = 0.

Now we prove that {za,} and {ws,} are Cauchy sequences in (X,Sp). On con-
trary we suppose that {z2,} or {wsz,} is not Cauchy. Then there exist ¢ > 0 and
monotonically increasing sequence of natural numbers {2my, } and {2n;} such that
Ng > My.

(24) max{Sb(Zka 9 Z?mk ) Zan )a Sb(wQTnk ) mek ) w2nk)} > €
and

(2.5) maX{Sb(szk y 22mp s Zan_z)» Sb(me;c y Wamy, s w2nk—2)} < €.
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From (2.4) and (2.5), we have

(2.6) € max{Sy(22my s 22my » 221 ) 6 (W2, Wamy, s Wan, )

NN

2b maX{Sb(ngk_ ) Zka ) Zka-i-Q)? Sb(w2mk 9 mek ) mek—‘rQ)}
+bmax{Sy(2ans , 22ns s 22mi+2)s b (Wany , Wan, , Wamy+2)

20 (2b max{Sy(22m » 22my, s 22mu+1)> So (W2, s W2, » W2, +1)})

N

+2b (bmax{Sy(22my+25 22mi+2> 22mp+1) s bWy +2; Womy +25 Wom,+1) })
+b (2b max{Sy(22n,, 22ns » 22nk+1), S6(Wan, s Won, , Wang+1) )

+b (b max{Sy(22my+2, 22ms +25 22n,+1) Sb (W2 +25 Wamy +25 Wang+1) })

N

4b3 ma'X{Sb(ZQ’rnk-‘rlv Zka-i-lv Zka)7 Sb(mek—i,-l) w?mk-‘rlv w?mk)}
+2b% max{ Sy (22m,, +2, 22my+25 22mi+1)> Sb (W 42> Wamy +2, Wamyt1)
+2b3 maX{Sb(Zan-‘rla Z2nk 9 Z2nk )7 Sb(ank-‘rla U}an ) 'U.]an )}

2
+b° max{Sp(22m,+25 22mi+25 220 +1) Sb (W2 +2, Wamy+2, Wan,+1) }-
Now first we claim that

Sp(A(T2my+2+ Y2mp+2)s AZ2m, +2, Y2mu+2)s PT2m,+2),
Sp(B(2ni+15 Y2ni+1), B(T2n,41, Y2ny+1): @20, +1),
So(A(y2mp+2; Tamp+2)s A(Y2my+2, Tamy+2), PY2mi+2),
Sp(B(Y2ny+15 Tany+1), B(Y2n,+1, P20, +1), QY2n,+1)

< max Sb(PIQTTLkJerP$2mk+27Qx2nk+l)a
S ma St (PY2my+2: PY2mi+2, QY2ng+1)

(27) g min

On contrary suppose that

Sp(A(T2my+2: Y2m+2)s A(T2my+2, Yamy+2), PT2m, +2),
1 . Sp(B(®2ny+15 Y2n,+1)s B(Tan,+1, Y2n,+1), QT2n, +1),
ST Y Sy (Aamy 420 T2y 42)s AWy 42, Tamy +2)s PY2m, +2),
Sp(B(Y2ns+15 Tany+1)s B(Y2ni+15 Tany+1)5 QYan,+1)

- max St (PZomy+2, PTomy+2, QTan,+1)
& Sb(Pmek+2»Py2mk+23Qank+l)
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Now from (2.4), we have

€ <

<

N

max{Sy(2am, , 22my s 220 )s Sb(Wam,, s Wom, » Wan, ) }

2bmax{Sp(22m, , 22ms » 22mp+1)5 So(Wam, s Wom, , Wam,+1) }

+bmax{Sy(22n, s 22n, s Z2mp+1)s Ob(Wan, , Wan, , Wom,.+1)}

207 max{Sy(22my 41 22ms +15 Z2my )> Sb (W2 41> Wamy +1, Wy, )+

+b° max{ Sy (22my+15 22mu+15 2201 )> Sb (W2 41, Wam41, Wan, ) }

2h2 max{Sy(22amy+1; 22mu+1s 22mp )s Ob (W2 +1, Wamp+1; Wamy ) t

S (22m+25 22m 42, Z2m+1)

+b2i min St (W +25 Womy +2, Wamy, 1),

8b3 Sp(22n4+15 220, +1, 220y, )5
Sp(Wany,+1, Wan,+1, Wan, )

Letting k — oo, we have € < 0. It is a contradiction. Hence (2.7) holds.
Now from (2.1.4), we have

2b5 Sb (Zka+2

< ¢ | max St (22 +15 220k +15 2205 ) Ob(Wanp 41, Wong+1, Wany ),

Similarly

)y Z2mip+25 Z2mk+1)
Sb(z2mk+1; Z22my+1) Zan)v Sb(w2mk+17 Wom+1, ank)7

Sb(22mp+25 22mp+25 22mp+1) s Sb (W2 +25 Wamy +25 Wamg+1),

S (22my +2:22my,+2,22n, ) So(22n, 41,220, +1,22my +1)
1+Sp(22my, +1,22my, +1:22n),) ’
Sp(Wamy +2,Wamy +2,W2ny ) So(Wan, +1,Wan, +1,W2my +1)
148y (Wam +1,Wam, +1,Wan,,)

5
20° Sy (W2 425 W2y 425 W2y +1)

< ¢ | max

Sp(22mp+15 22me+15 22n5 )> b (W2my 41, Womp+1, Won,, ),
St (Z2mu+25 Z2mp+2> 22mp+1)s Sb(W2mg+2, W2y +25 W +1)5

Sb(Zan+17 Z22n,+1; Z2nk)> Sb(w2nk+17 Wang,+1, U)an),

Sv(22my +2:22my +2:22ny ) Sb(22n, +1:22n, +1,22m, +1)
14+Sp(22mp +1:22mp +1,22n,, ) ’
St (Wamy +2,Wamy +2,W2n, ) So(Wan, +1,W2n, +1,Wam, +1)

Thus

1+Sp (Wamy, +1,W2m, +1,W2n,,)

(2.8) 2% max { Sb(Zka+27 22m+25 Zka+1)7 Sb(w2mk+27 W2y, +2;5 w2mk+1) }

< ¢ | max{ Sp(2nit1s 22n41, 22n,)s So(W2nyt1; Wangt1, Wany.),s

Sb(Zka—i-la 22mp+15 220, )7 Sb(w2mk+l7 Wamy,+1, w2nk)7
(

S (22mu+25 22mp+25 22mp+1) Sb(Wam +25 Wamy +25 W2y +1),

Sb(22my,+2:22my +2,22n, ) Sb(22n, 41,220, +1,22m +1)
14+Sp(22m, +1,22m ), +1,22n;,) ’

Sp(Wamy +2,W2my +2,W2n, ) Sb(Wany, +1,W2n, +1,W2m, +1)
14+Sp (W2m, +1,W2mp +1,W2ny,)
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But

max{S’b(szkH, 22mp+1, Zan)a Sb(w2mk+17 W2m,y, 41, W2n,, )}

< 2bmax{Sy(22my+15 22me+15 22mz )» So(Wormy 415 Wamy +1, Warmy, )
+bomax{Sy(2an,, Z2nk > 22ms ), Ob(Wan,, s Wan, » Wam, ) }
< 2bmax{Sy(22my+1, 22me+15 22my )» Sb(W2mp+15 Wamy+1, Wam,, )
+b2 max{Sy(22m, > 22my. > 220, )s So(Wam,, s Wam,. s Wan,, ) }
< 20 max{ Sy (22my+15 22mp+15 22my ) > So(Wamy +15 Wamy+1, Wamy )
+b? (2b max{Sy(22my, 22my» 22np_»)s Sb(Wka,U}ka,wgnkiz)})
+b2 (b max{Sy(2an,, 22ns» 22nx_2)s Sb(’wgnk,wgnk,wznkiz)})
< 2bmax{Sy(22my+1, 22ms+15 22mz )» So(W2mp 415 Wampy+1, Wamy, )
+2b3%€ + b3 (20 max{ Sy (220, , 22n1.> 22nr—1) Sb (W2n, , Won, , Wan, —1)})
+b% (bmax{Sy(22n,_s, 220,25 22nx—1)> Sb(W2n, -2, Wan, —2, Wan,—1)})
< 2bmax{Sy(22my+1, 22ms+15 22ms ) s So (W2rmp+1, Wormp+1, Wamy, ) }
+2b3%€ + 2b* max{Sy(22ny » 2204 s 2205 —1)s Sb(W2ny , Wany , Wany—1) }

+b° maX{Sb(Zan—h 2204 —1; Zznk—z)a Sb(wQTLlc_l’ W2ny—1, w2nk—2)}'

Letting £ — oo, we have

(2.9) klirgo max{ Sy (22my+1s 22mp+1> 22n1, ) s Sb(Wamy 415 Wamy+1, Wan, )} < 2b%€.

Also

lim Sp(22mp+25 22my+25 22n1, ) Sb(22n,415 22n5+15 22mp+1)
k— 00 1+ Sb(Zka+1aszk+1aank)

(2655 (22mp+25 Z2me+25 22mp+1) + 0Sp(Z2ns, 220k » Z2me+1)]
(2655 (22n,+15 220k +15 220y, ) + 0Sp(Z2ms+15 22mp+15 220 )]

111

k=00 14 Sp(22mp+1, 22me+15 220y, )

3
< hm b Sb(ZQWLk-‘rla ZQ?nk-‘rla ZQTLk) Sb(Zka.-l—la Zka.-Q—la ZQTLk-)
~X
ki—o0 L+ Sp(22my+15 22my+15 22ny,)

.03
< lim 7Sy (22my+15 22mu+15 22n,, )
k— o0

< 20% from(2.9).
Similarly

lim St (Z2mp+25 Z2ma+25 221y, ) So(Wany+1, Wong 41, Wamy+1) < 996¢
< )
k—r00 1+ Sp(Wamp+1, Wamp+1, Wany, )




112 K.P.R.RAO, ETARAKA RAMUDU, AND G.N.V.KISHORE

Letting k — oo in (2.8), we have

(2.10) kli_}n;() max{Sy(Zam,+25 22mu+2> 2205 +1) s Ob(Wormp +25 Wam,+2, Won,+1) }
1
< g5 ¢ (max{2%¢,0,0,0,0,2%, 26°c})
— 6
Now letting n — oo in (2.6), from (2.2),(2.3) and (2.10), we have
€<O0+0+0+b 1 (2b%) < ¢
b 25 :

It is a contradiction.
Hence {22, } and {wsq,} are Sp-Cauchy sequences in (X, Sp). In addition

maX{Sb (22n+1 y 22n+15 22m+1 ), Sh (w2n+1 , W2n+1, Wam+1 )}

<2b max{Sb(anH, 29n41, 2’2”), Sp (w2n+17 W2n+1, w2n)}
+bmax{Sy(22m+1, 22m+1, 22n)s So(Wam+1, Wam+1, Wan) }
< 2bmax{Sy(22n-+1, 22n+1; 22n), b (W2n+1, Wont1, Wan) }
+20% max{ Sy (22m+1, Z2m+1, Z2m), Sp(Wam 1, Wam+1, Wam) }
+b? maX{Sb(z2na 22n;s ZQm)a Sb(w2n7 W2n, w2m)}
Since {z2,} and {ws,} are Cauchy and using (2.2),(2.3), we have {22,141} and
{wan+1} are also Sp-Cauchy sequences in (X,Sp). Thus {z,} and {w,} are Sp-
Cauchy sequences in (X, 5).
Suppose assume that P(X) is a Sp- complete subspace of (X,Sp). Then the

sequences {z,} and {w,} converge to & and £ in P(X). Thus there exist a and b
in P(X) such that

(2.11) lim z, =a=Paand lim w, = = Pb.

n— oo n—oo

Before going to prove common coupled fixed point for the mappings A, B, P and
Q, first we claim that for each n > 1 at least one of the following assertions holds.

. Sp(z z Zom)
1 b\<A2n+1y #2n+1y<2n ), <
8b? mm{ St (Wan+1, Wan+1, Wap,) } < max { Sy(e, @, 220), Sp(B, B wan) }

or

. Sv(22ns 221, 22n—1)
1 b\<2n; “2n; “2n—1); 3.3
8b? ' { Sb(w2n,w2n7w2n—1) } = { Sb( s & <2n 2)’Sb( 5 25 Wan 2) }

On contrary, suppose that

81173min{ Sb(22n+1722n+1722n)7 } > max{ Sb(ayaaan)asb(ﬂ;ﬁ,WZn) }

Sb(w2n+17 Wan+1, w2n)

and

. St(2on, 22n, Zan—1)
1 b\#2n; <2n,y “2n—1),
8 mln{ Sb(w2n7w27uw2n—1) } ~ max{ Sb(a’O"Z%—l)’sb(ﬁ’ﬁ’w%—l) }
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Now consider

St(22n, 22n, Z2n—-1),
Sb(w2n; Wan, w2n71)
205y (22, 2on, @) + b2Sp(a, a, z2n1),
205y (Wan, Wan, B) + b2Sy(B, B, z2n—1)

. Sb(aaaaZQn); . Sb(aaa,z2n—l)a
< 2 2
s mm{ Sp(B, B, wap) } o mln{ Sp(B, B, 22n-1)

min

< min

. Sp(22n+41, Z2n+41, %2n), - Sp(22n, 220, Z2n—1),

< 1p Min + 3p N
Sp(Wan41, Want1, Won) Sp(Wan, Wapn, War—1)

1 Sp(22n, 22n, 22n-1), L Sp(22n, 22n, 22n-1),
< -+ min + = min

b Sp(Wan, Wap, Wap—1) 8b Sp(Wan, Wan, Wap—1)

3 . St(22n, 22n, Z2n-1),
= o7 Imin

8b S (Wan, Wan, Wan—1)

) { St (22ns Z2ms Zon—1), }
< min .

Sp(Wan, Wap, Wap—1)

It is a contradiction. Hence our assertion holds.

Sub case(a).
EE. Sp(22n41, 220415 Z2n), < Sp(a, o, zan),
8b? Sb(w2n+lvw2n+17w2n) = Sb(ﬁvﬁaw%)
holds. Since

Sy(A(a,b), A(a,b), o),

1 Sb(Z2n+1; Z2n+1, Z2n) < max{ Sy(Pa, Pa, zy,), }

Wmln Sb(A(ba a)aA(baa)aﬂ)a Sb(Pba Pb> an)
Sb(w2n+17 Wan+1, w2n)
That is
1 A Sb(A(aa b)7A(aa b)7a)7Sb(ZQn—&-laZZn—Q—laZQn)a
gy Tt Sb(A(b7 a), A(b7 a), ﬂ)v Sb(’LU2n+1, W2n+1, w2n)

Sb(OZ,OZ,ZQn)7
S AN S, (8, B, wen) [

From (2.1.4) and Lemma (1.11), we have
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i Sb(A(a7 b),A(a,b),oc)
< lim inf S,(A(a,b), A(a,b), B(z2n+1, Y2n+1))
n—r oo
< lim inf2 b° Sy(A(a,b), A(a,b), B(T2nt1,Y2nt1))
n—o0

Sp(c, o, 22n), Sb(B, B, wan),
Sp(A(a,b), A(a,b), ), Sp(A(b,a), A(b,a), B),
St (22041, 22n+1, 22n), So(Wan+1, Want1, Wan),
< lim inf ¢ | max

n—00 [ Sb(A(a, b), A(a, b), ZQn)Sb(Zszrl, Z2n+1, Oé) ]
1+Sp (o, @,227,) ’

[ Sb(A(bv a)v A(bv a)7 w2’ﬂ)Sb(w2’ﬂ+17 W2n+1, 5) ]
1+Sy (8,8, wan )

¢(max{ 0,0,S5(A(a,b), A(a,b), a), Se(A(b,a), A(b, a), 5),0,0,0,0 })
gf)(max{ Sp(A(a,b), A(a,b), ), Sp(A(b,a), A(b,a), B) })

Similarly

27).5’17(A(b7 a), A(b,a),B) < ¢ (max{

Thus

1 Sp(A(a,b), A(a,b),a), Sp(A(a,b), A(a,b), a),
%max{ Sh(Abra), A(b.a). 5) }@(maX{ Su(Ab,a), A(b.a), 5 }>

By the definition of ¢, it follows that A(a,b) = a« = Pa and A(b,a) = 8 = Pb.
Since (A4, P) is w-compatible pair, we have A(«, 8) = Pa and A(S,a) = PS. From
the definition of Sp-metric it is clear that

Sb(A(aa 5)7 A(OZ, ﬁ)a POZ), Sb(A(ﬁv a)7 A(Bu 04)7 Pﬂ)
ﬁ min Sb(B(xQn+17 y2n+1)7 B(IE2n+17 y2n+1), Q$2n+1),

Sp(B(Y2n+1, Ton+1)s B(Y2n+1: Tant1), QYan+1)

=0< max{ Sb(PCk,POZ,QiL’Qn+1),Sb(Pﬁ,Pﬂ,Qy2n+1) }
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From (2.1.4) and Lemma (1.11), we have

3 So(Aa, B), Aa, B), a)
< RILH;O sup Sy(A(a, B), Al B), B(z2n+1, Y2n+1))
< lim sup2 b° Sy(A(e, B), A(e, B), B(z2n+1, y2n+41))
Se(A(a, B), A, B), 22n), Sb(A(B, ), A(B, @), wan),

' 0,0, St (22n+1, 22n+1, 22n), So(Want1, Want1, Wan),
< nh_{rgo sup ¢ | max Sp(A(e,8),A(,8),22n) Sb(22n+1,22n+1,4(c, ﬁ))
1+5p (A(e, 8),A(a,B),22n)
Sp(A(B,2),A(B,2) wan) Sp(Want1,W2n+1,A(B, Dt))
1+Sp(A(B,),A(B, ), wan)

Sb(A(O[,,B),A(a,,@),ZQn),Sb(A(B,OZ),A(B,a),UJQn),
< lim sup ¢ | max Sb(Zan+1, Z2n+1, 22n), Sp(W2nt1, Want1, Wan),
n—roo
Sp(22n+1, z2n+1, A, ), Sp(wen+1, want1, A(B, @),

<¢ QbSb(A( ﬂ)? ( )7 )72bSb( (ﬂ» ) (ﬁ?a)7ﬂ)7
= 0,0, bQSb(oz a, A(a, B)), b°Ss(B, B, A(B, ),
< ¢ (20 max { Sy(A(a, B), A(a, B), @), So(A(B, a), A(B, ), B) })-

Similarly

2 SA(Oé,ﬂ ,A(O[,ﬁ ,Oé),
A, A(5,).0) < 6 <2b max{ SH(A(8. ), A(5. 0], 6) }>

Thus

By the definition of ¢, it follows that A(a,8) = o = Pa and A(B,a) = 8 = Pp.
Therefore (a, 8) is a common coupled fixed point of A and P.

Since A(X x X) C Q(X) there exist z and y in X such that A(a, 8) = a = Qx
and A(8,«) = 8 = Qy. Since we have that

1 min Sb(A(a’ﬁ)vA(aaﬂ)’Pa)aSb(A(ﬂva)aA(ﬂ’a)vpﬁ)
8v° Sb(B(l'vy)v B(x,y), QQ?), Sb(B(yvx)v B(ya .Z’), Qy)

_ Sb(POé,PO[,QI),
=0s ma"{ Sy(PB, PB.Qy) }

From (2.1.4) we have
2 b5 Sb(A(Oé, 6)7 A(a, 6)7 B(LL', y))
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Sb(Pa Pa Qx)a b(PBaPﬂvQy)

Su(A(a, 8), A(a, 8), Pa), Sy(A(B,0), A(B,), PB),
<o | maxd SHBle.v). B y),Qr), 5(Bly, 2). Bly,),Qy)

Sp(A(,8),A(,8),Qx) Se(B(z,y),B(z,y), Pa)
14+ S, (Po,Pa,Qx)

S (A(B,a),A(B,2),Qu) S (B(y,2),B(y,x),PB)
1+S5(PB,PB,Qy)

= gb (max{ 0,0,0,0, Sb(B(:z:,y),B(x,y),a),Sb(B(y,:L'),B(y,:c),ﬂ),(),o })
< ¢ébm?xl{ Sb(a,a,B(xay))a Sb(ﬂaﬁaB(yax)) }) .
imilarly

2 b55b(ﬁ757B(y7x)) < ¢ (bmax{ Sb(a,Oé,B(x,y)),Sb(ﬁ,ﬂ,B(y,x)) }) .

Thus

5 max S (OZ,OZ,B( ))7 max Sb(Oé,Oé,B(I,y)),

20 & { Sb(ﬂ,ﬁaB( )) }<¢<b & { Sb( ,B,B(y,(ﬂ)) })
It follows that B(x,y) = « = Qz and B(y,z) = 8 = Qy.
Since (B, Q) is w-compatible pair, we have B(«, 8) = Qa, and B(S,a,) = QP.

Since we have that

e min ] A A 0).P0) S4B, ), (5,0

. Sb(B(ar. ), B(a, ), Qa), Sy(B(8, @), B(8, ), QB)

b(Pa Pa Qa),
Sy(PB, PB,QB) |

From (2.1.4) we have
20° Sb(A(avﬁ)vA(a7ﬂ),B(aaﬁ))
Sb(POé,PCY,Qa),Sb(Pﬁ,PB,QB),
Sy(A(e, B), A, B), Pa), Sy(A(B, @), A(B, a), PB),
< (,ZS max Sb(B(a B) ( B) QO[) ( (/Ba )7 (55 )7Q6)7

Sy (A(a,8),A(,8),Qa) Sy (B(a,B),B(.B), Pa)
145y (Pa,Po,Qao)

Sy (A(B,2),A(8,2),QB)Su(B(8,2),B(8,2), Pﬁ)
1+8(PB,PB,QB)

s Sy, @, B(a, B)), S(B, B, B(B, ),
‘¢< {&x< ), Bla, )a»S(( waa>>}>
< ¢ (bmax { Sp(a, o, B(ay, )) b(3,8,B(B,2)) }).

Similarly
2°Sy(8, 8, B(B, @) < ¢ (bmax { Sy(a, e, B(a, 8)), Sy(8. 8. B(B. ) }).

Thus
Sb(a’a’B(a’ﬂ))7 ( 7 ) ( ﬁ))?
mecd G50 e <o (tmecd SGEBG W) 1)
It follows that B(«, 8) = a = Qo and B(S,a) = 8 = QB. Thus («, ) is a common
coupled fixed point of A, B, P and Q.
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To prove uniqueness let us take (!, 31) as another common coupled fixed point
of A, B, P and Q. Since it is clear that

Sy(A(a, B), Ala, B), Pa),
Lmin Sb(A(ﬂaa)’A(ﬂva)aPﬁ)v =0
83 Sb(B(alvﬁl)vB(a17 1)7QOZ1), o
Sy(B(B',at), B(B', '), Q")
Sp(Pa, Pa, Qat),
<max{ S(PB, PB,Q5") }

From (2.1.4) we have
20° Sp(a,a,al) = 207 Sy(A(e, B), Ale, B), B(a', B1))
Sb(a7a7 a1)7S(/B7 /87 51)7517(&’ a’ a)?

éd) max Sb(ﬁ,ﬂ75),Sb(Oél,a17a1)75b(ﬂ1751,51),

Sp(a,a,a")Se(at 0t ) Su(8,8,80)8p(8",8",8)
14+Sp (a,0,at) ) 145, (8,6,61)

< ¢(bmax{Sy(a, o, at), Sp(B, B, BY)})

Similarly
26> S(8,8,8") < p(max{bS(a, a,a'),b8(8, 8, 8")}).
Thus
2 P max{ Sp(a, o, ), Sy (B, B, BY) }
<o (bmax{ Sp(a, a, al), Sp(B, B, BY) }) .

It follows that o = a! and 8 = 3. Hence («, ) is unique common coupled fixed
point of A, B, P and Q.
Sub case(b).

. St (22ms 2on, 2on—1) Sy, o, zop—1)
1 b\<2n, #2n> <2n—1), b\ &, Xy 22n—1),
=3 min < max
807 { Sp (W2, Won, Wan—1) } = { Sp(B, B, w2n—1)

holds. By proceeding as in Sub case(a), we can prove that (a, 8) is unique common
coupled fixed point of A, B, P and Q.

Similarly the theorem holds when Q(X) is a Sp-complete subspace of (X, Sp).

O

Now we give an example to illustrate the Theorem 2.1.
EXAMPLE 2.1. Let X =[0,1] and S: X x X x X — R* by
Sb(ﬂc,y,z) = (ly +z- 2.’L‘| + ‘y - Z|)27

then (X,S}) is a Sp-metric space with b = 4. Define A,B : X x X — X and
PQ:X — X by

2 2 2 2
e +y B:x—i—y oz

Alw,y) = —5— g
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and Q(z) = . Let ¢ : RT — R be defined by ¢(t) = £. Consider
2b5 Sb(A(.T,y),A(J?,y),B(U,U))

=2 (4%) (|A(z,y) — B(u,v)|)’

212

= 2(4°)

w2+y2 w?+v
48 T 49

= 2(4°)

#4_4?/*1)

422 —u?

2(49) {| 55
2() (2 max{

(4n)?

N

‘ 4y27v2
)

N

4z%—u
16

D
1

= gumy max {S(Pz, Pz, Qu), S(Py, Py,Qu)}

2

)

1/,2 u2

4 T 16

v _ o
116

= —2(16) Inax{

S(Pzx, Px,Qu), S(Py, Py, Qv),

S(A(z,y), Az, y), Px),S(A(y, z), Ay, ), Py),

N
-

max§ S(B(u,v), B(u,v),Qu),S(B(v,u), B(v,u), Qu),

S(A(z,y),A(z,y),Qu) S(B(u,v),B(u,v),Pz)
14+S(Pxz,Pz,Qu) )

S(A(y,x),A(y,x),Qv) S(B(v,u),B(v,u),Py)
1+S(Py,Py,Qv)

Thus the condition (2.1.4) is satisfied.One can easily verify the remaining con-
ditions of Theorem 2.1. In this example (0,0) is the unique common coupled fixed
point of A, B, P and Q.
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