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THE ZAGREB INDICES OF GRAPHS BASED ON NEW
OPERATIONS RELATED TO THE JOIN OF GRAPHS

Prosanta Sarkar, Nilanjan De, and Anita Pal

ABSTRACT. The first and second Zagreb indices were introduced more than
forty years ago and are defined as the sum of squares of the degree of the
vertices and the sum of the product of the degrees of the pairs of adjacent
vertices. In this work, we study the first and second Zagreb indices of new
operations of different subdivisions graphs related to joining of graphs.

1. Introduction

Let G be a simple graph without directed edges and the vertex and edge sets
of G are represented by V(G) and E(G) respectively. The degree of a vertex v
in G is the number of edges incident to v and denoted by dg(v). Throughout
this paper, we consider only simple and connected graphs. Let »_ denotes the
collection of all graphs. A mapping T : > —IR is called a topological index, if
for every graph H isomorphic to G, T(G) = T(H). In chemical graph theory,
different topological indices have different applications in isomer discrimination,
QSAR/QSPR investigation, pharmaceutical drug design and many more. There
are various important classes of topological indices that are extensively studied by
a number of researchers. Among these topological indices, the first and second
Zagreb indices were most studied and have good applications in molecular graph
theory. These indices were introduced by Gutman and Trinajestié [1] in a paper in
1972 to study the structure-dependency of the total m-electron energy(e) and are
respectively defined as

M(G)= Y da(@)’= > lde(u)+de(v)]

veV(G) weEE(G)
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182 SARKAR, DE, AND PAL

and
My(G) = Y de(u)da(v).
wweE(G)
We refer the reader [2, 3, 4, 5, 6, 7| for different mathematical properties and
recent study on Zagreb indices.

Inspired by the work of X. Liu et al. [8] and P. Liu et al. [9], in this work
we propose two types of four new operations on graphs based on join of graphs
related to various subdivision graphs S(G), R(G), Q(G), T(G) and study their first
and second Zagreb indices. For this purpose we first define some related graph
operations and terminologies.

DEFINITION 1.1. The join of two graphs G1 and Gs, denoted by G1 V Ga, is
the union G U Gy together with all the edges joining V(G1) and V(G2), so that

da, (v) + no, if veV(Gr)
dG1\/G2(U) = dGz(U) + nq, Zf v e V(Gg)

The line graph L(G) is the graph whose vertices correspond to the edges of G
with two vertices being adjacent if and only if the corresponding edges in G have a
vertex in common.

For a connected graph G, there are four subdivision related graphs, denoted
by S(G), R(G), Q(G) and T(G), which is defined as follows [10, 11, 12]:

S(G) is the graph which is obtained from G by adding an extra vertex into
each edge of G. In other words replaced each edge of G by a path of length 2.

The graph R(G) is obtained from G by inserting an additional vertex into each
edge of G and joining each additional vertex to the end vertices of the corresponding
edge of G.

Q(G) is a graph derived from G by adding a new vertex to each edge of G,
then joining with edges those pairs of new vertices on adjacent edges of G.

The total graph T(G) is derive from G by inserting an new vertex to each edge

of G, then joining each new vertex to the end vertices of the corresponding edge
and joining with edges those pairs of new vertices on adjacent edges of G.
Let F ={S,R,Q,T} and I(G) denotes the set of vertices F(G) which are inserted
into each edge of G, so that V(F(G)) = V(G) U I(G). Based on Cartesian product
of graphs, Eliasi and Taeri [13], introduced F-sum graphs of two connected graphs
G, and G3. Deng et al. in [14], studied these F-sum graphs for the first and
second Zagreb indices. De in [15], studied the these four operations for F-index
of graphs. Sarala et al. in [10], introduced another four new operations related
to lexicographic product and found their first and second Zagreb indices. Here we
now introduce two types of four new operations on these graphs based on the join
of two connected graphs G; and G4, which are defined as follows

DEFINITION 1.2. The vertex F-join graph of G1 and G2 is a graph with ver-
tez set V(F(G1))UV (G2) and edge set E(G1)UE(G2)U[uv : u € V(G1),v € V(G2)]
that is G1V Gy is obtained from F(G1) and Gy by joining each vertex of Gy with
every vertex of Gs.
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DEFINITION 1.3. The edge F-join graph of G1 and Gs is a graph with vertex
set V(F(G1))UV(G2) and edge set E(G1)UE(G2)U[uv : u € 1(G1),v € V(G2)] that
is G1VpGs is obtained from F(G1) and Ga by joining each vertex of I(G1) with
every vertex of Gs.

The figure of vertex F-join and edge F-join of graphs are shown in figure 1 and
figure 2. In this work, we will study the first and second Zagreb indices of vertex
and edge F-join of graphs respectively.

2. Main Results

In this work, we use the following topological indices to express first and second
Zagreb indices of different vertex and edge F-join of graphs and hence we first define
them. The Zagreb indices of a line graph is called the reformulated Zagreb indices,
which are introduced by Mili¢evié et al. [16] in 2004 and are defined as

EMy(G)= > d(e)’= Y l[dg(u)+dg(v) -2

e€eE(G) weE(G)

EMy(G)= Y d(e)d(f)

e~fEE(G)

where e ~ f means that the edges e and f share a common vertex in G. Different
mathematical properties and applications of reformulated Zagreb indices have been
studied in [17, 18, 19, 20, 21].

The F-index or the “forgotten topological index” was introduced in [1] and
Furtula and Gutman investigated this index again in [22]. There are some other
recent study of this index also [23, 24, 25, 26]. The F-index of a graph G is
defined as

FG)= Y dew)’= Y [de()?+da(v)?.

veEV(Q) weE(G)

Another version of Zagreb index, named as hyper Zagreb index, was introduced by
Shirrdel et al. in [27] and is defined as

HM(G)= Y [d(u) +da()]*.
weE(G)

We refer the reader to [28, 29, 30, 31, 32], for some recent study and application
of hyper Zagreb index.

Let G; = (V(G1), E(G1)) and G2 = (V(G2), E(G2)) be two connected graphs
so that |[V(G1)| = n1, |V(G2)| = ne and |E(G1)| = mq, |E(G2)| = maz respectively.
In the following first we derive the first and second Zagreb indices of vertex F-join
of graphs and then edge F-join of graphs respectively where F' = {S, R, Q,T}. Note
that, as usual, P, denotes a path with n vertices and (n — 1) edges whereas C),
(n > 3) denotes a cycle graph with n vertices.
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2.1. Vertex F-join of Graphs. In this section, we derive the explicit expres-
sion of F-join of graphs where F' = {S, R, Q, T} respectively. At first, we consider
vertex S-join of graphs.

DEFINITION 2.1. The vertex S-join of two vertex disjoint graphs G and Go
denoted by G1VsGy and is obtained from S(G1) and Go by joining each vertezx of
V(G1) with every vertex of G

The degree of the vertices of vertex S-join graph are

dG1 (1)) + nao, Zf RS V(Gl)
da,vsa, (V) = da,(v) +n1, if v e V(Ga)
2, Zf S I(Gl)

THEOREM 2.1. If G1 and G2 be two connected graph then
Ml(leSGg) = M1<G1) + Ml(G2> + 4dnomq + 4nimeo + n%ng + nlng + 4my;.

PROOF. From definition of first Zagreb index, we have

Mi(GiVsGa) = D dgusa,v)’
vEV(G1VsGa)
= Z dG1VsG2 Z dG1VsG2
veEV(G1) veV(G2)
+ Z dclvst(U)2
vel(Gr)
= Y Ua@rmlt Y Ga@ ) Y 2
veV(Gr) veV(Ga2) vel(Gy)
= > [de,(0)* + 2nadg, (v) + n3)]
veV (Gy)
+ Z dG2 +2n1dG2(v)+nf]+ Z 22
veEV(G2) vel(Gr)
= Z dGl( +2n2 Z dG1 +n1n2—|— Z dG2 )
veV(Gr) veV(Gr) veV (Ga)
+2n4 Z da, (v) + nani + 4my
veEV(G2)

= My(Gy) + Mi(Gs) + 4namy + 4nymy + ning

—l—nln% + 4m;.

Which is the desired result. O
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ExAaMPLE 2.1. Using theorem 2.1, we get

i) My (P,VsPy,) 4dn + mn(m +n + 8) — 16,
i) M1(P,VsCp) = 8n(m+1)+mn(m+n)— 10,
i) M1 (CVsCr,) = 8n+4m+mn(m+n+8),
M, (CyVsPy) = 4n+4m+mn(m+n+8)—6.

THEOREM 2.2. If Gy and G2 be two connected graph then

Ms(G1V5Ga)

= 2M; (Gl) + ’n,lMl(Gg) =+ MQ(GQ) + 4mq (m2 =+ ’I’Lg)

+2n1n2(my + ma) + n3(meo 4+ n3).

PROOF. By definition of second Zagreb index, we have

M2 (leSG2)

Z dg,vsa, (Wda,vsa, (V)

uww€E(G1VsGa)

Z da,vsa, (Wda,vsa, (v)
w€eE(S(G1))

+ Z da,vsa,(Wda,vsa, (V)
weEE(G2)

+ Z Z dGl\/SGZ dG1\/sG2( )

uEV(Gl) 7)6V(G2)

> (e, (u) +ng).2

wweE(S(G1))

+ Y (dea(w) + m)(de, (v) + 1)

uveE(Gz)

+ Y Y (da, (u) +n2)(da, (v) + 1)

ueV (G1) veV (G2)

Y (e, (v) + n2).2de, (v)

veV(G1)

+ Z [dG2 (u)dcz (U) + nl(dG2 (U) +da, (U» + n%]
weEE(G2)

+ Z Z dGl dGz ) +nidg, (u)+n2dG2 (”)
ueV (G1) veV(G2)

+n1n2]

185



186 SARKAR, DE, AND PAL

= 2 Y de) 42m Y de,(v)

veV(G1) veV (Gr)

+ Y de(Wde, )+ Y (des(w) + da, (v)

uwveE(G2) uwveE(G2)

+tndmy+ Y de,(w) Y de,(v)

u€V(G1) veV (G2)

+nq Z Z de, (u)

veV (G2) ueV(Gr)

+ng Z Z da, (u) + nin3

veV(G1) ueV(G2)
= 2Mi(G1) +n1Mi(G2) + Ma(G2) + 4mi(ma + na)
+2n1n2(my + ma) + ni(mg + ni).

Which is the required result. O

EXAMPLE 2.2. From theorem 2.2, we get

(i) Ma(P,VsPy) = 3mn®+2m?*n +m?n? —n? 4+ 8mn — 4m — 2n — 20,
(i1) My(P,VsCp) = m*n® 4+ mn(3n + 2m) + 10mn — 4m + 4n,
(iv) My(C,VsCr) = m*n? +mn(2m + 3n) + 12mn + 4m + 8n,

(v) Ma(CpVsPr) = 3mn? +m*n(n+2) —n? 4+ 10mn + 4m — 2n — 8.

P3VgPy P3V p Py

FIGURE 1. The example of P3VgP; and P3VrP, graphs.

DEFINITION 2.2. The vertex R-join of two vertex disjoint graphs G1 and Go
denoted by G1V RG> and is obtained from R(G1) and Gy by joining each vertex of
V(Gy) with every vertex of Gs.

The degree of the vertices of vertex R-join graph are
2dg, (v) + n2,v € V(G)
dG,vnc, (V) =1 da,(v) +ni,v € V(G2)
2,v € I(Gy).
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THEOREM 2.3. If G1 and G2 be two connected graph then

187

Ml(Gl\./RGQ) = 4M1(G1) + Ml(GQ) + 8ming + 4meony + n12n2 + n1n22 + 4m;.

PROOF. From definition of first Zagreb index, we have
Ml(leRGQ) = Z dGl\'/RGg(U)Q
UGV(G1\7RG2)
= Z dG1\/RG2 Z dG1\/RG2
veV(G1) vel(G1)
2
+ Z da,vra, (V)
UEV(GQ)
= > Qde,()+nm)’+ Y. 22+ D (day(v
veV(Gq) vel(G1) veV(Ga2)
= > e, 0) +dnade, () 4ot + YD 27
veV(Gr) vel(Gr)
+ > {da,(v)* +2n1da, (v) + ni}
veV(G2)

= 4 Z dGl( —|—4n2 Z dGl +n1n2 + Z 22

veV(Gr) veV(Gr) vel(Gr)

+ Z da, (v) +2n1 Z de, (v +7’Ll712
vEV(G2) veV(Ga)

= 4M1(G1) + Ml(GQ) + 8ming + dmony + n12n2

—|—n1n22 + 4m1.

Which is the desired result.

ExaMPLE 2.3. From theorem 2.3, we get

mn(m +n) + 12mn — 4m + 16n — 34,

( n=2,
(m+n—8)—4m+20n—28,n>2,m
(

(

= mn

= mn(m+n+12) +4m+ 20n,n,m > 3,

THEOREM 2.4. If G1 and G2 be two connected graph then

My(G1VRG2) = 4AMy(Gh) + M2(G2) + (2ng +4)M1(G1) + ni M1 (Ga)

+namy + nimg + 2n1n9(2my 4+ ms) + 8myms

2,2
+niny + 4mina.

237

= mn(m+n+12)+4m+16n—6,n > 3,m >

+n1)
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PrOOF. Using definition of second Zagreb index, we have

MQ(GI\./RGQ) Z dGl\./RGz (u)dG1vRG2 (U)
we€E(G1VG2)

= Z de,vpa, (Wde,vpa, (v)
w€EE(G1)

+ Z dleRGz (u)dal\./RGQ (U)
wel(G1),ve€V(G1)

+ Z dGl\/RGz dG1\/RGz( )
w€EE(G2)

+ Z Z dleRGz dG1\/RG2( )

HGV(G1 UGV(GZ)

- Z (2de, (u) + n2)(2de, (v) + n2)

uv€E(G1)

+ Z (2da, (v) + n2).dr,)(u)
uEI(Gl),’UEV(Gl)

Y (day(u) +m)(dey (v) + 1)

w€EE(G2)

+ Z Z (2dg, (u) +n2)(dg, (v) +n1)

u€V(G1) veV(G2)

= > (2dg, (u) + n2)(2dg, (v) + n2)

weEE(Gy)

+ Z 2dG'1 +n2)2dG1( )
veV(Gr)

+ > (day () + 1) (da, (v) +n1)
weEE(G2)

+ Y Y (2de, (u) + n2)(da, (v) + ny)

u€V(G1) veV(Ga)

= 4 Y de(Wda,(v)+2n2 Y (do,(u) +dg, (v)

weE(Gy) w€eE(Gy)

+n§m1 +4 Z do‘l(v)2+2”2 Z da, (v)
veV(Gy) veV(Gr)

+ Y da,(wda,(0)+nm D> (da,(u) + dg, (v))

wweE(G2) wveE(G2)

+n1m2+2 Z dG1 Z dGz

ueV(G1) veEV(G2)

+2n1 Z Z dGl (u)

veV(G2) ueV (Gh)

+no Z Z de, (v)+nin

uw€V(G1) veV(Ga)
= 4M2(G1) + MQ(GQ) + (2712 + 4)M1(G1) + nlMl(Gg) + n§m1

+n%m2 + 2n1n2(2my + mo) + 8mims + n%ng + 4dmins.
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Which is the required expression. O

EXAMPLE 2.4. Using theorem 2.4, we get

(i) My(P,VrPm) = m?n?®+3m*n+ 5mn? — (m?* 4+ n?) + 18mn — 20m

+18n — 56, m,n = 3,

(i) Ma(PoVRpCr) = m*n® +m? + 3m?n + 5mn? — m? + 20mn — 24m
+32n — 56, m,n = 3,

(iii) Mo(CpVRrCr) = m2n? + 3m?n + 5mn? +m3 + 4n3 + 24mn — 16n,
m,n = 3,

(iv) My(CoVRrPy) = m2n?+3m?n+ 5mn? + 3n? + 18mn + 4m + 18n — 8,
m,n = 3.

DEFINITION 2.3. The vertex Q-join of two vertex disjoint graphs G1 and Go
denoted by G1V G2 and is obtained from Q(G1) and G by joining each vertex of
V(G1) with every vertex of Gs.

The degree of the vertices of vertex Q-join graph are

de, (v) + na, if veV(Gy)
dGl\'/QGg (1}) = dG2 (U) + nq, Zf v e V(GQ)
dg,(w) +dg,(k), if e=(w,k),e € I(Gy).

THEOREM 2.5. If G1 and G2 be two connected graph then
Ml(Gl\./QGg) = Ml(Gl) + M, (Gg) + HM(Gl) + 4dnomq + 4nimo + nln% =+ H%HQ.

PROOF. By definition of first Zagreb index, we have

Ml(Gl\/QG2) == Z dGl\'/QGz(IU)Q

veV(G1VoG2)

= Z dcvaGQ(U)Q‘f’ Z dGIVQGQ(U)Q
veEV(G1) veV(G2)
+ Z dcvaGQ(U)Q
vel(Gy)

= Y (e, +n)’+ Y (da,(v) +m)
veV(G1) veV (Ga)

+ Z dI(Gl) (U)2

vel(G1)



190 SARKAR, DE, AND PAL

= Y [de, () + 2n2d, (v) + )

veV(Gr)
+ Z [dGz (v)2 + 2n1dG2 ('I}) + TL?]
veEV(Ga2)
+ Y (de, (w) + dg, (v)°
weFE(Gy)
= Z dGl (U)2 + 2n2 Z dGl (U) + n1n§+ Z dG2 (U)Q
veEV(G1) veV(G1) veV(Ga2)
+2’I’L1 Z dG2 ('U) + n%nZ + Z (dGl (U) + dGl (U))Q
veV(G2) wweE(G)

= Ml(Gl)+M1(G2)+HM(G1)+4n2m1 +4n1m2

2 2
+nin; + ninsg.

Which is the desired result.

EXAMPLE 2.5. By theorem 2.5, we get

(i) M1 (P,NVoPn) = mn(m+n)+4nim—1)+m(n—1)] +4m
+20n —42, m = 2,n > 3,
(it) M1 (P, VoCr) = mn(m+n)+4m(2n — 1) + 4m + 20n — 36,
m,n = 3,
(i11) M1(C,VoChr) = mn(m+n+8)+4m+20n, m,n > 3,
(iv) Mi(CoNVgPn) = m*n+mn?+8mn +4m + 16n — 6, m,n > 3.

THEOREM 2.6. If G1 and G2 be two connected graph then

MQ(G1\7QG2) = EMy(Gq)+2EM(Gy) + 2M(G1) + HM (G1)
+2no My (Gl) + MQ(GQ) + n1M1(G2) + n%mg

+4mimeo + 2minins + 2moning + n%n% —4m;.

PROOF. From definition of second Zagreb index, we have

My (GVoG2) = > d6,v66,(Wda,vqa6, (V)
quE(Gl\VQGz)
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= Z dG1\/QGg dGl\/QGQ( )

u,vel(G1)

+ Z de,vqa,(Wda,vea, (V)
ueV(G1),vel(Gy)

+ Z da,voa, (Wda,voa, (V)
uwweE(G2)

+ Z Z dleQGz dleQGz()

ueV(G1) veV(Ga)

= > dyenWdye,) )

u,vel(G1)

+ > de, (u)dr(a,)(v)

ue€V(G1),vel(Gy)

+ Y (dg,(u)+n1)(dg, (v) + n1)

wweE(G2)

+ > > (de,(v) + n)(da, (w) + na)

MGV(Gl) 'UEV(GQ)

Y (de(w) +de, (v))(dg, (v) + de, (w))

uv,vwEE(Gy)

+ Y (e, () + ng + da, (v) + n2)(de, (u) + da, (v))
w€eE(Gy)

+ Y (e (w)+m)(de, (v) + m)

uveE(G2)

+ Y Y (de,(v) +na)(da, (u) + o)
weV (G1) veV(G2)
P, + P, + P; + Py

=Y e+ de, () (de, (0) + do, ()

uv,vweE(G)

= Z (dr(eyy(€) +2)(dray (f) +2)

e,fEL(G1),e=uv, f=vw

= > e (@dien(f) +2(dre,)(€) + di) () +4]

e,fEE(L(G1)

= My(L(Gy)) 4+ 2M, (L(G1)) + 4| E(L(Gy)

My (L(G1)) + 2M1 (L(G1)) + 4[M1(2G1)

— ml]

191
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= EMQ(Gl) +2EM1(G1> +2M]_(G1> —4m1.

Pyo= ) (de(u) + 2+ de, (v) +n2)(de, (u) + de, (v)
uwveE(G1)

=Y (e (w) + e, () + 2na(de () + da, (1))

weE(G1)

= Y e+ de @)+ S (dey (u) + da, (v))

uwweE(G1) wweE(G1)
= HM(G1)+2TL2M1(G1)

Py o= Y (da,(v)+m)(dg, (u) +n1)
w€EE(G2)
= Z dGz )da, (u ) +n1 Z (da, (v)+dG2 (u)) + n%mQ
weE(G2) weE(G2)

= MQ(GQ) +H1M1(G2) +n%m2

Py = Z Z dGz +n1)(dG1( )+n2)

u€V(G1) veV(G2)

= Y de, () Y de,()+m Y. Y de,(u)

ueV(G1) veV(G2) veV (G2) ueV(Gy)

Z Z da, (v) + n?n’

uEV(G]) veV (Ga2)

2.2
= 4dmimg + 2ninamy + 2ninemse + nins.

Combining the above contributions we get the desired result.

EXAMPLE 2.6. Applying theorem 2.6, we get

(i) Ma(PyVoPm) = m?n®+2m?n+ 3mn? — n? + 12mn — 12m
+22n —74, m>3,n >4
(i1) May(PVoCrm) = m*n®+2m?n+ 3mn® + 14dmn — 12m
—|—32n —70, m>3,n >4,
(iii) Ma(CyNoCh) = m*n? 4+ 2m*n + 3mn? + 16mn + 4m + 32n,
m,n = 3,
(iv) Ma(CpVgPy) = m*n®+2m*n + 3mn? + 3n? + 10mn + 4m + 26n,

m,n = 3.
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e [

PsVo Py PV Py

FIGURE 2. The example of P3\7QP4 and P3Vp Py graphs.

DEFINITION 2.4. The vertex T-join of two vertex disjoint graphs G1 and Go
denoted by G1V1Gs and is obtained from T(G1) and Go by joining each vertex of
V(G1) with every vertex of Gs.

The degree of the vertices of vertex T-join graph are

2dG1 (U) + nao, Zf RS V(Gl)
dGl\'/TGz (’U) = dGz (U) + ni, Zf v e V(G2)
dag, (W) +dg, (k), if e=(w,k),e € I(Gy).

THEOREM 2.7. If G1 and G5 be two connected graph then

M1(G1\'/TG2) = HM(Gl) +4M1(Gl) +M1(G2) +n1n2(n1 +n2) + 8nomq +4mong.

PROOF. From definition of first Zagreb index, we have

Ml(Gl\./TGQ) = Z dGl\'/TGg (U)Q
veV(G1VrGa2)

= Z dclvTcg(U)z‘F Z dleTGQ(U)z

veEV(G1) veEV (G2)

+ Z de,vra, (v)°

vel(Gh)

= Z (ngl (U) + 712)2 + Z (dG2 (’U) + TL1)2

vEV(G1) vEV (Ga)

+ Z dI(G1)(u)2

u€l(Gy)
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Z [4dG1 (U)2 + 4n2dG1 (U) + ng]

veV(G1)
+ > de,(v ?+ 2n1dg, (v) + ]
veV (G2)
+ > e (w) +de, (v)?
w€eE(G1)
= 4 > de,()?+4ny Y da, () +mni+ Y dg,(v)?
veV(G1) veEV(G1) veV(Ga)
+2n1 Y dg,(v)+nina+ Y [de, () +de, (v))
veV(Ga2) w€EE(Gy)
= HM(Gl) + 4M1(G1) + Ml(Gg) + nlng(nl + TLQ) + 8n2m1
+4m2n1.

Which is the required expression.

ExaMPLE 2.7. Using theorem 2.7, we get

(i) Mi(P,V7rPy) = mn(m+n)+12mn —4m + 28n —60,n > 3,m > 2,
(i) M1 (P,V1rCrm) = mn(m+n)+12mn —4m +32n —54, n > 3,m > 2,
(i13) My (Cp,V1Cr,) = mn(m+n)+ 12mn+ 4m + 32n, n,m > 3,
(iv) Mi(C,VTPy) = mn(m+n)+ 12mn+4m+24n —6, n > 3,m > 3.

THEOREM 2.8. If G1 and G5 be two connected graph then
Mg(Gl\./TGg) = EMQ(Gl) —+ 2EM1(G1) + 2HM(G1) + (4TL2 + 2)M1(G1)
+4M>(G1) + ni My (Gz) + M2(Ga) + nims

—|—n2m1 + 8mims + dmining + 2moning + n1n2 4my.
PROOF. From definition of second Zagreb index, we have

MQ(Gl\./TGQ) - Z dGl\./TGz (u)dleTGz ('U)
weE(G1VrG2)

Z dGl\/TG2 dGl\/TGQ( )
u,vel(G1)

+ Z da, 76, (Wda, vra, (V)
weV (G1)wel(Gh)

+ Z da,vra, (Wda, vra, (V)
weEE(G2)

+ Z Z dGl\/TG2 dG1VTG2()

u€V(G1) veV(Ga)

+ Z da,vrG, (Wda, vra, (V)
uwveE(Gr)
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= Z di(ay)(wdra,)(v)

u,vel(G1)

+ Z dG1 (U)dl(Gl) (v)

ueV (G1),vel(G1)

+ Y (dea(w)rm)(de, (v) + )

w€EFR(G2)

+ Y (day(v) + 1) (2dg, (u) + no)

u€V(G1) veV(G2)
+ Z (2dg, (u) + n2)(2dg, (v) + n2)
weE(G1)
= D1+D2+D3+D4+D5'

> diey(Wdr,) (@)

u,vel(G1)

> (dr(cy(e) +2)(drc,)(f) +2)

e,fEL(G1),e=uv, f=vw

Z dray(€)doa)(f) +2 Z (drayy(e) +dra,)(f))

e,fEL(G1) e, fEL(G1)

+4|E(L(G1))|

M>(L(G1)) + 2M1(L(G1)) + 4 [E(L(GY)|

M M (Gy)
2(L(G1)) +2M1 (L(G1)) + 4] B

EMQ(Gl) + 2EM1(G1) + 2M1(G1) —4m;.

Y. de(Wdie,)(v)

ueV(G1),vel(Gy)

Y (2de, (w) +n2 + 2de, (v) + n2)(de, (u) + do, (v))
wweE(G1)

Y 12(de, (u) +de, ()" + 2na(des, () + dg, (v)

uwweE(G1)

2 Y (@) +dey@) 4200 Y (o, (u) + de, (1)

weE(Gy) weEE(Gy)
ZHM(Gl) + 2’[7,2M1 (Gl)

195
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Dy = > (de,(u)+n1)(de, () +m)
weEE(G2)
= Z da, (u)de, (v) + m Z (da, (u)+da, (v)) + n%mZ
weEE(G2) weEE(G2)

= M2(G2)—|—TL1M1(G2) —|—n%m2
Dy = Z Z dG2 + nl)(2dG1( ) + 77,2)

UEV(Gl) vEV(Gg)

=Y e Y da@im Y Y 2da

UEV(Gl) UEV(GQ) ’UEV(GQ) uEV(Gl)

Z Z da, (v) + n2n’

uEV(Gl) veV (Ga)

2,2
= 8mimg + 4ningmy + 2ningmea + nin;.

Ds = > (2dg,(u)+ns)(2dg, (v) +ns)
weE(Gy)
= 4 Y de,(Wde, (v)+2my Y (da, () + da, (v) + n3m
weEFR(G1) weE(Gy)

= 4M2(G1) + 2no My (Gl) + n%ml.
Combining the above contributions we get the required result as in theorem 2.8 [

EXAMPLE 2.8. Applying theorem 2.8, we get

(i) My(P,VrPy) = m?n?+m?(n—1)+n%(m— 1)+ 2mn(2n +m — 3)
+28mn — 28m + 50n — 132, n > 4,m > 3,
(ii) My(P,V7Ch) = m2n® +m?*(n —1) +nm + 2mn(2n + m — 2) + 28mn
—28m+64n— 132, n>4,m > 3,
(i43) Mo(CpN7Cry) = m?n® + 3m?n + 5n*m + 28mn + 4m + 64n, n,m > 3,
(iv)Mo(C N1 Py) = 7”L2(m2 — 1) + 3m?n + 5n*m + 26mn + 4m

+50n —8, m>3,n > 3.

2.2. Edge F-join of Graphs. In the following, we calculate explicit expres-
sions of edge F-join of graphs where F' = {S,R,Q,T} respectively. First, we
consider edge S-join of graphs.

DEFINITION 2.5. The edge S-join of two wvertex disjoint graphs G1 and Go
denoted by G1V.¢G2 and is obtained from S(G1) and G2 by joining each vertex of
I(G1) with every vertex of Ga.

The degree of the vertices of edge S-join graph are
de, (v), if veV(Gr)
dG,v G, (v) =% dg,(v) +mq, if veV(Gs)
24 ng, if veI(Gy).
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THEOREM 2.9. If G1 and G2 be two connected graph then
Ml(GlysGQ) = Ml(Gl) + Ml(GQ) + ml{(nz + 2)2 +4dmo + ngml}.

PROOF. From definition of first Zagreb index, we have

Ml(GllsGQ) = Z dG1MSG2 (U)Q
vEV (G1V5Ga2)

= Z dGlMgcz(v)2+ Z dGlMSGQ(U)Q

veEV(G1) vel(G1)
+ Z dG1¥5G2(’U)2
veEV(Ga2)
= Y de,’+ D @2+m)’+ Y (day(v) +ma)
veV(G1) vel(Gy) veEV (G2)
= Z dGl(U)z—f— Z (2+n2)2+ Z dGz(U)2
veV(Gr) vel(Gh) veV(G2)
+2my Z da,(v) + ming
’UEV(GQ)

= Ml(Gl) + ml(ng + 2)2 + Ml(GQ) + 4m1m2 + ngm%
= M (Gl) + Ml(Gz) + ml{(ng + 2)2 + 4mso + nzml}.

Which is the desired result. O

EXAMPLE 2.9. Applying theorem 2.9, we get

) mn(m+n +6) —m? — 3m + 4n — 12,
(i) My (P,VsCr) = mn(m+n+6) —m?* —3m + 8n — 10,
j ) = n(m?®+8m+mn+4) + 4m + 4n,
) n{(m+2)*> +4(m — 1) + mn} + 4m + 4n — 6.

THEOREM 2.10. If G1 and G4 be two connected graph then

MQ(Gll‘SGQ) = (T’LQ + 2)M1(G1) + mlMl(Gg) + MQ(GQ) + ml{mlmg
+(2mg + min2)(2 + na)}.
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PROOF. By definition of second Zagreb index, we have

(Gi1vgGa) =

Z dGlMst (u)dG1MSG2 (U)

uww€E(G1V gG2)

Z dGlMst (u)dCﬁMst (U)

wweE(S(G1)

+ Z dGl\/ G2 dG1\/ GQ( )
weEE(G2)

+ Z dGlMSGz (u)dcllst (v)
wel(G1),v€V(G2)

Y de (0){de, (v).(n2 +2))

veV (G1)

+ Y (des(w) +ma)(da,(v) + ma)

uveE(Gz2)

+ > (2 + n2) (da, (v) +my)

u€l(G1),veV(G2)

24n2) Y da, () +mi2+n2) > (day(v) +ma)
veV(Gr) veV(G2)

+ Y {de.(u)de, (v) +ma(de, (u) + da, (v) +m?}

uwweE(G2)

2+m2) > de,()’+ D> da,(u

veV(G1) uwweE(G2)

Yda, (v) + mgm%

+my Z (dGz (u) + dG2 (’U)) + ml 2 + n2 Z dGz

weEE(G2)
+m12n2(2 + ng)
(n2 +2)M1(G1) + mi M1 (G2) + M>(G2)
+my{mims + (2ms + m1n2)(2 4+ ny) }.

Which is the required result.

ExAMPLE 2.10.

(Z) MZ(PHMSPm)

(i)

(iii) Mo
(Z’U) M2

MQ(PnMSCm)

(CnNsCrm)
(CnNgPm)

Using theorem 2.10, we get

= (m=1)(n— 1)+ (m+2)(n - 1){2(m

+8mn — 6m + 2n — 14,

= mm+2)(n—-1)(n+1)+mn—1)>

+8mn — 6m + 8n — 12,

UGV(GQ)

- +mn-1)}

m2n? + 2m?n + 3mn? + 12mn + 4m + 8n,
= m?n? +2m?n + 3mn? — n% + 10mn + 4m — 2n — 8.
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RN RN

PV Py PV Py

FIGURE 3. The example of PsVgPy and Ps3V Py graphs.

DEFINITION 2.6. The edge R-join of two vertexr disjoint graphs Gi1 and Go
denoted by G1V G2 and is obtained from R(G1) and G2 by joining each vertex of
I(G1) with every vertex of Gs.

The degree of the vertices of edge R-join graph are
2da, (’U), if ve V(Gl)

dGlMRG2 (U) = dGz (U) +may, Zf vE V(G2)
2+ no, Zf NS I(Gl)

THEOREM 2.11. If G1 and G4 be two connected graph
Ml(GlMRGQ) = 4M1(G1) + Ml(GQ) + 4m1m2 + m12n2 + (ng =+ 2)2m1.

PROOF. From definition of first Zagreb index, we have

Ml(GlxRGQ) = Z dGlMRG2(U)2

vEV(G1V R G2)

= Y (e, )+ > (day(v) +m)’
UEV(G]) ’UEV(G?)
+ > (e +2)°

vel(Gr)

- Z 4dg, (v)° + Z [de, (v)° + 2mida, (v) +ma?]

veEV(G1) veV(G2)

+m1(n2—|—2)2
= 4 > de,()’+ > da,)’+2m Y de,(v)

veV(Gr) veV (G2) veEV(Ga2)
+nomi® +my(ng + 2)2

= 4M1 (Gl) + Ml(GQ) + 4m1m2 + m12n2 + ('I’LQ + 2)2m1.

This is the required expression. U
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ExaMPLE 2.11. Applying theorem 2.11, we get

(i) My(PoNgP) = (n—1{(m+2)>+m(n—1)}+4mn+12n — 26, m,n > 2,
(i1) My(PoVRCr) = (n—1){(m+2)*>+m(n—1)} +4mn + 16n — 24
m=2n 23,
(i) My(CoVrCrm) = n{(m+2)>+mn}+4mn+4m+16n, m > 3,n > 3,
(iv) My(CoNpPn) = n(m+2)%4+mn®+4mn+4m+12n—6, m > 2,n > 3.

THEOREM 2.12. If G1 and G4 be two connected graph then
MQ(GlMRGQ) = 4M2(G1) -+ MQ(GQ) -+ 2(712 -+ Q)Ml(Gl) -+ mlMl(GQ)
+m1(2 + n2)(ming + 2ma) + mfmg.

PROOF. From definition of second Zagreb index, we have

My(G1VRrGa) = Z da,v G, (W) dayv 6, (V)
ww€E(G1V (G2)

= Z dle G2 dGl\/ Gz( )

w€EE(Gy)

+ Z dGllRGb (u)dG1MRG2 (’U)
wel(G1),0eV(G1)

+ Z dGlMRG2 (u)dGIMRGQ (v)

uel(G1),0eV(G2)

+ Y e, (W)de,y,e ()
w€EE(G2)

= Z 2dg, (u).2dg, (v) + Z dr(c,)(w)2dg, (v)

uw€EE(Gy) u€l(G1),veV(Gy)

+ > ma(2 4 na)(da, (v) +m)
veEV(Ga2)

+ Y (day(w) +m)(da, (v) +m)

wveEE(G2)

= Z dGl dGl< ) + 2 2+ n2 Z dg, (v dGl )
weEE(G1) veV (G1)

+m1(2 + n2) Z da, (V) + mi?ng(2 + na) + mimy
’UEV(GQ)

+ Y de,(Wde, () +mi Y (day (v) + day (1))
uwveE(G2) weE(G2)
= 4AMy(G1) + Ma(G2) + 2(n2 + 2)M1(G1) + mi M, (G2)
+m1 (2 4+ n2)(ming + 2ms) + mima.
Which is the required result. O
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EXAMPLE 2.12. Using theorem 2.12; we get

(1) Mo(P,NgpPr) = (n—1)(m+2)(mn+m—2)+ (n— 1)%(m —1) + 12mn
—12m 4 26n — 58, m,n > 3,
(ii) My(P,VpCr) = (n—1)(m+2)(mn+m)+ (n—1)*m + 12mn — 12m
+32n — 56, m,n = 3,
(i11) Ma(CrVpCr) = mn(m+2)(n+2)+mn? + 12mn + 4m + 32n,
m,n = 3,
(iv) My(PoNRCr) = n(m+2)(mn+2m —2) +n?(m—1) + 12mn

+4m 4 26n — 8, m,n > 3.

DEFINITION 2.7. The edge Q-join of two vertex disjoint graphs Gy and Go
denoted by G1VoGa and is obtained from Q(G1) and G by joining each verter of
I(Gy) with every vertex of Ga.

The degree of the vertices of edge Q-join graph are
dg, (), if ve V(Gy)
daiv,G: (V) = ¢ da,(v) +my, if veV(Ge)
de, (W) +dg, (k) +ng, if e=(w,k),e € I(Gy).
THEOREM 2.13. If G1 and G4 be two connected graph then
My (G1VoGa) = My (Gh)+My(Go)+HM(G1)+2na M (G1)+4myma+my *not+nimy.

PROOF. From definition of first Zagreb index, we have

Ml(GllQGQ) = Z dGlMQGQ(v)Z
UEV(GllQGz)
2
= Z dGlMQGz (’U)Q + Z dGlMQGz (U)
veV(G1) veV(G2)
2
+ Z dGlMQGQ(v)
vel(Gr)
= Y de, )+ D (da,(v) +ma)?
veV(G1) veV(Ga2)
2
+ > (de,(w) +dg, (v) +n2)
wweE(Gr)
= Y de, )+ D [de, (v) +2maida, (v) + ma ]
veV(Gy) veV (Ga2)

+ Y e, (w)Hde, (v) + 2na(dg, (u) + dg, (v)) +n3)
uwveE(Gr)
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Z dGl('U)2+ Z dGQ(v)2+2m1 Z da, (v)

veV(Gr) veV(G2) veV (Ga)

+nomi®+ Y (dg, (u)+dg, (v))?
weE(Gy)

+2ny Y (da, (u) +dg, (v) + man3
weE(Gy)
= M (G1) + M1(G2) + HM(G1) 4 2naM1(G1) + 4myms

2 2
+m1°ng +nomy.

Which is the desired result. O

EXAMPLE 2.13. By theorem 2.13, we get

(1) Mi(PuNoPm) = m(n—1)(m+n—1)+12mn —12m + 16n — 38, m,n > 2,
(ii) My (PVoCm) = m(n—1)(m+n—1)+12mn — 12m + 20n — 36,
m=3,n2=2,
(iii) M1 (ChNoCm) = mn(m+n)+12mn +4m +20n, m,n > 3,
(iv) Mi(CpNgPp) = mn(m+n)+12mn +4m + 16n — 6, m,n > 3.

THEOREM 2.14. If G1 and G4 be two connected graph then

My(GrgGs) = EMy(Gr) + (24 ma) B (Gh) + (2 4 o) M)

+HM(G1) -+ TLng(Gl) + szMl(Gl) + mlnng(Gl)
+M2(G2) + myM; (Gz) + 2nomomq + m%n%

+m3my —my (2 +ng)>

PROOF. From definition of second Zagreb index, we have

M2(G1MQG2) = Z dGllQGz (u)dGliQG2 (U)
’LL’U€E(G1MQG2)

= Z dGllQGz (u)dGIMQ G2 (U)
weE(I(G1))

+ Z dGlMQG2 (u)dGllQGz (v)
uweV (G1),wel(G1)

+ Z Z dG1MQG2 (“)dGMQGQ (v)

veEV (G2) u€l(Gr)

+ Z dGliQG2 (u)dcleGQ (U)
uveE(Gz2)
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= Z (dGI (u) +da, (U) + n2)(dG1 (’U) +dg, (w) + n2)
uv,vweEE(Gy)

+ Y (e (u) + da, (0))(da, (w) + da, (v) + na)
weE(Gy)

+ YD (dien (W) + na)(da, (v) + ma)

veEV (G2) uel(Gy)

+ Y (dea(w) + ma)(des, (v) + ma)

uveE(G2)
= A+ Ay + As + Ay

= Y (e, () + de, (v) +n2)(de, (v) +dg, () +n2)

uv,vweEE(G1)

- Z (drey)(e) + 2+ n2)(dr(ey) (f) +2 4 n2)

e,fEL(G1),e=uv, f=vw

= > e (@din () + 2+ n2)(di (€) + di (f))

e,fEE(L(G1))

+(2 +n2)”]

= My(L(G1)) + (2+n2) M (L(G1)) + (2 + ?12)2 |E(L(Gy)]
= EMy(Gy) + (2 + no) EMy(Gy) + (2 + n2)’[M1(G1)/2 — my).

= Y (e (u) +de, (v)(de, (w) + de, (v) +no)

uwveE(Gr)

= Y (o) +de, () +ne Y (de,(u) +de, (v)

wveE(G1) uwweE(G1)

= HM(G1) +naMyi(Gh).
= > Y (dreny (W) +n2)(da, (v) +mi)

veV (Ga) uel(Gr)

= Z Z dGl +dG1( ) + n?)(dGz (w) + ml)

wEE(G1) weV (G2)

= Z (da, (u) + dg, (v Z da,(w) + ming Z da, (w)

weE(Gy) U}EV(GQ) weV (G2)

+ming Z (dGl (u) + dGl (’U)) + n%m%
w€eE(Gy)

= 2m2M1(G1) + 2nomomq + m1n2M1(G1) + m%n%
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N RN

FIGURE 4. The example of ngQR; and PsV Py graphs.

Ay = ) (e, (u) +ma)(de, (v) +ma)
wEE(G2)

Z da, (U)dGQ (’U,) +my Z (da, (U)+dG2 (u)) + m%mg
w€EE(G2) weEE(G2)
= MQ(G2)+m1M1(G2)+m%m2.

Combining the above contributions we get the desired expression as follows in

theorem 2.14. [l
EXAMPLE 2.14. From theorem 14, we get
(i) Ma(PoNgPm) = m2n? + m?n + 5mn? — 3m? — n? + 10mn — 27m

+20n — 61, n>4,m > 3.

(i1) Ma(P,NoCm) = m?*n? + m*n + 5mn? — 3m? + 12mn — 29m
+32n — 70, n > 4,m > 3.

(iii) Ma(CpVoCrm) = m?2n? 4+ 3m?%n + 5mn® + 24mn
+4m + 32n, n >4, m > 3.

(iv) MQ(C’”MQPm) = m?n®+3m%*n + 5mn® — n? 4+ 22mn

+4m —18n —8, n > 4,m > 3.

DEFINITION 2.8. The edge T-join of two verter disjoint graphs G1 and Go
denoted by G1V G and is obtained from T(G1) and Go by joining each vertex of
I(G1) with every vertex of Ga.

The degree of the vertices of edge T-join graph are
2dg, (v), if ve V(Gy)
deyv,.c,(v) =< da,(v) +my, if veV(Ga)
de, (w) + dg, (k) + na, if e = (w,k),e € I(Gy).
THEOREM 2.15. If G1 and G4 be two connected graph then
My (G1V1pG2) = (2ne +4) M1 (Gh) + HM (G1) + M1 (G2) + m2ngy 4+ nimy + 4mime.
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PROOF. From definition of first Zagreb index, we have

My(Gi1vrGa) = Z de,v,c (v)?
ve(G1V.rG2)

= Z dGlMTG2(U)2+ Z dGllTGE(U)z
)

veV (Gy) veV (Ga

+ Z dGllTGz (U)z

vel(G1)

= Y @)’ + Y (e +m)

veV(Gy) veV(G2)

+ > (dg, (u) +dg, (v) + no)
wweE(Gy)

= Z (2dg, (U))2+ Z [dGz (U)2+2m1dG2 (’U) + m12]
veV(Gy) veEV (G2)

+ Y (e (w)+da, () + 2n2(de, (u) + da, (v) + n3)]
weEE(Gy)

= 4 Y de, )+ > da,()+2my Y dg,(v)

UEV(G]) UEV(GQ) UEV(G’.’)

+nomi®+ Y [de, (w)+de, (v)]
uwveE(Gr)

+2ng Z (da, (u) + dg, (v)) + no*my
uwweE(Gy)
= (2ny +4)M1(G1) + HM(G1) + M1(G2) + m%ng

2
+nymy + dmima.

2

Which is the desired result. U

EXAMPLE 2.15. Using theorem 2.15, we get

(i) My(P,NpPyn) = m*(n—1)+m(n—1)°+12mn — 12m
+28n — 56, n > 3,m > 2,
(i1) My(P,NpCr) = m2(n—1)+m(n—1)>+12mn — 12m
+32n — 54, n > 3,m > 3,
(iv) M1(CpNpCr) = m*n+mn?+12mn +4m + 32n, m,n > 3,

(iv) My (CpNpPr) = m2n +mn? + 12mn +4m +28n — 6, n > 3,m > 2.
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THEOREM 2.16. If G1 and G4 be two connected graph then

MQ(Gl!TGQ) = EMQ(Gl) + (2+TL2)EM1(G1)+2HM(G1)

My(Gh)
2

+{4m2 + 4712 + 2m1n2 + (2 + TLQ)Z} + 4M2(G1)

+M2(G2) + m1M1 (GQ) + m%(mg + ng)

+2mimeong — m1(2 + ’I’L2)2.

PRrROOF. By definition of second Zagreb index, we have

MQ(GIXTG2) = Z dGllTGz (u)dG1MTG2 (U)
uUGE(GlﬁTGQ)

= Z dGllTGz (u>dG1MTG2 (U>

w€eE(I(G1))

+ Z dGlMTGz (u)dGllTGb (U)
ueV(G1),vel(G1)

+ Z dGl\/ G2 dG1\/ GQ( )
weFE(Gy)

+ Y Y dav,a(Wdey,a, ()

veV (G2) uel(Gr)

+ Z dleTGz dG1\/ GQ( )
uwv€EE(Ga)

= > dien(Wdia,) () + > da, (u)dr(y)(v)

weE(I(G1)) wEV (Gy)wel (Gy)

+ Z 2dG1 (u)2dG1 (’U)

weEE(G1)

+ D D (i (W) +no)(de, (v) +m)

’UGV(G2) uGI(Gl)
+ Y (day(u) +mi)(de, (v) +m)

uwveE(G2)
= Q1 +Q2+ Q3+ Qs+ Qs.
Now,
Q1 = S diey(Wdiey)(v)
wweE(I(G1))

= Y (e, (w) + de, (v) +n2)(de, (v) +dg, () +n2)

uv,yweE(G1)



Q2

Qs

Qa4

Qs
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Z (dr(cy(e) + 2+ n2)(dr(e,) (f) + 2+ n2)
e,fEE(L(G1)),e=uv, f=vw

> lduen(@dien () + 2 +n2) (i () + din) ()
e FEB(L(GY))
+(2+no)’]
My (L(Gh)) + (2 + n2) My (L(G1)) + (2 +n2)” [E(L(Gh)]
EM3(G1) + (2 + n2) EM1(G1) + (2 4 n2)*[M1(G1)/2 — ma).

> da, (u)drG,)(v)

ueV (G1),vel(Gy)

> (2de, (u) + 2dg, (v))(da, (u) + dg, (v) + n2)
weEE(Gy)

2 Y (da (W) +de,(v) +2ns Y (dg,(u) +da, (v)
weE(Gy) weE(Gy)
2HM(Gl) + 2n2M1(G1).

Yo S (dren (@) +n2)(dey (v) +mi)

veV(Gz) uel(Gr)

Yo S (e (u)tde, (v) + o) (de, (v) + ma)

wEE(G1) veV(Ga2)

Z dGz (U) Z (dGI (u) + dG1 (U))

vEV(G2) uweE(G1)

+miny Y (de, (u) + (de, (v))

wveE(G1)

+ming Z da, (v) +min3
’UEV(GQ)

2m2M1 (Gl) =+ 2n2m2m1 =+ mlnng(Gl) 4+ mfn%

Y (e (u) +ma)(de, (v) +ma)

wEE(Ga2)
Z da, (u)de, (v) + my Z (da, (u)+da, (v)) + m%mQ
w€EFE(Ga2) uwveE(G2)

MQ(GQ) + miM; (GQ) =+ m%mg.

> 2de, (w)2dg, (v)

weEE(Gy)
4M>(Gh).
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Combining the above contributions we get the desired result. U

EXAMPLE 2.16. From theorem 2.16, we get

(i) My(P,NpPr) = (m+2)%(2n—3) 4 (n—1)*(m? +m — 1)

+2m(m —1)(n — 1) + 4mn? — (n — 1)(24+ m)” + 14mn
—28m +46n — 114, n > 4,m > 3,

(i1) Ma(PoNpCr) = (m+2)°2n—3)+m(n—1)*(m+1) 4+ 2m?(n— 1)

—(m+2)%(n—1) + 2m(n — 1)(2n — 3) + 24mn — 34m
+60n — 124, n > 4,m > 3,

(iii) Ma(CoNpCr) = mn?(m+ 1) +n(m +2)* + 2mn(m + 2n)

+24mn + 4m 4 60n, m,n > 3,

(iv) My(CoNpPr) = n?(m?+m—1)+n(m+2)>+2mn(m — 1 + 2n)

+24mn +4m + 46n — 8, m > 4,n > 3.

3. Conclusions

In this paper, we derived some closed formula of the first and second Zagreb

index of graphs based on new operations related to the vertex and edge F-join of
graphs in terms of different topological indices of their factor graphs. Also, we
apply our results to compute the first and second Zagreb index for some important
classes of graphs. For further study, some other topological indices for this graph
operations can be computed.
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