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LACEABILITY IN THE MODIFIED DISTANCE GRAPH
OF GRID GRAPHS

M.S. Annapoorna, R. Murali, and B. Shanmukha

ABSTRACT. A connected graph G is Hamiltonian-t*-laceable if there exists in
it a Hamiltonian path between at least one pair of distinct vertices u and v
with the property d(u,v) =t, 1 <t < diamG. G is termed t*-connected if it
is Hamiltonian-t*-laceable for all ¢. In this paper, we show that the modified
distance graph of the grid graph Mgy,(m,n) for n = m, 4 < m < 11 and for
n =2m, 2 <m < 8 is t*-connected.

1. Introduction

All graphs considered here are finite, simple, connected and undirected. Let u
and v be two vertices in G. The distance between u and v denoted by d(u, v) is the
length of a shortest u—v path in G. G is Hamiltonian-t -laceable (Hamiltonian-¢*-
laceable) if there exists in it a Hamiltonian path between every pair (at least one
pair) of distinct vertices u and v with the property d(u,v) =1¢, 1 <t < diamG. G
is termed t*-connected if it is Hamiltonian-t*-laceable for all ¢ such that 1 < t <
diam G.

Let D be the set of all distances between every pair of vertices in a graph G and
let S be a subset of D. The distance graph associated with G denoted by D(G, S)
is the graph having the same vertex set as that of G with two vertices z and y
being adjacent in D(G, S) whenever d(z,y) € S. The concept of distance in graphs
has been explained in detail in [1] and in [3], Thimmaraju and Murali have studied
the Laceability properties in some distance graphs. Laceability properties in the
distance graphs of paths Ps,, Pa,41 and P, with distance sets {1,2k}, {1,2k + 1}
and {1, 3k} have been studied by Murali and Harinath in [2] and by Leena Shenoy
and Murali in [4]. In this paper we prove that the modified distance graph of the
grid graph Mg, (m,n) is t*-connected for n = m, 4 < m < 11 and for n = 2m,
2<m<8.
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DEFINITION 1.1 (The Modified Distance graph of Grid graph Mg, (m,n)). This
graph is obtained as follows:

e We consider the grid graph P,, x P, with vertex set:
V= {an,alg...,aln}U{agl,agg...,a2n} U---u {aml,amg...7amn}
and edge set
E = {aijai(j+1), Qi(j+1)@i(j+2)> Gi(+2)0i(+3)> - - > Gi(j+(n—2)) Gi(j+(n—1))>
j=11=1,23,... n}0{aijaqi1)j Q+1)j0+2)j> - - - At (n—2))j Ui+ (n—1))j>
i=1,j=1,2,...,n}

e We consider the distance set S = {2} and construct the graph D(P,, x
P,,S).

e Next we join the vertices a1, a13 and asz, a3 by an edge each.

e The resulting graph is the graph Mg, (m,n).

In Fig 1, the grid graph P, x P5 and the graph M. (4,5) are shown.

i a I 4 e a;
G a5 3 g a5
33 83 iy By B35
dy dy agp dyy s

FIGURE 1. The grid graph P; x Ps and the modified grid graph
Mg (4,5).

DEFINITION 1.2. Let P be a path from the verticesa; to a; in a graph G and let
P’ be a path froma; to ax. Then the path PUP’ is the path obtained by extending
the path P from a; to a; to a; through the common vertex a;.

2. Results

In this section, we shall show that the graph Mg,.(m,n) is t*-connected for
n=m,4<m <1l and for n = 2m, 2 < m < 8. First, we need to introduce the
following terminologies which will be applied to prove t*-connectedness.

m
ai;l” [n] = Aigs Q(i4m)jA(i+2m)js A(i+3m)js - - +» Anj,
xT
aij J Y] = ijy Qi(j1a) Qi 122)s Gigj+32)s - - -+ Bigs
m xT
ai;l [TL]J [y] = Qij, A(i+m)(j+x)) - -+ » Ony-

THEOREM 2.1. The graph Mg.(m,n) forn = m and 4 < m < 11 is t*-
connected.
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PROOF. Let G = My, (m,n). Let

V ={a1,a12...,a1n} U{aza,a22...,a0,} U U{am1,amza-..,amn} and
U{@i50(i41) (-1 O(i+1) (G- 1) A(i42)(j—2) - - » Wi+ (n—(n—1))) (j— (n—(n—1)))
it (n—(n—2)) (i~ (n—(n—2)))J = 3,8 = 1} U -+ U{aijagi1)(j-1), Gi+1)(-1)
A(i4+2)(j=2)> -+ > Ui+ (n—(n—1))) (= (n—(n—1))) Ci+(n—1)) (j—(n—1))» ] = 1,7 = 1}
U{aijagiin -1y, 04+1) (-1 0(i+2)-2) - - > Ui+ (n—3)) (G~ (n—3))
A(i+(n—2))(i—(n—-2)), & = 2, = n}
U{aijagi+1)(j-1), Qi41) (- 1) Ui42)(G—2) - - > Uit (n—4)) (G~ (n—4))
Ai+(n—3))(j—(n—3))> & = 3, = n} U+ U{@ijaai11)(j-1)s Gi+1) (-1) A(i42) (-2)»
— 3 i (n—(n))) (= (n— (1)) A(i+(n—(n—1))) (i—(n—(n—1))), t = (R = 1), j =n} + e
={aija;j+1),1 = 1,7 = 2} + ea = {aija;41),1 = 2, = 2}
Clearly, d(G) = n — 1. To establish the result, we consider the following cases.
Case (i): n is odd.

Sub case (i): t = 1.
In G = My-(m,n), d(ai1,a31) =1 and the path

P:ap ' J' PO J anaJ?n — asn 1[0 — anm-1Jd 2[2apm—1)1J%n — 2]
a(n—2)(n—-1)J *[2Jagm—3)1*[n — 2)as@m-1)J >[2)as J*[n — 2]
a3(n—1)P°(a2(n—2), a3(n—3)) U (3(n—3), ag(n—1)) P’aza P* T 2P T =1 POI' J*!
PYJ PO JP[nasn I [n)an(n—2)d "*[1am—2)1J[n — a@m—2)m-2)J 1]
a(n_3)2J2 [n — 1]P%as1 PPaysJ?[n — 1]P0(a3(n_2), az(n—1))

U (a2(n—1), a2(n—3)) U (@2(n—3), a3(n—3)) Paza P’ azs Paz

is a Hamiltonian path between the vertices a7 and ags;.
Sub case (ii): t = 2.
In G = Myr-(m,n), d(ai1,as1) = 2 then the path

P:ap ' J' PO J anaJ?[n — asn 120 — apm-1)J >[2]
an—1)1J°[n = 2am—2)(n-1)J > [2)am—s)1 [0 — 2Jasm-1)J [2)as J*[n — 2]
a3(n—1)P°(a2(n—2, a3(n—3)) U (a3(n—3), @a(n—1)) P’aga P’ T 2P T =1 POI !
PYJ P I [n)asn I [n)ag—1y (-1 *[2lazm—2) I [Mam—1)(n—3)1 *[2]azn—1
I? [n]a(n_l)(n_5)f_2[2]a3(n_6)l2 [n}PoanlPoa(n_2)1P0a(n_1)2I_2[4]P0a31P0a51

is a Hamiltonian path between the vertices a1 and as;. In Fig 2, Hamiltonian path
from vertex a1 to as; in the graph Mgr(5, 5) is shown.
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FIGURE 2. Hamiltonian path from vertex aj1to az; in the graph
Mg (5,5).

Sub case (iii): ¢t = 3.
In G = My.(m,n), d(a11,a21) = 3 then the path
P : a1 J%[n]az, I? [n]an(n,g)Jﬁ[1]a(n,1)2J2 [n — l]a(n,g)(n,z)Jﬁ[1]a(n,3)2

J?n — 1]a5(n_2)J_2[1]a52J2 [n — 1]a2(n_1)P0(a3(n_2), a2(n—3))
U (az(n—3), a3(n—a))Paga POT* J PO T2 PO I J' PO POT 1 g1 PP

J?n — 1)ag, I?[n — 1]an(n_1)J_2[2]a(n_1)1J2 [n — 2]a(n_2)(n_1)J_2[2]a(n_3)1
J?[n = 2asu—1)J *[2lasn J*[n — 2] P (a5(n—1), 2(n—2)) U (a2(n—2), @3(n—3))
U (ag(n—3), ag(n_4))Poa34P0a32P0a21

is the Hamiltonian path between the vertices a1; and as;.
Sub case (iv): ¢t = 4.

In G = My (m,n), d(a11,a41) = 4 then the path

P:aynJ? [n}agnﬂ[n]an(n,g)J72[1]a(n,1)2J2[n - 1]a(n,2)(n,2)J72[1}a(n,3)2
J?n — l]a(n_4)(n_2)J_2[1]a42J2[n — 1]a2(n_1)Po(ag(n_g)7 A2(n—3))
U (ag(n—3), az(n—1)) Paga POT* T PO T2 PO J' PO T PO J?[n — 2]
azn—1)J 2[2]Paz PPara?[n — asnI*[n — Uanm-1)Jd 2[2]apm—1)
J?[n = 2)azn—1)J *[2)as1J*[n — 2] P%(as(n-1, Ga(n—2))

U (aa(n—2), a5(n—3)) U (a5(n—3)> A(n—5)(n—1)) P asa P’as3 PP asa Plag

is the Hamiltonian path between the vertices a1; and ay4;.
Sub case (v): t =5.

In G = My.(m,n), d(a11,a61) = 5 then the path
P a11J2 [n]a3n12[n]an(n,2)J72[1]a(n,1)2J2[n — 1]&(,1,2)(”,2)J72[1]a(n,3)2
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J*n — 1]a(n,4)(n,2)J_2[1]@42J2[n - 1]a2(n,1)P0(a3(n,2), a2(n—3))
U (aa(n—3), az(n—1))Plaga PPI* T PO 2P 1= J PO J PO T2 [n — 2
a3(n,1)J_2[2]a43J2 [n— 2]a5(n,1)J_2[2]a41[_2[2]a12J2 [n — 1]ag,
I*n — 1]an(n_1)J*2[Q]a(n_1)1J2 [n— 2]P0(a(n_g)(n_1), A (n—3)(n—2))
Plaz[I ' T PT' T 112 Pl
is the Hamiltonian path between the vertices a7 and ag;. In Fig 3, Hamiltonian
path from vertex ai1 to ag in the graph My, (7,7) is shown.

F1GURE 3. Hamiltonian path from vertex ai; to ag; in the graph
Mg, (7,7).

Sub case (vi): t =6.
In G = Mgy-(m,n), d(a11,ar7) = 6 then the path

P:apn ' J' PO T ana P n — asn 20 — Uanm-1)Jd " 2[2lagm—1)17°[n — 2]ag—2)(n-1)
J2[2am—sn %N — 2am—1yn-1)J *[2lasr J*[n — 2az—1)P°T (2]
JHn —2)P°1[3]J Y n — 3] P°T 1 [2]0 [n — 4] P%a34J 2[2)ag; Pa12 PPay3
Jz[n]ag(n,l)J_Q[él]aggJQ [n]a4(n,1)J_2[4]a53J2 [n]aG(n,l)J_Q[Z]a42POa31
I*n)ans J? ) PPagy—2)n PPa(n—1)(n-1)J 2[2]am—2)3J°[n — 2]

is the Hamiltonian path between the vertices a1; and ar7.
Sub case (vii): t=717.
In G = My,(m,n), d(ai1,ass) = 7 then the path

P:apI'J' PP T ay J*[n] P I PPag, I [n — 1aym—1)J > [2Jag—1)1%[n — 2]
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a(n,g)(n,l)J_2[2]a(n,3)1J2 [n — Q]a(n,4)(n,1)J_2[2]a(n,5)1J2 [n— 2]
an—6yn—1)d 'n—7J " [n—2|P°I'[n — 6]J ' [n — 3] P°
I 'n =810 [n—4]P°I'[n— 6] ' [n — 5]P° T 2[n — 7| P%(y_71 I '[1]
J! [2]a1(n_6)J2 [n]a(n_6)n12 [n— 2]a(n_3)(n_1)172[Z}a(n_6)(n_2)
IP[n = 2agm-1)(n-3)I *[2lam—6)n—aI*n — 21Pa(n_3)(n—5)1 *[2]
An—6)(n—6)J [N — 2]a(n_3)2I*2[4]a(n_6)112 Mam—1)m_m)I'[n]J" [n — 6]
P°I ' [n —1]J [n — 5|P°I" [n]J" [n — 4]P°T " [n — 1]J" [n — 3] P°
I'n]J ' n —2]P° T2 [n]P°I ' n — 110 n — 1]
is the Hamiltonian path between the vertices a;; and ags.
Sub case (viii): ¢t = 8.
In G = My-(m,n), d(ai1,ag9) = 8 then the path
P:apI'J' PP T ay J?[n — 1agn I [n — anm-1Jd >[2am—1)1J*n — 2]
a(n_Q)(n_l)J_Q[2]a(n_3)1J2[n — 2]a(n_4)(n_1)J_2[2]a(n_5)1J2[n — 2]
an—6)n—1yd TJ T PIN T PO T PO g PO PO T PO T T
PYJ P [n]asn I [n — 2]ag—1)m-1)1 *[2lam—c)n—2yI*[n — 2]
a(n-1)(n-3)I *[2ag(n—2y*[n — 2)a(—1)4
I 2[2]a(—6)(n—6)L°[n — 2ag—1)2] *[Aam—6)11%[nlansJ?[n]

is the Hamiltonian path between the vertices a7 and agg. In Fig 4, Hamiltonian
path from vertex ai1 to agg in the graph My,(9,9) is shown.

FIGURE 4. Hamiltonian path from vertex a;; to agg in the graph
G = My-(9,9).
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Case (ii): n is even.

Sub case (i): ¢t =1.
In G = Mgy-(m,n), d(ai1,a31) =1 and the path

PranI'J P T ara P nagp P n — ann-1)] "*[2)agm-2) 1[0 — agm-1)n-2)
Poan(n,3)1_2 [2]a3(n,4)12 [TL — 1]an(n,5)1_2 [2]a3(n76)12 [7’7, - 1](1,1(”,7)
I72[7’L - 6]P0a63P0a43P0a32]2 [TL - 1]an1]72[2]P0a12P0a13J2[n - 1]
a2n12 [n]a(nfl)(nfl)l_2 [3]a2(n72)12 [n]a‘(nfl)(nf?))l_2 [3]a2(n74)12 [n}a(nfl)(nffy)
172 [3]&2(n_5)I2 [n]a(n_l)(n_ﬂl’*z[3]P0a33P0a4212 [n]a(n_1)11—72[3}

is a Hamiltonian path between the vertices a1; and as;.

Sub case (ii): t =2
InG = My, (m,n), d(ai1,as1) = 2 then the path

P :anI'J' PP T aysJ? [n)agnI?[n — Uag -1 [2)asm—2)11%[n — Uaym-3)
1_2[2](13(”_4)12 [n — 1]an(n_5)1_2[2]a3(n_6)1'2 [n — 1]an(n_7)I_2[4]P0a63
POCL43POCL32I2 [n — l]amI*Q [2]P0a12P0a13J2 [n — 1]a2nl2 [TL]
an(n_g)J_Q[2]a(n_1)(n_9)J2 [n - 1]a(n_2)(n_2)J_2[2}a71 J? [TL — 1]a6(n_2) J_2[2}
as3J?[n — 1P%ay(,—2)P°(a3(n—1): Ga(n—2)) U (a2(n—2), G3(n—3))
U (@3(n—3)» @(n—2)(n—4)) U (@(n—2)(n—a): A(n—6)(n—a)) P ags P' T 1T
POP2POrtgtport gt POt gt por?

is a Hamiltonian path between the vertices a1; and as;. In Fig 5, Hamiltonian path

from vertex ai1 to ag; in the graph M, (6,6) is shown.

FIGURE 5. Hamiltonian path from vertex a;; to as; in the graph
My, (6,6).
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Sub case (iii): t =3
In G = My(m,n), d(ai1,a21) = 3 then the path

P :aj J? [n— 1](12"]2 [n]a(n_l)(n_1)172[3]ag(n_2)12 [n]a(n_l)(n_3)172[3}@2@_4)

I? [n]a(n,l)(n,s)I_Q[3]a2412 [n]a(n,1)31_2 [3]@4212 [n]a(n,l)ll_Q [3]
P95 P%as3 PaysJ? [n]agnl2 [n— 1}an(n_1)172 [2]a3(n_2)
I72[n— 1]an(n,3)1_2[2]a3(n,4)12 [n — l]an(n,5)1_2[2]a34l2 [n— 1]ans
I 2[4)azaI?[n — an I72[2]

is a Hamiltonian path between the vertices a1; and as;.

Sub case (iv): t =4

In G = My, (m,n), d(ai1,as1) = 4then the path

P :ay J*n — 1]ag,I? [n]a(n,l)(n,l)l_z[3]@2(71,2)[2 [n]a(n,l)(n,g)l_z[3]a2612 [n)]

a(n_1)5I*2 [3)agsI? [n]a(n_1)3]*2 [3)agoI? [n]a(n_1)1I*2[3]P0a22P0
azs %[ — Nag(n—2yJ 2[2] P as1 PPara J?[n]asnI?[n — 1aym—1)J >[1]
a(n-1)2J° N = 2am-2)mn-1)] > [am-3)27°[n = 2am-ayn-1)1J [1]
asaJ?[n — 2)aym_1)J *[1]

is a Hamiltonian path between the vertices a7 and ay4;.

Sub case (v): t =5.

In G = My-(m,n), d(ai1,a61) = 5 then the path

P : a1 J?[n = 1agp I*[Map—1)m-1)L > [Blasm-2 I nlagm-1)m-3 1 *[3lazsI*[n]
an—1)sI "*[Blagal®[n]ag,—1)3] " *[3lasal?[n]ag,—1y11 (3] PPass P°
azsJ?[n — Yag(n—2yJ " *[2]ass I [n — as(n—2)J 2[2)aa ] *[2]arat*[n]as,
Pln = 1anm-1J *[Nam-127%n = 2am-2)-1) *[Uag—3)2
J?n — 2agm-1)J 2[1]
is a Hamiltonian path between the vertices a1 and ag;.
Sub case (vi): ¢t = 6.
In G = Mgy-(m,n), d(ai1,ar7) = 6 then the path
P:ap I'J PO T ays g% [n)as, I [n — l]an(n_1)172[2]a3(n_2).72 [ — 1]aym—3)
I ?[2]agm-0I*[n — NansI*[2)azal’[n — NansI > [4las2I*[n — 1)an
I72[2]Pa19Pa137%[n — 1ag,J 2 [4lazz J?[n — 1)asmJ *[4]ass
J?n —1)agnJ 2[6lazs I T PO g POt~ POr—2p°
az1*[n — Nana J*n)ag—1y(m-1yP°J " [Blag—2y2 [Nl —3)m-1)J 2[n — 2]

is a Hamiltonian path between the vertices a1; and a77. In Fig 6, Hamiltonian path
from vertex a1 to aryy in the graph MgT(S, 8) is shown.



LACEABILITY IN THE MODIFIED DISTANCE GRAPH OF GRID GRAPHS 25

<<

)
4

7
%
)
g
/j

S,

T
v

%
\"
!
DA

AN

£

A

‘u

(U
\
Y
\

R
L
\

V4

Q

B

%9
o
£

g

04
A
S
K
>
7
A
=
%S
2

v
b &
”~ o2 -

%

{>
4

/

e
1

A
A
"/é

\

Y/
A
AL A
R
%
AN\
XA
&\\'%
o,
W
é’\
v
A
s

o

S

)

\>
A

7~ <

-~ p &

agg ag7

/
/)
|

g4 ags

FIGURE 6. Hamiltonian path from vertex ai; to ar7 in the graph
M,y,(8,8).

Sub case (vii): t=7.
In G = My-(m,n), d(ai1,ass) = 7 then the path
P:apI'J PP T aJ?nasnI?[n — agm—1)] 2 [2]asm-21%[n — Uanm—3)
I7?2)az(n-ayI*[n = Vans I ?[2]am-rsl*[n — Uansl *[4lasa*[n — an
I72[2]ay2J [3]P° J*[n — Nag, I?[6)az(n—1)] *[3las(n—2) % [6]az(n—3)
12 [3]02(n—4)12 [6]07(71—5)]72 [3]a2(n—6)12 [G]G(n—3)3172 [3]as:
POI' T POT T PP ag,— 1)1 PP ane J?[n] PO T2 P
a1y (n—1)J *[]a(n-2)2J*[n — 2]
is a Hamiltonian path between the vertices a1; and ags.
Sub case (viii): t = 8.
In G = Mgy,(m,n), d(a11,a99) = 8 then the path
P:apI'J' PO T aya J?[n]asn I [n — 1aym—1)] >[2agm-21%[n — anp—s3)
I_2 [2](13(n_3).[2 [TL — 1]an(n_5)f_2[2]a3(n_6)12 ['I’L — l]an(n_7)1_2 [4]a3(n—8)-[2
[n— 1an I 2 [2]P° T T POT PP J?In — 1]agnJ *[n — 6lag—1y(n-1J>
[n — 1as,J *[n — 6lag,—5)3J°[n — Lag—aynd *[n — 6lag,—3)3J°[n — 1]
An—2ynd 2RIP TP POI 2 POI I PO I [n — 1] PPan POI - T POT!
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J1PO]3J2POI_1J_1

is a Hamiltonian path between the vertices a1 and agg.
Sub case (ix): t =09.
In G = Mgyr(m,n), d(ai1,a1010) = 9 then the path

P:apI'J' PP J araJ?nlasn I [n — 1ay;m—1)] 2 [2lagm-2 %0 — Uanm-3)
12 [Z]ag(n,4)12 [n — 1]an(n,5)1_2[2]a3(n,6)12 [n— 1]an(n,7)l_2 [4]ag(n—s)
IPIn—1aym-o I 2[2]P° T T PO I PYJ2 [n — 1] P T T PO 2 [4]
PO g PO 2 [ — 1 PO I J P 24| PP T T PO TP [ — 1] P°
' PO 2[4 PO PO T2 [ — 1) PO T PO g PO
I PO PO T 24 POT L T PO I [n — 1] PYa,0 0% 0]
is a Hamiltonian path between the vertices a1 and a1g19- O

THEOREM 2.2. The graph G = Mgy, (m,n) for n = 2m, where 2 < m < 8 is
t*-connected

PRrROOF. Let G = My, (m,n). Then

V(G) = {Clu,alg,...,aln} U{agl,CLQQ,...,agn}U <o U {aml,amg,...,amn}

E(G) ={aijai(j+2), @i(j+2)0i(j+4)> - - - > Gi(j+(n—3)) i+ (n—1))»
i=1,2,3,...,m,j = 1} U{aa;(j12), Gi(j+2)@i(j+4)s - - - > Bi(j+(n—4))
Qi noz)yi = 1,2,3,...,m,j = 2}
U{aija+2)j, aG+2)AG+4)55 - - > Uit (m—3))j A+ (m—1))5 [M = 0dd]
i+ (m—4))§ Ui+ (m—2))j [M = even],
i=1,7=1,2,3,...,n} U{aijaq12);, A>i+2);0i+4)5>

5 At (m—5))j i+ (m—3)); M = 0dd]

(it (m—4))jO(i+(m—2)); M =even],i=2,7=1,2,3,...,n}

U {@ia(i+1)(+1) G(i41) (4+1) A(i42) (42 -+

i+ (m—2)) (j+ (n—(m+2))) 4(i+(m—1)) (j+(n—(m+1))), § = 1,J = 1}
U{@ija(i+1)(j+1) Q(i41) (4+1) A(i4+2)(+2) - -+

(i (m—3)) G-+ (n—(m+3))) Ui+ (m—2) (j+(n—(m+2)))» § = 2, = 1} U -+

U {aijaiin)(+1), Gi+1) (1) Qi+2)(42) -+

i+ (m=m)) (j+(n—n)) Ui-+m—((m=1)) (j+(n—(n—1))), ¢ = (M = 1),j = 1}

U {aijaitn)(+1), 0i4+1) (1) Ga+2) (42 - -

(i (m—=2)) G+ (n—(m+2))) Ui+ (m—1)) (j+(n—(m+1)))> & = 1,J = 2}
{@ij0(i41)(41) Q1) 41 Ai42)(42)5 -+ Uit (m=m)) G+ (n—(n—n)))

Ui+ (m—2)) (j+(n—(n—1))), & = 1,7 = (n = 1)} U{aijag41)-1), ai+1)(-1)

A(i+2)(j=2)> - - - » Wi+ (m—m)) (j—(n—n)) A(i+(m—(m—1))) (j—(n—(n—1)))
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i=1,7=2)} U{aijagi+1)G-1)s Gi+1) (-1 Ui+2) (-2) > - - -
(it (m—(m—1))) (- (n—(n—1))) A(i+(m—(m—2))) (i —(n—(n—2)))>
i=1,7=3}U- U{aijaqr1)(-1), ai+1)G-1)(+2)(-2)s - -»
Ait(m—2)) (G —(n—(m+2))) A(i+(m—1))(j—(n—(m+1)))>
i=1,j=n}U{aijaqi1)(-1), @i+1)(G-1)0i+2)(G-2)s - -
it (m—3)) (5 —(n—(m+3))) A(i+(m—2)) (j—(n—(m+2)))>
i=2,j=n}U--U{ajagin-1), G+1)G-1)0+2)(-2)> - - -
Ait(m—(m))) (G —(n—(n))) A(i+(m—(m—1))) (G —(n—(n—1)))
i=(m—1),j =n}+e = {aya;j41),i =1, =2}
+ex = {aija;(j+1),1 = 2,j = 2}.

Clearly, d(G) = (mT“ﬂ — 1. To establish the result, we consider the following cases,

Case (i): n is odd.

Sub case (i): t =1.

In G = Mgy,(m,n), d(a1,a13) =1 and the path

P :ay IPmlamsJ?n — Hagn—1yn] *[2)a1m-1)1[m — 2la@m—1)m-21 *[2]
a1(n—3)12m — 2Jain-1)m-ayI *[2Jar(mn—sI*[m — 2agm—1)n-61 *[2laim
I*Im — 2]a(m,1)(n,8)1_2[2]a1512 [m — 2]a(m,1)41_2[2}a(m,4)312 [m]
aim—1)2I ?[2]ass PParaJ? [n]ag, I m]agm—1)n—1)1 2[2]
ag(n,g)ﬁ [m]a(m,l)(n,;;)I_Z [Z]ag(n,4)12 [m]a(m,1)91_2 [2]as(n—¢)
r [m}a(m—l)(n—n—rz [2]asel? [m]a(m—1)5172 [2]as,I? [Mm]a(m—1)3
I ?[Aagm—oy2*mlagm—1)1 1 *[Aage PP T T POI 1T PO
is a Hamiltonian path between the vertices a;; and a3.
Sub case (ii): t = 2.
In G = Myr(m,n), d(ai1,a24) = 2 and the path
P:an IPBIP Tt PO I POT 1 T PO T2 n]as,
Pmlam—1)(n-1)I ?[2)azn—2yI*[M]aim—1)(n—3)] > [2)az(n—1)
Plmlagn-1)n-s5)1 " *[2)agm—6) I [Mlam-1)m-n1 " [2asm_s)
I? [m]a(m_1)5172[2]a3412 [m}a(m_l)gffz [4]aseJ? [m] P°
ag1 PPag1 Plag PPT~ g1 POr-tytpogt
P°J? [n— 1]a2n12 [m — 1]am(n_1)J*2[l]a(m_1)2J2 [n — 2]as(m—1)
J 2 [Hagn-zy2J%[n — 2az—1) [P T I PT TH]?
Playe PO1tg—1p0g—2por-1jt
is a Hamiltonian path between the vertices a1; and as4. In Fig 7, Hamiltonian path
from vertex a1 to agy in the graph Mgr(?), 6) is shown.
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FIGURE 7. Hamiltonian path from vertex a;; to as4 in the graph
Mg7'(37 6) :

Sub case (iii): ¢t = 3.
In G = My-(m,n), d(ai1,a14) = 3 and the path
P anP[mlamsJ?[n = Nagn-1)nl 2[2larm-1)I2[m = 2am-1ym-21 *[2ain-s)
I*Im — Z]a(m,l)(n,4)1_2[Q]al(n,g))ﬂ[m — Z]a(m,l)(n,g)l_z[2]a1(n,7)12 [m — 2]
a(m-1)(n-8) 2[2arsI*[m — 2a(m—1yal 2[2)arsI*[m — 2] a1yl *[2]
Plags PP I gt PO PO T PPagy IP[m — 1]apms
T[] a(m-1)(n-1)J " [Bla(m—2)27* [N asn—1)J ~*[3lasaJ?[n]ag(n—1)
POt Lp0 =20yt J-L[pOr-1 -1 p0yt j-12 po
argPPI POyt
is a Hamiltonian path between the vertices a1; and a14.
Sub case (iv): ¢t = 4.
In G = My.(m,n), d(a11,a16) = 4 and the path
P :apIP[m — 2ami J?[n — agm-1ynd " 2[2]ai(-1I*[m — 2)agn—1)mn-2)] [2]
al(n,g)lz [m — Q]a(m,l)(n,4)1_2[2]a1(n,5)12 [m — Q]a(m,l)(n,G)I_Q[Z]al(n,ﬂ
IP[m = 2)agm-1)(n-6)1 2[2ais13[m — 2a(m—1yal >[2)ars]*[m — 2]
am—1)2d 2 [2]PO T PO TN PO PO T POTY
J Pag IP[m — ameJ* [n)agn—1)n-1)J > [Blagn—2)2]*[n)asm-1)
J?[3lasaJ*[nag(n—1)yP° T~ T PO T2 Pay(,,_5 P’ J 2
Pt PO 2 POt j=1 PPays Pasg

is a Hamiltonian path between the vertices a1; and aq¢.



LACEABILITY IN THE MODIFIED DISTANCE GRAPH OF GRID GRAPHS 29

Sub case (v): t =5.
In G = My, (m,n), d(ai1,a18) =5 and the path

P a1 IP[m — 2)am1 J?[n = agm-1ynd 2[2]ar -1 I°[m — 2)agn—1)mn-2y] [2]

a1(n—3)1%[m — 2)am—_1)(n-2yI > [2)a1 5> [m — 2)aim—1)(n-6I *[2]aim
m = 2agm-1y(m-s)I 2[2]aisI*[m — 2]agy—1)al "*[2]ais*[m — 2]
Am—1y2 2P0 J PO PO PO g PO
"' PPag IP[m — Yama J* n)am—1)(n-1)J " 2[3lam-2)2J°[n]
as(n—1)J *[3lazsJ*[n]P°T~?POay(,,_1\ PO I 1 J ' P°
' P I  PPage s 2 PO T PO g

is a Hamiltonian path between the vertices a1; and a;s.

Sub case (vi): ¢t =6.
In G = My, (m,n), d(ai1,a110) = 6 and the path

P: a11I2 [m — 2]am1J2 [n— l]a(m_l)nlfz[Q]al(n_l)IQ [m — Q]G(m_l)(n_Q)I72[2]

a1(n—3)°[m — 2)agn-1) -0 [2larm-s LM — 2amm—1)(n-61 >[2]ai -
I? [m - 2]a(m_1)(n_8)172[2]a1512 [m - Q]a(m_1)4172[2]a13[2[m — Q]G(m_l)g
122 P PPt PP y—2pPort gt Pt gt po
Iljilpoa(m_l)lpoamgjz [n]a(m_l)(n_l) J2 [3]a(m_2)2J2 [TL]
aa(n—1)J " *[3lazaJ*[n)P°a(m—6)n
PO g PO g PO T POagg 2[5 PO T T POT2[10]

is a Hamiltonian path between the vertices ai; and aj19. In Fig 8, Hamiltonian

path from vertex ai1 to aq110 in the graph My, (5, 10) is shown.

FIGURE 8. Hamiltonian path from vertex a1; to aj1¢ in the graph
M, (5,10).
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Sub case (vii): t =7.
In G = My,(m,n), d(ai1,a610) = 7 and the path
P :ay P'I'J'P°J PPay 3y J° [n]as, 1% [m]
@m-1)(n-1)1 2 [2lagn-1)m-2) L [Mlagm-1) -3 *[2asm-a)
Plmlagn-1ym-51*[2asm—6) L [magn-1)m-n 1> [2asm-s)
Pmlagn—1)mn—9I [2lazal*[m]agm—1)sI 2[4]am—a)21[m]
a(m-11 I 2 R)P I T PO TP [0 — 1] P%ay 3y S [n — 1]ag,
J 2 A agm—1y3T*[n = agn—z),J 2[2]P° T T P12 PP
Jn—- 1Pt Pty tpert gt POt gt po
J 2 Wagm—1)2J%[n — 4]
is a Hamiltonian path between the vertices a7 and agio.
Sub case (viii): ¢t = 8.
In G = My (m,n), d(ai1,ae12) = 8 and the path
P :ay P'T" ' PO T Pay 3y J° [n]asn I Im]agm—1)(n—1) " >[2]a(m—1)(n—2)
Pmlagn-1)m-31*[2asm-u I [mlagm-1)(n-51"*[2Aasm-6 I*Mm]am-1)m-7)
I722]agm-s) I [maim—1yn-0)I*[2]azal?[magm1)sl*[4la(m—ay2
Pmlag,—1y I 2R21P° T T PO I [n — 1)PPay -3y % [n — Nag, J 2[4]
a(m—1y3d* [ = 1 a(m—3y,J 2 [2]P° T~ T PO 12 PO J? [n — 1] P°T' J!
PI' PO I Nagm-1)2J*[n — 2]
is a Hamiltonian path between the vertices a1 and agi2.
Sub case (ix): t =09.
In G = Mgy, (m,n), d(ai1,ar12) = 9 and the path
P :apJ%n — 1)ag, I*[m — 1]am(n,1)l_2[3]a2(n,2)12 [m — 1]am(n,3)l_2[m]a2(n,4)
I*[m = amn-s)1 >[Blazm—6 I [m — Uamm—1I*[Blagm_s)I*[m — amm_o)
I?[Blagn-10)1[m — NamsI *[m — 4dagn—2)21°[m — Hap, I 2[B31PYT !
JEPY T2 POT T PO TP n)agm—1)d 2 Blagm—1)4J 2 [M]am—3)(n—1)
J2BIPO I PO T PO I T PO T2 ) anmn
POt PV T2 1 ame J?[n — 2]
is a Hamiltonian path between the vertices a1 and aris.
Sub case (x): t = 10.
In G = Mgy-(m,n), d(ai1,ar14) = 10 and the path
P :apJ%n — 1)ag, I*[m — l]am(n,1)172[3]a2(n,2)12 [m — l]am(n,3)li2[m]a2(n,4)
I*lm — 1]am(n_5)I_2[3}a2(n_6)12 [m — 1]am(n_7)l_2[3}a2(n_8)12 [m — 1] @y, (n—9)
I?[Blagn—10)I°[m — NamsI *[m — 4]agn_2)2I°[m — Hap I ?[B|P°T !
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JPY I 2POI T PO IR n]ag(m—1yd 2 [5lagm—a)ad” [R)a(m—3)(n-1)

JBIP T g PO g PO T PO T2 () POT T PO T 2 (1] ama T2 1)
is a Hamiltonian path between the vertices a1; and a714. In Fig 9, Hamiltonian
path from vertex ai1 to ar7i4 in the graph M, (7,14) is shown.

FIGURE 9. Hamiltonian path from vertex aj; to arz14 in the graph
My, (7,14).

Case (ii): n is even.
Sub case (i): ¢t =1.
In G = My (m,n), d(ai1,a13) = 1 and the path

P:ap I*m — amaJ? [n]a(m_Q)nI_Q[2]al(n_1)l2 [m — 1}a(m_2)(n_2)1_2[2]al(n_3)
PPm — agn-2) (-] *[2JarrI?m — Nagm—2)(m—-6)I > [2JarsI*[m — a(m—2y
I7?[2]ags*[m — agm—2)21 *[2]ass PParaJ?[n]aznI?[m — Nau,;-1)
172[2}a3(n_2)12 [m — 1]am9172[2]a3812 [m — 1]&6(,”_5)]72[2](136]2 [m — 1]
amsI 2 [2)azaI?[m — 1amsl 2 [4]ass I 2[4]

Pay i I 2[4]az PP T T POT 1  POTY

is a Hamiltonian path between the vertices a1; and a;3.
Sub case (ii): t = 2.
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In G = Mgy, (m,n), d(ai1,a24) = 2 and the path
P:an PP J PO T POT M T PO P n)ag, I [m — 1) amn—1)
I?[2]agm-o L% m — amm—3 1 *2lazm—1)I*[m — a3
I?[2)agm—6) I [m — amm-n1 *[2laza*[m — HanmsPa(m—1)(n—10) P’ @m1
I72[4]Paz PP It T POT L T POT PO T2 [ — 1]as,
Plmlamm-2)J *[2a@m-1)1*[n — Nagm-2)J *[2]ass J*[n — 2Jazm_2)J >[4]
is a Hamiltonian path between the vertices a1 and as4.
Sub case (iii): t = 3.
In G = My,(m,n), d(a11,a14) = 3 and the path
P :ay I*[m — Yame J? [n]asn ] *[2)ar -1y I?[m — Nagn—2)(n—2)] > [2]ai(m—3)
Plm = am-2yn-aI *[2laym—s 2 m = agm-2)m-e 1 *[2laym-nIm —1]
a(m—2)(n—8)1 *[2arsI*[m — 2]a(m o2yl *[2)P’ass P° T~ J ' POI g1 PP
' PN T PPay J2 [n — 1)as,J 2 [2lam—gy3d*[n — Lag,J *[4]ass
J?n — 1]ay,J 2[4]

is a Hamiltonian path between the vertices a1; and ay4. In Fig 10, Hamiltonian
path from vertex ai1 to aq14 in the graph My, (4, 8) is shown.

‘I;
NN

! . -.../;
Ve \Va W \Wa

o

P\ /'\'ﬁ' N \
dy dy3 dy Ay A dy I

FIGURE 10. Hamiltonian path from vertex ai; to ai14 in the graph
Mgy, (4,8).



LACEABILITY IN THE MODIFIED DISTANCE GRAPH OF GRID GRAPHS 33

Sub case (iv): ¢ =4.

In G = Mgy-(m,n), d(ai1,a16) = 4 and the path

P:apI? [m — 1}am2J2 [n]a(m_g)nI_Q[Q}al(n_l)ﬂ [m — 1]a(m_2)(n_2)1_2[2]a1(n_3)

I? [m — l]a(mfg)(n,@IiQ[2]0,1(71,5)1 [ - 1] Q(m—2)(n— G)I 2[2]&1512[771 - 1]
am—-2)(n-8) 2[2arsI?[m — a(y gyl 2[2]P°J P11 J PP

JEP I POt PO I T PRy, I — 1as,

J2[2)am—2)3J%[n — 1az,J " *[4]ags J*[n — Lay,J >[6]

is a Hamiltonian path between the vertices a1 and aqg.
Sub case (v): t =5.

In G = Mgy(m,n), d(ai1,a18) =5 and the path

P:apI? [m — 1]am2J2 [n]a(m_z)n1_2[2]a1(n—1)12[m = Yam-2)(n—2)

I?[2)a1 (n—3)1%[m — Yagm—2)(n-1yI > [2]a1 5L [m — Lain—2)(n—6)

I7?[2Jars1%[m — Vagm -2yl 2[2]arsI*[m — 1 agm—o)2 2[2]P°J"
Ot tPY 2P gt Pt POty Playy J3 [ — 1]a5n

J2[2)a(n-2)30°[n — 1az,J "*[4]ass PPais PPasr J?[n — 1)ai,J (8]

is a Hamiltonian path between the vertices a7 and as.
Sub case (vi): t =6.

P

In G = Mgy-(m,n), d(ai1,a110) = 6 and the path

: auIQ[m — 1]am2J2 [n]a(m_g)nI_Q[2]a1(n_1)l2 [m — 1]a(m_2)(n_2)l_2[2]a1(n_3)

PIm = 1agn-2)(n-1y1 *[2la1(n-s)I*[m — Nagm—2)n-6)I °[2arm-nI*[m —1]
a(m-2)(n-8)1 2[2)arm-9)I*[m — agm_o)I 2[21P°J P11 J PO T2 POI

J PO T PO T POy JP [0 — agm—1ynd " *[2]agm—2)3J>[n — 1]

aznd " 2[Aag(y—7y PP T T POIN T PO T T PPay,,—s)

J?In —1]ar,J *n — 2]

is a Hamiltonian path between the vertices a1; and aq1¢.
Sub case (vii): t=7.

P

In G = Mgy, (m,n), d(ai1,a610) = 7 and the path

tay PPN T PO T POy (n—2) T2 [ agm—3)nd 2 [m — 1) amn—1)

1_2[2]a(m,3)(n,2)12 [m — 1]am(n,3)l_2[Q]a(m,g)(n,4)l2 (M — 1@ (n—3)
I?2)agm—zymI?[m — Namm-mI [2lamm—3)n—s)I°[m — Namm_gl *[m —2]
am-3)212[m — Nam1 I ?[2Jara PP T PP J? [n — 1]asy, J *[Aagm—3)s

I = agm—2ynd " [2an-z112[m — Yamo[POT ' J' PI ']

PI 17 PO 2 Play, J 20 — 2]
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is a Hamiltonian path between the vertices a1 and ag19. In Fig 11, Hamiltonian
path from vertex ai1 to agio in the graph My, (6,12) is shown.

FIGURE 11. Hamiltonian path from vertex a1y to ag1g in the graph
M, (6,12).

Sub case (viii): t = 8.
In G = Mgy (m,n), d(ai1,ae12) = 8 and the path
P ay PI' T PP I PPay oy I [n]a(m—synI* [m — Namm-1)] " [2]a@m—3)(n—2)
I*lm — l]am(n_3)I*2[Q]Q(m_3)(n_4)12 [m — 1]am(n_5)I*2[2]a(m_3)m
I*m — l]am(n,nl_z[Z]a(m,g)(n,g)ﬂ [m — 1]am(n,9)l_2[m —2]a(m—3)2
I*[m — 1amil ?[2]a12 PP T PO T2 [n — a2, *[Aam—3)3
T2 = agn—2ynd “2[2lagm-s)112[m — Name [P T I ' POIM J'P

is a Hamiltonian path between the vertices a7 and agis. O

3. Conclusion

In this paper we have explored the Hamiltonian-t*-laceability properties of
modified distance graph of grid graphs My, (m,n) for n = m, 4 < m < 11 and for
n = 2m, 2 < m < 8. Hamiltonian laceability properties of distance graphs and
product graphs respectively can be used to design the network topology. Hamilton-
ian laceability in single connected graph can be used to overcome network failures
if they are connected in the form of hybrid topology.
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