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FIXED POINT THEOREMS FOR A PAIR OF
MAPPINGS SATISFYING ¢ - IMPLICIT RELATIONS IN
WEAK PARTIAL METRIC SPACES

Valeriu Popa and Alina-Mihaela Patriciu

ABSTRACT. In this paper we prove two general fixed point theorems for a pair
of mappings satisfying ¢ - implicit relations in weak partial metric spaces,
generalizing some known results.

1. Introduction

In 1994, Matthews [14] introduced the concept of partial metric spaces as a part
of the study of denotional semantics of dataflow networks and proved the Banach
contraction principle in such spaces. The partial metric spaces play an important
role in constructing models in the theory of computation. Many authors studied
the fixed points for mappings satisfying contractive conditions in [3], [6], [12] and
in other papers. In [12] some fixed point theorems for particular pairs of mappings
are proved, which generalize some results from [3], [6] and from other papers.

In 1999, Heckmann [10] introduced the concept of weak partial metric spaces,
which is a generalization of partial metric space.

Some results of self mappings on weak partial metric spaces are recently ob-
tained in [2] and [7].

Several classical fixed point theorems and common fixed point theorems have
been unified considering a general condition by an implicit relation in [15], [16]
and in other papers. Recently, this method is used in the study of fixed points in
metric spaces, symmetric spaces, quasi - metric spaces, b - metric spaces, Hilbert
spaces, ultra - metric spaces, convex metric spaces, compact metric spaces, in two
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166 V. POPA AND A.-M. PATRICIU

and three metric spaces, for single - valued mappings, hybrid pairs of mappings
and set - valued mappings.

Quite recently, the method is used in the study of fixed points for mappings
satisfying contractive / extensive conditions of integral type, in fuzzy metric spaces,
probabilistic metric spaces, intuitionistic metric spaces, G - metric spaces and Gy,
- metric spaces.

With this method the proofs of some fixed point theorems are more simple.
Also, the method allows the study of local and global properties of fixed point
structures.

The study of fixed points of self mappings in complete partial metric spaces
using implicit relations is introduced in [8], [9], [17] - [19].

The notion of ¢ - implicit relation is introduced in [4], generalizing the results
from [15], [16].

The notion of weakly compatible mappings is introduced in [11]. This notion
is used often in proofing the existence of common fixed points.

The purpose of this paper is to prove two general fixed point theorems for a
pair of self mappings satisfying a ¢ - contractive condition in weak partial metric
spaces, generalizing Theorem 3.1 [2] and Theorems 3.5 and 3.9 [12].

2. Preliminaries

DEFINITION 2.1 ([14]). A partial metric on a nonempty set X is a function
p: X x X — Ry such that for all z,y,2z € X:

(P1) : =y if and only if p(z,z) = p(z,y) = p(y, ),
(P2) : p(z, ) < p(z,y),

(Ps) : p(z,y) = p(y, v),

(Py) : p(z, 2) < plz,y) + p(y, 2) — (Y, v).

The pair (X, p) is called a partial metric space.

If p(z,y) = 0, then x = y, but the converse does not always hold.

Each partial metric p on X generates a Tj - topology 7, which has as base the
family of p - open balls {B,(z,¢) : ¢ € X, ¢ > 0}, where B,(z,e) = {y € X :
p(z,y) < p(z,z)+¢c} forall z € X and e > 0.

A sequence {z,} of a partial metric space (X, p) converges with respect to Tp
to a point z € X if and only if

p(z,2) = lim p(z,20).
n—oo
If p is a partial metric on X, then the function
dw(z,y) = p(,y) — min{p(z, ), p(y,y)}
is an ordinary metric on X.

REMARK 2.1. Let {x,} be a sequence in a partial metric space (X,p) and
x € X, then lim,, o, dy(z,y) = 0 if and only if

(2.1) p(z,z) = lim p(z,,z) = lim p(z,,Tm).
n—oo

n,m—oo
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DEFINITION 2.2 ([14]).

1) A sequence {z,} in a partial metric space (X, p) is called a Cauchy sequence
if limy, ym—y00 P(Tn, Tm) exists and is finite.

2) A partial metric (X, p) is said to be complete if every Cauchy sequence in
X converges with respect to 7, to a point z € X such that

p(z,x) = lim p(wn, ).

THEOREM 2.1 ([12]). Let (X,p) be a partial metric space and f,g : X —
X be two self mappings. If there exists nonnegative constants A, B,C, D, E with
A+B+C+2D+E<land A+ B+C+ D+2E <1 such that

p(fx,9y) < Ap(z,y) + Bp (z, fz) + Cp (y,9y) + Dp (x,9y) + Ep (y, fx)
for all x;y € X, then f and g have a unique common fized point z such that
p(z,2) =0.

THEOREM 2.2 ([12]). Let (X,p) be a complete partial metric space and f :
X — X be a self map. If there exists k € [O, %) such that

p(fz, fy) < kmax{p (z,y) ,p (2, fx),p(y, fy) . p (@, fy).p(y, f2)}
for all x,y € X, then f has a unique fized point.

DEFINITION 2.3 ([10]). A weak partial metric on a nonempty set X is a function
p: X x X — Ry such that for all z,y,z € X:

(wPy) : 2 = y i and only if p(z, 2) = p(z,y) = p(y, 1),

(wh2) : p(,y) = p(y, x),

(wPs) : p(x,2) < p(x,y) + py, 2) = p(y, y)-

The pair (X, p) is called a weak partial metric space.

Obviously, every partial metric space is a weak partial metric space, but the
converse may not be true.

If X = [0,00) and p(z,y) = ¥, then (X,p) is a weak partial metric space
but (X, p) is not a partial metric space.

THEOREM 2.3 ([2]). Let (X, p) be a weak partial metric space. Then d, (x,y) :
X x X — Ry is a metric on X.

REMARK 2.2. In a weak partial metric space, the convergence of sequences,
Cauchy sequences and completeness are defined as in partial metric space.

THEOREM 2.4 ([2]). Let (X,p) be a weak partial metric space.

a) {z,} is a Cauchy sequence in (X, p) if and only if {x,} is a Cauchy sequence
in metric space (X,dy).

b) (X,p) is complete if and only if (X,d) is complete.

LEMMA 2.1. Let (X,p) be a weak partial metric space and {x,} is a sequence
in X. Iflim, 00 x, = x and p (x,x) =0, then

lim p(2,,y) = p(2,y),Yy € X.
n— 00



168 V. POPA AND A.-M. PATRICIU

PROOF. By (wP;) we have

p(z,y) <p(,20) +p(Tn,y).-
Hence
p(@,y) = p(,2n) <p(n,y) <p(2n,z) +p(2,9).
Letting n tends to infinity we obtain
Jim p(zn,y) = p(2,y).
O

THEOREM 2.5 ([2]). Let (X,p) be a complete weak partial metric space and
f: X — X be a map such that

p(fz, fy) <ap(z,y) +bp(z, fx) +cp(y, fy) +dp(z, fy) +ep(y, fz),

forallz,y € X, a,b,c,d,e >0 and ifd > e, thena+b+c+2d <1, and if a < e,
then a+b+c+2e < 1. Then f has a unique fized point.

REMARK 2.3. Remark 2.1 is still true for weak partial metric space.

Let ¢ : [0,00) — [0,00) be a function. In connection with the function ¢
consider the following properties [5, pp. 41].

(i) ¢ is nondecreasing;

(i) p(t) <tforallt>D0,

(i) (0) =0,

(iv)  is continuous,

(v lim,, 00 @™ (t) =0 for all ¢t > 0,

(vi) > ™ (t) is convergent for all ¢ > 0.
=1

n—=
The next lemma shows some relationships existing between the above condi-
tions.

LEMMA 2.2 (Lemma 2.5 [5, pp. 41]).

(1) (i) and (i1) imply (iii),
(2) (ii) and (iv) imply (iii),
(3) (i) and (v) imply (i1).
DEFINITION 2.4 ([5]).

1) A function ¢ satisfying (i) and (v) is said to be a comparison function.
2) A function ¢ satisfying (i) and (vi) is said to be a (C') - comparison function.

LEMMA 2.3 (Lemma 2.2 [5]).

1) Any (C) - comparison function is a comparison function.
2) Any comparison function satisfies (iii).
3) If ¢ is a (C) - comparison function, then the function s : Ry — Ry,

s(t) = i ©F (t),t € Ry satisfies (i) and (iii).
k=0
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DEFINITION 2.5. Let X be a nonempty set and let f,g : X — X be two
mappings. If w = fz = gz for some x € X, then z is called a coincidence point of
f and g and w is called a point of coincidence of f and g.

The set of all coincidence points of f and g is denoted by C (f, g).

DEFINITION 2.6 ([11]). Two self mappings f and g on a nonempty set X are
weakly compatible if fgx = gfx for all x € C (f, g).

THEOREM 2.6 ([1]). Let f and g be self mappings of a nonempty set X. If
f and g are weakly compatible and f and g have a unique point of coincidence
w = fx = gx, for some x = X, then w is the unique fixed point of f and g.
3. ¢ - implicit relations
Similarly, as in [4], we introduce a new type of implicit relation, named ¢ -
implicit relation.
DEFINITION 3.1. Let Fg, be the set of all lower semi - continuous functions
F :R$ — R such that:
(Fy) : F is nonincreasing in variables t5, ts;
(Fy) : there exists a (C') - comparison function ¢ such that for all u,v > 0:
(Foo) : Fu,v,v,u,u+v,2v) <0,
and
(Fap) : F (u,v,u,v,20,u+v) <0
implies u < ¢ (v);
(F3): F(t,t,0,0,t,t) > 0,Vt > 0.
In the following example, the proofs of property (F}) are easy.

ExaMPLE 3.1.
F(t1,....,ts) = t1 — aty — bty — cty — dts — etg,
where a,b,c,d,e > 0 and a + b+ ¢+ 2d + 2e < 1.
(Fy) : Let u,v > 0 be such that

Fu,v,v,u,u+v,20) =u—av—bv—cu—d(u+v) —e-2v <0.

Hence
u<av+bv+cu+d(u+v)+ 2ev.
If
u > v,
then

ull = (a+b+c+2d+2e)] <0,
a contradiction. Hence
u <,
which implies
u< (a+b+c+ 2d+ 2e)v.
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Therefore
u<p(v),
where
() =(a+b+c+2d+ 2e)t.

Similarly, F' (u,v,u, v, 2v,u +v) < 0 implies u < ¢ (v).

(F3) : F(t,£,0,0,¢,¢) = t[l — (a+d +¢)] > 0,Vt > 0.

EXAMPLE 3.2.

F(t1,....,t¢) = t1 — kmax {ta,t3,t4,t5,t6},

where k € [0, 1).

(Fy) : Let u,v > 0 be such that

F(u,v,v,u,u~+v,20) =u — kmax{u,v,u +v,20} <0
which implies
u < kmax{u + v,2v}.

If

U >,
then

u(l—2k) <0,

a contradiction. Hence

u <,
which implies

u < kv
Therefore

u<p(v),

where

p(t)=kt, ke [O,;) .
Similarly, F' (u, v, u, v, 2v,u + v) < 0 implies u < ¢ (v).
(F3): F(t,t,0,0,t,t) =t(1—k) > 0,Vt > 0.
ExXAMPLE 3.3.
F(ty,....,ts) = t1 — max{ato,b(ts + 2t4) ,b(t5 + )},

1
where a € (0,1) and b € [O, 4).

(Fy) : Let u,v > 0 be such that
F(u,v,v,u,u+v,2v) =u — max{av,b (v + 2u) ,b (3v + u)} <0,
which implies
u < max{av,b (3v + u)}.
If
u > v,
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then
u(1 — max{a,4b}) <0,
a contradiction. Hence
u LU,
which implies
u < max{a, 4b}v.
Therefore
u< (),
where
¢ (t) = max{a, 4b}t,

with max{a,4b} < 1.
Similarly, F (u,v,u,v,2v,u + v) < 0 implies u < ¢ (v).

(Fs) : F(,t,0,0,t,t) = t(1 — max{a,4b}) > 0,Vt > 0.
EXAMPLE 3.4.
F(t1,....ts) = 13 — amax{t3,t2, 3} — btstg,

where a,b > 0 and a + 4b < 1.

(Fy) : Let u,v > 0 be such that

F(u,v,v,u,u+v,20) = u? — amax{u?,v?} —b(u+v)-2v <0,
which implies
u? < amax{u®, v} + 2bv (u +v).
If
u> v,
then
u?[1 — (a4 4b)] <0,

a contradiction. Hence

U LU,
which implies
u < Va + 4bv.
Therefore
u<p(v),
where
o (t) = Va +4bt,
with va +4b < 1.

Similarly, F' (u, v, u, v, 2v,u + v) < 0 implies u < ¢ (v).
(F3): F (t,t,0,0,t,t) = t2[1 — (a + b)] > 0,V¢t > 0.
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EXAMPLE 3.5.

ts t
F(ty,....t) =t1 — (max{tQ,tg,m, 55, 26}) .

(Fy) : Let u,v > 0 be such that

F(u,v,v,u,u~+v,20) :u—go(max{u,v,m}> <0,

2
U< (max{u,v,u;_v}> .

U >0,

which implies

If
then
a contradiction. Hence

which implies
u<p(v).

Similarly, F (u,v,u,v,2v,u + v) < 0 implies u < ¢ (v).

(F3): F(t,t,0,0,t,t) =t —¢(t) > 0,V¥t > 0.

EXAMPLE 3.6.

F(tl, ...,t6) =11 — 2] (atg + btg + cmax{4t4,t5 + tG}) y

where a,b,c >0 and a + b+ 4c < 1.

(Fy) : Let u,v > 0 be such that

F(u,v,v,u,u+v,2v) = u — ¢ (av + bv + cmax{4v,u + 3v}) <0

which implies
u < ¢ (av + bv + cmax{4v,u + 3v}).
If
u > v,
then
u<L p((a+b+4c)u) < ¢ (u) < u,
a contradiction. Hence
u < v,
which implies
u<o(v).
Similarly, F (u,v,u,v,2v,u+v) <0 1mp11es u < ¢ (v).
(F3): F (,t,0,0,t,t) =t —p((a+2c)t) =t — ¢ (t) > 0,Vt > 0.



FIXED POINT THEOREMS FOR A PAIR OF MAPPINGS 173

EXAMPLE 3.7.
tq

F(ty,....tg) =t
(1 6) 1+t5—|—t6

— ¢ (aty + bts + cty),

where a,b,c > 0and a+b+c < 1.
(Fy) : Let u,v > 0 be such that

F(u,v,v,u,u+v,20) =u+

u—f?)v — ¢ (av+bv + cu) < 0.
This implies
u— @ (av+bv+ cu) < 0.
It
u> v,
then
u<p(la+bdb+c)u) <o(u) <u,
a contradiction. Hence
u <0,
which implies
u<p((atb+e)v) <o),
Similarly, F' (u, v, u, v, 2v,u + v) < 0 implies u < ¢ (v).

1 1
(Fg):F(tﬂf,0,0,t,t) :t+§_§0(at) >t—<p(t)+§ > 0,Vt > 0.

4. Main results
4.1. Fixed point theorems for non weakly compatible mappings.

THEOREM 4.1. Let (X,p) be a weak partial metric space and f,g : X — X
such that for all z,y € X

p(fz,9y),p(z.y).p (2, fr), )
4.1 F <0
1) ( Py, 99) .0 (@, 99),p(y, fz)
for some F' € Fgu. If z is a common fized point of f and g, then p(z,z) = 0.

PrOOF. By (4.1) for z = y = z we obtain

p(fz,92),p(2,2),p(2 f2),
PSSR ) <o
F(p(z,2),p(2,2),p(2,2),p(2,2),p(2,2),p(2,2)) <0.
By (F1) we have
F(p(z,2),p(2,2),p(2,2),p(2,2),2p(2,2),2p (2,2)) < 0.
By (F») we have
p(52) 6 (p(52) < p(22) i p(22) >0,
Hence, p(z,z) = 0. O

THEOREM 4.2. Let (X,p) be a weak partial metric space, f,g : X — X and
some F € Fgp. Then f and g have at most a common fixed point.
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PROOF. Suppose that f and g have two common fixed points v and v. By
(4.1) we have

)

F( p(fu,gv),p (u,v),p(u, fu), ) <0
p(v,gv),p(u,gv),p (v, fu) )~
F( p(u,0),p(u,0),p(u,u), ) <.
p(v,v),p(u,v),p(u,v)
By Theorem 4.1,
p(u,u) =p(v,v) =0.
Hence,
F(p(u,v),p(u,v),0,0,p (u,v),p(u,v)) <0,
a contradiction of (F3) if p (u,v) > 0. Hence, p (u,v) =0, so u = v. O
THEOREM 4.3. Let (X,p) be a complete weak partial metric space satisfying

inequality (4.1) for all z,y € X and some F € Fg,. Then f and g have a unique
common fized point z such that p (z,z) = 0.

PROOF. Let g be an arbitrary point of (X,p). Then we define the sequence
{zn} in X such that

(42) Top4+1 = fZL’Qn and Ton+2 = gTon+1, for n € N.
I P (fTon, 9Zont1) , P (T2n, Tang1) , P (T2n, fTon) <0
P (T2nt1,9%2n+1) P (T2n, 9T2n41) s 0 (Tont1, f2on) )
By (4.2) we obtain
(4.3) F p (I2n+1, I2n+2) vy (172n, 932n+1) , D (I2n, 5172n+1) s <0.
p ($2n+1, $2n+2) , D (szn, $2n+2) D ($2n+1, $2n+1) =

By (U}Pg),

P (Z2n, Tony2) < D (Ton, Tant1) + P (T2nt1, Tant2) —
—p (T2nt1,T2n41)
< p(Ton, Tang1) + P (T2nt1, Tong2)
P (241, Tant1) < D (T2n+1,Ton) + P (Ton, Tant1) = 20 (Tan41, Tan) -
By (F1) and (4.3) we obtain
p (332n+1, $2n+2) D ($2n7 962n+1) >
r p (1'27“ $2n+1) vy (172n+17 $2n+2) s

P (Zon, Toant1) + P (T2nt1, Tant2)
2p (x2n, Tont1)

<0.

By (F»,) we obtain
P (Ton+t1, Tant2) < & (P (T2n, Tony1)) -
Similarly, by (4.1) for = x5, and y = x2,,_1 we obtain

F< P (fZon, 9%an—1) D (Ton, T2n—1) , D (T2n, fT2n), )
p

< 0.
(xQn—la ngn—l) y P (x2n7 ngn—l) s P (x2n—17 fon) =
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By (4.2) we obtain
(4.4) F p (1'2n+17 :Czn) , P (:Uzn, 1’27171) ,D (:cgn7 x2n+1) , <0.
P (@2n—1,%2n) ,  (Z2n, T2n) , P (T2n—1, Tany1)
By (U)Pg),

P (Zon—1,Zont1) < D (Ton—1,%om) + D (T2n, Tont1)
P (Ton, Ton) < 2p(Z2n, Top—1) -
By (4.4) and (F}) we obtain
p (x2n+17 x?n) P (3327“ xQn—l) )
p (l’zm 032n+1) » D (IQn, l‘zn—l) )
4.5 F <0.
( ) 2]9 (xQna x?n—l) 9 =
p (x2n717 55271) + p (xZna $2n+1)

By (4.5) and (F3) we obtain
P (T2n, T2n41) < & (P (T2n-1,72n)) -

Hence,
P(@nTm) < (P (Tn-1,70n)) < ... <" (p(z0,71)).
For n,m € N, m > n, we have from repeated use of (wPs) that

P (Tny Tm) < P (T Tog1) + 0 (Tng1, Tng2) + oo + 2 (Tm1, Tm)

m—1
< Z ¢* (p (x0,71)) -
k=n

e’} m—1
Since Y ¢* (p (z0,71)) < +00, then limy, oo D " (p (29, 71)) = 0.
k=0 =

=n

Since dy (Tn, Tm) < p(@n,Tm), then this implies that {z,} is a Cauchy se-
quence in (X, d,,). Since (X, p) is complete, then by Theorem 2.4, (X, d,,) is com-
plete and the sequence {x,} converges to a point z and lim,, o dy (22,,2) = 0.
Again, by Theorem 2.5,

(4.6) p(z,2) = lim p(x,,2) = lm p(x,,z,)=0.
n—roo

n,Mm—00
By (4.1) for x = z and y = 2,41 we obtain
F( p(fzag:L'QTLJrl)7p(’z?x2ﬂ+1)vp(z7fz)v ) <0.
P (T2n41, 9T2n+1) , P (2, 9T2n41) , P (T2nt1, f2) )

By (4.2) we obtain

F p(fzvx2n+2);p(z7x2n+1)7p(zvfz)7 <0

P (Tant1, Tant2) P (2, Tany2) , P (T2n41, [2) h
Letting n tends to infinity, by Lemma 2.1 we obtain
F(p(z7fz)70’p(z’fz)’0307p(z7fz)) g 07
which implies by (Fyp) that

p(zf2) <o (p(2 f2) <p(z f2),
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a contradiction if p (z, fz) > 0. Hence p (z, fz) < ¢ (0) = 0. Therefore z = fz and
z is a fixed point of f.
Similarly, for x = z9, and y = z we obtain

p(f$2n,92) ap(IanZ) ap(xQna fon) )
F( p(Z,gZ),p(xQn,gZ),p(z,fxgn) ) SO

By (4.2) we obtain

p(Z,gZ) » D (I’Qn,gZ) » D (Z,I2n+1)
Letting n tends to infinity we obtain
F(p(2,92),0,0,p(2,92),p(2,92),0) < 0.
By (Fs,) we have

F ( p (x2n+lagz) ap(ana Z) ap('rQnnyn-i-l) ) ) < 0.

p(2,92) < 6(0) = 0.
Hence z = gz and z is a fixed point of g. Therefore, z is a coincidence point of
f and g. By Theorem 4.1, p(z, z) = 0 and by Theorem 4.2, z is the unique common
fixed point of f and g. O

ExaMmPLE 4.1. Let X = [0,1] and p(z,y) = Zf%. Then dy, (z,y) = & |z —y|.
Therefore, (X,d,,) is a complete metric space. By Theorem 2.4, (X, p) is a complete
weakly partial metric space. Suppose fr = 3 and gr = 0. Then p(fz,gy) =

and p (z, fx) = # = 22 Then
p(fr,gy) < kp(z, fz),

where k € [1, 7). Hence

p(fr,gy) < kmax{p(z,y),p(z, fz),
p(y,9y) .0 (x,9y),p(y, f2)}.
By Theorem 4.3 and Example 3.2, for k € [%, %), f and g have a unique common
fixed point.

By Theorem 4.3, for f = g we obtain

THEOREM 4.4. Let (X,p) be a complete weak partial metric space and f : X —
X such that for all x,y € X

p(fz, fy),p(z,y),p(z, fr),
F( p(y, fy),p(z, fy),p(y, fr) ) <0
and some F satisfying (F1), (Fa), (F3). Then f has a unique common fized point

zZ.

REMARK 4.1.
1. By Theorem 4.3 and Example 3.1 we obtain a generalization of Theorem 2.1.
2. By Theorem 4.4 and Example 3.2 we obtain a generalization of Theorem 2.2.

3. By Theorem 4.4 and Example 3.1 we obtain a generalization of Theorem 2.5.
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4.2. Fixed points for weakly compatible mappings.

THEOREM 4.5. Let (X,p) be a weak partial metric space and f,g be two self
mappings on X such that

p(fz, fy).p(92,9y),p (fz,92), )
4.7 F <0
*.7) ( p(fy,99) .0 (fx.9y),p (fy. 92)
forallz,y € X, C(f,g9) # 0 and some F satisfying property (Fa,). If z is a point
of coincidence of f and g, then p(z,z) = 0.

PROOF. Since z is a point of coincidence of f and g, there exists x € C (f, g) # 0
such that z = fr = gx.
By (4.7) for = y we obtain

F( p(fz, fx),p(gx, gz) ,p(fr,gz) )
p(fz,g2),p(fz, g:v p(fz,gx)
F(p(z,2),p(22),p(22),p(z, ) p(z,2),p(2,2)) <0.
By (F1) and (4.7) we obtain
F(p(z,2),p(22),p(2,2),p(2,2),2p(2,2) ,2p(2,2)) < 0.
By (Fa,) we obtain
p(2,2) <o (p(22) <p(z2),
a contradiction if p (z, z) > 0. Hence, p(z,z) = 0. O
THEOREM 4.6. Let f, g be self mappings of a weak partial metric space satisfying

inequality (4.7) for all z,y € X, C(f,g) # 0 and some F satisfying property (F3).
Then f and g have a unique point of coincidence.

PROOF. Suppose that f and g have two common fixed points z = fx = gx and
t = fy = gy, for some z,y € C(f,g). By (4.7) and Theorem 4.5 we obtain

F(p(zt),p(21),0,0,p(z1),p (1) <O,
a contradiction of (F3) if p(z,t) > 0. Hence, p(z,t) = 0, which implies z =¢. O
THEOREM 4.7. Let f, g be self mappings of a weak partial metric space satisfying

inequality (4.7) for all x,y € X and some F satisfying properties (Fy), (Faq) , (F3).
If

1) F(X)cg(X),
2) f(X) or g( ) is a complete subspace of X,
then C (f,g) #

PROOF. Let zy be an arbitrary point of (X,p). Then, since f(X) C g(X),
there exists a sequence {z,} such that

(4.8) Yo = fro = gx1,y1 = fT1 = g%2,....,Yn = fTn = gTpi1,n € N.
Then by (4.7) we obtain

F( g)(fmnafxn-i-l)7p(gxn7gxn+l>7p<fl‘n;g$n)7 ) <0

p fxn-‘rla g$n+1) P (f‘rn7 g‘rn-i-l) » D (fxn-i-l:gxn)
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By (4.8) we obtain

(4.9) F ( p(ynaynJrl) ap(yn—layn) ,p(ynq,yn) s )
D (Ynys Yn+1) P Uns Un) s P (YUn—1, Yn+1)

N

0.
By (wPs).
PWns¥n) < PWnsYn-1) + P (Yn—1,Yn)
= 2D (Yn—1:Yn)

P (Yn—1,Yn+1) <P Un—1,Yn) + D (Yn, Yn+1) -
By (4.9) and (F3) we obtain

P (Yns Ynt1) 52 (Yn—1,Yn) »
| PWn—190) 2 (Yns Ynia) s
2p (Yn> Yn—-1)
p (ynfh yn) +p (yna yn+1)
By (F,) we obtain

P WnsYnt1) < @0 (Yn—1,9n)) < . < " (0 (Yo, 91)) -
For n,m € N, m > n, we obtain from repeated use of (wPs) that

P Wy Ym) < P WUnyUnt1) + 0 Uni1sYns2) + oo D (Um—1,Ym)

m—1
< Y o).
k=n

Since

then

m—1
i S8t (0 (v0,91)) =0
k=n
and

lim  p(yn,ym) =0.

n,Mm—00

Since dy (Yn, Ym) < D (Yn,ym) — 0 as n,m — oo, then {y,} is a Cauchy
sequence in X. Hence, {z,} converges at a point z € X, and by Theorem 2.3,

(4.10) z= lim f(z) = lim gx,41 = gu, for some u € X
n—oo n—oo

and lim,,— 00 duy (Yn, 2) = 0. By Theorem 2.4 we obtain

(4.11) p(z2) = m p(yn,2) = Hm_ p (Y, ym)-

We prove that fu = gu. By (4.7) we have

F( p(fan, f) ,p(92n, gu) ,p (fn, gTn) , > <0
p(fu,gu),p(fon, gu),p (fu, gz,) ’

D (Yns f1u) ;0 (Yn—1,9%) s D (Yn—1,Yn) ,
F( P (fu,gu) ,p (Yn, gu) ,p (fu, Yn—1) ) SO
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By (4.10) and Lemma 2.1, letting n tends to infinity we obtain

F(p(z, fu),0,0,p(z fu),0,p(z, fu)) < 0.
By (Fz,) we obtain
p (2 fu) < ¢ (0)=0.
Hence p (2, fu) = 0, which implies z = fu = gu and z is a point of coincidence. By
Theorem 4.6, z is the unique point of coincidence.
Moreover, if f and g are weakly compatible, by Theorem 2.6, z is the unique
common fixed point. O

EXAMPLE 4.2. Let X = [0, %] and p(z,y) = 2. Then d,, (z,y) = & |z — y|.
Therefore, (X, d,,) is a complete metric space. By Theorem 2.4, (X, p) is a complete
weakly partial metric space. Suppose fx = 2% and gr = 3z. Then

x2+y2<x+y

p(fx, fy) = ) STy
and
p (g, gy) = w
Hence
p(fz, fy) < 3k- xTw = kp (92, 9Y) .
where k € [%, %) Therefore

p(fz, fy) < kmax{p(gz,g9y),p(fz,92),
p(fy.9v),p (fz,9y),p (fy,92)},
where k € [%, %) Since C (f, g) = {0}, then fg0 = gf0=0.
Hence f and g are weakly compatible. By Theorem 4.7 and Example 3.2, for

ke [%, %), f and g have a unique common fixed point z = 0 with p (z, z) = 0.

REMARK 4.2. If gx = x, we obtain Theorem 4.4.
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