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OF p-CYCLIC PROBABILISTIC C-CONTRACTIONS
USING DIFFERENT TYPES OF T-NORMS

Samir Kumar Bhandari and Binayak S. Choudhury

ABSTRACT. In this paper we introduce two different types p-cyclic c-contractions
through p number of subsets of a 2-probabilistic metric spaces and establish
some fixed point results for such contractions. Here we introduce 3rd order
Hadzic type t-norm and 3rd order Lukasiewicz t-norm. The results depend
on the t-norms. Control functions have been utilized in our second theorem.
These results generalized some existing fixed point results. The results are
illustrated with some examples. There are also some corollaries.

1. Introduction and Mathematical preliminaries

The probabilistic fixed point theory began with the celebrated work of
Sehgal and Bharucha-Reid [35] in which they extended the famous Banach’s con-
traction mapping principle to probabilistic metric spaces which was introduced as
early as in 1942 in the work of K. Menger [27]. The theory of such spaces was fur-
ther developed by several authors amonst whom the names of Schweizer and Sklar
are worth mentioning. Such development is described vividly in their book [34].
Fixed point theory developed in several directions in probabilistic spaces parallel
to the development in ordinary metric spaces. A comprehensive account of devel-
opment of probabilistic fixed point theory is described in the book of Hadzic and
Pap [20]. Some more recent references are [5, 6, 7, 15, 16] and [28]. The intrin-
sic flexibility of probabilistic metric spaces allow us to extend the ideas in metric
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spaces in more than one inequivalent ways. An instance is the C-contraction in-
troduced by Hicks in 1983 [21] which is an extension of the Banach’s contraction
but is not equivalent to Sehgal’s probabilistic contraction which is also known as
B-contraction. The idea of C-contraction has been taken up in a good number of
papers in which new probabilistic contraction have appeared. In which some are
generalization of the Hick’s results and some other are contraction results different
from probabilistic generalization of Banach contraction. Some instances of these
works are [2, 10, 13, 16, 41]. Meanwhile a new class of contraction called cyclic
contraction where defined in metric spaces and where also extended to probabilis-
tic metric spaces. These contractions are non-self mappings and have been used
in proximity point problems which are extensions of fixed point problems. Also
the idea of probabilistic metric spaces has been extended to 2-probabilistic metric
spaces [3, 8, 19]. This is parallel to the introduction of 2-Metric spaces by Gdhler
[17] which is as early as in 1963. There are quite a good number of papers on fixed
point study in 2-metric and 2-probabilistic metric spaces in works where instances
are [12, 14, 29, 30, 32].

DEFINITION 1.1. 2-metric space [17, 18]

Let X be a non empty set. A real valued function d on X x X x X is said to be a
2-metric on X if

(i) given distinct elements x,y of X, there exists an element z of X such
that d(x,y, z) # 0;

(i) d(z,y,z) = 0 when at least two of x,y, z are equal;

(iii) d(z,y,z) = d(z, z,y) = d(y, z,x) for all x,y,z in X and

(i) d(z,y,2) < d(z,y,w) + d(z,w, z) + d(w,y, z) for all x,y,z,w in X.
When d is a 2-metric on X, the ordered pair (X,d) is called a 2-metric space.

Several results of metric fixed point theory has been extended to these spaces.

Another generalization of the metric space is the probabilistic metric space
which is a probabilistic generalization in which, instead of a nonnegative real num-
ber, every pair of elements is assigned to a distribution function.

DEFINITION 1.2. [20, 34] A mapping F : R — R* s called a distribution func-
tion if it is non-decreasing and left continuous with tlnlng(t) =0 and sup F(t) =1,
€ teR

where R is the set of real numbers and RY denotes the set of non-negative real
numbers.

An interpretation of Fy ,(t) is that it is the probability of the event that the
distance between the points z and y is less than ¢. A metric space becomes a Menger
space if we write Fy ,(t) = H(t — d(z,y)) where H is the Heaviside function given
by

H(t)=1,if ¢t > 0,
=0,ift <0.
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Shi, Ren and Wang give the following definition of n-th order t-norm.

DEFINITION 1.3. n-th order t-norm [36]
A mapping T : 1I?_,[0,1] — [0,1] is called a n-th order t-norm if the following
conditions are satisfied :
(i) T(0,0,....,0) =0, T(a,1,1,...,1) = a for all a € [0,1],
(i) T(ay,az,,as,....,an) = T(az, a1, as, ....,an) = T(az, a3, ay, ..., an)
= ... =T(az,a3,a4,....,ap,01),
(iii) a; = b;, i=1,2,3,....,n implies T(ay,az,as,....,an) = T(b1,ba, b, ....,by),
(i) T(T(a1,a2,a3, ..., an), ba, b3, ...by,) = T(a1, T (az, as, ...., an, b2), bs, ..., by)
=T(a1,a2,T(agz,aq...., an,ba, b3), ba, ..., by)

= T(a17a2, ...,an_l,T(an, bg, bg, ceey bn))

When n = 2, we have a binary t-norm, which is commonly known as ¢-norm.
Here we extend the Hadzic type t-norm into 3rd order Hadzic type t-norm.

The following is the definition of 3rd order Hadzic type ¢-norm.

DEFINITION 1.4. 3rd order Hadzic type t-norm
A t-norm A is said to be 3rd order Hadzic type t-norm if the family {AP}pen of
its iterates, defined for each s € (0,1) as
A%(s) =1, Al(s) = s, A%(s) = A(A%(s), Al(s),s), APTI(s) = A(AP(s), AP71(s), s)
p3pt] for all integer p > 2, is equi-continuous at s = 1, that is, given A > 0 there
exits n(A\) € (0,1) such that
12 s>nA) = AP(s) > 1 — X for all integer p > 0.

Here we also extend the 2nd order Lukasiewicz t-norm into the 3rd order
Lukasiewicz t-norm. The following is the definition of 3rd order Lukasiewicz t¢-
norm.

DEFINITION 1.5. 3rd order Lukasiewicz t-norm
A mapping T : TI3_,[0,1] — [0,1] is called a 3-rd order Lukasiewicz t-norm if T
satisfies the following conditions.

A =Ty, defined by Tr(a,b,c) = max{a+ b+ c— 2,0},

for all a,b,c € [0,1], which is the weakest t-norm.

The following are two examples of 3rd order ¢-norm:
(i) The minimum ¢-norm, A = T,,, defined by T;,,(a,b, ¢) = min{a, b, c}.
(ii) The product t-norm, A = T, defined by T, (a,b,c) = a.b.c.

DEFINITION 1.6. Menger space [20, 34]
A Menger space is a triplet (X, F, A), where X is a non empty set, F is a function

defined on X x X to the set of distribution functions and A is a t-norm, such that
the following are satisfied:

(i) F, ,(0)=0 forallz,y € X,
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(i1) Fpy(s) =1 for all s > 0 if and only if z =y,
(iii) Foy(s) =Fyx(s) forallz,y € X, s> 0 and
(v)  Fpy(u+v) > A(Fy.(u),F,y(v)) for allu,v >0 and z,y,z € X.

EXAMPLE 1.1. Let X = {x,x2,23}, A(a,b) = min(a,b) and Fy ,(t) be
defined as:

0, if 1<0,
Fyy 2, (t) = ¢ 0.75, if 0<t<2,

L, if t>2.

0, if t<0,
Foyas(t) =4 0.92, if 0<t<1,

L, if t>1.

0, if <0,
Fiy ay(t) = { 0.75, if 0<t<2,

L, if t>2.

Then (X, F,A) be a Menger space.

The theory of these spaces is an important part of stochastic analysis.
2-Probabilistic metric space is the probabilistic generalization of 2-metric space.
DEFINITION 1.7. 2-probabilistic metric space [38]

A probabilistic 2-metric space is an order pair (X, F) where X is an arbitrary set

and F is a mapping from X3 into the set of distribution functions such that the
following conditions are satisfied.

(i) Fpy-(t)=0 forallt <O for all z,y,z € X,
(i1) Fyy-(t) =1 for allt > 0 iff at least two of the three points x,y, z are
equal,
(iii) for distinct points v,y € X there exists a point z € X such that
Fpy.(t)#1 fort>0,
() Fpy () = Fpy(t) =F,y(t) for all z,y,z2 € X andt > 0,
(1}) F%y,w(t1) =1, Fac,w,z(tg) =1 and Fw7y7z(t3) =1 then F%yﬁz(tl +to +
ts) =1, for all z,y,z,w € X and ty,ta,t35 > 0.
A special case of the above definition is the following.

DEFINITION 1.8. 2-Menger space [19]
Let X be a nonempty set. A triplet (X, F,A) is said to be a 2-Menger space if F
is a mapping from X3 into the set of distribution functions satisfying the following
conditions:
(i) Fx,y,Z(O) =0,
(1)) Fyy.(t) =1 forallt >0 if and only if at least two of x,y,z € X are
equal,
(i11) for distinct points x,y € X there exists a point z € X such that
Fry:(t)#1 fort>0,
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() Fyy.(t) = Fp.y(t) =F.y(t), forall z,y,z € X and t > 0,

(v) Fay:(t) 2 AFeyw(t1), Fowz(t2), Fuy,z(t3))
where ty,to,t3 >0, t1 +to +t3 =1, x,y,z,w € X and A is the 3rd order t norm.

DEFINITION 1.9. [19] A sequence {x,} in a 2-Menger space (X, F,A) is said
to be converge to a limit x if given € > 0,0 < A < 1 there exists a positive integer
Ne x such that

(1.1) Fppzale) >1—=X
for all n > N and for every a € X.
DEFINITION 1.10. [19] A sequence {x,} in a 2-Menger space (X, F,A) is said

to be a Cauchy sequence in X if given € > 0,0 < A < 1 there exists a positive
integer N x such that

(1.2) Fopamal€) >1=A
for all m,n > N¢ x and for every a € X.

Definition (1.9) and (1.10) can be equivalently written by replacing ‘>’ with
‘>’ 1in (1.1) and (1.2). More often than not, they are written in that way. We have
given them in the present form for our convenience in the proofs of our theorems.

DEFINITION 1.11. [19] A 2-Menger space (X, F,A) is said to be complete if
every Cauchy sequence is convergent in X.

In [23] Khan, Swaleh and Sessa introduced a new category of contractive fixed
point problems in metric spaces. They introduced the concept of “altering distance
function”, which is a control function that alters the distance between two points in
a metric space. This concept was further generalized in a number of works. There
are several works in fixed point theory involving altering distance function, some
of these are noted in [31] and [33].

Recently Choudhury and Das had extended the concept of altering distance
function to the context of Menger spaces in [5]. The definition is as follows:
DEFINITION 1.12. ®-function [5]
A function ¢ : RT — RT is said to be a ®-function if it satisfies the following
conditions:
(i) ¢(t) =0 if and only if t =0,
(ii) ¢(t) is strictly monotone increasing and ¢(t) — oo as t — oo,
(i1i) ¢ is left continuous in (0, 00),
(iv) ¢ s continuous at 0.

In [5] Choudhury and Das introduced a new type of contraction mapping in
Menger spaces which is known as ¢-contraction.

DEFINITION 1.13. [5] Let (X, F,A) be a Menger space. A self map T : X —
X s said to be ¢-contractive if
t

(13) Fraay(9(0) > Fay(9(2))
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where 0 < c <1, x,y € X and t >0, the function ¢ is a ®-function.

The idea of control function has opened new possibilities of proving more fixed
point results in Menger spaces. This concept has also applied to a coincidence point
problems. Some recent results using ®-function are noted in [6, 7, 9, 13, 15, 25]
and [28]. Particularly in [16], the C-contraction was extended utilizing the ®-
function.

We will make use of the following function in our theorem.
DEFINITION 1.14. U-function
A function 1 :(0,1) = (0,1) is said to be a ¥-function if it satisfies the following
conditions:
(i) v 1is strictly monotone increasing,
(i) " (s) -0 as n — oo for all s >0,
fiii) ¥(s) < s,
(iv) ¥ s continuous.
Recently Kirk, Srinivasan and Veeramani initiated the concept of cyclic con-

traction and cyclic contractive type mapping in their paper [24] in metric spaces.
After that many papers have appeared on this concept.

Kirk, Srinivasan and Veeramani established the following results.
THEOREM 1.1. [24] Let A and B be two non-empty closed subsets of a complete
metric space X, and suppose [ : A|JB — AU B satisfies:
(1) fAC B and fBC A,
(2) d(fz, fy) < kd(z,y) forall x € A and y € B where k € (0,1).
Then f has a unique fized point in A B.
The problems of cyclic contractions have been strongly associated with prox-

imity point problems. Some other results dealing with cyclic contractions and
proximity point problems are noted in [1, 11, 26, 39] and [40].

A generalization of cyclic mapping is p-cyclic mapping. The definition is the
following:

DEFINITION 1.15. Let {A;}!_, be non-empty sets. A p-cyclic mapping is a map-
ping T : | JP_, A; — UL, A; which satisfies the following conditions :

(14) (Z) TA; C AH_lfO’I"l <1< p, TAp C A,

In this case where p = 2, this reduces to cyclic mapping. Some fixed point
results of p-cyclic maps have been obtained in [4, 14, 22, 37].

In our present works we establish two different types definitions. The definitions
are given below.

DEFINITION 1.16. Type-I p-cyclic C-contraction on 2-Menger space
A p-cyclic mapping T is called a Type-1 p-cyclic C-contraction on 2-Menger space
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if foranyr >0 and 0 < A < 1,
(1.5) Fpya(r)>1—=X implies  Fryrya(¥1(r)) > 1 —1a(N)
whenever x € Ay, y € Aip1, 1 <i < p, for all a € X, where 11,1y are V-function.

Here we introduce another type definition which is known as type-II p-cyclic
C-contraction on 2-Menger space. The definition is given below.

DEFINITION 1.17. Type-II p-cyclic C-contraction on 2-Menger space
A p-cyclic mapping T is called a Type-1I p-cyclic C-contraction on 2-Menger space
if foranyr >0 and 0 < XA <1,

(1.6) Fryalo(r) >1—X implies Fromry.a(s(r)) > 1 —1a(N)

whenever x € A;, y € Aj, 1 < 4,5 < p, i # 3, for all a € X, where ¢ is a
®-function, 1Yo and 3 are V-function.

The purpose of the paper is to establish fixed point results for both the above
types of cyclic mappings. Illustrative examples and corollaries are also given.

2. Main Results

In our main results, we establish a lemma, two unique fixed points theorems
using definitions (1.16) and (1.17). Two corollaries and two examples are also given
in this part.

LEMMA 2.1. Let (X, F,A) be a 2-Menger space. T be a p-cyclic mapping (Def-
inition 1.15) on X satisfies the following conditions for all a € X :

t

(2'1) FIDn+1>$n+27a(t) 2 F$'rL)$'rL+17a(E)

whenever T, € Api1, Tnt1 € Apta, n 20,k €(0,1),¢t>0, then fori 21, a € X,
t

(2'2) Fz7L+¢7rn,+i+17ﬂ(t) = F"Envmn+17a(ﬁ)'

PROOF. Let xy be any arbitrary point in A;. Now, we define the sequence
{zp}5%y in X by 2, = Txp—1,n € N where N is the set of natural numbers.
By (1.4), we have z, € Ay, x1 € Ay, x5 € As,...... ,Tr—1 € A, and in general

(2.3) Tnr € A1, Tpry1 € Agy .. s Torg(r—1) € Ay

for all n > 0.
For any n > 1 and for all a € X, t > 0, we have

t
(2.4) Fwn,wn+1,a(t> = FTwnthmn,a(t) 2 Fwnfl,xn,a(g)(xnfl € An,Tn € Aptr).

Again, by repeated applications of (2.4), it follows that for all @ € X, ¢ > 0 and
n >0 and each i > 1,

t
(25) Fwn+iamn+i+lya(t) > FIn,InJrl,a(E)'
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THEOREM 2.1. Let (X, F,A) be a complete 2-Menger space with 3rd order
Hadzic type t-norm A and T be a Type-1 p-cyclic C-contraction on 2-Menger space.
Then T has a unique fized point in (i_, A;.

PRrROOF. Let xy be any arbitrary point in A;. Now we define the sequence
{zp}52 in X by z,, = Txp—1,n € N where N is the set of natural numbers.
By (1.4), we have z, € A1, 1 € Ag, 2 € As,...... Zp—1 € Ap and in general
(26) Tnp € A17l‘np+1 S AQ, ....... s znp-‘r(p—l) € Ap
for all n > 0.
Let 0 < n < 1 be given. For fixed a € X, we can find r > 0 such that

Fm07r17a(r) >1- .

Then, by an application of (1.5), we get
Froy roy,a(¥1(r)) > 1 —a(n), (where g € A; and 1 € Ay)
that is,

Fouywna(P1(r) > 1 —1h2(n).

Continuing this process, we obtain

szrsa(wf(r)) = FT111T121G(¢%(T)) >1- ¢§(77)> (where z; € Az and x5 € A3)

and, in general, for all n € N, we obtain

Frp anir,a(@p(r)) > 1 =43 (n). (where x, € Apqy and 41 € Apya)

Let € > 0 be arbitrary. By the properties of W-function we can find a positive
integer N such that for all integer n > N,

P1(r) <e.

Consequently, for all n > N, we get
(2.7) Fopwnir,a(€) 2 Fopapyr,a(W1(r) > 1 =45 (n) = 1
as n — 0o. Thus, for arbitrary € > 0, we get
(2.8) Fopzpira(€) = 1
as n — oo .

We next prove that {z,} is a Cauchy sequence (Definition 1.10), that is, we
prove that for arbitrary e > 0 and 0 < A < 1, there exists N (e, A) such that

foralla € X, Fy . o(€) >1—Xforall m,n > N(e \).

Without loss of generality we can assume that m > n.

Now,
—k
1-k
Then, by the monotone increasing property of F', and for all a € X, we have

Fup o al€) = Fop o ale(l—k)(1+k+k> + e, + Emmnmhy),

>e(l—k)(1+k+k> 4. 4 Emonmhy

€ =¢€
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that is,

F$n7$nua(6) = A(mezn+1,a(€(1_k))a A(an+1,wn+z,a(6k(1_k))v A( --------- )

(2.9) A(me—z,wm—l,(l(ekmin72(]‘ —k)), F$m—17wm7a(6kM7’n71(1 — k) )))-
Putting t = (1 — k)ek® in (2.5), for all a € X, we get
an+i7xn+i+lya((1 - k)Ekl) > Fwn,$n+1,a((1 - k)e)
Then, by (2.9), for all a € X, we have
Fep wmal€) = AFe, 201,061 —F)), A(Fe, 2y a(€(1 —F)), Al ,
A(Fxn,xn+1,a(e(1 - k)), Fxn,xn+1,a(€(1 - k))) ------ )))a
that is,
(2.10) Fppamal€) = AMTIE, L (e(1 = K)).

Since the t-norm A is a Hadzic type ¢-norm, the family {AP} of its iterates is equi-
continuous at the point s = 1, that is, there exists n(\) € (0,1) such that for all
m>n,

(2.11) AT (6) > 1 — )
whenever n(\) < s < 1.

Since, Fyy.z,.0(t) = 1 ast — oo and 0 < k < 1, there exists an positive integer
N (e, A) such that for all a € X,

(1—k)e

(2.12) Fwo’wl,a(T

) >n(A)
for all n > N (e, A).
From (2.12) and (2.5), withn =0, i =n and t = (1 —k)e, for all a € X, we get

1—k)e
Fypznirale(l—k)) > Fxo,xl,a(( o ) ) >n(A)

for all n > N (e, A). Then, from (2.11) with s = Fy, ;. ., «(e(1 = k)), we have

AT (Fyy a6l = k) > 1= A,
It then follows from (2.10) that for all a € X,
Fu wpmal€) >1—A
for all m,n = N(e, A).
Thus {z,} is a Cauchy sequence.

By the completeness of X, there exists z € X such that
(2.13) Ty — 2
as n — o0o.

By the construction of the sequence {z,}, we have x, € A1, z9, € A1, ...
Znp € Ai1. Therefore the subsequence {z,,} of {z,,} which belongs to A; also
converges to z in Aj, since A; is closed. Similarly subsequence {41} belongs to
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Ay also converges to z in Ay. Since A3, Ay, ..., A, are closed sets, similarly we get
AS Ag, A4, . Ap. Therefore z € Ay ﬂAQ ﬂAg ...... ﬂAp

Now, we prove that Tz = z.
By (2.13), for all ¢t > 0, we have

Frpza(r (1) — 1
as n — oo, that is, for arbitrary 0 < A < 1, we can find N; > 0 such that for all
n > Ny, we have

(214) an,z,a(wl_l(t)) >1-A
By virtue of (1.5), we get from (2.14),
Pro, 20107 (1) > 1= 2(0) > 1A,
(since ¥(A) < A) which implies that,
(2.15) Fopi12a(t) >1—= A
Now, taking limit as n — oo on both sides of (2.15), for all ¢ > 0, we have
Forza(t) 21— A
Since A is arbitrary, and a € X is any element, for ¢t > 0 we obtain
F.r.q(t) =1, that is, z = Tz.
To prove the uniqueness of the fixed point, let v be another fixed point of T,
that is, Tv = v.
Let a € X be any element different from z and v. We can get €; > 0 such that
F,ua(e1)>1—A (where 0 < A < 1)
Then, by the inequality (1.5), we have
FTz,Tv,a(/wl(El)) >1- ¢2()\)7
that is,
Fzm,a(wl(el)) >1- 7/’20‘)-
Continuing this process n times, we obtain
(2.16) Fewa(¥1(e1)) > 1 =93 (A).

For arbitrary p > 0, by virtue of properties of -function it is possible to find
N > 0 such that

(2.17) Wile) < p
for all n > N.
Combining (2.16) and (2.17), we have
Fz’v,a(ﬂ) = Fz,v,a(w?(el)) >1- %L()\%

for all n > N.
Taking n — oo both sides of the above inequality, and for all 4 > 0, we have
F.vo(p) =1, that is, z = v.
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Hence T has a unique fixed point in A; [ Az [) 4s...... N A,. O
Taking p = 3, we get the following example to validate the Theorem 2.1.

ExXAMPLE 2.1. Let X ={«, 3,7,6}, A={a,v,6}, B={a,8}, C ={a,v} the
t-norm A is a 8rd order minimum t-norm and F be defined as

0, if <0,
Fup~(t) = Faps(t) =14 0.40, if 0<t<T,

1, if t>1,

0, if <0,
Fons(t) = Fa5(t) =4 0.95, if 0<t<l,

1, if t>1,

then (X, F,A) is a complete 2-Menger space. If we define T : X — X as follows:
Ta=«aTB =a«aTy=«aTd=«a then the mapping T satisfies all the conditions
of the Theorem 2.1 where ¥y (t) = £, 1o(t) = & and « is the unique fized point of
T i ANBNC.

We use the control function ¢ (Definition 1.12) in our next theorem. Here we
also use the 3rd order Lukasiewicz t-norm A (Defined as A(a,b,¢) = max{a + b+
¢ — 2,0} for all a,b,c € [0,1]). We also prove our second theorem by different
arguments from the first theorem.

THEOREM 2.2. Let (X, F,A) be a complete 2-Menger space with the 3rd order
Lukasiewicz t-norm A (Defined as A(a,b, ¢) = max{a+b+c—2,0} for all a,b,c €
[0,1], which is the weakest t-norm.) and T be a Type-II p-cyclic C-contraction
on 2-Menger space on X with ¢,1a,3 satisfying ¢(t) > 3(y 1(t)) for all t and
(¢~ top3)™(s) — 0 as n — oo for all s > 0 . Then T has a unique fived point in

f:l A;.

PROOF. Let zy be any arbitrary point in A;. Now we define the sequence
{352 in X by ©, = Tan—1,n € N where N is the set of natural numbers. By
(1.4), we have z, € A1, x1 € Ay, x3 € As,..., zp—1 € Ay and in general
(218) Tnp € A17l’np+1 S AQ, ....... s znp-‘r(p—l) € Ap

for all n > 0.
Let 0 < n < 1 be given. By the property that ¢(t) — oo as t — oo, for fixed
a € X, we can find 7 > 0 such that

Fwo@l,a((b(r)) >1- UR
Then, by an application of (1.6), for all a € X, we get

Frao me,a(¥3(r)) > 1 —1a(n). (where zo € A; and 1 € Ag)
Now, by the properties of ¢-function and W-function, for all a € X, we have

Frag may,a(#(07 (¥3(r)))) > 1= 2(n),
that is,
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Fyy 20.0(3(p1(7))) > 1 = 1)a(n), where 6™ (p3(r)) = pi(r).

Now, using the inequality (1.6), for all a € X, we have

Fro, Tas.a(W3(p1(r))) > 1 —¥3(n), (where x1 € Ay and x5 € Aj),

that is,
Fuyag,a($3(p1(r))) > 1 = 93(n),
that is,
Foyns,a(9(07 (@3(p1(r)))) > 1 = 93 (n).

Now, by the properties of ¢-function and U-function, for all a € X, we have
Fry0,a(0(p2(r)) > 1 —¢3(n),
where
¢~ (¥3(p1(r))) = pa(r).
Now, using the inequality (1.6), for all a € X, we have
Fra, Tog,a(¥3(p2(r))) > 1 - 1/’;(77),
that is,

Fzg,m4,a(w3(p2(r))) >1-— ﬂ’g’(ﬂ)a (Where T3 € Ay and x4 € A5)
Continuing this process, we obtain in general, for alln € N and a € X,

mewnﬂ,a(¢3(pn—1(7“))) >1- ?ﬁg(n),

(where x,, € Api1, Tny1 € Apyo and ¢~ H(Y3(pr_2(r))) = pn_1(r).

Let € > 0 be arbitrary. By the properties of ®-function and ¥-function we can
find a positive integer N such that for all integer n > N, ¥3(pn-1(r)) < €. (By our
assumption (¢~ toys3)"(s) — 0 as n — oo for all s > 0. )

Consequently, for all n > N, we get

(2.19) Fopwni,a(€) 2 Fopapir,a(@3(pr-1(r))) > 1 =93 (n) — 1
as n — 0o. Thus, for arbitrary € > 0, we get

(2.20) Fopzninal€) =1

as n — 0o.

We next prove that {x,} is a Cauchy sequence. If possible, let {z,,} be not a
Cauchy sequence. Then, there exist € > 0 and 0 < A < 1 for which we can find
some a € X and subsequences {@, ()} and {z, )} of {z,} with n(k) > m(k) >k
such that

(2.21) F,

LT (k) Tn(k) O

() <1-—A.

We take n(k) corresponding to m(k) to be the smallest integer satisfying (2.21), so
that

(2.22) F,

Tm (k) Tn(k)—1,4

() >1—A.
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If €1 < € then, we have

me(k)7wn(k))a(€1) < FIm(k)7wn(k)ya(€)'

From the above, we conclude that it is possible to construct {z,,)} and {z,u)}
with n(k) > m(k) > k and satisfying (2.21), (2.22) whenever € is replaced by a
smaller positive value. As ¢ is continuous at 0 and strictly monotone increasing
with ¢(0) = 0, it is possible to obtain e > 0 such that ¢(e2) < e.

Then, by the above argument, it is possible to obtain an increasing sequence
of integers {m(k)} and {n(k)} with n(k) > m(k) > k such that

(2'23) Fzm/(k))aj’n,(k)ya((b(62)) S1-A
and
(2.24) Fup iy ni-1.a(@(€2)) > 1= A

From the definition of v-function 15 is continuous at e; and ey < 15 '(€z). So
there exists £ > 0 such that

(2.25) Yy (e — €1) > e
We take n1,n2 > 0 such that
(2.26) 0 <1+ 2= d(e2) — Y3(vp3 (2 — &1)).

(by our assumption ¢(t) > th3(15 () for all t).
Then, from (2.23) we have

(227) ]- - )\ 2 F:Em(k),I,,L(k),ﬂ(¢(e2))
= A(men(k)amn(k)vzm(k)+1 ("71)7 me(k)vzm(k)+17a(772)7 me(m“yl’n(m,a (w3(¢51(62_£1))))'
Now, using (2.24) and (2.25), we have

me(k)’wn(k)—ha((b(wgl(62 - €1>)) = me(k):wn(k)—ha(qS(Ez)) >1-A

Then, using (1.6), we have
(2.28) Py 1. (W3(¥3 (€2 = €1))) > 1= 12(A).
(Tm(k) € Amk)+1, Tn(ky—1 € Angry,m(k) + 1 # n(k))
Then, from (2.27), we have
(2:29) 1= A= A, 0w @ (1) Frpgy 21,0 (112), L= 92(A)-

Taking k — oo in (2.29), and using (2.20), and the continuity of A, we have

1-A>A11,1—1hs(\) =max{l+14+1— (X)) — 2,0} =1 — s(N),
(since A is a 3rd order Lukasiewicz ¢t-norm)
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which implies A < t5(\), which contradicts the fact that 1o (X) < A.
Thus {z,} is a Cauchy sequence.
By the completeness of X, there exists z € X such that

as n — oQ.

By the construction of the sequence {z,}, we have x, € Aj, z9, € Ay, ...,
ZTnp € Aq. Therefore the subsequence {x,,} of {z,} which belongs to A4; also
converges to z in A;, since A; is closed. Similarly subsequence {z,,+1} belongs to
Ay also converges to z in Ay. Since A3, A4, ..., A, are closed sets, similarly we get
z € Ag, Aa, ..., Ap. Therefore z € A; [ Az () Asz...... ) Ap.

Now, we prove that Tz = z.
By (2.30), for all ¢t > 0, we have

Fzmz’a(d)(i/gl(t))) —1asn— oo,

that is, for arbitrary 0 < A < 1, we can find N; > 0 such that for all n > N7, we
have

(2.31) Frpza(@(5 (1) > 1= X
By virtue of (1.6), we get from (2.31),

Fro, 72.a(0s(31(1)) > 1 —ho(N) > 1 — A, (since ¢o(\) < \)
(In € An—i—hz € Aj7n+ 1 #])

which implies that,

(2.32) Fpir12a(s(¥3 (1) > 1= A,
Now, taking limit as n — oco on both sides of (2.32), for all ¢ > 0, a € X, we have

Forea(s(y ' (t) > 1— A

Since A is arbitrary, and a € X is any element, for ¢ > 0, we obtain

Fz,Tz,a(wS(wgl(t))) =1.

But the properties of #-function for given s > 0 we can find ¢ > 0 such that
wgl(t) < s. Then it follows that for all a € X, s > 0,

Fz,Tz,a("/JS(S)) = Fz,Tz,a(¢3(w51(t))) = 1a

that is, z = T'z.

To prove the uniqueness of the fixed point, let v be another fixed point of T,
that is, Tv = v. Let a € X be any element different from 2z and v. By the properties
of ¢-function, we can get €3 > 0 such that

F,ua(é(e3)) >1— A (where 0 < XA < 1)
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Then, by the inequality (1.6), we have
Fr. rva(¥s(e3)) > 1 —1a(N),

that is,
F.va(3(es)) > 1 —1ha(N),
that is,
Feva(0(0™ (13(e3)))) > 1= tha(N),
that is,

F.pa(d(Q1)) > 1 —12()), where Q1 = ¢~ (¥3(e3)).
Now, by the inequality (1.6), we have
Frero.a(¥3(Q1)) > 1 —93(N),

that is,
F.va(¥3(Q1)) > 1 —43(N),
that is,
Frva(d(¢ (93(Q1))) > 1 —43(N),
that is,

Fr0,a(0(Q2)) > 1 = ¢3(A), where Q2 = ¢~ (¥3(Q1)).
Continuing this process n times, we obtain
(2.33) Fr,a(@(Qn)) > 1 —45(})
where Qn = ¢~ (¥3(Qn-1))-

For arbitrary p > 0, by virtue of properties of ¢-function and i-function it is
possible to find N > 0 such that

(2.34) P(@n) < p

for all n > N. (By our assumption (¢~ toy3)™(s) — 0 as n — oo for all s > 0. )
Combining (2.33) and (2.34), we have

FZ,U,a(H) > Fz,v,a(¢(Qn)) >1- w;(A)

, foralln > N.
Taking n — oo both sides of the above inequality, and for all ;> 0, we have
F,pa(p) =1,
that is, z = v.
Hence T has a unique fixed point in A; (A2 () 4s...... N A4,. O

Taking p = 2, we get the following corollary.
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COROLLARY 2.1. Let (X, F,A) be a complete 2-Menger space, where A is the
minimum t-norm. Let A and B be two non-empty closed subsets of X. Let a
mapping T : A|JB — A B satisfies the following conditions:

(i) TAC B and TB C A,

(1t) Fyya(t) > 1—1t implies Fryrya(kt) > 1 —kt
where x € A andy € B, foralla e X, 0< k<1 andt>0. Then A(B is non
empty and T has a unique fived point in A B.

If we take ¢(t) = ¢ and 92(t) = ¢3(t) = kt , in Theorem 2.2 where 0 < k < 1,
A is a minimum ¢-norm, we obtain the following corollary.

COROLLARY 2.2. Let (X, F,A) be a complete 2-Menger space with 3rd order
minimum t-norm A and 0 < k < 1. Let T : X — X be a p-cyclic mapping such
that for allr > 0,0 <A <1 and forallz € A;, ye A;, 1 < 4,5 <p,i#j, for all
ae€ X

Fryar)>1 =A== Fryryalkr) >1—Fk\

Then T has a unique fized point in Ay (A2 () As...A4p.

The above corollary is actually the extension of C-contraction on 2-Menger
spaces.

Taking p = 2 we get the following example.

EXAMPLE 2.2. Let X = {a,3,7,0}, A ={«, 8,7}, B={y,0}, the t-norm A
is a 3rd order Lukasiewicz t-norm and F be defined as

0, if t<0,
Fopn(t)=Faps(t) =4 0.40, if 0<t<d,

1. if t>4,

0, if t<0,
Fors(t) = Fpqs(t) = { 1 zj: t>0.

Then (X, F,A) is a complete 2-Menger space. If we define T : X — X as follows:
Ta=06,T8=~Tvy=-,T0 =~ then the mapping T satisfies all the conditions of
the Theorem 2.2 where ¢(t) = 2t, o (t) = ¥3(t) = kt, where 0 < k < 1 and ~y is the
unique fixed point of T in A B.
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