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ABSTRACT. We determine eigenvalue intervals of A1 and Ao for the existence
of at least one positive solution for a coupled system of Riemann-Liouville
type multi-point fractional order boundary value problems by utilizing a fixed
point theorem on a cone under suitable conditions.

1. Introduction

Differential equations with fractional order have recently proved to be strong
tools in modeling of many physical phenomena [16, 12, 8]. It owes to the intensive
development of the theory of fractional calculus as well as its applications in various
fields of science and technology such as aerodynamics, biology, Bode’s analysis of
feedback amplifiers, capacitor theory, chemistry, control theory, physics, polymer
rheology, electrical circuits. In consequence, the study of fractional order differential
equations is attained much importance and attention due to their wide applicability.

Much interest has been created in establishing positive solutions and multiple
positive solutions for two-point, multi-point boundary value problems associated
with odinary and fractional order differential equations. To mention the related
papers along these lines, we refer to Bai and Fang [1], Gupta, Ntouyas and Tsam-
atos [6, 7], Ma [11, 10] for ordinary differential equations and Bai and Liu [2],
Benchohra, Henderson, Ntoyuas and Ouahab [3], Su and Zhang [17], Prasad and
Krushna [13, 15] for fractional order differential equations.
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Gupta [5] proved the existence of positive solutions for more general multi-point
boundary value problems

2" (t) = g(t,z(t),2'(t)) +e(t), a. e. t €(0,1),

= Z_ thC(Tz), {E/(].) = Z_ k:zx'(&)

In 2007, Yao [19] obtained the existence of n solutions and/or positive solutions
to the following semipositone elastic beam equation boundary value problem

uM(t) = f(t,ut), v (), u" (1)), t € (0,1),
u(0) =/(0) = u"(0) =« (1) = 0.

In 2008, Sun and Zhang [18] considered the third order m-point boundary value
problem

o () + f(tu(t),u'(t),u"(t) = 0, t € (0,1),
u(0) = u/(0) = 0,u"(1) = Z ki (&),

where f:[0,1] x R® — R is L,—Caratheodory, 1 <p <o00,0=¢§ <& < -+ <
m—2

Em-1=1k; eR(i=1,2,---,m—2) and Z k; # 1. Some criteria for the existence
i=1

of at least one solution are established by using the well-known Leray—Schauder

continuation principle.

Recently Prasad and Krushna [14] determined the eigenvalue intervals for
which there exist at least one positive solution to the fractional order boundary
value problem

DL yi(t) + Xipi(t) fi(yir1(t)) =0, 1 <i < n, t € [a,b],
Ynt1(t) = v (t )
ayi(a) — 5Dq+yz( ) =0, vyi(b )+6Dq+y1(b) =0,

where DZ@,Z’ = 1,2,3 are the standard Riemann—Liouville fractional order deriva-
tives, 1 < ¢1 < 2,0 < ¢2,q3 < 1, by an application of standard fixed point theorem.

Inspired by the papers mentioned above, in this paper, we determine eigenvalue
intervals of A; and Ay for which there exist positive solutions to a coupled system
of fractional order differential equations

(11) Dgiyl(t) + Alp(t)f(yl(t)ayQ(t)) = 07 te (07 1)7

(1.2) Dzya(t) + A2a(t)g (y1(1), y2(t)) = 0, t € (0,1),

satisfying the multi-point boundary conditions

m—1
(1.3) y1(0) = 41(0) = 4(0) = 0,57 (1) = Y Iwyi (&), m >3,
k=2
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n—1
(1.4) y2(0) = 5(0) = 55 (0) = 0,55(1) = Y v (mx), n >3,
k=2

where 0 < & <+ < &1 <L, 0< e <+ <M1 < 1, A, A0 >0, oy € (3,4]
and Dg’i7 for i = 1,2 are the standard Riemann-Liouville fractional order deriva-
tives. We shall give sufficient conditions on A; for ¢ = 1,2 and f, g such that the
fractional order boundary value problem (1.1)-(1.4) has positive solutions. By a
positive solution of the system of fractional order boundary value problem (1.1)-
(1.4), we mean (yl(t),yg(t)) € (Co‘l[O, 1] x C*2][0, 1}) satisfying (1.1)-(1.4) with

y1(t) 20, y2(t) 2 0, for all t € [0,1] and (y1,y2) # (0,0).

We assume the following conditions hold throughout the paper:
(A1) the functions f,g:RT x R* — RT are continuous,

(A2) the functions p,q : [0,1] — RT are continuous and p,q do not vanish
identically on any closed subinterval of [0, 1],

(A3) 91,092,935, -, ¥m—1 and (1,2, (3, -+, (1 are positive constants such that

m—1 n—1
DOkt < Land Y Gt < 1,
k=2 k=2

(A4) each of f§, fé, [, fios 95, 96, 95 and g, by

fe= lim sup M, fe= lim inf M,
(ylay2) — (0+70+) (ylay2) — (0+70+)
> i > i
=1 i=1
o = lim sup M, fi= lim inf M,
(ylv y?) - (007 OO) (yla yQ) — (oo7 OO)
> i > i
=1 i=1
9% = lim sup JWL82) i lim inf I 12)

2 2 ’
Y1,Y2) — O+7O+ Y1,Y2) — 0+7O+
o) 50700 S T ) S 0n0n T s
=1 i=1

95 = lim sup M, g = lim inf w7
(y1,y2) — (00, 00) (y1,12) — (00, 00)
i=1 i=1

exist as positive real numbers.

The organization of this paper is as follows: In §2, we compute the Green
functions for the fractional order boundary value problems and estimate the bounds
for these Green functions. In §3, we establish criteria for the existence of positive
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solutions to fractional order boundary value problem (1.1)-(1.4) by utilizing Guo—
Krasnosel’skii fixed point theorem. In §4, as an application, we demonstrate our
results with an example.

2. Green functions and bounds

In this section the Green functions for the fractional order boundary value
problems are constructed and the bounds for these Green functions are estimated,
which are essential to establish the main results.

LEMMA 2.1. Let dy = 1 — 9,622 # 0. If ha(t) € C[0,1], then the fractional
order differential equations

(2.1) Dgiyl (t) + hl(t) =0,te (O, 1),

satisfying (1.3) has a unique solution

= /1 G1(t,s)h1(s)ds
0

where
1o 1 m—1
(2.2) Gi(t,s) = Gi(t,s) Z LGy (&, 5)
o — a1 —3
! ;( )) ) 0<t<s<,
GT(t,S) = o= 1( )a173 _ (t _ S)alfl
() , 0<s<t<l,
1
[0 =]
T, 0<& <s<1,
G** gk’s — [0%] o
{e9) D R T 0<s<tr <l
F(Oll) I ~X S ~X gk ~X

PROOF. Let y; € C*1[0,1] be the solution of fractional order boundary value
problem given by (2.1) and (1.3). An equivalent integral equation for (2.1) is given
by

-1 t
yi(t) = =—— / (t —8)* " hy(s)ds 4+ et 7 4 ot T2 et T3 eyt A,
I'(a1) Jo

Using the boundary conditions (1.3), one can determine ¢4 = ¢3 = ¢o = 0 and

_ L 1(1*5)(”5 = gkﬂkﬁk*S) -3
N U e 2/ ) )|
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Hence the unique solution of the fractional order boundary value problem given by
(2.1) and (1.3) is

ottt (1= s)m 3 ety (& — )3
nlt) =g l/ T(ax) / @) ’“(s)ds]
B t (t— 5)04171 S\ds
[yt
_ t talfl(l _ S)oz173 \ds t (t _ 8)041*1 \ds talfl
_/O Fa (o) /O e h{a)ds + S

[/01 ﬂkﬁgli((lal—)s)al 3 s)ds — Z/ Vi ( fk—S 3h1(s)ds]
:/1{G*ts - 1219,@ (€.9) } L(s)ds

/G1t5h1

LEMMA 2.2. Assume that the condition (A3) is satisfied. Then the Green’s
function G1(t,s) given in (2.2) is nonnegative, for all t,s € [0, 1].

O

PRrROOF. Consider the Green’s function Gi(t,s) given by (2.2). Let 0 < t <
s < 1. Then, we have
ta1—1(1 _ 8)a1—3
F(Oq)

Gi(t,s) = > 0.

Let 0 < s <t < 1. Then, we have
tal—l(l _ S)al—S _ (t _ S)(xl—l

Gilt,s) = o
tozlfl [(1 _ S)a173 _ (1 _ 5)061*1]
> T(a) >0
Let 0 < & < s < 1. Then
1— a1 —3
GT* (6, s) = m = 0.

Let 0 < s <& < 1. Then

(61— 9]" " — (G —9)™
I'(on)

G (&, s) =
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O

LEMMA 2.3. Assume that the condition (A3) is satisfied. Then the Green’s
function G1(t,s) given in (2.2) satisfies the following inequality:

(2.3) my(t)G1(1,s) < G1(t,s) < G1(L,s), for all t,s €[0,1],
where my (t) = t** 1,

ProOF. Consider the Green’s function Gy(t,s) given by (2.2). Let 0 < ¢t <
< 1and 0 <& < s < 1. Then, we have

—1 m—1
Gi(t,s) =Gi(t,s) + ZﬁkG** &k S)
k=
. m -1
<Gi(1,8) + Fy 9xGT(1,5)
k=2
<G1(175>

Similarly G1(t,s) < G1(1,s) for 0 < s<t<land 0 < s <& < 1.
Let 0 <t <s<1and 0< & <s < 1. Then, we have

04171 _ Ot173 o] — 1
Gi(t,s) il + ! Z OkGT* (&, 5)

T(ay)
{ m-l
>t 1[G* (1,s) d— ﬂkG** 1,s ]
k=2
>t 1@ (1, s).
Similarly Gy (t,s) > t** 7 'Gy(1,8) for 0<s<t<land 0<s< & < 1. O

LEMMA 2.4. Assume that the condition (A3) is satisfied and s € [0,1]. Then
the Green’s function G1(t,s) given in (2.2) satisfies

(24) min Gl(t7 S) Z k1G1(1, S),

te[¥m—1,1]
where k1 = 19;@,’3“3 < 1.

PRrROOF. By Lemma 2.3, we can easily establish the result. O

LEMMA 2.5. Let dy = 1 — G~ # 0. If ha(t) € C[0,1], then the fractional
order differential equations

(25) Dgfyz(t) + hg(t) =0, te (07 1),

satisfying (1.3) has a unique solution,

b= /O Gl 5)ha(s)ds,
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where
a2 1 n—1
(2.6) Ga(t,s) = G5(t,s) ZCkG Mk S
az—1 _ az—3
! ;1( j) , 0<t<s<1,
* _ [6%)
GQ(tas) - ta2—1(1 _ S)a2—3 _ (t _ S)ag—l
T (o) , 0<s<t<,
1 o a273
M? 0 < Mk < S < 17
G5 (e, s) = (az)a2—3 -3
k(1 —s)] — (. — 5)*2~
T(as) , 0<s<n <1
PRrROOF. Proof is similar to Lemma 2.1. O

LEMMA 2.6. Assume that the condition (A3) is satisfied. Then the Green’s
function Ga(t, s) given in (2.6) is nonnegative, for all t,s € [0, 1].

PROOF. Proof is similar to Lemma 2.2. O

LEMMA 2.7. Assume that the condition (A3) is satisfied. Then the Green’s
function Ga(t, s) given in (2.6) satisfies the following inequality:

(2.7 ma(t)Ga(1,s) < Ga(t,s) < Ga(l,s), for all t,s €]0,1],
where my(t) = t*271,

PROOF. Proof is similar to Lemma 2.3. O

LEMMA 2.8. Assume that the condition (A3) is satisfied and s € [0,1]. Then
the Green’s function Gs(t,s) given in (2.6) satisfies

(28) min Gg(t, S) 2 kQGQ(l, S),
te[cnflvl]
where ky = (pnp®” 3 <1,
Proor. By Lemma 2.7, we can easily establish the result. O

THEOREM 2.1. [4, 9] Let X be a Banach Space, P C X be a cone and suppose
that Ql,QQ are open subsets of X with 0 € Qy and Q7 C Qy. Suppose further that
T: PN (Q\Q) — P is completely continuous operator such that either

O | Tu ||| w|, we PN and || Tu || =] uw ]|, u€ PNoQs, or
) | Tu Iz ull, we PN and || Tu ||<|| w ||, v PNoQy holds.
Then T has a fized point in PN (Q2\Q1).
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3. Existence of at least one positive solution

In this section we establish the existence of at least one positive solution for a
coupled system of fractional order boundary value problem (1.1)-(1.4).
Consider the Banach space B =& x £, where £ = {y1 sy € C[0, 1]} equipped

2
with the norm ||(y1,y2)|| = ZHyZH for (y1,y2) € B and the norm is defined as
i=1

= max )|
Iyl te[g,l] ly1 ()]
Define a cone P C B by

2

P= {(yl,yz) € B:yi(t),y2(t) = 0 on [0,1] and nin, ;yi(t) > k\l(y17y2)||}7

where
(3.1) r:max{ﬁm,hCn,l} and k:min{kl,kg}.
Let 71,75 : P — & and T : P — B be the operators defined by

1
Ty (g1, 2)(8) = / G (£, $)p(s) f (41 (5). ya(s)) ds,
To(y1,y2)(t >\2/ Ga(t,s)q(s)g(y1(s),y2(s))ds

and
(32)  T(w)t) = (i, )0, Talyn,32)1). for (y1,9) € B.
LEMMA 3.1. The operator T defined by (3.2) is a self map on P.

PRrROOF. Let (y1,y2) € P. Clearly Ti(y1,y2)(t) and T2(y1,y2)(f) are nonnega-
tive for ¢ € [0, 1]. Also for (y1,y2) € P,

1T (91, 2) | <M / G (L, )p(s)F (41 (), y2(s)) ds,

1T2(y1, y2)|| S/\z/o Ga(1,5)q(s)g(y1(s), y2(s))ds,

and

min 71 (y1,y2)(t) = min )\1/ G1(t,8)p(s) f(y1(s),y2(s))ds

telr,1] te(r,1]

2181)\1/0 G1(1, 8)p(s) f (y1(s),y2(s))ds
Zk1||T1(y1,y2) llo-
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Similarly Hfin] To(y1,y2)(t) = ka||T2(y1, y2)|lo. Therefore,
te(r,1

2

tg%inl] Ti(y1,y2)(t) = k1| Ti(y1, y2)llo + k2| T2 (y1, v2) [lo
=1

2
> kz ||Ti(y1,y2)||0
=1

= k]| (T3 (g1, 12), Ta(yr, ) |
= k||T(y1,92)||-

Hence T'(y1,y2) € P and so T : P — P. Standard arguments involving the Arzela—
Ascoli theorem shows that T is completely continuous. O

Let

. 1 . 1
AL =7 [khféo/ G1(17S)p(8)d81 A = [fé‘/o G1(173)P(3)d3] ;

—1
1 1

Az =72 [kbgéo/ Ga(1,8)q(s)ds| Ay =" [98/ Gz(LS)Q(S)dS] ,
r 0

where 71,72 are two positive real numbers such that v + v = 1.

THEOREM 3.1. Assume that the conditions (A1)-(A4) hold.

(HY) If f5,95, [, g5 € (0,00),A1 < Ag and As < A4, then for each \; €
(A1, A2) and A2 € (A3, Ay) there exists a positive solution (yi,ys2) for the
problem (1.1)-(1.4).

(H2) If f§ = g5 = 0, i, g, € (0,00), then for each A1 € (A1,00) and \g €
(A3, 00) there exists a positive solution (y1,ys) for the problem (1.1)-(1.4).

(H3) If f5,95 € (0,00), fi, = gi, = oo, then for each A\1 € (0,A3) and Ny €
(0, A4) there exists a positive solution (yi,y2) for the problem (1.1)-(1.4).

(H4) If f§ = g5 =0, fiL = g%, = o0, then for each \; € (0,00) and Ay € (0, 0)
there exists a positive solution (y1,y2) for the problem (1.1)-(1.4).
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PROOF. Let A1 € (A1,A2), Ay € (A3, A4) and let € > 0 be a real number such
that € < fi, e < g% and

- -1

‘ 1
el kkl(féo fe)/ Gl(l,s)p(s)dsl < A,

—1
1
" f§+e / G1(1,s) (s)ds] > A,

—1
Y2 ka goo / Ga(1, ) ] < Ay,

—1
Y2 | (96 + € / Gaf 1,s)q(s)ds] > Ao
0

From the definitions of f; and g§, there exists J; > 0 such that

2

Flyry2) < (fs +€)(y1 +y2) and g(y1,92) < (95 +€) (1 +2),0 < >_ys < i
=1

By (A1), the above inequalities are also valid for y; = yo = 0. Let (y1,y2) € P with
l(y1,y2)lls = J1- i-e, ||yl + ly2]| = J1. Then, from Lemma 2.3, for ¢t € [0, 1], we
have

(Y1, m2)( >\1/ Gi1(t,s)p y1(s),y2(s))ds
<)\1/ G1(1,8)p(s)(f5 + €) (y1(s) + y2(s))ds

M(fi+e) / G (L, 8)p(s) (o | + llwll) ds

<y (vl + ly2ll) = | (w1, 92)]| 5-

Hence || 71 (y1, y2) |l < 7 ||(v1, yg)HB. In a similar manner we conclude that

T2 (y1,m2) || < 72“(3/1,212)}’3
Therefore,
171 (1 92) |5 =11 (T2 (v1,92), T (w1, 92)) || 5
=||T1(y1, y2)|| + || T2 (y1, 2) ||
=(m +72)[[(y1,92)]| 5
=1, 2)]| 5-
Hence (1)l < 01,050
If we set Q0 = {(yl,yg) eB: H(yl,yg)HB < Jl}, then

(3.3) 1T y2) || 5 < || (w1, 92)]

5 for (y1,y2) € PNOQy.
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Next from the definitions of f¢, and g’ , there exists Jo > 0 such that

2

Flyr,y2) = (fl — )y + w2) and g(y1,92) > (gh — )1 + 1), D i = Ja.
i=1

Jo
Let Jo = max {2Jl7

k } Choose (y1,y2) € P with H (y1, Y2 HB = H,. Then

min Zy > k|| (y1,12)|| g = T2

tGrl]

From Lemma 2.4, we have

1(y1, y2)( )\1/ G(t,s)p y1(s), y2(s))ds
> Ay / (L, 8)p(s)(fe — ) (s (s) + yals))ds

> Ak (L — /Gls || (41 (5), y2(5)) || s
> 7| (y1(5),y2(5)) || 5-

Hence HTl (y1, yg)H > H(yl, yg)HB. In a similar manner we conclude that

T2 (y1, w2)|| = 22l (1, 12) || 5-

Therefore,

71 (1 92) |5 =1 (T2, 92), Ta(y1,92)) || 5
=|T1(y1, 2) || + || T2 (1, 92)||
=(11 +%2) ()| 5
=||(y1.32) |-

Hence [T (y1,2)|| 5 = [|(v1,v2) | -
If we set Qy = {(yl,yg) eB: H(yl,yg)HB < Jg}, then
(3.4) ||T(Zl/1»y2)HB = ||(y1,y2)HB, for (y1,y2) € P N OQy.

Applying Theorem 2.1 to (3.3) and (3.4), we obtain that 7" has a fixed point
(y1,92) € PN (Q2\Q1) and hence the boundary value problem (1.1)-(1.4) has a

positive solution such that J; < Z ly:ll <

(H2) Let A1 € (Aq,00), A2 € (Ag7 o0) and let € > 0 be a real number such that
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e< fi, e<gl, and

~1 ~1

71 |f€]€1 / G1 1 S ‘| NS /\17 / G1 1 8 ] s

—1 L —1

Yo |]€]€2 gl — / Ga(1, ) ] < Ag; €< % [/ Gg(l,s)q(s)dsl .
2 0

From the definitions of f; =0 and g§ = 0, there exists J; > 0 such that

F(y1,92) < e(yr +y2) and g(y1,y2) < e(y1 +v2), Zy <

Let (y1,y2) € P with ||(y1,y2)|ls = J1- i-e., ||ly1]| + |ly2]| = J1. Then, from Lemma
2.3, for ¢t € [0, 1], we have

T (1,2 Al/ Gi(t, 5)p(s) f (41(5), y2(5)) ds
<A1/O G (1, 8)p(s)e(ya (5) + o (s)) ds
e / G1(1,9)p(s) (Il | + 1y ) ds

< (lwll + llw2ll) = 2| (v1,92)|| -
Hence ||T} (yl, yg) I < 'ylH Y1, Y2 HB. In a similar manner we conclude that

1T (y1, y2) Il < 2| | (w1, 92 HB
Therefore,
1T (1, 92) |5 = [ (T2 (w1, 92), Ty, 92)) || 5
=||T1(y1, y2) || + || T2 (y1, 32) |
||, 92)|| 5 + 72| (W1, 92) || 5
=(n +72) |1, 92) |5
= (1, 92) |-
Hence ||T (y1,32) |5 < [| (1, 92) | -
Define the set Q; = {(yl,yg) eB: H(y1,y2)HB < J1} then

(3.5) T (w1, 92)| 5 < || (W1, 92)|| 5> for (y1,2) € PNOQy.

Define the set Q5 = {(yl,yg) € B: ||(y1,y2)||B < Jg} and proceeding in a
similar manner of proof (H1), we get

(3.6) 1T (1, 12)| 5 = (| (w1, 92)|| g> for (y1,52) € PN OQy.

Applying Theorem 2.1 to (3.5) and (3.6), we obtain that T has a fixed point
(y1,92) € PN (Q2\Q1) and hence the boundary value problem (1.1)-(1.4) has a
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2

positive solution such that J; < Z lly:|| < Ja. Similarly we can prove the remain-
=1

ing. O

Prior to our next result, we define

el 1 -1
T =3 [klﬁfé/ Gi(1,s)p(s)ds| ,Ta=13 lfcfo/o G1(1a5)P(5)d8] ;

- —1
1

Ty =4 lgic/ GQ(LS)Q(S)dS] ;
0

where 3,74 are two positive real numbers such that v3 +v4 = 1.

1
T3 =74 [kkzgé/ Ga(1,8)q(s)ds

THEOREM 3.2. Assume that the conditions (Al)-(A4) hold.

(H5) If f&, g8, 5,95 € (0,00),T1 < Ty and Y3 < Y4, then for each A\ €
(T1,T2) and Ao € (Y3, Ty) there exists a positive solution (y1,ys) for the
problem (1.1)-(1.4).

(H6) If 3. = g3, = 0, f¢, g8 € (0,00), then for each Ay € (T1,00) and \g €
(T3, 00) there exists a positive solution (y1,yz2) for the problem (1.1)-(1.4).

(H7) If f2, 95 € (0,00), f¢ = g = oo, then for each A1 € (0,Y2) and X2 €
(0,T4) there exists a positive solution (y1,ys2) for the problem (1.1)-(1.4).

(H8) If f5, = g3, =0, f& = gi = oo, then for each A1 € (0,00) and Ay € (0, 0)
there exists a positive solution (yi1,y2) for the problem (1.1)-(1.4).

PRrROOF. (H5) Let Ay € (T1,T32), Az € (T3,T4) and let € > 0 be a real number
such that € < fi, € < gi and

ey Gl<1,s>p<s>ds] <
: 1

-1
Y3 (f; +e)/0 G’l(l,s)p(s)ds] > A,

—1
1
Va | kka (g6 — 6)/ Gg(l,s)q(s)dsl < Ao,

V4 (9204-6)/0 Gz(l,s)q(s)ds] > Ao

From the definitions of f, g5 € (0, 00) there exists J3 > 0 such that

2
Fyroy2) < (f6 — €)(y1 + y2) and g(y1,y2) < (96 — €) (1 + ¥2),0 < Zyz < Js.
=1

By (A1), the above inequalities are also valid for y; = yo = 0. Let (y1,y2) € P with
l(y1,y2)lls = J5- i.e., ||yl + |y2]| = J3. Then, from Lemma 2.4, for ¢t € [0, 1], we
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have

Ty (g1, 2) (1) =\ / G1(t, 5)p(5)f (31 (5), 32(5)) ds
1
Ak / Gi(1,9)p(5) (£ — €) (11(5) + o)) ds

1
Ak (fi— o) / Gr (1, )p(s)k (Il | + llyal]) ds

>33 (lya | + llyall) = 25| (w1, 92) | -
Hence || Ty (y1,y2) | = 73| (v1, yz)HB. In a similar manner we conclude that
T2 (1, 92) || = V4H(y1,y2)HB-
Therefore,
1T (w1, 92) |15 = (T2 (w1, 92), Ty, 12)) || g = (43 + 7a) || (was w2) | 5 = | (w1, 92) | 5-
Hence |7 (y1,42) || s > [|(91, 92)]| -
If we set Q3 = {(yl,yg) eB: H(yl,yg)HB < Jg}, then

(3.7) 1T (1, w2)|| 5 = || (w1, 92)]
Now we define the functions f*,¢* : RT™ — RT by
{ [ray= max [l )

5 for (y1,y2) € PNONs.

g*(x) = max g(yi,y2), for all z € R*. Then
y1+y2€[0,7]

2
Flyr,y2) < f*(x) and g(y1,9) < g7(2), D _wi < .
=1

It follows that the functions f*, g* are nondecreasing and satisfy the conditions

: @) o
mlggosup o = oo
Lgt(®)
zlggosup = o

Next from the definitions of f5, g5, € (0,00), there exists J4 > 0 such that
£7(2) < (£ + o and ¢°(2) < (g5 + ), © 3 Ta.

Let J, = max{2J3,j4}. Choose (y1,y2) € P with ||(y1,y2)||8 = J;. Then by the
definitions of f* and g*, we have

{ Fyi (@), y2(t) < f*(ya(t) +v2(1))

Pl + lly)l) = £y, w2)l18),
g(y1(t),12(1)) < g (y1(t) + ya(1)) =g

9" (Il + ly2)l) = 9" (1 (w1, v2)ll5)-

NN
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From Lemma 2.3, we have

T (y1,y2)(t >\1/ G1(t,8)p(s) f(y1(s),y2(s))ds
<h [ G096 (s wls)as

)\1/ G1(1,8)p(s)(f% + ©)]| (w1, 2 HBdS
<[ (w1, v2 HB-

Hence HT1 (y1, y2)|| < ’YBH(?Jh yz)HB. In a similar manner, we conclude that

| T2(y1, y2) || < val[(y1,92) || -
Therefore,
1T (w1, w2) || 5 = [[(Ta(wr, y2), Ta(yn, v2)) || g < (s + ) || (W, w2) || g = || (w1, w2) || 5-

Hence HT yl,yg)HB < H(yl,yg)HB. If we set

Q= {(y1,y2) €B: ||(y1,12)]| 5 < J4},
then
(3.8) 1T (1 w2)|| g < | (W1, 92) || 50 for (y1,2) € PN OQy.

Applying Theorem 2.1 to (3.7) and (3.8), we obtain that 7" has a fixed point
(y1,92) € PN (Q24\Q3) and hence the boundary value problem (1.1)-(1.4) has a
2

positive solution such that J3 < Z lyill < Ja

i=1
The proofs of the remaining cases (H5)-(H8) are similar that of (H1) and we
shall omit them. O

4. Example

In this section we give an example to illustrate the utility of our main results.
Consider the fractional order three-point boundary value problem

(4.1) DSy (t) + A f(y1,y2) =0, t € (0,1),
(4.2) Dgya(t) + Aag(y1,y2) =0, t € (0,1),

/ /! 1 3 /! 1
(4.3) 11(0) = 51(0) = 1(0) = 0.37(1) = 5w (5)-
(14) 2(0) = 5(0) = y4(0) = 0,4(1) =245 (3.
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where
(Sinys + 3)(y1 + y2) {1100(?41 +y2) + 1}
fyr,y2) = —— )
[500(@1 +y2) + 1} (Cosyr +7)(y1 + y2)
9(y1,y2) = ity t1 )

p(t) =q(t) =1, f5 =4, fi, = 2200, g5 = 8, g%, = 3000. Applying Theorem 3.1, we
get an eigenvalue interval A\; € (0.00442,0.10593) and X € (0.00611,0.07022) in
which the three-point fractional order boundary value problem (4.1)-(4.4) has at
least one positive solution.
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