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ABSTRACT. In this paper, we establish vertex-edge corona of two graphs and
compute Wiener index, Zagreb indices, Degree distance index and Gutman
index of vertex-edge corona of two graphs.

1. Introduction

All graphs considered here are finite, undirected and simple connected graphs.
Let G = (V, E) be a graph with vertex set V := V(G) = {v1,v2,- -+ ,v,} and edge
set E := E(G) = {e1,ea, -+ ,em}. Throughout the paper we denote the degree
of a vertex v in G by d (v) and the shortest distance between two vertices v; and
v; in G by d (vi, v;). A topological index of a graph G is a numerical quantity
derived from the structure of the graph G, so that it remains invariant under graph
isomorphism. The Wiener index also known as the first topological index [29] was
introduced by a chemist H. Wiener in 1947, and is defined as

WG = > d(vi, v)).
{vi, v;}CV(G)
The Wiener index was used to model certain physico-chemical properties of hydro-
carbon molecules and is a useful tool for designing quantitative structure-property
relations in organic chemistry. This index was also used to establish correla-
tions with various physico-chemical and thermodynamic parameters such as boiling
point, density, critical pressure of chemical compounds. Studies on Wiener index
can be found in [11, 12, 20, 23]. The first and second Zagreb indices are the degree
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based topological indices introduced in 1972, by I. Gutman and N. Trinajstié¢ [19]
and these are defined as
Mi(G)= ) di(w)= D (de(v)+dg(vm))

v, €V(Q) ei=vvm EE(G)
and

M2(G) = Z dG (Ul)dc (’Um)v

e;=vvm €EE(G)

respectively. They observed that total m-electron energy depends on molecular
structures and approximate expressions for total m-electron energy involves M;
and Ms. Zagreb indices are extremely useful for deriving multi linear regression
models [8]. Informations regarding Zagreb indices can be found in [17, 18, 22].
The Degree distance and Gutman indices of a graph G are defined as

DD(G)= Y (dg(vi) +dg(v;))dg (vi, v5)
{vi, v;}CV(G)
and
Gut(G) = > dg(vi)d,(v))dg (i, v)).
{vi, v }CV(G)
The degree distance index was introduced independently by A. A. Dobrynin, A. A.
Kochetova [13] and Gutman [16]. The Degree distance closely related to Wiener
index. The degree distance is structure descriptors based on molecular topology of
quantitative relations between structure and activity [26] and its physico-chemical
applications includes the prediction of boiling points and
calculation of velocity of ultrasound in organic materials. The Gutman index was
introduced by Gutman [16]. The Gutman index which is a variant of the well-
known Wiener index, reflects precisely the same structural features of a molecular
as the Wiener index [28]. For details about Degree distance and Gutman indices
we refer to [3, 14, 25]. The vertex Padmakar-Ivan(PI) index [4] of a graph G is
defined as

PI(G) = Z [nei (UllG) + N, (UWIG)]’

e;=vvm €EE(G)

where ne—q, (u|G) is the number of vertices in G that are closer to u than v in G.
Ashrafi and Loghman [6, 7] have studied mathematical properties of the Padmakar-
Ivan index and its applications in chemistry and nanoscience. For, more details see
[5, 10, 24].

Let e = uwv and f = xy be two distinct edges in G. The distance dg(e, f) between
two edges e and f is given by min{de(z,u),dc(z,v),dc(y,uw),dc(y,v)}. The edge-
Wiener index W, (G) [9] of a graph G, is the sum of all distances between unordered
pairs of vertices in the line graph L(G) of G. Equivalently, edge-Wiener index of
G is the Wiener index of the line graph L(G) of G. i.e,

W(@) =W(L(G) = Y (min{dg(z,u),da(z,v),da(y, w),d(y,v)} +1).
{zy,uv}€E(G)
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The corona G o G2 [15] of two graphs G and Gs, is the graph obtained by
taking one copy of G, |V(G1)| copies of G5 and joining i-th vertex of Gy to every
vertex in the i-th copy of G2. The edge corona Gy ¢ G2 [21] of two graphs G and
G, is the graph obtained by taking one copy of G and |E(G1)| copies of G3 and
joining end vertices of i-th edge of GG1 to every vertex in the i-th copy of G2. Re-
cently, various graph invariants of corona product of two graphs have been studied
[1, 2, 27, 30]. Motivated by this, we establish vertex-edge corona of two graphs.
Let Gy be a graph with vertex set V(G1) = {v1,v2,...,v,, } and edge set E(Gy) =
{e1,€2,...,em, }. Let G2 be a graph with vertex set V(G2) = {u1,ua, ..., un, } and
edge set E(Ga) = {e},¢e5,...,¢;,,}. The vertex-edge corona of two graphs G and
G2 denoted by G [ Ga, is the graph obtained by taking one copy of Gy , |[V(G1)]
copies of G5 and |E(G1)| copies of Ga, then joining i-th vertex of Gy to every vertex
in the i-th vertex copy of G2 and also joining end vertices of j-th edge of G; to
every vertex in the j-th edge copy of Go, where 1 < ¢ < nj and 1 < j < my.

Note that the vertex-edge corona G1 [ G5 of Gy and G has ny + na(my + nq)
vertices and my + mq(ma + 2ng) + nq(me + na) edges.

We denote, the vertex set of the j-th edge copy of Ga by Vj, (G2) = {uj2, uja,. ..,

Ujn, } and the vertex set of the i-th vertex copy of G2 by Vi, (G2) = {wi1, wig, - . .,
Win, }- Also, we denote by F; (G2) and E; (G2), the edge set of the j-th edge and
i-th vertex copy of G2, respectively.

FIGURE 1

Generalised vertex-edge corona of G; and G5 graphs.

In this paper, we compute some topological indices of vertex-edge corona of two
graphs. In the Section 2, we establish formulas for the Wiener index and Zagreb
indices of vertex-edge corona of two graphs. Also, we compute the same for some
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standard graphs. In the Section 3, we compute degree distance and Gutman index
of vertex-edge corona of two graphs.

The following Lemmas follow immediately from the definition of vertex-edge corona
of two graphs.

LEMMA 1.1. We have,
a. dg(vi) = (n2 +1)dg, (vi) +n2, Vv € V(Gy).
b. dg(uij) = dg, (u;) +2, ¥V uy € Vi (Ga).
¢ dg(wij) =dg, (wj) +1, YV wi €V, (Ga).
LEMMA 1.2. We have,
a. dg(vi, vj) =dg (vi, vj), ¥ vi,v; € V(Gr).
- ) — LV ujug € Ee(GQ),
b. dG(uU’ uzk) - { 2’ %% wjuy, ¢ ES(GQ).
1, YV wjwg € Ey(Ga),
2, Ywjw, ¢ E,(Ga).
dg(uij, upm) =dg (ei, ex) +2, Vi#k.
dG(wij, wkm) = dcl (U,‘, Uk) +2, Vi 75 k.
For e; = vjv,,

C. dc(wij, wik) =

0 X

dg, (v, v) +dg (Vg vm) +1
2 )

if d(v, vg) # d(vg, vm),

dG1 (uij’ U’C) =
dg, (v, vi) +dg, (vk, vm)

+1, if d(v, vg) = d(vk, vm)
v U5 € V;E(Gg), V € V(Gl)

g. dg(wij, vi) =dg(vi, vi)+1, YV w; €V, (Ga),v, € V(Gh).

h. For e; = vjv,,.

dG1 (Ulv Uk)+dcl (vkv vm) +3

2 )

if
d(vl, Uk) #d(vka vm)a
dc (uijv wkm) =
dG1 (,Ul7 vk)+dcl (Ukv Um)
2

+ 2, if
d(vy, vi) = d(vg, vm)

Y ouy; € Vi, (G2), wrm € View (Go).
2. Wiener index, Zagreb indices of vertex-edge corona of two graphs

In this section, we compute Wiener index, first and second Zagreb indices of
vertex-edge corona of two graphs.

THEOREM 2.1. The Wiener index of G := G1 [ G5 is given by
W(G1 O Gy) = (1 +n9)*W(G1) + n2W,(Gy) + %(ng +1)(DD(G1) — PI(Gh))
+ n%ng(ng + 1) + ngml((1/2) + 3TL1 + (1/2)m1) — nz(ml + nl)

— ma(ny +mq).
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PROOF. The Wiener index of G is given by,
W(G) = Z dg(u ,v)
{u, v}CV(G)
(2.1) =A1 +As+ Az + Ay + A5 + Ag + A7 + Ag,

where
A = > de(wi, vy),
{vi, v;}CV(G1)

Ay = Z Z de (uij, i),

e, €E(G1) {uij, uin}CVi, (G2)

As = Z Z dg (wij, wir),

v; €V (G1) {wij, wir} Vi, (G2)

Ay = Z Z dc(uij7 ukm)7

{ei, ex}EE(G1) wyjev,, (G2)
Ukm € Vi, (G2)

A5 = Z Z dG (wij; wkm)a

{vi, ve}EVI(GL) wyjevy, ()

v
Wm € Vi, (G2)

AG = Z Z dG (U’Zj7 Uk)a

ei€E(G1) uyev;, (Ga)
v €V(GT)

Ar= Yo dg(wiy, v,

vi€V(G1) wy ev;, (Ga)
v EV(GY)

AS = Z Z dc (ui]’, wkm).

e €E(G1) uyjev; (G2)
Wy €V, (Ga)

From Lemma 1.2, we have the following.

Al = Z dG(Ui, Uj)

{vi, v;}CV(G1)

= Z dGl (vi, Uj)

{vi, v;}CV(G1)
(2.2) =W(G1),

Ay= > > de (wijs Wik)

e, €E(G1) {uij, uir}CVi, (G2)

> 2 X - X
eiGE(Gl) {u]', uk}QV(GQ) u_jukGE(Gz)
(2.3) =mi(na(n2 — 1) —mo),
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Ay= ) > d (wij, wir)

v; €V (G1) {wij, wir}CVi, (G2)

v

-y by oy
viEV(Gl) {’LUJ', wk}gV(Gz) ijkEE(Gz)
(2.4) =N (ng(ng - 1) - mg),

A4 = Z Z dG (U¢j7 Ukm)

{ei, ex}€E(G1) wyjev;, (G2)
Ukm €V, (G2)

= > Y (o, (e er) +2)

{ei, ex}EE(G1) wyjev,, (G2)
Ukm €V, (G2)

=n3 Z (dg, (€i, ex) +2)
{e;, ex }EE(G1)
(2.5) =nZ(W.(Gy) + mi(my —1)/2),

Ay = Z Z de (Wij, Wem)

{vi, v}EV(G1) wievy, (G2)
Whm € Vi, (G2)

= Z Z (dcl (’Ui’ vk) + 2)

{vi, ve}EV(G1) wyjev;, (Go)

v
Wi €V, (G2)

= n% Z (dcl (Uiv vk) + 2)

{vi, v }EV(G1)
(2.6) =n3(W(G1) + ni(n — 1)),

Ag= Y > dg(uig, v

ei€E(G1) uyev;, (Ga)
v EV(G1)

dg. (v, vg) +dg (g, V) +1
Z N Z G1 G1

2
e, €E(G1) v EV(GY)
d(vy, vg,)#Ed(Wg, vm)

dG (Uh Uk) +dG (vk7 'Um)
1 1 1
+ > ( 5 + )

v €V (Gy)
d(vy, vg)=d(vg, vm)
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dg, (v, vk) +dg, (Vk, Om)
:n2 Z Z Gq l k Gq k

EiEE(Gl) vkEV(Gl) 2

tng Y {2m—<ne,-<vz/G12>+nei<vm/01>>}

e;€E(G1)

dc (Ul, Uk)+d (Uka Um)
2

+2nymq — PI(Gh)
eleE(G1)vkEV(G1)

> > dy, (v, w) + 20ma — PIGY)

v €V (G1) v €V (G1) viv; EE(Gr)

v, €V (G1) UkEV(Gl)

(dg, (vi) + dg, (vk))dg, (vi, vk) 4 2n1my — PI(G1)
{vs, vk}CV (Gh)

=5 { dg, (vi)dg, (Vi, vk) + 2n1mq — P1(Gh)
{DD

% Gl +2n1m1 PI(Gl)}

Ar= Y > dg(wij, ve)

Vi€V(G1) wyjev;, (G2)
IASEN)

Z Z (dcl (Uiv Uk) + 1)

vi€V(G1) wyjev;, (Ga)

Ty
v EV(G)

=n2 D> X (do, (v v+ 1)
U1€V(G1)Uk€V(G1)
= n(2W(G1) + ni),

Ag= > S de(uig, wem)

e €E(G1) w;jev;, (Ga)
Wi €EVE (G2)

) dg, (v, vg) +dg, (Vs vm) +3
e;€E(G1) v, EV(GY)
d(vy, vp)#d(vg, vm)
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Z dcl (Ulv Uk) + dc:1 (vka Um)

2
5 +

+

v EV(G1)
d(vy, v)=d(v, vm)

%% Z Z de ’Ul, ’Uk +d (Ulm Um)+ Z 3

e, €E(G1) | vk€V(Gh) v EV(GY)
d(vy, vg)#d(vg, vm)

+ > 4

v EV(G1)
d(vy, v)=d(v, vm)

2
— % Z Z d, (v, v) +dg, (Vk, Vm)

eieE(Gl) ’UkEV(Gl)

5 {4n1 — (ne, (v /G12) + 7, (vm/Gl))}

+

e, €E(Gr)
= TL% Z Z dg, (v, vk) + d, (Vk; Vm) +4nymy — PI(Gy)

2
e;€E(G1) vk €V (G1)

2
n
- ?2 Z Z Z dcl (vi, V) +4nymy — PI(G1)
vEEV(G1) v:€V(G1) viv; €E(G1)
n3

711€V(G1) UkEV(Gl)

:2{ > > dg (vi)dg, (vi, vi) +4nymy — PI(Gh)

2
n
= ?2 Z (dg, (vi) +dg, (0k))dg, (vi, V&) +4nymy — PI(G)
{vi, v }CV(G1)
2
(2.9) = ”2 (DD(G1) + 4nymy — PI(G)).

Substituting (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9) in (2.1), we obtain
the required result. O
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COROLLARY 2.1. Let Gy be a bipartite graph. Then, the Wiener index of
G1 Gy is given by

W(G1 ] Gg) = (]. + 712)2W(G1) + n%We(Gl) + %(77,2 + 1)(DD(G1) - nlml)

+nina(ns + 1) + n3m1((1/2) + 3nq + (1/2)m1) — na(mq +nq)
—ma(ny + mq).

In the next theorem, we compute first Zagreb index of vertex-edge corona of
G1 and G graphs.

THEOREM 2.2. The First zagreb index of G := G, [ G4 is given by

Mi(G) = (n2 + 1)2M1(G1) + M1 (G2)(my 4+ ny) + 8my(ne + ma) + n%(4m1 +n1)
+ n1(ng + 4ma).

PrOOF. We have,

Mi(G) = Z di(”)

veV(G)

- Z di(viH Z Z di(uij)Jr Z Z di(wij)

UiEV(Gl) EiEE(Gl)uUeV(Gg) UriEV(Gl)’wijEV(Gz)
(2.10)

=A; + Ay + As.

We compute Ay, Ay and Aj using Lemma 1.1 as follows.

Ay= > di(v)

’UiGV(Gl)
= > ((n2+1)dg, (vi) +n2)?
’L)iGV(G1)
= Z (no + 1)2di1 ('Uz) + n% +2(ng + 1)?’L2dG1 ('U7,>
’L)quV(Gl)
= (n2 + 1)2M1(G1) + n%nl + 2712(77,2 + 1)2?’)11
(2.11) = (’I’L2 + 1)2M1(G1) + 4n2m1(n2 + 1) + nlng,
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A=Y > d(uy)

eiGE(Gl)Uz‘jGV(G2)

= > Yo (o, (uy) +2)°
eiEE(Gl)uq‘,jEVie(Gz)

= > > (dg, (u))® +4+4d,, (u)))
e, €EE(G1) uj €Ve(G2)

= Z (Ml(GQ) +4TL2 +8m2)
e, €E(G1)

(2.12) = ml(Ml(Gg) +4ny + 8m2),

As= ) Y d(wy)

v; €V (G1) wi; €Vy, (G2)

> > (de, (wij) +1)°

v; €V (G1) wi; €Vy, (G2)

Z Z (d2 (wij) + 1+ 2dg, (wij))

’UiEV(Gl)’wij EV;'U (GQ)

Z (M1 (G2) 4 ng 4 4mo)
’UiEV(Gl)
(213) :nl(Ml(G2)+n2+4m2).

Using (2.11), (2.12) and (2.13) in (2.10), we complete the proof of the theorem. [

Next, we establish formula for second Zagreb index of vertex-edge corona of
G and G graphs.

THEOREM 2.3. The second Zagreb index of vertex-edge corona G := G1 [ Gy
is given by

MQ(G) = (TLQ + 1)2M2(G1) + Ml(Gl)(ﬂQ + 1)(3712 + 2m2) + MQ(GQ)(ml + nl)
+ ming(Tng + 2) + M1 (G2)(2my 4+ n1) + ny(n2 + mo(2ns + 1))
+ 8m1m2(n2 + ].)

PRrROOF. From the definition of M3(G), we have

My(G) = ) do(w)dg(v)

e;,=uveE(G)
(2.14) = A1+ As + Az + Ay + As,
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where

A= > dg(v)dg(v)),

ViV EE(Gl)

Z Z dc; (Uij)dc (uik)a

e, €E(G1) ujjuin€E;, (G2)

Z Z (dG (Ul) +dg (vm))dc (uij)7

ei=vvm €EE(G1) ui; €V, (G2)

Z Z deg (wij)dc (wik)’

’UiGV(Gl) wij’u)f,kEEiv (GQ)

> > dg(v)dg (wiy).

Uj,GV(GH) 1u7~,je‘/,,u (Gz)

As

As

Ay

As

Employing Lemma 1.1, we compute A;, Ao, A3, A4, and As.

A= Y daw)dy(v))

U,"UjEE(G1)

= Z (n2 + 1)dg, (vi) +n2)((n2 + 1)dg, (vj) + n2)
v;v; EE(GY)

= > [ne+1)%dg, (vi)dg, (v;) + na(na + 1)(de, (vi) + dg, (v;)) + n3]
v;v; EE(GY)
(2.15)
= (TLQ + 1)2M2(G1) + TLQ(’HQ + ].)Ml(Gl) + mlng,

A

> Yo doluig)dg (uir)

e €E(G1) uijuir€E;, (G2)

> Yo (dey (w)) +2)(dg, (ur) +2)

eiGE(Gl) Ujuk GE(GQ)

Z Z (dG2 (uj)dc;2 (uk> + 2dG2 (u]> + 2d02 (uk> + 4)
eiGE(Gl) ujukGE(Gg)

Z {My(Gs) + 2M,(G1) + 4my}
e;€E(G1)
(2.16) =my(M2(G2) + 2M;(G2) + 4my),

Ay = > Yo deW) +dg(vm))dg (usy)

ei=vvm €EE(G1) ui; €Vi, (G2)

11
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= > > (n2+1)dg, (vi) +n2 + (n2 + 1)dg, (vm) + 12
ei=vvm EE(G1) u; €V (G2)

(dg, (uj) +2)
= > Yo [(nz +1)(dg, (vi) +dg, (v)) + 2n2](d, () + 2)

e;=vvm EE(G1) u; EV(G2)
= Yo e+ 1)(dg, () +dg, (vm)) + 2n2)(2ma + 2ny)
e;=vvm €EE(G1)
(2.17)
= 2(712 + 1)M1(G1)(m2 + 712) + 4m1(n2m2 + ng),

A= ) Yo de(wiy)dg(wir)

v €V(G1) wijwik €Ey, (G2)

> Y (dg, (wj+1)(dg, (wr) +1))

UiGV(Gl) W W GE(G2)

Z Z (dG2 (wj)dc;2 (wk) + dG2 (wj) + dc;2 (wk) + 1)

v; €V (G1) wijwr €E(G2)

Z (M2(G2) + M1(G2) + ma)
Uq‘,GV(Gl)
(2.18) = nl(Mg(Gg) + Ml(GQ) + mg),

As = Z Z dg (vi)dg (wlj)

v, €V (G1) wij €Vi, (G2)

= > Y ((n2 4 1)dg, (03) + n2)(dg, (wy) + 1)

UiEV(G1) UJJ'GV(GQ)

= > > (2 +1)(dg, (vi)dg, (w)) + de, (v5)) + nad,,, (w)) + n)

vi €V (G1) wi; €V (G2)

(2.19)
= 2m1(n2 + 1)(2m2 + TLQ) + n1n2(2m2 + TLQ).

Using (2.15), (2.16), (2.17), (2.18), (2.19) in (2.14), we determine the required
result. g

It is well-known that M;(P,) = 4n — 6 (n > 2), M1(C,) = 4n, M1 (K,) =
n(n—1)2, My(P,) = 4n—8 (n > 3), Ma(C,) = 4n, Ma(K,) = n(n —1)3/2. Using
these facts, in Theorems (2.10) and (2.14), we obtain the following corollaries.

COROLLARY 2.2. We have

. My(P, D Py,) = 9m?n — 10m? 4+ 37mn — 32m — 20n + 8.

. My(P,30C,,) = 9m3n — 10m? + 37mn — 32m + 4n — 6.

. My(P, O K,,) =2m?n —m3 + 11m?n — 12m? + 13mn — 17m + 4n — 6.
. My(C, B Cy,) = 9Im3n + 3Tmn + 4n.

QL O o
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e. My(C,, @ Py,) = 9m?*n + 37Tmn — 20n.
. Mi(C, O K,,) = 2m3n + 11m?n + 13mn + 4n.
g. Mi(K, O K,,)=m?n®+m?n? + 2mn® — m?n — (3/2)mn? + n® — (1/2)mn

—2n2 4+ n+ (1/2)m3(n + n?).
h. My(K, B Py,) = m?n3 + 2mn3 + 6mn? + n> + mn — 9n? — 2n.
i. Mi(K, B0 C) =m?n®+2mn3 + 6mn? + n® + mn — 2n2 + n.
COROLLARY 2.3. We have
a. Mz(P, B Py,) = 42m?n — 53m? + 29mn + 12n? — 40m — 55n + 32

b. My(P, E Chy) = 42m%n — 53m? + 59mn — 68m + 4n — 8.

c. My(P, O Ky,) =9nm? +min+ (41/2)m?*n + (31/2)nm — (61/2)m? — (55/2)m
—8 +4n — (21/2)m> — (1/2)m*.

d. My(C,, [ P,,) = 42m?n + 41mn — 47n.

e. My(C, C,,) = 42m?n + 59mn + 4n.

. Mx(C, O K,,) = (41/2)nm? + (31/2)nm + 4n + 9nm? + m*n.

g May(K, O P,) = (1/2)m?n* + (7/2)m?n3 + (1/2)n* — (7/2)n3 — (17/2)n?
+2nm — (7/2)n + mn* — m?n? + 4mn>.

h. My(K,, B Cyp) = mnt —m?n? + 4mn? + (1/2)m?*n* + (7/2)m?n3 + (1/2)n*

—(3/2)n3 + (3/2)n? + 2nm — (1/2)n + 2mn3.
i. My(K, 0 Ky,) =mn* — (1/4)m?n? — (9/4)mn? + (1/2)m?n* + (3/2)m?n?
+(1/4)nm? —(3/4)nm3+(1/4)m*n+(1/2)n* - (3/2)n> — (3/4)m3n? + (1 /4)m*n?
+n2m(m —1)2 +m3n3 + (3/2)n? + (5/4)nm — (1/2)n — mn3.

3. Degree Distance and Gutman index of vertex-edge corona of two
graphs
For a graph G, we define
C(G) = > d, (w).
weV(G)

e=uvEE(G)
dg (w,v)=d g (u,w)

EXAMPLE 3.1.
U1
(%1 U2
Vs V2
Vg U3
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(a): We have,
C(G) = dg(v1) + dg (v2) + d (v3) + dg (va) + dg (v5)
=24+24+24+2+2
= 10.
(b): We have,

C(G) = dg(v1) +dg (v2) + dg (v2) + dg (v3) + dg (va) + d; (v4)
=2+3+34+24+3+3
= 16.

In this section, we compute the degree distance and Gutman index of vertex-edge
corona of two graphs.

THEOREM 3.1. The degree distance of vertex-edge corona G := G1 LGy of Gy
and G4 is given by

DD(G) = (3n§ + 2noms + 3ng + mo + 1)DD(G1> — Ml(Gg)(nl + ml) — 8mims
+ 4nyWo(G1)(ng 4+ ma) + AW (G1)(n2 + nama + ng + my) + m3n3
—2n1(ng — 3ma) +n2(3n3 + dngmy + ng + 2ma) + 2myng(myme — 2)

+ 2ming + n3(9nymy + 3m3 + 2my) — PI(G1)(2n3 4 ng + 2nama + my)

1
+ 4n1n2m1(2m2 + 1) + ’I’Lg(ng + 1)(§C(G1) + Gut(Gl))

+ 2myma(ny + na).

PRrROOF.

DD(G)= Y (da(2) +ds(y)) de(a, y)
{z, y}CV(G)

(3.1) =A1+ Ay + A3+ Ay + A5 + Ag + A7 + Ag,



SOME DEGREE AND DISTANCE BASED TOPOLOGICAL INDICES ...

where

A = Z (dc; (UZ) + dG (Uj>)dc; (Ui7 Uj)7
{vi, v;}CV(G1)

A = Z Z (dg (uij) +dg(uir))dg (wij, wir),

e €E(G1) {uij, uir} Vi, (G2)

> > (dg (wij) + dg (wir))dg (wij, wik),

v; €V (G1) {wij, wir}CVi, (G2)

Ag= ) Y (do(uiy) + dg (urm)d (i, wem),

{ei, ex}CE(G1) wjev;, (Ga)

Uk €V, (G2)

As = > > (de(wig) + dg (Wem))de (wij, Wem),
{vi, vr}CV(G1) wyjevy, (G2)
Whm € Vi, (G2)

As

Ag = Z Z (dg (uiz) +dg (vr))dg (wij, v),
ei=vvm €E(G1) wij €V, (Ga)
vpevicy)
A7 = Z Z (dg (wij) +dg (vi))d (wij, k),
v, EV(G1) wi; €Vi, (G2)
A8 = Z Z (dG (uij) + dG (wkm))dc (uij7 wkm)

ei=vivm€E(G1) w;jev;, (G2)
Wim € Vi, (G2)

Using Lemmas 1.1 and 1.2, we have,

A= > (de(w) +dg (v))dg (v, v))
{vi, v;}CV(G1)

= Z ((’I’LQ + l)dcl (Ul) + no + (712 + 1)dG1 (’Uj) + n2)dG1 (Ui, ’Uj)
{wi, v;3EV(G)

= > (n2+ 1) (dg, (v3) +dg, (v)) + 2n2)d,, (vi, v))
{vi, v;}CV(G1)
(3.2) = (n2+1)DD(G1) + 20 W (G1),

Az = Z Z (dg (wiz) + dg (wir))dg (wiz, wir)

e, €E(G1) {uij, wir}CVi, (G2)

= > > (de, (uij) + 2+ dg, (uir) + 2)d (uij, wir)

e; €E(G1) {uij, uir}CVi, (G2)

> > (dg, (uig) + de, (wir) + 4)dg (wij, wir)

e €E(G1) {uij, uir}CVi (G2)
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= > {2 > (dg, (uj) + dg, (ur) +4)

e, €E(Gy) {uj, up}CV(G2)

-y (dGQ(Uj)+dc2(uk)+4)}

ujukEE(Gg)

= Z Q(TLQ — 1) Z dG2 (u]) + 4(7’L2 — 1)’/12 — Ml(GQ) — 4mey
EiEE(Gl) quV(GQ)

= Z {2(TL2 — 1)2m2 + 4(712 — 1)’)12 - Ml(GQ) - 4m2}
eiEE(Gl)

(3.3)  =mi(4(n2 — 1)(ma + n2) — 4ma — My (G2)),
Az= Y > (dg (wij) + dg (wir))dg (wij, wik)

v; €V (G1) {wij, wir}CVi, (G2)

= > > (de, (wij) + 1+ dg, (wir) + 1)d, (wij, wi)
v; €V (G1) {wij, wir}CVi, (G2)

= > > (dg, (wi5) + dg, (W) + 2)dg (wij, wik)

v €V(G1) {wij, wik}CVi, (G2)

= > {2 > (dg, (w;) +dg, (wi) +2)
)

v, €V (G {wj, wp}CV(Gz)

ijkEE(Gg)

- Z (dcz (w]) + dc2 (wr) + 2)}

= Z {2(’/12 — 1) Z dG2 (’LU]) + 2(7’L2 — 1)’/12 — Ml(Gg) — 27712}
)

’UiEV(Gl ’LUjEV(GQ)
= > (2(n2 —1)2ma +2(ny — 1)ny — My(G2) — 2my)
’L)7‘,EV(G1)
(34) = n1(2(n2 — 1)(2m2 + nz) — Ml(GQ) — 2m2),
Ay = > > (Ao (i) + dg (urm))dg (i, wrm)

{ei, ex}CE(G1) w;jev;, (G2)
Ukm € Ve (G2)

= Z Z (dG2 (ulj) +2+ dc;2 (ukm) + 2)(dG’1 (ei> ek) + 2)

{ei, er}SE(G1) | wijev;, (G2)
uk,,,LEVkE (Gg)
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= Z Z [(dcz (uij> + dG2 (ukm) + 4) (dcl (eia ek) + 2)]
{ei, er}CE(G1) | wijev;, (G2)
U € Vi, (G2)
= Z (dmongy + 4n§)(alc1 (e, ex) +2)
{ei, ex}CE(G1)
(3.5)
= dna(my + n2)(We(G1) + ma(my — 1)/2),

A= Yo (de(wig) +dg (wim))dg (wig, wim)

{vi, v }CVI(G1) wjevy, (Ga)
Whm €V, (G2)

= > S (dg, (wig) + 1+ dg, (wim) + 1)(dg, (vi, v) +2)
{vi, vi}CV(G) | wy evi, (@2)
Wi € Vi, (G2)
= Z (4mang + 2n3)(dg, (vi, k) +2)
{vi, v }CV(G1)
(3.6)
= 2n2(2m2 + ng)(W(Gl) + TL1(’I’L1 — 1))

Ag = > D (de(uiy) +dg (vr)dg (uijy vr)
ei=vivm€E(G1) uyjev; (Ga)
v EV(GY)
— 3 > (dg, (uig) + 2+ (ng + 1)dg, (vk) + n2)dg (uij, ve)
ei=vvmE€E(G1) wu;ev;, (Go)
v EV(G)
= Z Z (2my + 2no 4 nj + na(na + 1)dg, (vk))d (uij, vk)
ei:vlvmeE(Gl) UkEV(Gl)
_ Z Z dg (v, v) +dg, (v, vm) +1
2
ei=vv,m €E(Gy) v EV(GY)
d(vy, vp)#d(vg, vm)
d. (vi, vi) +d. (Vi, Vm
D S e RS SRRV

vREV(GY)
d(vy, vg)=d(vg, vm)
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+ Z dG1 (Ulv Uk) + d2c1 (Uk7 Um) +1

v €V (G1)
d(vy, vg)#d(vy, vm)

Z CZG1 (v, Uk) ‘;dcl (ks Um) n 1} (na(ng + 1)ch1 (Uk))

v €EV(GY)
d(vy, vg)=d(vy, vm)

2ms + 2ny + n2
:( 2 . 2 3) Z Z dg, (v, vk) +dg, (Vk, Um))
e, €E(G1) v eV (Gy)

+ Z in nei(vl/(h) +Tlei(vm/Gl)))

e, €E(Gy)
ng(ng + ].)
+ 2 E E dc1 (vk) + § 2 dc1 (vk)
e, €E(G1) VR EV(G1) v EV(GT)
vy, v)#d(vgs vm) d(vy, v)=d(vg, vm)

+ D (o, (v, k) +dg, (vr, vm))dg, (v1)
’UkGV(Gl)

2mo + 2no + N2
_ (2my = 2+ n3) Z Z Z dg, (vi, Vi) + 2n1my

o€V (G1) v; €V(G1) viv;€E(Gh1)

—PI(G1)}

+M > D (o, (v, vr) +do, vk, vm))dg, (vr)

e;€E(G1) | vk€V(Gh)

S SR NI THN SR
v EV(G) v €V(G1)

d(vy, vi)#d(vg, vm) dvy, v)=d(vg, vm)

2 2 5
- GmedZudml oSS d wdg, (v )+ 2mms — PIGY)

v, €EV(G1) v €V (G1)

+W > Y (de, (v, v) +dg, (v, vm)) do, (00)

ei:vmeE(Gl) Vg GV(Gl)

+ Z 2my + 5 Z Z dcl (vk)

e;€E(GY) e;€E(G1) vE EV(G1)
d(vy, v)=d(vg, vm)
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(2mg + 2ng + n3)
- DL (e, (00) g, (00))d, (v, )
{vi, v }CV(G1)

—|—2n1m1 — PI(Gl))}

L me(nz+1) > > (g, (v, v) +do, (v vm)) de, (v1)

2 ei=vvm €E(G1) v €V (G1)
1
+2m7 + 2C(G1)}

Using (2.9) in above equation, we get

_ (2mg + 2ng + n3)
2

(DD(G1) + 2nimy — PI(G1)) + na(ng + 1)(Gut(Gy) + m7)
(3.7)
+ 7’L2(TL2 -+ ].) C(Gl)

Ar= Y Y dolwig) +dg(v))dg (wig, vr)

v; €V (G1) wij€Vi, (G2)

= > > (g, (w) + 1+ (n2 + D)dg, (vk) + n2)(dy, (v5, vi) +1)

vi€V(G1) wiev(ay)
’UkGV(G1)

= Z dcl (vi, Uk) Z (dG2 (wj) + (n2 + 1) + (n2 + 1>dG1 (Uk))

v;€V(G1) w; €V (Ga)
v €V(G1)

+ > Y (de, (wy) + (2 + 1) + (n2 + 1)dg, (vi))

v, €V (G1) w; €V (Ga)
vkEV(Gl)

= D D> dg, (vi, v){2ma + na(na + 1) +na(ng + 1)dg, (vk)}
v1€V(G1)vk€V(G1)

+ > Y {2ma+na(na+1) + na(ng + 1)dg, (vr)}
UiGV(Gl)UkEV(Gl)

= 4m2W(G’1) + W(Gl)ng(ng + ].) + DD(Gl)ng(ng + ].) + 2m2nf
+n2ny(ng + 1) + 2mynina(ng + 1)

(38) = (2m2 + TL2(1 + 77@))(2W(G1) + nf) + TLQ(TI,Q + 1)(DD(G1) + 2m1n1),

Ag = Z Z (dc (UZJ) + dG (wkm))dG (uij’ wkm)
ei=vvm€E(G1) uyjev;, (G2)
wkmEVkU(GZ)
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> > (dg, (uig) + 24 dg, (Wem) + 1)d (55, wiam)

e;=vvm €EE(G1) wij €V, (G2)
Whm € Vi, (G2)

> Do (dey () + dg, (wim) + 3)dg (uij, wim)

ei=vvm€E(G1) uyjev; (G2)
Wi €Viey (G2)

= Z (4m2n2 + 3n§)dc (uij7 wkm)

e, €E(G1)
dg, (v, vg)+d, (vg, vm)+3
_ 2 G ’ Gy )
= (dmang + 3n3) Z Z 5
e; €E(G1) vEEV(G1)
d(vy, v)#d(vg, vm)
dG (’Ula Uk‘)+dc (Uky Um)
1 1
2
D S : +2)
v EV(GT)
d(vy, v)=d(vy, vm)
1
= (4many + 3n3) Z 3 Z dg, (vi, vi) +dg, (v, Vm)
eiGE(Gl) ’UkGV(Gl)
D R T S
VR EV(G) v, EV(G1)
d(/ul, vk)#d('uk, Vm) d(vy, vk)=d(’uk, Vm)

Using (2.9) in above equation, we get

(3.9)

4 2
_ Un?n?%?’%)(pp(gl) +4nymy — PI(Gh)).

Substituting (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), (3.8) and (3.9) in (3.1). Hence
the proof. 0

COROLLARY 3.1. Let G be a bipartite graph. Then,

DD(G) = (3n3 + 2namy + 3ny +mg + 1)DD(G1) — M1(Go)(ny +my) — 8myms
+ 4nyWo(G1) (ng 4+ ma) + AW (G1)(n2 + nama + ny + my) + m3n3
—2n1(ne — 3ms) + n%(3n% + 4nama + ng + 2ma) + 2myng(mims — 2)
+ Qm%ng + n§(9n1m1 + Sm? +2mq) — n1m1(2n§ + ng + 2nomsa + mo)

+ 4ninamy (2mg + 1) 4+ na(ne + 1)Gut(G1) + 2myma(ng + na).
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THEOREM 3.2. The Gutman index of vertex-edge corona G := G1 [ Gy of Gy
and G4 is given by

Gut(G) = Gut(G1)(n2(3ng + 2mg + 4) 4+ 2my + 1) — Ma(G2)(m1 + n1)
— 2PI(G1)(n2(ng + 2msa) +m3) + C(G1)(na(ng +mg + 1) +msy)
+2DD(G1)(n2(2ng + 3mg + 1) + ma(ma + 1)) — M1(G2)(2n1 + 3m)
+ (W(G1) + We(Gh))(4ng(ng + 2ms) + 4m3) + (n3 +m3)(8nimy + 2my)
+m3(4n3 4 6nama + 2m3 + 2ny + 2my) + (2n3 + 6namy + 4m3)n?

+ 4mima(ny + ng — 3) + ny(ng — 5ma) + 2nomy (Inyme + ny — 2).

PRrROOF.
GUt(G> = Z dg ($> dg (y) dg (m, y)
{z, y}CV(G)
(3.10) =Ay + Ay + A3+ Ay + As + Ag + Ay + As,
where
A= Y da(v) dg(v)) dg(vi, vy),
{U7l7 Uj}gV(Gl)
Az = Z Z deg (“ij) dg (Uz'k) dg (Uz'gw Uik)a
e; €E(G1) {uij, wir}CVi, (G2)
Az = Z Z dg (wij) dg (w,»k) dg (wij7 wik),

v; €V (G1) {wij, wir} Vi, (G2)

Ay = Z Z de (i) dg (wkm) dg(Wij, Ukm),
{ei, ex}EE(G1) wyjev;, (G2)
Ukm €V, (G2)

A= Yo de(wiy) dg(wim) dg (wij, wim),

{vi, ve}EV(G1) wyjevy, (G2)

iy
Whm €V, (G2)

Ag = Z Z de (uiz) dg(vk) dg (uij, vi),
ei=vvm€E(Gy) ui;€Vi, (Gg)
v €EV(G1)

A7 = Z Z dg(wiz) dg (vi)dg (wij, vk),
0 €V(G1) wjev;, (@2)
v €V(G1)
Ag = Z Z d (wig)d g (Wkm)dg (Wig, Wim).-

ei=vvm€E(G1) w; ev;, (Ga)
Wim € Vi, (G2)
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We compute Aq, As, Az, Ay, and A5 using Lemmas 1.1 and 1.2 as follows:

A= S da(vi) dg(v)) d(vi, vy)
{vi, v;}CV(G1)

= Yo e+ 1)%dg, (vi)dg, (v05) + (n2 + D)na(dg, (v3) + g, (v)) +n3)
{vi, v;}CV(G1)
dcl (vi’ Uj)
(3.11)
= (ng + 1)2Gut(G1) + (n2 + 1)na DD(G1) + n3W (Gy),

Ag= ) > de (uig) de (uir) de (uij, uir)

e, €E(G1) {uij, uir}CVi, (G2)

= > > ((dg (uij +2)(dg (uin) +2)))d (wiz, wik)

e, €E(G1) {uij, uin} Vi, (G2)
> > (dg, (uij)dg, (wir) + 2(dg, (wiz) + dg, (wir)) +4)
e €E(G1) {uij, uin} Vi (G2)

de (wij, i)

> {2 > (dg, (uj)dg, (uk) +2(dg, (uj) + dg, (ur)) +4)
)

eiEE(Gl {uj7 uk}QV(Gz)

UjUL EE(Gz)

— Y (de, (u)dg, (ur) +2(dg, (uy) + dg, (ur)) + 4)}

> (4m3 — My (Ga) + 4(ng — 1)2ma + 4(ny — 1)ny — My(G)
eieE(Gl)
— 2M1(G2) — 4m2)

(3.12)
= m1(4m§ + 4(7”&2 — 1)(2m2 + 77,2) — 3M1(G2) — MQ(GQ) — 4m2),
Az= ) > dg (wiz) de (wik) dg (wij, wir)
v; €V (G1) {wij, wir} Vi, (G2)
- > > (dg (wiz) + 1)(dg (wir) + 1)dg (wij, wik)
v; €V (G1) {wij, wir}CVi, (G2)
= > > (dg, (wij)dg, (wik) + (dg, (wij) + dg, (wir)) + 1)

v €V (G1) {wij, wir}CVi, (G2)

dg (wij, wi)
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= ) 12 > (dg, (wj)dg, (wi) + (dg, (w;) + dg, (wg)) + 1)
v; €V (G1) {wj, wr}CV(G2)
= > (de, (wy)dg, (wr) + (dg, (w;) + do, (wr)) + 1)
ijkEE(G'z)
= > (4m3 — Mi(Ga) + 2(ng — 1)2ma + (ng — 1)ny — My(G)
Ul‘GV(Gl)
— Mi(G2) —my)
(3.13)
= n1(4m§ =+ (Tl2 — 1)(4m2 =+ TLQ) — 2M1(G2) — MQ(GQ) — ’/TLQ)7
Ay = Z Z de (wij) de (ukm) de (wijs Ukm)
{ei, ex}€E(G1) w;jev;, (G)
“kmevke(c‘z)
= > > ((dg, (uij) + 2)(dg, (urm) + 2))(dg, (e, ex) +2)

{ei, en}CE(GL) | wievi, (G2)
Uk €V, (G2)

= > > (de, (wij)de, (urm) + 2d,,, (i) + 2d, () +4)

{eis ex}CE(G1) uyjev,, (G2)
Um € Vi, (G2)

(dg, (eiy ex) +2)
= Z (4m3 + 4n3 + 4mongy + dmans)(dg, (ei, ex) +2)
{ei, ex}CE(G1)
(3.14)
= 4(ma + n2)*(We(G1) + ma(my —1)/2),

A5 = Z Z dg(wiz) dg(Wem) de (Wijs Wim)
{vi, vk }CV(G1) w;;€V;, (Gg)
Whm € Vi, (G2)

= > S (dg, (wig) + D (dg, (Wem) + 1)(dg, (vi, k) +2)

{vi, vi}EVI(G) | wyjevi, (G2)
Whm € Vi, (G2)

23
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= ) > (de, (wij)de, (Wkm) + dg, (wij) + dg, (Wkm) + 1)
{vi, vi}EVI(G1) w,jev;, (G2)
wlmnevkv (G2)

(dg, (vi, v) +2)
= Z (4m3 + n3 + 4many) (dg, (vi, vi) +2)
{vi, v ICV(GY)
(3.15)
= (2ma + n2)*(W(G1) + 1 (ny — 1)).

A = Z Z dG (uij) dG (Uk) dG (ui]'v Uk)

€= vm€E(G1) w;iev; (Go)
v, eV(Gy)

> > (dg, (uij) + 2)((n2 + 1)dg, (k) + na)de (uij, vk)

€= vm €E(G1) w;iev; (Go)
v eV(GY)

> > ((dg, (uij) + 2)(n2 + 1)dg, (k) + na(dg, (i) +2))

€= vm€E(G1) w;iev; (Go)
v eV(GY)

dg (uij, k)

_ Z Z d01 (Ub Uk)"’dcl ('Uk: Um)+1
N 2

e;=vvm €EE(G1) v EV(G1)

d(vl, Uk)¢d(vk= vm)

de, (vr, vk) +dg, (Vk, Um)
LD DI LD 5
v EV(G1) VR EV(G1)
d(vy, vi)=d(vg, vm) d(vy, vi)=d(vg, vm)

((n2 + 1)2mad, (vk) + 2nemz + 2(n2 + 1)dg, (vi) + 2n3)

D> 5 el o)+ de, (v, om)

3 (2(n3 + man2))

e;=vjvm €E(G1) (v €V (G1)

T S5 Y 1@+ mena))

v €V(Gy) v EV(Gq)
d(vy, vp)F#d(vg, vm) d(vy, vi)=d(vE, vm)

dg, (v, ve) +dg, (Vk, vm)
+ 3

(2(n2 + 1)dg, (vi)(m2 + n2))
v, €V(G1)

+ 3 % n S 1 (2(na + 1)dg, (vr) (ma +nz))

v €EV(G1) v €V(G1)
d(vy, vi)#d(vg, vm) d(vy, vi)=d(vg, vm)
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dg, (v, v&) +dg. (Vk, Vm 5
= > ) 3 )—; ! )(2("2+m2n2))

e;=vvm €E(G1) vk €V (G1)

+% Z (2711 - (’I’Lei (Ul/Gl) + Ny (Um/Gl))(Q(ng +m2n2)))

ei=vvm €E(G1)

1
5 3 (de, (Wi, vi) +dg, (vk, vm))(2(n2 + 1)dg, (0r)(ma +n2))
e;=vvm E€EE(G1) v, €V(G1)
1
+5 D S (202 + 1)dg, (vi)(me + n2))
ei€B(G1) v EV(GT)

d(vy, vi)#d(vg, vm)

+ Z Z (2(n2 + 1)dg, (vi)(m2 + n2))

e, €E(Gy) v EV(G1)
d(vy, vi)=d(vg, vm)

Using (2.9) in above equation, we get

= (M2’n2 + n%)(DD(GH) + 2n1mq — P](Gl)) =+ (77,2 + 1)(m2 + ’I’Lz)(QGut(Gl) =+ QW?)

(3.16)
+ (n2 + 1)(m2 + n2)C(G1),

Az > S dg(wi) de (vi)dg (wij, vx)
vi€VI(G1) w;sev;, (G)
v EV(GY)

> > (dg, (wig) + 1) ((n2 + 1)dg, (vk) + na)de (wij, ve)

vi€VI(G1) w;sev;, (G)
vLeV(Gy)

= > > (e, (wj)dg, ()(n2 + 1) + nad, (w)) + (n2 + 1)dg, (vk) + n2)

v; EV(G1) wjEV(Ga)
v EV(G)

(dg, (vi, ve) +1)

= Z Z (2madg | (vi)(n2 + 1) + n22mz + (n2 + )nadg, (vi) + n3)
v; EV(G1) v €V (G1)

(dg, (vi, ve) +1)

= (2m2(n2 + 1) + (n2 + 1)”2) Z Z dcl (Uk)dc;l (Ui» Uk)

v; EV(G1) v €V (G1)

+ Z Z na(na + 2ms) + na(na + 2ms) Z Z dcl(vi, k)

0, €V (G1) vR €V (G1) v; EV(G1) v €V (G1)
+ (2ma(n2 + 1) + (n2 + 1)ne) Z Z dg, (o)
v; EV(G1) vk €V (Gy)
(3.17)
= (DD(G1) + 2mini)(n2 + 1)(2ma + n2) + na(n2 + 2me2) 2W(G1) + n?)a
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Ag = > Do do(uig)dg (wim)dg (wij, wim)
ei=vjvm €E(G1) ui €V;, (G2)
Wi € Vi, (G2)
= > Yo (o, (uig) +2)(dg, (wim) + 1)dg (uij, wim)
e;=vjvm EE(G1) wij €Vs, (G2)
Whm € Vi, (G2)
= > D (dg, (wig)de, (wim) + dg, (uig) + 2dg, (Wem) + 2)
ei=nvm€E(G1) w;iev; (Ga)
Wim € Vi, (G2)
dg (wij, Wkm)
= Z Z dg, (01, vk) +dg, (Ve, vm) +3
2
e;=vjvm €E(G1) v EV(GT)
d(vy, vi)#d(Vgs vm)
d v, U + d v Um
+ > { o1 (00 90) * do, (0 )+2} (4m3 + 6mans + 2n3)
2
vEEV(GT)
d(vy, vg)=d(vg, vm)
1
= Z = Z dg, (v, vk) + dg, (vk, v ) (4m3 4 6mans + 2n3)
e;=vivm €E(G1) wvir€V(G1)
3
+ Z (4m3 4 6mans + 2n3) Z 5 + Z 2
e, €E(G2) v EV(G1) v EV(G1)
d(vy, vg)#d(Vg, vm) d(vy, vg)=d(vg, vm)
Using (2.9) in above equation, we get
4m3 2n3
_dma A 6”’;2”2 T2 (DD(GL) + dnimy — PI(GL))
(3.18) = (2m3 + 3mang 4+ n3)(DD(G1) + 4nymy — PI(G1)).
Substituting (3.11), (3.12), (3.13), (3.14), (3.15), (3.17), (??) and (3.18) in (3.10), we
obtain the required result. O

COROLLARY 3.2. Let Gy be a bipartite graph. Then,
Gut(G) = Gut(G1)(n2(3ng + 2mg +4) 4+ 2mg + 1) — Ma(G2)(my + nq)
— 2nymy (na(ng 4 2ma) +m3) + (n3 +m3)(8nymy + 2mq)
+2DD(G1)(n2(2ng + 3ma + 1) + ma(ma + 1)) — M1(G2)(2n1 + 3my)
+ (W(G1) + We(G1))(4nz(n2 + 2ms) + 4m3) + ni(na — 5ma)
+mi(4n3 + 6nome + 2m3 + 2ng + 2my) + (2n3 + 6ngmy + 4m3)nd
+ 4dmyma(ng + ng — 3) + 2nomq (Inyme + ny — 2).
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It is well-known that

n Tl2 7’),3 n n2 — nin —
W(ey = " e, = WG = M i, - 2L,
n(n —1)(n%? - 3n
() = M0 2)
n(n — n— n3 n(n? —
DD(P,) = ( 1)3(2 1)7 DD(Cy) = 50 DD(Copy1) = %,

DD(K,) =n(n—1)2
PI(P,) =n(n—1), PI(Cont1) =2n(2n+ 1), PI(K,) =n(n—1).
C(Coni1) =4n+2, C(K,) =n(n—1)%(n—2)/2.
Gut(P,) = (n —1)(2n? — 4n + 3)/3, Gut(C,,) = n/2, Gut(Cp11) = n(n? — 1)/2.
Using these facts, in Theorems 2.1, 3.1 and 3.3, we obtain the following corollaries.
COROLLARY 3.3. We have
a. W(K, QO P,)=(3/4)m?n3 —nm + (1/2)n3 + (1/8)n*m? + (3/8)m?*n* + n?
— (1/2)n*m — (1/4)m>n.
b. W(K, DC’ ) = (1/8)n? m — (1/4)m?n — (1/2)n?*m — nm + (1/2)n? — (1/2)n
+ (3/8)m?*n* + (3/4)m?n3 +(1/2)mn
W(K, O Ky) = (3/4)m?n3 — (1/4)nm + (1/2)mn3 — (1/8)n*m? + (3/8)m
—(1/2)n + (1/2)n? + (1/4)n>*m — (1/2)m>n.
d. DD(K, B P,,) = 5m?n? — (5/2)m?n — 13mn? + (19/2)nm — 6n — n>
+ (1/2)m?n® + 4m?n* + 3mn3 — (1/2)mn? + 5n2.
e. DD(K,, 0 C,,) = 5m?n? — (5/2)m?*n — (21/2)mn? + (17/2)nm + n + n?
+ (1/2)m?n? + 4m?2n* + 4mn> + mn* — 2n2.
f. DD(K,, O K,;,) = (1/4)m?n? + 5m n 3mn - 5nm +n + (3/4)n*m3
+ (3/4)m3n? — m3n + (1/2)m3n? + (7/4)m?*n* + mn?
+mn* — 2n2.
g. Gut(K, O P,,) = 4nm + (9/2)n — (17/2)m?n? — 3mn* + (19/2)m?n? + 3mn>
— (7/2)m*n — 22mn? + (21/2)m?n* — (13/2)n3 + 23n2.
h. Gut(K,BCp) = 5mn*+(21/2)m?n? —8mn3 — (9/2)m?*n—12mn? +(21/2)m?*n*
—(3/2)n3 —nm — (1/2)n — (9/2)m?n3 + (3/2)n? + (1/2)n*
i. Gut(K, O K,,) = (5/4)nm — (1/2)n + (3/8)mIn* + (7/4)m3n* + 2m3n?
— (1/4)m3n — (5/8)m*n? — (1/2)m*n — m3n® + (1/4)m*n3
— (19/4)m?2n3 + 2mn* + (7/8)m?n? — 5mn? + (31/4)mn?
+ (23/8)m?n* — (3/2)n3 — (5/2)n? + (1/2)n*

By varying G; and G5 we can obtain many corollaries for standard graphs.
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