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ABSTRACT. The corona Go H of two graphs G and H is the graph obtained by
taking one copy of G and |V (G)| copies of H and joining each i-th vertex of G to
every vertex in the i-th copy of H. The neighborhood corona GxH of two graphs
G and H is the graph obtained by taking one copy of G and |V(G)| copies of
H and joining the neighbors of the i-th vertex of G to every vertex in the i-th
copy of H. In this paper we compute the adjacency spectrum (respectively,
Laplacian spectrum, signless Laplacian) of four types of graph operations on
G and H, called as N- vertex corona, C-vertex neighborhood corona, C-edge
corona and N-edge corona, based on the corona and neighborhood corona of G
and Ki. As an application, our results enable us to construct infinitely many
pairs of cospectral graphs and also integral graphs.

1. Introduction

All graphs considered in this paper are simple graphs. Let G be a graph with
vertex set V(G) = {v1,v2, -+ ,v,} and edge set E(G). The adjacency matrix of G,
denoted by A(G), is the n x n matrix [a;;], where a;; = 1, if the vertices v; and v,
are adjacent in G, otherwise a;; = 0. If all the eigenvalues of A(G) are integers then
the graph G is said to be an integral graph [10]. The Laplacian matrix of the graph
G, denoted by L(G), is defined as D(G) - A(G), where D(G) is the diagonal degree
matrix of G. The signless Laplacian matrix of the graph G, denoted by Q(G) is
defined as D(G)+A(G). The adjacency spectrum o(G), Laplacian spectrum p(G),
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56 CHANDRASHEKAR ADIGA AND RAKSHITH B. R.

and signless Laplacian spectrum +(G) are defined as follows:

a(G) = (M(G), A2(G), -, An(G)),
(@) = (1 (G), pa(G), - - s pn(G)),
Y(G) = (n(G),72(G), -+ 1m(G)),

(

where \;(G), wi(G) and ~;(G) are the eigenvalues of A(G), L(G) and Q(G), re-
spectively. Also

AM(G) = X2 (G) = -+ = M(G),
#1(G) =0 < p2(G) < -+ < pn(G),

and

1(G) = 72(G) = -+ = 7(G).
Studies on different spectra of graphs can be found in [1, 5, 6, 7, 8, 15, 19]
and therein references. Two graphs are said to be adjacency cospectral (Laplacian
cospectral, signless Laplacian cospectral, respectively) if they have the same adja-
cency spectrum (Laplacian spectrum, signless Laplacian spectrum, respectively).

The corona G o H of two graphs G and H is the graph obtained by taking one
copy of G and |V (G)| copies of H and joining each i-th vertex of G to every vertex
in the i-th copy of H. The corona of two graphs was first introduced by Frucht
and Harary in [9]. The neighborhood corona G x H of two graphs G and H is
the graph obtained by taking one copy of G and |V(G)| copies of H and joining
the neighbors of the i-th vertex of G to every vertex in the i-th copy of H. The
neighborhood corona of two graphs was introduced by Indulal [12]. More informa-
tion about the corona and neighborhood corona can be found in [3, 4, 12, 17].
Several graph operations such as disjoint union, NEPS, corona, edge corona, neigh-
borhood corona, subdivision vertex corona, subdivision edge corona, subdivision
neighborhood corona, etc., have been introduced and their spectrum were studied
by various Mathematicians. Details about the spectra of some new graph opera-
tions can be found in [3, 11, 12, 16, 17, 18]. Recently, Lan and Zhou [14] have
introduced four new graph operations called as R-vertex corona, R-edge corona,
R-vertex neighborhood corona and R-edge neighborhood corona and provided a
complete information about the spectra of these four graph operations.

Motivated by the above works, we define four new graph operations called as N-
vertex corona, C-vertex neighborhood corona, C-edge corona and N-edge corona,
based on the corona and neighborhood corona of a graph G and K;. Further we
compute their spectrum in some cases. The paper is organized as follows: In Section
3, we give the adjacency spectra (respectively, Laplacian spectra, signless Laplacian
spectra) of N- vertex corona and C-vertex neighborhood corona of two graphs G
and H. In Section 4, we give the adjacency spectra (respectively, Laplacian spectra,
signless Laplacian spectra) of C-edge corona and N-edge corona of two graphs G
and H. In Section 5, using the results obtained in Sections 3 and 5 we give methods
to construct infinitely many pairs of cospectral graphs and also integral graphs.
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2. Preliminaries

In this section, we give some definitions and lemmas which are useful to prove
our main results.

Let G;7 and G2 be two graphs on n and m vertices respectively. Let N(G;) =
G1x K1, C(G1) = Gy o K;. We define four new graph operations on G; and G as
follows:

DEFINITION 2.1. The N-vertex corona Gy ® Go of two graphs G and Gs is
the graph obtained by taking one copy of N(G1), |V(G1)| copies of G5 and joining
each i-th vertex of G; to every vertex of the i-th copy of G.

DEFINITION 2.2. The C-vertex neighborhood corona G; ® G2 of two graphs
G1 and G> is the graph obtained by taking one copy of C(G1), |V(G1)| copies of
G and joining each neighbors of the i-th vertex of G to every vertex of i-th copy
of GQ.

DEFINITION 2.3. The N-edge corona G; X G5 of two graphs G; and Gy is the
graph obtained by taking one copy of N(G1), |[E(G1)| copies of G2 and joining each
terminal vertex of i-th edge of G; to every vertex of the i-th copy of Gs.

DEFINITION 2.4. The C-edge corona G [ G5 of two graphs G; and Gs is the
graph obtained by taking one copy of C(G1), |E(G1)| copies of G and joining each
terminal vertex of i-th edge of G to every vertex of i-th copy of Gs.

Let A = (a;;) be a n x m matrix, B = (b;;) be a p x ¢ matrix then the Kro-
necker product [7] A® B of A and B is the np by mqg matrix obtained by replacing
each entry a;; of A by a;;B. It is well-known that (A ® B)(C' ® D) = AC ® BD,
whenever the products AC and BD exist.

The M-coronal T',, () of a square matrix M of order n [4, 18] is defined as
follows:

r,(z)= eT(xIn - M)*le,

where e is the column vector of size n with all its entries are 1. If M is a square ma-
trix of order n such that sum of entries in each row a constant 'r’ then it is easy to
see that '), (x) = n/(x—r). Further for a complete bipartite graph K, , we have [4]

(p+9)z +2pq

]‘—‘A(Kp,q)(x) = .TQ —pg

LEMMA 2.1. [7] If M, N, P, Q are matrices with M being a non-singular matriz,
then
M N

_ _ -1
p ¢ |=IMIQ-PMN]
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3. Spectra of N-vertex corona and C-vertex neighborhood corona

In this section, we determine the characteristic polynomial of N- vertex corona
and C-vertex neighborhood corona of two graphs (G; and G5 in terms of coronal
of a matrix. Also we compute the adjacency spectrum (respectively, Laplacian
spectrum, signless Laplacian spectrum) of C- edge corona and N-edge corona of
two graphs GG; and G in some cases.

THEOREM 3.1. Let Gy and G2 be two graphs on n and m vertices respectively.
Then

m n

FA(GL ® Go), @) = [ (@ = Xi(G2))" [[ (& = Tsiq, (2) = MGz = N (G).

i=1 i=1
Proor. With suitable labelling of the vertices of G, the adjacency matrix
A(G1 ® G2) can be formulated as follows:

I, ® A(G>) 0 I,®e
AGL ® Gy) = 0 0 AlGy) |,

I, ® el A(G1) A(Gl)

where e is the column vector of size m, with all its entries are 1, I,, is the identity
matrix of order n. Now,

I, ® (xI,, — A(G>)) 0 —I,®e
fA(G1 ® Ga), x) = det 0 xI, —A(Gh)
—I,® el —A(Gl) xl, — A(G1>
By Lemma 2.1, we have
(3.1) FA(GrL ® Ga), x) = [[ (& = Xi(Ga))™ detsS,
i=1
where
I'In —A(Gl)

S =
_A(Gl) (aj - FA(GQ) (x))ln - A(G1>

Again using Lemma 2.1, we see that

detS = z"det((x — ', ,, (¥)) I — A(G1) — A%(Gy) /)

(32) = (‘r - FA(Gz) (‘r) - )‘Z(Gl))x - )\ZQ(GI)

—.

~
Il
—

So by (3.1) and (3.2) the result follows. O
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As Ty (z) = (L), where M is the square matrix of order n with each of its
x—r
+ +2 .
row sum a constant 't’ and I'x,  (z) = w’ proofs of the following two
’ e —pq

corollaries follows immediately by the above theorem.

COROLLARY 3.1. Let Gy be an arbitrary graph and G2 be a r-regular graph on
n and m vertices respectively. Then the adjacency spectrum of G = (G1 ® Ga) is
given by:
a. X\i(Ga), with multiplicity n fori=2,--- ,m.
b. three roots of the polynomial
23— (r+ XN(G1))2? + (rAi(G1) — m — A2(Gh))x + 1A3(Gr), fori=1,--- ,n.

COROLLARY 3.2. Let Gy be an arbitrary graph on n vertices. Then the adja-
cency spectrum of G1 ® K, , is given by:
(a) 0 with multiplicity n(p +q — 2).
(b) four roots of the polynomial
at = Xi(G1)z® — (N(G1) +pg +p + q) 2% + (\i(G1) — 2) pgz + X} (G1)pg,
fori=1,--- n.

THEOREM 3.2. Let Gy be ri-regular on n vertices and Go be an arbitrary graph
on m vertices. Then the Laplacian spectrum of G1 ® G is given by:
a. p;(Ga) + 1 with multiplicity n, for i =2,--- ,m.
b. three roots of the polynomial
3 — (pi(G1) +m4+2r + 1)z — (ui(GH)Q =3 ui(Gr)r1 —mr1 — pi(G1) —2m) @
+ ,ui(Gl)Z — 3/“(01)7"1 , fOTi =1,---,n.

ProoOF. With suitable labelling of the vertices of G, the adjacency matrix
L(G1 ® G2) can be formulated as follows:

I, @ (Im, + L(Gs)) 0 —I,®e
L(Gy ® Gy) = 0 I, —A(Gy) ;
—I,®e —A(G1)  (r1+m)l, + L(G1)

where e is the column vector of size m with all its entries are 1, I,, is the identity
matrix of order n. Now,

In ® ((z — 1)Im — L(G2)) 0 I,®e
FL(GL ® G2)) = det 0 (x —ri)ln A(Gh)
I, @l A(Gy) (x —r1 —m)I,, — L(G1)

By Lemma 2.1, it follows that

m

(3.3) FIL(GL® Ga)) = [ [(= = pi(Ga) — 1) detS,

i=1
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where
(x —r)I, A(Gh)
S f—

A(Gy) (x—=T x—1)—r  —m)I, — L(Gy)

L(Gg) (
Again using Lemma 2.1, we see that

detS = (z —r1)"det((x =T, (. — 1) =71 = m)In — L(G1) — A%(Gh)/(z —71))

B4 =T m/e =1 =n—m (@) =) - (u(Gr) =)
3) an

So, by (3. d (3.4) the desired result follows. O

Let t(G) denote the number of spanning trees of G. It is well known [7] that
for a connected graph G on n vertices, t(G) is given by

(3.5) H@) = M

COROLLARY 3.3. Let Gy be ry-regular graph on n vertices and G2 be an arbi-
trary graph on m vertices. Then the number of spanning trees of G1 ® G4 is given by

t(G1 ® Ga) = rit(Gy) [ [(Br1 — pa(Gr) [ (i (G2) + 1)
=2 i=2
PROOF. Proof follows directly from the above theorem and (3.5). O

THEOREM 3.3. Let G be ri-regular on n vertices and Gs be ro-regular graph
on m vertices. Then the signless Laplacian spectrum of G1 ® G is given by:

a. vi(G2) + 1 with multiplicity n, fori=2,--- ,m.

b. three roots of the polynomial

(x—2ry —1)(z —71)(x — 11 —m—7(G1)) —m(z —71) — (v;(G1) — r1)*(z — 2rp — 1),
fori=1,---,n

PRrOOF. With suitable labelling of the vertices of G, the adjacency matrix
Q(G1 ® G2) can be formulated as follows:

I, ® (I, + Q(G2)) 0 I,®e
Q(Gl ® GQ) = 0 ril, A(Gl) s
I, ®el A(Gr) (1 +m)l, + Q(Gh)
where e is the column vector of size m with all its entries are 1, I,, is the identity
matrix of order n. Rest of the proof is similar to the proof of Theorem 3.2. (]

As the proofs of the following theorems are similar to that of Theorem 3.1, we
omit the details.
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THEOREM 3.4. Let G1 and G4 be two graphs on n and m vertices. Then

m

FIA(G1 © Ga), o) = [ (@ = Xa(Ga))"

=1 [

=

(2% = (Ni(G1) + A (GL)T g, (2))a = 1).

Using the fact that Ty (z) = , where M is the square matrix of order

(p+a)z+2pg .
e

(x—7)

n with each of its row sum a constant 't’ and I',  (z) = n the

above theorem we have the following two corollaries.

COROLLARY 3.4. Let G be an arbitrary graph and Go be a r-regular graph, on
n and m vertices, respectively. Then the adjacency spectrum of G1 © G2 is given
by:
(a) Ai(G2) with multiplicity n, fori=2,--- ,m.
(b) three roots of the polynomial

3 — (Ni(Gr) +1)22 — (A2(Gr)m — \(Gr)r + 1)z + 7, fori=1,--- ,n.

COROLLARY 3.5. Let G1 be an arbitrary graph on n vertices. Then the adja-
cency spectrum of G1 © Ky, 4 is given by:
(a) 0 with multiplicity n(p + q — 2).
(b) four roots of the polynomial
zt = Ni(G1)z® — (Mi(G1)*p + Mi(G1)?q + pg + 1) 2 + (=2 Mi(G1)* + Xi(Gh)) paz + pg,
fori=1,--- n.
THEOREM 3.5. Let Gy be ri-reqular and G be an arbitrary graph on n and m
vertices respectively. Then the Laplacian spectrum of G1 ® Gy is given by:
a. pi(Ga) + r1 with multiplicity n, for i =2,--- ,m.
b. three roots of the polynomial
x3—(mr1 +X(G1)+7r1+2) x2+((—)\i(G1)m +2mri+7r1 4+ DA(G1) +mri+2rm)x
+ ()\Z(Gl)m —2mry — Tl))\i(Gl) s fO'l“ 7 = 1, cee M.
By the above theorem and (3.5), we have the following corollary:

COROLLARY 3.6. Let Gy be a ri-regular graph and Gy be an arbitrary graph
on n and m vertices, respectively. Then the number of spanning trees of G1 ® Go
is given by:

t(G1 ® Ga) = rt(Gy) [ [@mry — pa(Gr) +71) [ [ (1a(G2) + )™
=2 1=2

THEOREM 3.6. Let Gy be ri-reqular and Gy be ro-regular graph on n and m
vertices, respectively. Then the signless Laplacian spectrum of G1 ® Gs is given by:
a. vi(G2) + r1 with multiplicity n, for i =2,--- ,m.

b. three roots of the polynomial
a® — (mr1+7i(G1) + 2r2 + 71+ 2) 2° + (=% (G1)m + 2mry + 2712 + 71 + 1)7:(G1)
+mri+4ra+2r1i+2rimre) z + fyi(Gl)Qm —27(G1)mry — 2rimra — 2;(G1)ra —
’yi(Gl)T’l B fO’f”L' = 1, cee N,
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4. Spectra of C-edge corona and N-edge corona

In this section, we determine the characteristic polynomial of C- edge corona
and N-edge corona of two graphs G; and G4 in terms of coronal of a matrix. Also
we compute the adjacency spectrum (respectively, Laplacian spectrum, signless
Laplacian spectrum) of C- edge corona and N-edge corona of two graphs G; and
(5 in some cases.

THEOREM 4.1. Let G; (i = 1,2) be ;- reqular graphs with n; vertices and m;
edges, respectively. Then

n ni

FAGL T Ga), o) = [ [ = X(G2)™ (" = (Ni(Gr) + (Ma(Gr) +711)T 4 (@) — 1).

=1 1=1

Proor. With suitable labelling of the vertices of G1[JG2, the adjacency matrix
A(G1 0 G2) can be formulated as follows:

Im, ®A(Gy) 0 Bwe

A(G1EHGy) = 0 0o I,

1 )

BT ®6T Inl A(Gl)

where e is the column vector of size ny with all its entries are 1, I,,, is the identity
matrix of order n; and B is the incidence matrix of G;. Now,

I, ® (21, — A(G2)) 0 —-B®e
f(A(Gl ] Gz)) = det 0 xIm _[m
—BT (%9 eT _In1 fEInl - A(Gl)

By Lemma 2.1, we have

(4.1) F(A(G1 B Gy)) = (& = Xi(G2))™ detS,

i=1
where
xln, —I,,

S =
_In1 xlm - A(Gl) - (A(Gl) + rlInl)FA(GQ) (:L‘)

Again employing Lemma 2.1 to detS, we see that

detS = 2" det(z1,, — A(G1) — (A(G1) + 111n,)T 6, (T) = In, /T)

(4.2) =] [@* = (N(G1) + MNi(Gr) + 71T, ., (2))z = 1).
=1

So by (4.1) and (4.2) the result follows. O
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Using the fact that Tps(x) = where M is the square matrix of order

(p+9)z+2pg .
e

(x—r)’

n with each of its row sum a constant 't’ and I',  (z) = n the

above theorem we have the following two corollaries.

COROLLARY 4.1. Let G; (i = 1,2) be r;-regular graphs with n; vertices and m;
edges, respectively. Then the adjacency spectrum of G1 [ Gy is given by:
(a) \i(G2) with multiplicity mq, fori=2,--- na.
(b) ro with multiplicity mq — ny.
(c) three roots of the polynomial
23— ()\z(Gl) + T‘2) x? + ()\i(Gl)TQ — ’ng)\i(Gl) —ring — 1) T+ T,
fori=1,--- nq.

COROLLARY 4.2. Let Gy be ri-regular graph (r1 > 2) with ny vertices and m,
edges. Then the adjacency spectrum of G1 [ K, 4 is given by:
(a) 0 with multiplicity m1(p + q — 2).
(b) *+/pq with multiplicity my —n;.
(¢) four roots of the polynomial
2! =Xi(G1)z* = (Ni(G1)p + Ai(Gr)g + pg + pri + gri + 1) 2°—pg (\i(G1) + 271) 2+pg,
fori=1,--- ng.

THEOREM 4.2. Let Gy be r1- regular graph (r1 > 2) and Go be an arbitrary
graph with ny, ny vertices and my, meo edges, respectively. Then the Laplacian
spectrum of G1 1 Gy is given by:

a. pi(Ga) + 2 with multiplicity mq, fori=2,--- no.
b. 2 with multiplicity m1 — n.
c. three roots of the polynomial
(@ — 1)((z = 2)(z = nar1 — pi(G1) — 1) + (1i(G1) — 2r1)n2) — (z — 2),

fori=1,--- mnq.

ProOF. With suitable labelling of the vertices of G1[1G4, the adjacency matrix
L(G1 E G3) can be formulated as follows:

I, ® (21, + L(G2)) 0 —B®e
L(G1EOGy) = 0 I, —I,, ,
—BT @ el —I,, (mri+1I,, +L(Gy)

where e is the column vector of size ny with all its entries are 1, I, is the identity
matrix of order n; and B is the incidence matrix of G;. Now,

Im; ® ((x = 2)In, — L(G2)) 0 B®e
F(L(G1 B G2)) = det 0 (# — 1)In, In,
BT @ e” In, (# —mry — 1)1, — L(G1)

By Lemma 2.1, we have
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T2

(4.3) F(L(GL D Gy)) = H(a; — pi(Ga) — 2)™ detS,
where

(CU — 1)In1 Inl
S =

Inl (Z‘ —mnry — 1)In1 — L(Gl) — (A(Gl) + rllm)F
Again employing Lemma 2.1 to detS, we see that

L(Gy) (m - 2)

detS = (x — 1)"tdet((z — nary — 1)1, — L(G1) — (A(G1) + r11n, )FL(GQ) (x—2) = In,/(z—1))
n1

(44) = H(m —1)(z — nar1 — pi(G1) — 1+ (1i (G1) — 2r1)n2/(z — 2)) — 1.

i=1

So by (4.3) and (4.4) the result follows. O

COROLLARY 4.3. Let Gy be r1- regular graph (r1 = 2) and Gs be an arbitrary
graph with ny, no vertices and my, my edges, respectively. Then the number of
spanning trees of G1 [ Gy is given by:

n2
t(G1 B Ga) = t(G1)2™ " T (ng +2)™ T (na(G2) +2)™.
i=2
PRrROOF. By (3.5) and above theorem, we obtain the desired result. O

THEOREM 4.3. Let Gy be ri- regular graph (r1 = 2) and Gy be an ry graph
with ny, ne vertices and my, mo edges. Then the signless Laplacian spectrum of
G1 Gy is given by:

a. vi(G2) + 2 with multiplicity mq, fori=2,--- na.

b. 2(re + 1) with multiplicity m; — nq.

c¢. three roots of the polynomial
2? — (ring + 7i(Gr) + 2712 + 4) 2 + (2710272 + 27(G1)r2 — 7i(G1)ng + 37102
+37:(G1) + 4712 +4) 2 — 2110972 — 27%(G1)r2 + Vi(G1)ne — 2r1n2 — 27(Gh),
fori=1,--- ng.

ProOF. With suitable labelling of the vertices of G1[1G4, the adjacency matrix
Q(G1 0 G4) can be formulated as follows:

Iy ® (21, + Q(G2)) 0 Bwe
QG B Gs) = 0 In, L, ’
BT @ T I,, (mri+1)I,, +Q(Gy)

where e is the column vector of size ng with all its entries are 1, I,,, is the identity
matrix of order n; and B is the incidence matrix of G;. Rest of the proof is similar
to the proof of Theorem 4.2. O
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As the proofs of the following theorems are similar to that of Theorem 4.1 we
omit the details.

THEOREM 4.4. Let G; (i=1,2) be r;- regular graphs with n; vertices and m;
edges, respectively. Then

no n

FAGIRGa),2) = [ T(x = Xi(G2))™ [ [ (@ = (Ni(Gr) +71)T 4 g (2) = Xi(G1))x = N (Gh).

i=1 i=1

As Ty (x) = (7n)’ where M is the square matrix of order n with each of its
x—r
2
row sum a constant v’ and I'g,  (2) = w, proofs of the following two
' e —pq

corollaries follows immediately by the above theorem.

COROLLARY 4.4. Let G; (i = 1,2) be ry-reqular graphs with r1 > 2, n; vertices
and m; edges. Then the adjacency spectrum of G = (G1 K G2) is given by:
a. A\i(Ga), with multiplicity my for i =2,--+ na.
b. ro with multiplicity my — ny.
c¢. three roots of the polynomial
3 — (ro + )\i(Gl))$2 — ()\12(01) + Xi(G1)(na — r2) + nor)z + TQA%(G1)7 for
1= 1, e, Ny
COROLLARY 4.5. Let Gy be ry-regular graphs with ny vertices and mi edges.
Then the adjacency spectrum of G = (G1 K K, 4) is given by:
a. 0, with multiplicity m1(p + q — 2).
b. x./pq with multiplicity m1 — n;.
c. four roots of the polynomial
7t = M(G1)a® + (<X(G1) + (=P — ) M(G1) + (—a — 1) p — qr1) o
—pg (\i(G1) +211) @+ \i(G1)’pg, fori=1,--+ ny.

THEOREM 4.5. Let Gy be ri-regular graph (r1 > 2) with ny vertices and my
edges. Then for an arbitrary graph Go on ng vertices, the Laplacian spectrum of
G1 X Gy is given by:

a. 1;i(Ge) + 2 with multiplicity mq, for i =2,--- ,na.

b. 2 with multiplicity my, — nq.

c. three roots of the polynomial
(@ = 2)(x —r1)(x — pi(G1) — 1 — nar1) + n2(pi(G1) — 2r1)(z — 1)
— (i(Gr) = r1)*(x = 2), fori=1,--,ni.

Applying (3.5) to the above theorem we have the following result:

COROLLARY 4.6. Let Gy be ri-regular graph (r1 > 2) with ny vertices and m,
edges. Then for an arbitrary graph Go on ns vertices, the number of spanning trees
of G1 K Gs is given by:

ng

t(Gl X Gg) = T1t(G1)2m1_n1+1 ﬂ(GT‘l + nory — 2/%(6'1)) H(M"(G2) + 2)m1.

1=2 =2
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THEOREM 4.6. Let G; (i = 1,2) be r;-reqular graphs with n; vertices, m; edges
and r1 = 2. Then the signless Laplacian spectrum of G1 X Go is given by:
a. v;(G2) + 2 with multiplicity mq, fori=2,--- na.
b. 2(re + 1) with multiplicity my — nq.
c. three roots of the polynomial
(x—2ra—2)(z—71)(x =i (G1) —r1—nar1) —n2v: (G1) (x—71) — (v (G1) —71)* (x =212 — 2),
fori=1,--- mq.

5. Applications

The notion of integral graph was first introduced by Harary and Schwenk in
1974 [10]. In general, the problem of characterizing integral graphs is a difficult
task. In [2] constructions and properties of integral graphs are discussed in de-
tail. The graphs K,,, K, (mn a perfect square), Cg, the cocktail parity graph
CP(n) = nKs, are all examples of integral graphs. Moreover, some graph opera-
tions such as cartesian product, direct product and strong product when applied
on integral graphs produce again integral graphs. For other related works see
[13, 20, 21] and therein references. In this section, we apply our graph operations
based on corona and neighborhood corona on known integral graphs to produce
class of new integral graphs. At the end of the section, as an application we give
methods to construct infinitely many pairs of cospectral graphs.

From Corollaries 3.1 and 3.4 it follows that

a. If G is an integral graph of order n, then G ® mKj is integral if and only if
5A%(G) + 4m is a perfect square, for i =1,2,--- ,n.

b. If G is an integral graph of order n, then G ® mK; is integral if and only if
A2(G)(4m + 1) + 4 is a perfect square, for all i = 1,2, ,n.
In particular, we have the following:

i. K, ®mK, is integral if and only if 4m+5 and 5n? — 10n + 4m + 5 are perfect
squares.
ii. K4 ®mK; is integral if and only if pq, m and 5pg + 4m are perfect squares.
ili. If G ® mK; is an integral graph then (K3 ® G) ® mK; is integral, where ®
denotes the direct product of two graphs.

iv. K, ®@mKj is integral if and only if 4m+5 and (n — 1)?(4m + 1) +4 are perfect
squares.

v. Kpq,©®mK; is integral if and only if pq and pg(4m + 1) +4 are perfect squares.

vi. If G ® mK; is an integral graph then (K3 ® G) ® mK; is integral, where ®
denotes the direct product of two graphs.
The above observations enable us to construct some class of new integral graphs.
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EXAMPLE 5.1. In the following table we give infinite ordered pairs (m,n) for
which the graph K,, ® mK; is integral.

n m
6k + 3 | (5k% + 5k + 1)(45k® + 15k — 1), k=1,2,---
6k — 1 | (5k% — 5k + 1)(45k% — 15k — 1), k= 1,2, ---
2k + 1 E*—3k2+1, k=2,3,---

2 E4+3k+1, k=1,2,---

EXAMPLE 5.2. a. K, , ® n?K] is integral graph for all n.
b. K; > ® n?K; is integral graph for all n.

EXAMPLE 5.3. a. If n = 2k and m = k? — k — 1, then K,, ® mK; is integral
fork=1,2,---.

b. If n =2k—1and m = k> —k—1, then K, ©mK; and K ,,2 ©mK; is integral
fork=1,2,---.

From Corollaries 4.1 and 4.4 it follows that

a. If G is an integral r-regular graph (r > 2) on n vertices, then G LI mK] is inte-
gral if and only if \;(G)?+4m(\;(G)+7r)+4 is a perfect square, for i = 1,2, - n.

b. If G is an integral r-regular graph (r > 2) on n vertices, then GRmKj is integral
if and only if 5A2(G) + 4m(\;(G) + r) is a perfect square, for i = 1,2, ,n.
In particular, we have the following
i. K,00mK; (n > 2)is integral if and only if 4m(n—2)+5 and (n—1)2+8m(n—
1) + 4 are perfect squares.
ii. Ky, ImK; (n > 2)is integral if and only if mn + 1, n® + 8mn + 4, n® + 4 are
perfect squares.
iii. K,XmK; (n > 2)is integral if and only if 4m(n—2)+5 and 5(n—1)2+8m(n—1)
are perfect squares.
iv. K, ®mK; (n > 2) is never an integral graph for all n and m.

The above observations enables us to construct some new class of integral graphs.
EXAMPLE 5.4. If m = k? —k—1, then K3XmK] is integral for all k = 2,3, ---.

Now, we give methods to construct infinite family of cospectral graphs.
From Theorem 3.1 and 3.4 one can easily notice that

a. If Gy and G4 are adjacency cospectral graphs and H is an arbitrary graph, then
i. Gy ® H and Gy ® H are adjacency cospectral.

ii. G1 ® H and G2 ® H are adjacency cospectral.
b. If G is an arbitrary graph and H;, Hs are adjacency cospectral graphs with
FA(Hl)(x) = FA(H2)(.’£), then
i. G® Hy and G ® Hs are adjacency cospectral.
ii. G® Hy and G ® Hy are adjacency cospectral.
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Similary using Theorem 3.2, 3.5 and 3.3, 3.6 one can construct Laplacian cospectral
and signless Laplacian cospectral graphs.
Also from Theorem 4.1 and 4.4 we have the following results:

a. If G; and G2 are adjacency regular cospectral graphs and H is an arbitrary
graph, then
i. Gy 0 H and G, [J H are adjacency cospectral.

ii. G1 X H and G2 X H are adjacency cospectral.
b. If G is an arbitrary regular graph and H;, Hy are adjacency cospectral graphs
with FA(Hl)(«T) = FA(HQ)(.'L‘), then
i. GO Hy, and G[J Hs are adjacency cospectral.
ii. GX H; and G X Hy are adjacency cospectral.

Similary using Theorem 4.2, 4.5 and 4.3, 4.6 one can construct Laplacian cospectral
and signless Laplacian cospectral graphs.
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