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Some properties of Hermite matrix polynomials

Ayman Shehata and Ravi Bhukya

ABSTRACT. The main aim in this paper, we use the differential operators and
matrix polynomial sets, generating matrix functions, integrals representation
to derive the properties of Hermite matrix polynomials. Finally, we obtain
an expansion of Hermite matrix polynomials in a series of Laguerre matrix
polynomials and the Christoffel’s formula of summation is established.

1. Introduction

Theory of special functions plays an important role in the formalism of math-
ematical physics. Hermite and Chebyshev polynomials in [19] are among the most
important special functions, with very diverse applications to physics, engineer-
ing and mathematical physics ranging from abstract number theory to problems of
physics and engineering. Recently, the Hermite matrix polynomials have been intro-
duced and studied in a number of papers [1, 12, 13, 20, 15, 16, 17, 36]. This ap-
proach has indeed allowed the derivation of the Hermite matrix polynomials of vari-
ables and its extension to the Hermite, Gegenbauer, Bessel and pseudo Chebyshev
matrix polynomials in [14, 18, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 35].

Our primary purpose in this paper deals with the introduction and study of
Hermite matrix polynomials taking advantage of those recently treated in [1, 2].
The organization of the paper is as follows: In Section 2, differential operators and
matrix polynomial sets are proved for Hermite matrix polynomials. Section 3, gen-
erating matrix functions for Hermite matrix polynomials are established. Integrals
of representation for Hermite matrix polynomials are shown in Section 4. Finally,
we obtain an expansion of Hermite matrix polynomials in a series of Laguerre
matrix polynomials and the Christoffel’s formula of summation is established in
Section 5.
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ferential operators; matrix polynomial sets; generating matrix functions; integrals; Christoffel’s
formula.
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If Dy is the complex plane cut along the negative real axis and log(z) denotes
the principle logarithm of z [5], then z2 represents exp(4 log(z)). Its spectrum o (A)
denotes the set of all eigenvalues of A. If A is a matrix in CV*¥ with o(A) C Dy,
then A2 = A = exp(3 log(A)) denotes the image by 2% of the matrix functional
calculus acting on the matrix A. The two-norm of A is denoted by ||A||2 and it is
defined by

A
||AH2:SUPH I||2
w20 [17][2

where for a vector y in CV, ||y||» = (yTy)? is the Euclidean norm of y.

If f(z) and g(z) are holomorphic functions of the complex variable z, which are
defined in an open set Q of the complex plane and if A is a matrix in CV*V with
o(A) C Q, then from the properties of the matrix functional calculus [5], it follows
that

(1.1) f(A)g(A) = g(A)f(A).
Hence, if B in CV*¥ is a matrix for which ¢(B) C Q and also if AB = BA, then
(1.2) f(A)g(B) = g(B)f(A).

Let A be a positive stable matrix in CNV*¥ satisfying the condition [12, 13]
(1.3) Re(z) >0, forall z € o(A).

It has been seen by Defez and Jédar [2] that if A(k,n) and B(k,n) are matrices in
CNXN for n > 0, k > 0, it follows (in an analogous way to the proof of Lemma 11
of [19]) that

SN Alkin) =) A(k,n - k),
n=0 k=0 n=0 k=0
DSOS A(kn) =Y A(k,n — 2Kk).
n=0 k=0 n=0 k=0
Similarly to (1.4), we can write
SN Alkn) =) A(k,n+ k),
n=0 k=0 n=0 k=0
SN T A(kn) =30 A(k,n+ 2k).
n=0 k=0 n=0 k=0

In the following, we will apply the above results to Hermite matrix polynomials
and we will see that the results, summarized in this section, can be exploited to
state quite general results.
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1.1. Hermite matrix polynomials. One of the most direct ways of explor-
ing generalized classes of Hermite matrix polynomials is to start from modified
forms of the ordinary Hermite matrix polynomials and generating matrix function.

The Hermite matrix polynomials H,(x, A) of single variable was defined by
using the generating matrix function [1, 6, 12, 13, 20] in the following form

(1.6) E t—'Hn(x7 A) = exp (mt\/ﬂ - t21>
n!
n=0

(CN><N (CN><N

where A is a positive stable matrix in and [ is the identity matrix in
The Hermite matrix polynomials are explicitly expressed as follows

[37]
f : (_l)k / n—2
(17) Hn(x,A) = n' s m(x 2A) k, n 2 O

It is clear that
H_i(z,A)=0, Hyo(z,A)=1, Hi(z,A) =xzV2A
and H,(—z,A) = (-1)"H,(x, A).
where 0 is the null matrix in CV*¥.
From (1.6) and (1.7). It is easy to prove that
d

dz
Hyyqi(x, A) = |2V2A —

H,(z,A) =nV2AH,_1(z, A),

2 d
V2Adz
The matrix differential equations satisfied by H,(x, A) can be straightforwardly
deduced by introducing the shift operators

(1.8)
H,(x,A).

s5_ 1 d
- VRAdx'
(1.9) 9 4
M =xv2A —

V24 d
which act on H,,(z, A) according to the rules

ﬁHn z,A) =nHp_1(z, A),
(1.10) — ( ( )
MH,(z,A) = Hy11(z, A).
Using the identity
(1.11) ]/\/_l\ﬁHn(ac, A)=nHp(z,A)

from (1.11), we find that H, (z, A) satisfy the following matrix differential equations
of second order [6, 20, 21]

(1.12) @2 mape

[ S — 2 =
. (V2A)?| H,(z, A) = 0.

|3
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The Hermite matrix polynomials are defined through the operational rule [1] in the
form

2
(1.13) H,(z, A) =exp (— (\/27114)2;;2) (x\/ﬂ)”

In addition, the inverse of (1.13) allows concluding that

2
(1.14) (xwﬁaonexp<(vein2;i2>f54x,Ay

For the sake of clarity, we recall that an expansion of 2™ I in a series of Hermite

matrix polynomials was in [2, 6]

[
(1.15) (zV2A)" =

N
=2

n!
Fi(n — 2o ok A

=

=0
Furthermore, the n** Laguerre matrix polynomials L%A”\)(x) is defined by [7, 12]

LAN (1) = 2”: (—1)R(A+ 1), [(A+ D)y 2 Nkzk

F(n— &) n >0

(1.16)

k=0
where A is a matrix in CV*Y such that —k is not an eigenvalue of A, for every
integer k > 0 and A is a complex number such that Re(\) > 0. In (1.16), putting
A =1 gives

L) = 30 CU A+ Dl + D)t

(1.17) F(n— k).

k=0
So, we derive an expansion of ™1 in a series of Laguerre matrix polynomials in the
form

(1.18) x”]:ngzn: (_l)k(AJrI)n[(A+I)k]*1L;A)(I).
k=0

(n—k)!

The next section is devoted to the differential operators and matrix polynomial sets
of Hermite matrix polynomials, treated within the context of the point of view so
far developed.

2. Differential operators and matrix polynomial sets

Let o, (x, A); n = 0,1,2,..., be any simple set of matrix polynomials. Let us
define the set of matrix polynomials T,,(z, A), n > 0, by

d
and
n—1
2D (2, A)D" i (2, A) = (@, A) = > T, A)D* oy (a)in > 1.
k=0

Because ¢, (x, A) is of degree precisely n for each n, it follows that T, (x, A) is
uniquely defined and is of degree £ n. Note that Dep;(x, A) is constant, as is
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wo(x, A), so To(x,A) is constant. For n = 1 each T, (z) is defined by (2.2) in
terms of pervious elements of the set, Ty(x, A) for 0 < k < (n — 1). Because
D", 1(x, A) is constant and the degree of Ty (x, A)D*+1pp 1 (z, A) exceeds the
degree of Ty (x, A) by exactly (n — k), each member of (2.2) has degree at most n.

THEOREM 2.1. For the simple set of matriz polynomials @, (x, A) there exists
a unique differential operator of the form

(2.3) J(xz,D,A) = iTk(x,A)Dk“
k=0

in which Ty(z, A) is a matriz polynomials of degree < k, for which
(2.4) J(x, D, A)pn(x,A) = pn_1(x,A); n=1
It is important that J be independent of n.

PrOOF. The requirement (2.4) demands that, for n = 1

n—1

N Tilw, AD g, (2, A) = i (2, A)
k=0

this is merely a restatement of (2.1) and (2.2). Equations (2.1) and (2.2) as we saw,
determine Ty (x, A) uniquely. O

We say that the matrix polynomials set o, (z, A) belongs to the operator J
and that J is operator associated with the set ¢, (x, A). There is only one such
operator associated with a given ¢, (2, A), but there are infinitely many sets of
matrix polynomials belonging to the same operator.

THEOREM 2.2. A necessary and sufficient condition that two simple sets of
matriz polynomials @, (x, A) and ¥, (x, A) belonging to the same operator J is that
there exists a sequence of numbers by, independent of n, such that

(25) ?ﬂn(l‘,A) = Zbk(pn—kcﬂaA)'

k=0

Assume (2.5) to hold. There exists an operator J to which ¢, (z, A) belongs.
That ¢, (z, A) belongs to the same operator follows from

T (2, A) = bedonk(x, A) =Y bppn—p-1(z, A) = thp_1(x, A).
k=0 k=0

Next assume that ¢, (z, A) and 1, (z, A) belong to the same operator J. We need
to show that the by of (2.5) exists. We know, because ¢, (x, A) and 9, (x, A) are
simple sets of matrix polynomials, that there exist the relations

n—1

(2.6) Unlw, A) = Ak, n)oni(z, A),

k=0
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in general, the coeflicients A(k,n) depend upon n as well as on k. Since ¢, (z, A)
and v, (z, A) belong to J, we may apply J to each member of (2.6) and obtain

n—1
(2.7) Uno1(z, A) =Y Ak, n)en_k1(x,A); n =1

k=0
Recall that Joo(z, A) = 0, which is the reason that the term A(k,n) dropped out
when the operator J was applied to (2.6). We may shift index from n to (n+1) in
(2.7) to get
(2.8) Yz, A) = Alk,n+ 1)pn_r(z,A); 120,

k=0

Comparing (2.6) and (2.8), we see that

A(k,n) = A(k,n+1)

for all k, n. Then A(k,n) = by, independent of n.

Not every operator of the form (2.3) is associated with some matrix polynomial
set in the sense we have defined. For the operator J of the form (2.3) to be
associated with some simple set, it is necessary and sufficient that J transform
every matrix polynomial of degree precisely n into a matrix polynomial of degree
precisely (n — 1).

EXAMPLE 2.1. Determine the operator associated with the set ¢, (z, 4) =

H'Z7E!JC)’QA), in which H,(z, A) is the Hermite matrix polynomials.

Here, we have
vo(xz,A) = Ho(z,A) =1,
p1(x, A) = Hi(z,A) = V24,

pale, A) = 3 Holw, 4) = 3 (VIR — 1T,

4
o3(z, A) = %Hg(:c,A) = %(z\/ﬂ)g — %x\/ﬂ,
oa(z, A) = (4%]{4(:8,/1) - ﬁ(:c\/ﬂ)‘l - %(:@\/ﬂf + %1
and
5 (x, A) = (5!)2H5(3c,A) = B2 (xV2A)° — (52'0)2 (xV24)% + (56'0)2 (zV2A), ete.

We seek an operator J of the form

J=> Ty(x,A)DF
k=0
such that Jy, = p,_1 for n 2 1. Then

To(z, A)Dpy = g or To(z, A)V2A =1
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so that Ty(x, A) = (vV2A) L. Next we have

1
ZT’C(%?A)DIH_HPQ(@'?A) = Sol(xaA)’
k=0

[To(z, A)D + Ty(z, A)D?|ip2(z, A) = pi(x, A)

(V2A)"'D + Ty (s, A)DQ}[i(x\/ﬂ)Q - %1] — V24,
Then, we get
@ + Ty (z, A) WQZA)Q = zV2A.

So that Ty (z, A) = z(v2A)~L. In turn
[To(z, A)D + Ty (z, A)D? + Ty (x, A)D*|p3(x, A) = @z, A)
or

(V2A)"'D + 2(vV2A) ' D? + Ty(x, A)D?’][%(x\/ﬂ)g’ - %Nﬂ] - i(Nﬂ)? - %1,

we obtain
(VEA) (5 (VRO VIA] 4 (V) (L (VEAY + (e A) (VA = H(aeVEAY - L1

from which Ty(z, A) = —2(v/2A4)73.
If we continue the above procedure, we find that T3(z, A) = 0, Ty(xz, A) = 0,
and we begin to suspect that J may terminate. Let us therefore define

Ji = (V2A4)7ID + 2(vV24)71D? — 2(vV24) D3

operate on ¢, (z, A) with J; and see whether the result is ¢, _1(z, A).
Now, we have
H,(z, A) 1 /5 A1\ —1 /5 A\—1 12 /9 A\ —2 )3
= L [(\/ 2A) 1 H! (2, A) + x(V2A) T H! (x, A) — 2(V2A) " H! (=, A)}

(n!)?

=— (n1|)2 (V2A4)~3 |:2H7/L//(;[;’ A) — 2(V2A)2H (z, A) — (\/ﬂ)ZHr’L(;mA)],

From Hermite’s matrix differential equation

[ @ I— f(\/ﬂ)Qi - n(\/ﬂ)Q]Hn(a:,A) =0,

dz?” 2 dr ' 2
2H! (x,A) — x(V2A)?H! (2, A) + n(V2A)?H, (z,A) = 0
we obtain

2, (x, 4) — w(V2A)H] (2, A) — (VZA?H] (2, 4) + n(V2A) H] (x, A) = 0.
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So that we have
(v24)~* (V24)"'H, (x, A)
(n!)? (nHY(n -1
But we also know that H/ (z, A) = nv/2AH, _(z, A). Hence, we have
nH, 1(x,A)  Hp 1(x,A)
(n)(n =11 ((n—1)N?

as desired. Therefore o, (z, A) = = (I) A) belongs to operator J; of (2.9).

Jipn(z, A) = — —n(V2A)?H! (z,A)| =

Jl@n(x7A) = 9071—1(37714)

3. Generating matrix functions for Hermite matrix polynomials

Now, we can see state that the generating matrix functions for Hermite matrix
polynomials with on their properties and prove the following.

THEOREM 3.1. Let A be a matriz in CN*N satisfying the condition (1.8), then

o0

_1)n
(3.1) Z ((273'H2n(z,A)t" = el cos(zV2tA)
n=0 ’
and
= (=) _ e'sin(zv/2tA)
. o 2w At = ————=,
(3.2) 3 Gy v " >
PROOF. By using (1.7), consider the series in the form
oo (_1)n - o n (_1)n+k(xM)2n—2k N
D Gy Hanlw A =3 e et
n=0 n=0 k=0

© n+2k r .
:zz o

e’ cos(xV2tA).

Therefore, (3.1) follows. The series can be given

[2n+1]

’I’L

o0 o0 1)k (/2 A) 2012k
;::O 2n + g1 e (o AN = nz:% kZ:O : L!(zé £)2k)! a
_ i i (— 1)n+2k‘(x\/7)2n+1 itk
== El(2n 4+ 1)!
_ ii( 1)n+2k(xr)2n+1tn+k
== kl(2n + 1)!
=t ' sin(zv2tA).
The proof of Theorem 3.1 is completed. O

In the following theorem, we obtain another generating matrix function for
Hermite matrix polynomials as follows.
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THEOREM 3.2. Let A be a matriz in CN*N satisfying the condition (1.8), then

(3.3) Z Wt% =t cosh(ztv2A)
n=0 .
and
o~ Hopi1(2,4) 911 —2
3.4 T 7 "7 = e7 " sinh(ztv2A).
(3-4) HZ:O (2n +1)! ( )

PRrROOF. Using (1.7), we consider the series

HQHJ?A 1k FQTL 2k o
> e dlpn oy CUVE

n=0 n=0 k=0

— Mﬂn—‘ﬂk
Z Z k!(2n)!

n=0 k=0

=t cosh(ztv24).

Therefore, (3.3) follows. The series can be given in the form

Z Hopi1(z, A) pont1 _ Z Z 2A)2n+1 2k pntt
(2n + 1)! k'2n+1—2k)

n=0
o (= ) (zv2 )2n+ £2n+2k+1
|
et El(2n + 1)!
—¢2

= sinh(ztv/24).

Thus the proof of Theorem 3.2 is completed. O

The above relations will be used, along with the Hermite matrix polynomials
to derive the following theorem.

THEOREM 3.3. Let A be a matriz in CN*N satisfying the condition (1.3). Then
the Hermite matriz polynomials have the following generating matriz function

— () Hop (z, A" 9 1 222(vV2A)?
(3.5) n;) (22n)! =1+ 1F1( 2’4(1+t?)>

where « is a positive integer and |t?| < 1.
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PROOF. Let us consider the sum and using (1.7), yields

2 (@) n Hop (x, A)t>™ 2L (= D)E (), (zv/2A)2n2k2n
Z()z( ) ZZ()()( )

oy (2n)! = k!(2n — 2k)!
B o 00 (_1)k(a)n+k(xM)2nt2n+2k
a ;szﬂ k1(2n)!
B 0o oo (_1)k(a+n)k(a)n(xt\/ﬂ)2nt2k
B 7;);:0 k1(2n)!
o (@) (2tV2A)27 (—1)F (o + n) 2R
:ZZ( ) ((2n)! )" (=1) (k! )k
n=0 k=0
_ 2 (@) (zty/24)% 1
= 7;) (QTL)' (1 +t2)o¢+n
— 2\ —a - (a)n (zt\/ﬂ)Zn
= (1 +t ) nZ::O n|22n(%)n (1 + t2)"
=(1+1t%) 1Fl(oz,Q, END) )
The proof of Theorem 3.3 is completed. 0

4. Integrals of Hermite matrix polynomials

Now, we can see state that the integrals of Hermite matrix polynomials with
on their properties and prove the following.

THEOREM 4.1. Let A be a matriz in CN*N satisfying the condition (1.3), then
we have

(4.1) exp ( - ‘42”32) = % /OOO exp ( — t2) cos(ztv/2A)dt.

PRrROOF. From Taylor’s expansion, we have

(4.2) cos(xv24) = Y ((;37 (zV2A4)*.

Since the summation in the right-hand side of the above equality is finite, then the
series and the integral can be permuted. From the definition of Gamma function,
we have

n=0

© ., 1 1
(4.3) / e " tdt = I'(n+ =)
o 2 2
and from Legendre duplication formula, we have
1. (2n)lm
(4 P+ ) =
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then, we have used the Gamma function as well as Legendre duplication formula

/OOO exp < - t2) cos(xtV2A)dt = /OOO exp ( _ t2> i ((211%))7 (wtv/2A) >t

n=0
\/ﬂ)%/ exp<t2>t2”d Z :m/ AT (n + 1)
1=0 0 n=0
_ . (_1) 2n 2n f / 2n __ . (_ )nﬁ mV2A 2n
_;22 v24) Tl Z '2% wv24) _;::o 2 n! ( 2 )
The proof of Theorem 4.1 is completed. U

THEOREM 4.2. Let A be a matriz in CN*N satisfying the condition (1.3), then
we have

(4.5 o, (2, A) = (G exp (‘4””2> /0 b exp (- t2)t2” cos(xtv/2A)dt

NS 2
and
_1\n92n+2 2 [ee}
(H6)41(x, A) = 2 exp (Ax) / exp < t2>t2"+1 sin(ztV2A)dt
N > ) )y

Proor. Differentiating (4.3) 2n times with respect to x, we get
n Ax? 2 [ 9 )
(4o exp (— 5 > =7 /0 exp ( —t )(—1)"(15\/2/1) " cos(xtV2A)dt

But, from Rodrigues’s formula H,(z, A) = (—1)"(%)_% exp (Ag2> d exp(

dz™

4. we have Hao,4) = () exp (4 ) i exp (= 4. Then, we have

(_1)n22n+1 A.Z‘Q /oo ) )
Hop(z, A) = L2 oxp (22 2 )2 V2A
on(x, A) NG exp | — ; exp t* | t°" cos(xt )dt

Differentiating (4.3) 2n + 1 times with respect to x, we get

%gj% exp (— Af) = % /00o exp (— t2) (—1)"(tV2A4)*" sin(xt V2 A)dt

and Hapya(n, A) = (—1)2"H1(4)~ "5 exp (A) AT exp ( B A) hen we
get

_1 n22n+2 A 2 [ee]
Hopqr(x, A) = (Vi i exp (z) / exp (— t2>t2"+1 sin(ztv2A)dt
VT 2 ) Jo

The proof of Theorem 4.2 is completed. (]
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5. Expansion of Hermite matrix polynomials in a series of Laguerre
matrix polynomials

In this section, the Hermite matrix polynomials can be expanded in a series
of Laguerre matrix polynomials. For the sake of clarity, we recall that if A is
a matrix in CVN*V gatisfies the condition (1.3), let us employ (1.5), (1.7) and
(1.18) in expanding the Hermite matrix polynomial in a series of Laguerre matrix
polynomials. We consider the series

OCHnm,Aﬁ" > —lkmm7”—2kn
DL ) SIS e

n!
n=0 n=0 k=0

(5.1) - i i (—1)’“}5x\/ﬂ)"tn+2k

n=0 k=0 n!
o0 o0 n o k+S n
— Z Z M(A +D)a[(A+ I)s]flL(A)(z)tnjLQk
El(n — s)! s

n=0 k=0 s=0

by using (1.5), becomes
) 00 00 00 k+s \/ﬂ n+s - "

Z Z ol ) (A4 Dpys[(A+ 1)) L L (z)gn+st2k,

n=0 n=0 k=0 s=0

From (1.4), we have

o 20 18] . e
Z =32 DY VRA T e akl(A + D)L (@),

n=0 n=0 s=0 k=0 kl(n — 2k)!

The reciprocal gamma function denoted by I'"*(z) = ﬁ is an entire function

of the complex variable z. Then for any matrix A in C¥*V | the image of I'"!(z)
acting on A denoted by I'"!(A) is a well-defined matrix. Then I'(A) is an invertible
matrix, its inverse coincides with T"1(A) and one gets the formula [19]

(A)p =AA+1)...(A+ (n—1I)
(5:2) =TA+nDTHA); n=1; (Ag=1.
From (5.2), it is easy to find that
(653 (Aur= (DA —A—nD] ™5 0<k<n.

In accordance with (5.2) and (5.3), one gets
(At Do = 2K (AF Dal(—5 (A+ (045~ DI -5 (A + (4 9)D)i] ™

Thus, we know that

1 (—n)gk
(n — 2k)! n!
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Therefore, we have

e H, {I?7A tn x© > —1)k+s Mn+s—2k —-n
3 (n!) Y (=D"( k!)n! (=n)2k

(A+ (n+s)1))k] ™"

272k (A + I)n+s[(—%(A +(n+s— M))k]‘l[(—%
I

(A+ D)) L ().

Also, we recall the following relation

(~n)an = 24 (— ("

w3

(_1)k+s(\/ﬂ)n+sf2k n n—1
kin! LA IR

M8
s
s |®
B
I
NE
NE

3

I
=}
3
I
<}
@
I
=}
B
I
o

~
S—

wsl( (A (s = DD (=5 (At (ot 5)1))] ™
)y
(1) (VaA)

NS
+ +
~

M
M8

(A+ Dnys[(A+ 1))

n!

n=0 s=0
1 1 1 1 1
2F2(2n[,2(n1)[;2(A+(n+5)1),2(A+(n+51)]);(m)2)
L) (a)p
-y 3! 1:(_{3)?)”(14%”[%“)9]1
n=0 s=0 :
F —l(n—s)l ——m—s=—1I;—=(A+nl),—=(A+ (n—1)I); - ! )
S ’ V2
LA ()t
Again we collect power of ¢
> H”(Z,A)tn -3y 1)8(g)n(A+I)n[(A+I)s]l
n=0 ' n=0 s=0
1 1 1
2F2(_2(n_S)I —=(n—s—1I —§(A+nl) —~(A+(n—-D1I) _(\/ﬂ)Q)
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Therefore, we obtain an expansion of Hermite matrix polynomials as a series of
Laguerre matrix polynomials in the form

s=0 '
1 1 1 1 1
o Fy 2(ns)[,2(ns1)[;2(A+n1),2(A+(n1)[);(m)2)
LY (x)
From the above we may conclude that
Hy(z, A) =nl(A+ I)n(\/ﬂ)n Z(—n)s[(A + I)S]_l
s=0
) 1 1 NV PRI
14L<2nsf i(nfsfl)f, 2(A+ 1), 2(A+( nI); (\/ﬂ)2)

LY (x)

5.1. The Christoffel’s formula of summation. Here, we establish Christof-li
fel’s formula of summation which will be required in the consideration of an ex-
pansion in a series of Hermite matrix polynomials H,(z, A). Let A be a matrix in
CN*N gatisfying the condition (1.3) and (1.8), then the Hermite matrix polynomi-
als becomes

(5.5) Hpq(z, A) = 2vV2AH, (x,A) — 2nH, 1 (z, A), n>1.
We wish to prove the identity

(5.6)2": Hi(w, AVHi(y, A) _ Hy (2, A)Hni1(y, A) — Hna (2, A)Hp (y, A)

P i12¢ nl2"V/2A(y — x)

Form (5.5), substituting ¢ for n and multiplying (5.5) by %}72(?;?), we get

A
M%Hi+l(@y7)4)Hi(y7 A) - %Hz(x7 A)H;(y, A) + mHifl(wv A)H;i(y,A) = 0.

Interchanging x and y, we have

yv2A 1

2@+1 Hi {pySH) Hi(z, A) — WHi(yaA)Hi(va)+mHi—1(y7A)Hi($aA):

Subtracting the result from (5.5) and (5.6), we have
(y—x)Vv24

i)
9)
i Himt (0 AV ) = o, A )

i V0. ) = e i AV, ) = s o AV 0, )
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Setting 1 = 0,1, 2,...,n, we obtain

mmwﬁﬁf@mmmmmmzHmmmmmm—mm@mmm}

=1 (3/_-;72)@[_[1 (yvA)Hl(x?A) = 2% [H2(y, A)Hl (l’,A) - HQ(.Z‘, A)Hl (y, A):|
(5.11)
5 [Holy AV (5, 4) ~ Holer AV 0. 40) .
i=2: (:’/_2%3'62);/ﬂH2(y,A)H2($,A) = % [Hg(y,A)Hg(x,A) — Hg(a:,A)H2(y,A)}
(5.12) :
+ 2% |:.E[1(y7 A)HQ((E,A) — H1(1'7 A)H2(y7 A):| y
i=3; %Hg(y,A)Hg(m,A) = 3% [H4(y, A)Hs(x, A) — Hy(x, A)Hs(y, A)}
(5.13) :
+ ﬁ |:H2(y,A)H3($7A) — HQ(;U,A)H3(y7A):|
and
i=n; %Hn(y, A)VH, (2, A) = ﬁ [Hn+1(y,A)Hn(x, A) = Hyyor (2, AV Ho (3, A)}
0 (5.14) :
DR [Hﬂl(yvA)Hn(xa A) = Hy, 1 (x, A)Hn(y, A)}

whence (5.6) follows by addition. Hence the Christoffel formula of summation (5.6)
is established.
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