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NONLINEAR SUPERPOSITION OPERATORS
IN THE SPACES OF SEQUENCES

Sanela Halilovi¢é and Ramiz Vugdalié

ABSTRACT. In this paper we consider the nonlinear superposition operator F'
in I, spaces of sequences, generated by the function

f(s,u)=a(s)+u™ or f(s,u)=a(s) -u"
First we show that these operators are Fréchet differentiable. Then we find out

the Neuberger spectra oy (F') of these operators. We compare it with some
other nonlinear spectra and indicate some possible applications.

1. Introduction and Preliminaries

In the last 50 years there have been presented several ways of defining and
studying spectra for nonlinear operators ([2], [8], [9]). One of them was introduced
by J.W.Neuberger in 1969.([4]) for the class of continuously Fréchet differentiable
operators. The Neuberger spectrum of nonlinear operators shares some properties
with the usual spectrum of bounded linear operators, such as: it is always nonempty
if the underlying space is complex and it always contains the eigenvalues of an op-
erator which keeps zero fixed. In this paper we are finding out the Neuberger
spectrum of some nonlinear superposition operators in [, spaces of sequences. The
superposition operator plays an important role in numerous mathematical investi-
gations. The Neuberger spectrum may be useful in solvability of certain operator
equations and eigenvalue problems ([4]). First, let us introduce some preliminary
definitions and facts for nonlinear superposition operators in Banach spaces .

Let f = f(s,u) be a function defined on N x R (or N x C) with the values in
R (or respectively C). Given a function z = x (s), by applying f, we get another
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98 HALILOVIC AND VUGDALIC

function y = y (s) on N by:
y(s)=[(s,z(s)).

In this way, the function f generates an operator F' :

(1.1) Fx (s) = f(s,2(s)),
which is usually called superposition operator, Nemytskij operator or composition
operator ([3],[1]).

We are going to observe the operator of superposition, defined in the spaces of
sequences I, (1 < p < 00).

THEOREM 1.1. (see [1]) Let 1 < p,q < co. Then the following properties are
equivalent:
o the operator F acts from 1, to ly;
o there are functions a (s) € lg and constants § > 0,n € N, b > 0, for which
[ (sw)l Sals) +blul? (s> n,lul <);
o for any € > 0 there exists a function a. € l; and constants 6. > 0,n. €
N,b: > 0, for which |[ac (s), <e and

[ (s, 0)] < ac () +be ful T (s > ne, Jul <6.).

THEOREM 1.2. ([1],[7]) Let 1 < p,q < oo and let the superposition operator
(1.1), generated by the function f(s7u), act from 1, to l,. Then this operator is
continuous if and only if each of the functions is continuous for every s € N.

In the sequence, X and Y denote Banach spaces and K is a field of real or
complex numbers.

DEFINITION 1.1. ([2],[3])An operator F : X — Y is called Fréchet differen-
tiable at g € X if there is an linear bounded operator L : X — Y such that

(1.2) IF (wo + h) — F (z0) — Lhl| =0 (h € X).

Hh\l—>0||h||
In this case this linear operator L is called Fréchet derivative of F' at x¢o and
denoted by F’ (xzg). The value F’ (z¢) x € Y for arbitrary x € X, is called Fréchet
derivative of operator F' at z( along x.

If F is differentiable at each point € X and the map x — F” (z) is continuous,
we write F' € €' (X,Y) and call F continuously differentiable.

THEOREM 1.3. ([6],[7]) Let 1 < p,q < 0o and the operator F generated by the
function f (s,u) acts from l, into l,. The operator F is differentiable at x¢ € 1, if
and only if fI (s,-) is continuous at xqy for almost all s € N.

More informations on Fréchet differentiable operators may be found in [10].
For the continuously differentiable operators F' € ¢! (X), Neuberger introduced
the Neuberger resolvent set and spectrum.
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DEFINITION 1.2. ([2],[4]) Let an operator F' : X — X admit at each point
x € X a Fréchet derivative F’ () which depends continuously (in the operator
norm) on z. The set

pn (F) = {X € K: Al — F is bijective and (A — F)~' € ¢! (X)}
is called Neuberger resolvent set, and the set

on (F) =KN\pn (F)

is called Neuberger spectrum of F.

REMARK 1.1. A point A € K belongs to pgr (F) if and only if A\ — F is a
diffeomorphism on X.

2. Fréchet differentiability

As the Neuberger spectrum deals with Fréchet differentiable operators, in this
section we will first investigate differentiability of some superposition operators,
according to the Definition 1.1.

I) Find out if operator F : I, — l,, generated by the function f (s,u) = u?,
is differentiable. For arbitrary xo = (21,29,...) € I, and h = (hi,he,...) € [, we
have:

I = 1 F(xo+h)— F(x9) — Lh|| =

I —H( hi)? — 22, hy)? — 27...)—LhH -
”h‘tr;ll)olthp (1'1 + 1) T (1'2+ 2) To q

1
lim —— |[(2z1h1 + B2, 222ho + h2,...) — Lh|| .
TR o 16 20l 05, ) = L],
If we take linear bounded operator L : [, — [, to be a multiplication operator

Lh(s) =a(s)h(s) =2xshg, ie. Lh = (2z1h1,2x2ho, ...),

then
th” " ||h|| || (2$1h1 + hl? Z.Z‘th + h2, ) — (2£E1h1, 21‘2h27 )Hq
(2.1) . ) .
:HhIIEILOHhHP ||(h13h2a"')||q

a) In case that operator F acts from Iy to I, then

% z
I= lim R = i 2] = I h|, = 0.
uhﬁﬁo(z Ihi[) Z' = il (;' |> o 172

N
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b) In case that operator F acts from Iy to Iy, from (2.1) it follows:

1 1
I = I __ hQ,hQ,“' _ lim h2,h2,...
||h”1!1:ri>0||h|| H( 1 2 )Hq HhH1_>OHh||1 ||( 1 2 )Hl
= h2 < . h h
”’7”1*"2|h\ ;| | "’7"1*°z|h| ;| 'zzl' |
i=1

o0

= lim hil= lim |||, = 0.
||h|\1—>02| = Ik \|1—>0” I

c) In case that operator F' acts from [, t0 lso, from (2.1) it follows:

1

1
I = lim RE B2, )| = lim —— |[(h2, A3, ...
Iz, QOHhII I ), il 0[] 82l
- lm . 2l = fim . 12
B ||h|1\19131—>0511p|hi‘ sup [A] uhﬁflaosuplhil (sup A
= lim sup|h;|= lim |hl =
lIh]] oo —0 -

Anyway, operator F is differentiable (at every point z() and Fréchet derivative
of operator F at z¢ = (1,2, ...) along h = (hy, ha, ...), is given with:
F/ (.’Eo) h = (21’1h1, 21’2h2, ceny anhnu ) .
II) Let us see if operator F : 1, — l,, generated by the function f (s,u) = u3,

is differentiable. For arbitrary xo = (x1,%2,...) € I, and h = (h1,ho,...) € I,
consider:

1
I = lim —— ||[F(zg+ h) — F(x9) — Lh||, =

llhl‘}nioﬁ H ((xl +hy)? — 23, (z + ho)® — 23, ) LhH

= |h1u %OH}L” || (3z3h1 + 3w1hi + hi, 3x3ho + 3wahs + h3, ...) — Lhl| .

If we assume that operator L : [, — [, is a linear bounded multiplication operator
Lh=1L (hh hg, ) = (3I%h1, 31‘§h2, ) , then we get

lim 322hy + 3x1h? + h3,3x2ho + 3x0h3 + RS, ...
o el (CCURE CURNGRE PR ERa

(2.2) (3x1h1, 3x3ha, ... ||,

T ﬁonhn [(Boahi + B, 3oahs + b, )
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If operator F acts from I3 to Iy, then from (2.2) further we get:

1 1 = ;
I = lim 3x1h? + h3,3xoh3 + RS, ... —_— ) |3xh? + b3
inlao TRl IGon ol ) = i H0(2|hi|3)% ;' !
=1
. 1 2 5|
< |\h1ﬁ?1>07°° . {Z]3xh|+zyh }
(;Ihzl )z L=t
: Y
= lim |3xh2/}+{ |h3|}
nhuﬁo(z|h| 1 {2 ; '

1 oo
TR
37 h|*)s =1
(Z; [hal”)
Here, by applying Holder inequality ([11]), we get:

oo

, 1
I = 3. lm —o———- () |ah}]) <
3 h;|7)3 =1
(;I ")

v (S { -
S S =

1=

3 2
=3 Z 7 - lim | -
{H‘ ’} S
=1

1
sl g {32} <o
3

Hence, operator F is differentiable (at every point xo) and its Fréchet derivative
of operator F at z¢ = (21,2, ...) along h = (hy, ha, ...), i

F/ (SC()) (hl, hQ, ) (31’1}11, 3£L’2h2, ceey 3x 2]7,”, )

N

Generally,

PROPOSITION 2.1. Let a superposition operator ' : I, — l, be generated by
the function f(s,u) =u",n € N;1 < p < ng < oo. Itisa continuously Fréchet
differentiable operator and its Fréchet derivative at xo € I, along h is given by:

F’ (1‘0) (hl, h2,7 ) = (n.ljrf_lhl,nl‘g_lhg, ceey )
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IIT) If we have a superposition operator F' generated by the function

f(s,u) = /u then it is not differentiable at £y = 0. Indeed, the function
fl(s,u) = ﬁ is not continuous in u = 0, so from the Theorem 1.3 it follows
that this operator F' is not (continuously) differentiable.

IV) Let us see if a superposition operator F': l; — [, generated by f (s,u) =
5(5711) + 2, is differentiable

For arbitrary zg = (.’El,l‘g, ...) € l1, we have:

= o F (w0 +h — Lh||, =
||h|\1~>0||h||1 |F (o + ) — F (o) Il
lim F h ha,..)— F )= Lh||, =
||h|\1—>0||h||1 | £ (z1 + h1, 22 + b2, ...) (1,22, ...) Il
. 1 2 1 2 1 ) 1 )
I 2 hi)™ = ha)? o) — (5 2 )
Hhﬁ?ionhul (e emr grten ) - (5 et g et 1
= lim 2x1hy + hi,2xohs + h3,...) — Lh||, .
Il eollh\ll |21k + B, 225hy + B3, ) — L],

If we take the operator L as
Lh=1L (hl, hg, ) = (21‘1h1, 2$2h2, ) s

then I becomes:

I lim 221hy + h2, 20hy + h2, ) — (2w1hy, 200hs. )| =

TR | Goshs + 1, 2waha + Bz, ..) = (2eiha, 2z, )

) 3 Il
= lim ——||(h3,h3, ... <

Inil, o [|A]l, 0 )l = HhH1—>0 (1Al
o0 o0
Z:l‘hi|'z:l|h'|

lim =L =1 _ A, = o0.

lIAll, =0 Al uhn ” I

This means that F' is differentiable at every xg = (21,22, ...) € I and its derivative
is given with: F’ (.230) (hl, hg, ) = (2.231}11, 2.132}12, ) .

We can see that Fréchet derivative of this operator is the same one as Fréchet
derivative of an operator F' generated by the function f (s,u) = u?.

Generally,

PROPOSITION 2.2. Let a superposition operator G : l, — I, (1 <p,q < o0)
be generated by the function g (u) and a superposition operator F : l, — l; be
generated by the function f(s,u) = @(s)+g(u), (p€ly, 1 <t <q). If opera-
tor G is differentiable at xo € l, then operator F is also differentiable at x¢ and
F’ (LU()) h = Gl (LU()) h
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According to the Theorem 1.1, since operator G acts from [, to [;, there are
a € l; and constants ¢ > 0,n¢ € N,b > 0 such that:

lg (W) <a(s)+b-|ul®, (Vs=nolul <8). (%)

Now we have

el = o) +a@] <o)+ g @] <
o (s)| +a(s)+b-[ul r(s)+b-|ul7,

where 7 (s) = |p(s)|+a(s). As1 <t < g, it holds Iy CI,, so ¢ € 1, ( and also
lo| € lg). The sequence r is also from the space [, since it is a sum of two sequences
from l,. We have shown that there are r € [, and constants 6 > 0,n9 € N,b > 0
such that:

P
| (s,u)l <7 (s)+b-ul7,
and from the Theorem 1.1, it means that operator F' acts from [, to I, indeed.

ExAMPLE 2.1. Consider the superposition operator F' generated by f(s,u) =
—_ u ,

Fr(s)=—-22(s).

29
If © = (1,22,...) € lp then Fz = F (x1,22,...) = (37 - 2%, 55 -03,...) € l1.
Really,

=1
dolos

s=1

o
2 <Y [l =l < oo,
s=1

so operator F' acts from Iy to I; (also it can be shown, by Theorem 1.1, that
F : 1y — l1). We are interested in differentiability of this operator. If we take
arbitrary xo = (21, xa, ...) from ls, then

I = F(xg+h — Lh|, =
||h|\2~>0||h||2 || ( 0 ) ( 0) ||1

lim F h hy,...)—F ) — Lh|, =
I|h|‘24)0||h||2 || (:C1+ 1ax2+ 2y ) (1;173527 ) ||1

1 1 1 1
<21 (21 + hy)? '3 (z2+h2)2,,,,> <21 f,22;z:§, )Lh

1 1
<21 (2z1h1 + h3), o3 (2m2ha + h3)., ) — Lh

lim ——
I, —0 |7, 1

lim ——
Il —o |7, 1
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Now, if we take L (hq, ha,...) = (2”’1h1, hg,...) = (%hl, g—%hg,...) we get

. 1 1 T T2
r= (21 (201h1 + 1) , 55 (2wsha + B3) .. ) — (Gohu grhes )
ERTE
= lim 4lf ﬁifﬁ,ﬁé = A <
Ihll,—0 |Rl, ||\ 217 227 2377 =

— lim =
AN
(£ m)
T . N
< lim :71:7~ lim T —0.
(o) =5

lR]l,—0 2)2 2 ||]l,—0
h;
(Sm

It means this operator is Fréchet differentiable and its derivative at ¢ = (1,2, ...)
along h is:

1 1
F/ (1‘0) (hl, hg, ) = (%hl, %hg, ) (21 2$1h1, - 2.132]7,2, ) .

PROPOSITION 2.3. Let a superposition operator G : 1, — 1y (1 < p,q < 00) be
generated by the function g (u). If operator G is a Fréchet differentiable operator
at point xy € l,, then operator F : 1, — lg, generated by the function f(s,u) =
0 (s)-g(u), (p €lx), is also Fréchet differentiable operator at the same point xg.

—

Again, according to the Theorem 1.1, there are a € [, and constants § > 0,n¢ €
N,b > 0 such that (*) holds. Now we have

—~

[f(su)l = le(s)-g@]<lp(s)] g (u) <

() (a(s)+b-ulf) < fo()]-a(s)+ e ()] b fult

Since ¢ is bounded sequence there exists sup |p (s)
seN
denoting d (s) = C-a(s) and k = C - b, we get

If (s,u)| < d(s) + k- [ul®, (Vs =no, u] <6),

with d € [, k > 0. This means that really operator F' acts from [, to .
We have:

()

= C < oo. From (xx) by

fuls,u) =@ (s) gl (u) =@ (s) p(u),
which gives us a generator for linear bounded multiplication operator-Fréchet de-
rivative at xg = (x1, z2, ...):

F/ (930) (hl,hg,...) :(gﬁ (1) (Il)hl,(p( ) (IQ) hg,...).

It is also known the following Theorem which gives us the necessary and suffi-
cient conditions for the superposition operator (1.1) to be a Fréchet differentiable
operator (see [1],[6], [7]):
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THEOREM 2.1. Let f (s,u) be a Carathéodory function and operator F gener-
ated by the function f(s,u) acts from 1, to l,. If operator F is differentiable in
xo € lp, then its (Fréchet) derivative in xo has the form

(2.3) F' (zo)h(s) =a(s)h(s)
where a € ly/l, is given by

(2.4) 0 (s) = lim 1520 (8) + 1) = [ (5,20 (5))

u—0 u

If superposition operator G, generated by the function
sl sz (s) +u) = f(s,2(s)]; u#0
g(s,u)—{a(s) s u=0,

acts from 1, to l,/l,, and it is continuous in 0, then F is differentiable in xo and
formula (2.3) holds.

Here space [, /1, is the set of all multipliers (a (s)) from I, to l;. It is a Banach
space of sequences, defined by

I -1 forp>q
— pq(p—q)
(2.5) lg/1y { I for p < q.

3. The Neuberger spectrum

In this section we are going to find out the Neuberger spectrum of some non-
linear superposition operators.

First we will consider the superposition operator F' generated by the function
f(s,u) = a(s) +u", n € N, where (a(s)),cy is a sequence from the space I,
(1 < p < o0). Since a € I, C lo, we can see that operator F' can act from lo, to
ls or according to the Theorem 1.1, F' can act from [, to l,,.

a) Case 1 <p< o0

[f (s,u)] = la(s) + " < a(s)] + |u"].
For |u|] < 1 we have |u"| < |u|, so we get
[f (s,w) <la(s)]+ |u"| <d(s)+|ul, (D)

where d (s) = |a (s)|. So, there exists d € I, and constants § = 1,n9 = 1,b =1 such
that Vs > no, |u| < ¢ inequality (A) holds. From the Theorem 1.1 it follows that

F:l,—=1,

b) Case p =l

For arbitrary @ = (r1,22,...) € loo = Jsupzs = B < o0; also a € [, =

seN
Jsupa (s) = A < .
seN
Fr = (a(l)+27,a(2)+2h,...)
sup |Fz (s)| = supla(s)+ 27| <supla(s)|+suplzl| =A+ B" < 0.
seN seN seN seN
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We see that Fa € [, so indeed F' acts from [, to l4.
From the Proposition 2.1 and the Proposition 2.2, we see it is continuously
differentiable operator (F € €' (I,)) with

F' (z0) (h1, ha,..) = (n;v?flhl,mcgflhg, )

We can also write

F' (zo)h(s) =b(s)h(s),
where b (s) = n - (zo (s))"" " is a multiplier from I, to ,. Since g € I, C lo, it is
clear that b € lo,. Compare with Theorem 2.1, (2.3) and (2.5).

LEMMA 3.1. Let the superposition operator F' : 1, — 1, be generated by the
function f (s,u) = a(s)+u", wheren is an even number and (a (s))s is a sequence
from the space l; (1 <t < p < oo).Then the Neuberger spectrum of Fison (F) =R
(oron (F) =C).

PROOF. Denote a = (a1, az,...) € l,. For x = (21, x2, ...) we have

Fz=F(x1,29,...) = (a1 + 27, a2 + 23, ...) .
Find out if A\ — F' is an injective operator, for any real A\. Suppose that
(M — F)x = (M — F)y,
for some z,y € [,. Then
(3.1) (Aep —ay — 2P, dwe —ag —ah,...) = (Ay1 — a1 — YT, Ady2 — a2 — 45, ...)
For A = 0 we get
(—a1 — 2, —ag —25,...) = (—a1—y!,—az—vy3,...) =
(Vi € N)—a;j—z]=—a;—y =
(Vi € N) z} =yl

Number n is an even number, so it does not have to follow x; = y;, (Vi € N). This
is not injective (nor bijective) mapping so 0 € oy (F). If A # 0 then from equality
(3.1) we get (Vi € N)

Ari —a; —x = Ay —ai — Yy
Az — al) = dyi—yl = AN —y) =al —yl
AMri—yi) = (vi—yi) (I?_lJFI?_Q%JF---+xiy;l_2+y?_1) =
(3.2) (x; =yi) V
(3.3) (:1:?_1 + 2 Py byt Ry A= 0).

Hence (3.3) is an odd-degree polynomial equation, there is always at least one real
(nontrivial) solution and A\ — F' is not injective mapping. We proved that AT — F
is not bijective mapping for any real A\. Operator F' is a continuously differentiable
operator (as we see from the Proposition 2.1 and the Proposition 2.2) and AI — F' is
not bijective for any real A\. Thus, according to the Definition 1.2, the Neuberger
spectrum of this operator F is oy (F) = R. In case that sequences were defined
in C we would get the Neuberger spectrum oy (F) = C. O
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LEMMA 3.2. Let the superposition operator F' : 1, — 1, be generated by the
function f(s,u) = a(s) +u™, where n is an odd number (n = 3) and (a(s))s is a
sequence from the space l; (1 <t < p < o0).Then the Neuberger spectrum of F' is
on (F) =10,00) (oron (F)=C).

ProOF. Consider a continuous superposition operator F' defined in spaces of

sequences [, by the function f(s,u) = a(s) + u", where a € I, and n is an odd
number.

Fz=F(z1,29,...) = (a1 + 27,a2 + 25, ...).
Consider now the operator
(M = F) (z1,22,..) = (A1 —a1 — 7, Az — a2 — x5, ...) .

For A = 0 , the operator —F is injective, because from —Fzx = —Fy <—
(—ay — al, —ag — 28,...) = (—a1 — Yy}, —a2 — y%, ...), we get

—a;—xp =—a; —y; ,VieN = a7 =y, VieN = z=y.

The operator —F' is surjective because for arbitrary y € [, there are some x € [,
such that —Fx = y. Really:

—Fx = (—a1—at,—as—25,...) = (y1,¥2,...) <
r = ({L/—Ch—yl? {‘/—az—ymm)
Let now A #0 :
(343) (AI—F) (1‘1,3}2,...) = ()\I—F) (y17y2a-~-)

(Ar1 — a1 — 2, Aeg —ag —xh,...) = (A\y1 — a1 — Y7, Ay2 — as — yy, ...)

Aty —a; —xy = y; —a; —y;,Vi €N
(3.4b) = v =yl — Ay, Vi € N

(3.4c) (zi —yi') =A(zi —wi),Vie N
From (3.4c) we get (z; = y;) or
(3.5) e P Py o Y YT - A =0
If A <0 then for (z; 20 A y; > 0),or (z; <0 A y; <0), we have that
x?‘l + x?_Zyl- + ot oy yf_l + y?‘l > 0 and
e 2P Ry P oy N > 0.
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If A <0and (z; 20 A y; <0) then: a) for xz —y; we have
i

H
\Y
3
/—\
F
~—

-2
1‘2 n—3 > T (_yl)n
From these inequalities by summing we get

e 1+xn 31%2‘1' +x2y;n 3 2 _mn—2yi_x;z—4y?_“. zy? 2

nl_‘_l‘n 2yl+xn 3y12+xn 4yi3+ nyzz3+xlyzl2>O

By adding two members y' 1 >0and —\ > 0, to the left side, we get
e VI IV R A Ve B T Y )

b) for z; < —y;, we have

-2
gtz ()"
wiyp 2 @l (—y)t
T D)
From these inequalities by summing we get
- +w2yz" b al T sy - -y =

Tty +x2y73+x3y"4+ a2 Ty e Py 2 0.

By adding two members z'"" > 0 and —\ > 0, to the left side, we get
R I S R VA 1)

If A< 0and (z; <0 A y; >0) we can analogously get the same inequality. So
any way, from (3.4a) it follows that x = y and AI — F is an injective operator (for
A < 0). We can see from the equations (3.4b) that this operator AI — F' is injective
if the operator A\I — G (where G is operator generated by the function g (s, u) = u™,
(n is odd number)) is injective. Let us find out if the equation (A — G)x = 0 has
any nontrivial solutions for A > 0.

(3.6) (M — Q) (21,22, ...) = (0,0,...)
(Axy — 2, Azg — 28, ..) (0,0,...)
Ar; —xp = 0,VieN
zi(A—2!7') = 0,VieN

(zi=0 Vv a!""=\),Vi € N
If A < 0 then there is only trivial solution z = (0,0,...). If A > 0, then it
is possible that z; = + "/ for some i € N, so the equation (3.6) has nontrivial
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solutions also, such as ("7\15,0,0, ) This implies (since GO = 0) for A > 0,

that operator A\] — G 1is not injective and also AI — F' is not injective. So operator
Al — F is not bijective mapping for A > 0, hence

(3.7) (0,00) C o (F)

Let us see for A # 0 and arbitrary y € [, , whether exists € [, such that
(M —-F)z=y.

(A1 —a1 — 2, Ay —ag —25,...) = (y1,¥2,...) =
Az —a; —zy = y;,VieN
= Ari+a;+y; = 0,VieN.

These odd-degree polynomial equations have at least one real solutions x; for every
y; € R and it means that operator A\I — F is onto for A # 0. For A < 0 operator
M — F is bijective and now we research if (A — F) ™" is a continuous operator. For
A =0 we have

(—F)"" (21, 29,...) = (¥/—a1 — @1, ¥/ —az — @2, -+)

and this is continuous mapping. It follows from the Theorem 1.2., because f (i,u) =
{/—a; —u are continuous functions Vi € N. For A < 0:

()\I—F) (1‘1,1:2,...) = (yl,yg,-”)

(Azy — a1 — 2, Awa —az — vy, ...) = (Y1, 2, )

The function f (i,u) = Au — a; — u™ is bijective and decreasing (for A < 0) and
continuous, Vi € N, so there exists its inverse f~!(i,u) (which is also bijective,
decreasing and continuous function) Vi € N ([5]). Now from the Theorem 1.2 fol-

lows that operator (A — F)fl, generated by f~! (i,u), is continuous operator. We
proved that for A < 0 the operator (Al — F) is bijective and (A — )~ is contin-
uous operator. For A = 0 a superposition operator G = (—F)~! is generated by

the function g (s,u) = —3/a(s) + u. The function g, (s,u) = -1 -(a(s) + u)fni1
is not continuous in u = —a (s) (Vs € N), so from the Theorem 1.3 it follows that
operator G can not be continuously differentiable at zo = (—a1, —ag, —as, ...) € l,.
Hence, 0 ¢ py (F) =

(3.8) 0€on(F).

If A < 0 then AJ—F is bijective mapping and then we have to find out if (A — F)f1
is a continuously differentiable operator.
a) Case that n = 3. We have (Al — F) ™" (21,33, ...) =

(Vo522 VB - {fom VB
</_(a22+I2)+\/A72_€/a2‘£$2+ /A%,_,)7
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where A; = (%)2 + (_T’\)S We have a superposition operator G = (AI —

F)~! which is generated by the function:

R N = e

2
with A = (W) + (_7)‘)3 Since A < 0, we have A > 0 and the expressions

under the cubic root are positive <i% +VA > O). Then for g, (s,u) we get
(Vu € R¥s € N):

g;(&u):_% [A(1—%‘>+B(1+%ﬂ,

where

A:(“(S);“Jr\/l)g; B:(—a(s);”ﬂ/lf; A>0.

Consequently, this function g/, (s, u) is continuous Yu € R,Vs € N and according to
the Theorem 1.3 the operator G = (A — F)~! is continuously differentiable. So we
get for A < 0 that A € py (F'), which together with (3.7) and (3.8) gives us that
Neuberger spectrum of F is a set oy (F) = [0, 00).

b) Case that n is an odd number and n > 3. The superposition operator

M—-F)z=(Az1 —a1 — 27, ze —as —y%,...)
is generated by the function
(3.9 fi,u) =M —a; —u".

For fixed i € N we can consider the function (3.9) as the function of one variable
u, where a; is a real constant. For A < 0 it is bijective, decreasing and continuous
function (for every i € N), so there exists its inverse f ! (i, u) which is also bijective,
decreasing and continuous function (for every ¢ € N). The function (3.9) is convex
for v < 0 and concave for v > 0 and it is a continuously differentiable function,
that is, the function f, (,-) is continuous at every u ( f! (¢,0) = A < 0). Thus
f71(4,u) is concave for u < —a; and convex for u > —a; and it is also continuously
differentiable function for every i € N ([5]). Indeed, it is clear that f=!(i,u) is
differentiable for © < —a; or u > —a; and it is also differentiable in u = —a; with
(f‘l); (i,—a;) = + < 0. By the Theorem 1.3 it means that operator (A — F) ™'
generated by the function f~!(i,u), is a continuously differentiable operator (for
A < 0). Again we get that

(3.10) (~50.0) C pw (F)
Finally, from (3.7), (3.8) and (3.10) we get the Neuberger spectrum of F is a
set on (F) = [0, 00). O

We can now summarize the Lemma 3.1 and the Lemma 3.2 in the following:
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THEOREM 3.1. Let the superposition operator F' : I, — 1, be generated by
the function f(s,u) = a(s) + u™, where (a(s))s is a sequence from the space l;
(1 <t < p<o0).Then the Neuberger spectrum of F is:

B R, if n is even
UN(F)—{ [0,00), if n is odd and n > 3

In case that I, is a space of sequences over C then on (F') = C.

Now we will consider the superposition operator F' generated by the function
f(s,u) = a(s)-u", n €N, where (a(s))s is a bounded sequence (a € ly) and
(3s € N)a(s) # 0. We can see that operator F' can act from [, to I, (1 < p < 00)

a) Case 1 < p < oo. Since a is a bounded sequence of numbers, then there
exists a number

(3.11) b =sup |as| < oo
seN
such that Vs € N, |a (s)] < b. Now we have
[f (s;w)| = la(s) - u"[ = la(s)| - [u"| <b-Jul".

For |u| < 1 we have inequality |u|" < |u| and
(3.12) f (s,w)[ < b ful™ < b ful = b Jul? |

Inequality (3.12) holds for |u| < 1 and Vs € N, so from the Theorem 1.1 follows
that operator F' acts from [, to .

b) Case p = 0.
Fx=F(x1,x9,...) = (a127, azxy, ...)
x = (21,22,...) €Eloe =
(3.13a) Jsup |xs] = M and sup |zg|" = M™.
seN seN

Now, from (3.11) and (3.13a) we get

sup |asx?| = sup |as| - sup |zs|" =b- M™ < oo,
seN seN seN
which means that operator F' acts from o, to l.

From the Propositions 2.1 and 2.3 we see that this operator F' is a continuously
differentiable operator, F € ¢! (1,).

LEMMA 3.3. Let the superposition operator F : I, — I, (1 < p < o0) be
generated by the function f (s,u) = a (s)-u™, wheren is an even number and (a (s))s
is a sequence from the space lo.Then the Neuberger spectrum of F is oy (F) =R

(oron (F) =C).
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PRrROOF. Denote a (s) = as, s € N. We have
Fz = F(x1,22,...) = (a1-2%,a2-2%,...) and
F0O = F(0,0,..)=(0,0,...).
First we have to find when the operator A\I — F' is bijective. For A = 0 we get
—Fz = (—ay -2}, —ag-25,...).

It follows from —Fx = —F'y that

(—ay - 27, —ag - 25,...) = (—a1 - Y7, —az - ¥y, ...) <
(3.14a) —as - Ty = —as-yy, Vs € N.
From (3.14a) it does not have to follow that xs = ys, so the operator —F' is not

injective. Let us find out for A # 0 if the equation (A — F)z = 0, has some
nontrivial solutions.

(M —-F)x (A1 — aral, Axg — agzy,...) = (0,0,...)

Arg —asxy = 0,VseN.
If as = 0 for some s, then follows x; = 0. If a5 # 0 then we have
A
rs(A=aal7l) =0 = (z,=0) V(=)

Since n — 1 is an odd number there always exists a real number z; = "*\1/5 #+
0. Hence, the operator AI — F' is not injective for any real number A\. Thus, it
follows from the Definition 1.2, that the Neuberger resolvent set is empty and the
Neubereger spectrum of F' is o (F) = R. O

LEMMA 3.4. Let the superposition operator F : 1, — 1, (1 < p < o0) be
generated by the function f (s,u) = a(s)-u™, wheren is an odd number and (a (s))
is a sequence from the space lo,. Then the Neuberger spectrum of F is

[0,00), ifa(s) 20,Vs €N
(3.15) on (F) = (—00,0], ifa(s) <0,¥seN
R, if (3i,5) (a; >0 Aaj <0).

S

PROOF. Denote a(s) = as, s € N. We have
Fx = F(r1,22,..)=(ay -2}, as-x%,...)
M-F)z = (Ar1— a1z}, \x2 — az2f,...).
I) Case that as > 0,Vs € N. For A = 0 we get
—Fx = (—aj2f, —ag2y,...).

From —Fx = —Fy follows

(—ar2t, —aqgxy,...) = (—a1y7, —agyy,...) <

(3.16a) —asxy = —agzy,,Vs €N
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If 3a; = 0 then from (3.16a) it does not follow =, = y, and it means that
operator —F is not injective. If ay > 0,Vs € N, then from (3.16a) (since n is an
odd number) it follows that x5 = ys, Vs € N, i.e. x = y. It means that operator —F
is injective in case that as > 0,Vs € N. For A #£ 0 let us first consider the operator
equation (A — F)x = 0.

(A1 — a12t, Axg — agzy,...) = (0,0,...) <
Az —asxy, = 0,VseN.
If ay = 0 for some s € N, then x, = 0 for those s; otherwise (for s € N such that
as > 0) we can write
zs (A —azl™') =0
From the last equation it follows that s = 0 or

(3.17) asz” =\

If A > 0 and as > 0 then the equation (3.17) has solutions x5 = £ "7/ % IfA<0
and as; > 0 then the equation (3.17) has no real solutions (since n — 1 is even).
It means that the equation (Al — F')x = 0 has nontrivial solutions for A > 0 and
as = 0 and since F'O = 0 it gives us the consequence that A\I — F' is not injective
(for A > 0 and as > 0). So we get

(3.18) (0,00) Con (F).
If A < 0 suppose that (A — F)x = (Al — F)y.

(Az1 — a12t, Axe — agzhy,...) = (Ay1 — a1y7, A\y2 — asyy,...) <
ALs — asxl = A\ys — asys,Vs €N <—

(3.19a) Axs —ys) =as (2 —y?),Vs €N

S

If as = 0 for some s € N, then x5 = y, for those s. Otherwise (for s € N such
that as > 0) we get from (3.19a) that zs = y, or

A
(3.20) e T N T T

as
The equation (3.20) is similar to the equation (3.5). Since a—i < 0, we have already
shown in the proof of the Lemma 3.2 that it implies

A
e e N A e
S

so the equation (3.20) has no real solutions. It means that from (3.19a) follows
Ts = Ys, Vs € N. Hence, A\I — F is injective operator for A < 0 and as, > 0.
Surjectivity of an operator AI — F for every real A can be proved on the sim-
ilar way as in the proof of the Lemma 3.2. Thus, A\l — F' is bijective opera-
tor for A=0 A (as > 0,Vs € N)) and (A <O0A (as > 0,Vs € N)). For these cases
we are going to investigate if (Al — F )71 is a continuously differentiable opera-
tor.
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a)A =0 A(as >0,Vs €N)

(-F) 'z = (\/7‘1”1 \/722 )

This operator (—F)f1 is generated by the function f (s,u)

—u
as

The function

-1
fh(s,u) = — (n v asu%> is not continuous in u = 0, so by the Theorem 1.3
we have that (—F) ™" is not differentiable operator in zero, (—F)™" ¢ € (I,). Thus,
0¢pn(F) =

(3.21) 0€on(F).

b)A <0 A (as 20,Vs €N)

Operator \I — F' is generated by the function f(s,u) = Au — asu™ which
is continuous, bijective and decreasing function (for every fixed s). It is con-
vex for v < 0 and concave for v > 0 and it is a continuously differentiable
function, that is, the function f! (s,u) = A\ — asnu™~! is continuous at every u
(f! (5,0) = XA < 0). Thus there exists its inverse f~!(s,u) which is continuous,
bijective and decreasing function (for every s) and it is concave for v < 0 and
convex for u > 0 and it is also continuously differentiable function for every s € N

((f’l); (5,0)=1 < O). By the Theorem 1.3 it means that operator (A — F)~"

generated by the function f~!(s,u), is a continuously differentiable operator for
A < 0. So we get

(3.22) (—00,0) C pn (F).

Finally we get from (3.18), (3.21) and (3.22) that o (F) = [0, 00).

IT) Case that a; < 0,Vs € N

Again from (3.16a) we conclude: operator —F' is not injective if Ja;, = 0 and it
is injective if ay < 0,Vs € N. For ay; < 0,Vs € N, the operator (—F)_1 is generated

N
by the function f(s,u) = 3/=%. The function f] (s,u) = — (n aSuTl)

as
is not continuous in u = 0, so by the Theorem 1.3 we have that (—F)~" is not
differentiable operator in zero. Thus, we get 0 € on (F) (3.21). Analogously as
in the previous case I), from the equations (3.17) we conclude that the operator
equation (A — F')z = 0 has nontrivial solutions if A < 0 (with 2, = &3/ if
as; < 0 and s = 0 if a; = 0). It means that A\I — F is not injective operator
for A < 0. For A > 0 from the equation (A — F)z = (A — F)y we again comes
up to the conclusion that s = ys if as = 0 and if a5 < 0 then from the equation
(3.20) where 2 < 0, we see that again values z, = y,. Hence, \] — F is an injective

operator for )\ > 0 and a; < 0. Naturally, operator A\I — F' is surjective for every
real A. So,

(3.23) (—00,0) C o (F).

Operator Al — F is bijective for A > 0 and as < 0 and it is generated by the
function f (s,u) = Au— asu™ which is continuous, bijective and increasing function
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(for every fixed s). It is concave for v < 0 and convex for v > 0 and it is a
continuously differentiable function, that is, the function f/ (s,u) = A —asnu™~t is
continuous at every u ( f/, (s,0) = XA > 0). Thus there exists its inverse f~=! (s, u)
which is continuous, bijective and increasing function (for every s) and it is convex

for u < 0 and concave for u > 0 and it is also continuously differentiable function for
every s € N ((f_l);t (s,0) = % > 0). By the Theorem 1.3 it means that operator

(M — F)~" generated by the function f~!(s,u), is a continuously differentiable
operator for A > 0. So

(3.24) (0,00) C pn (F).

Now, from the (3.21), (3.23) and (3.24) we get on (F) = (—00,0].

IIT) Case that (3i,7) (a; > 0 Aa; < 0)

From the above observations in cases I) and II), we can conclude that the
Neuberger spectrum in this third case is oy (F)) = R. O

We can summarize the Lemma 3.3 and Lemma 3.4 in the following:

THEOREM 3.2.  Let the superposition operator F : 1, — 1, (1 < p < 00) be
generated by the function f (s,u) = a (s)-u", wheren € N and (a (s)), is a sequence
from the space lo,. Then the Neuberger spectrum of F is

[0,00), ifn is odd and a(s) > 0,Vs € N

on (F) = (—00,0], ifn is odd and a(s) < 0,Vs € N
R, if n is even or n is odd and (3i,j) (a; >0 Aa; <0).

S

4. Some other spectra and discussion

We may compare some other notions of spectrum for above mentioned nonlinear
operators. For the class of continuous operators F' on a Banach space X Rhodius
introduced in 1984. the following notion of a spectrum. A point A € K belongs
to the Rhodius resolvent set pg (F) if AI — F is bijective and (Al — F)™' is a
continuous operator on X. The set or (F) = K\pg (F) is called the Rhodius
spectrum of F. The set of all eigenvalues of the operator F' is the point spectrum
of F,ie. o,(F)={A€K:Fz= Az for some  # 0}. The point spectrum is an
important part of the spectrum of a linear operator and it is also important part
of the Rhodius and Neuberger spectrum of nonlinear operator. In case F0 = 0
we have that the point spectrum is a subset of the Rhodius, as well as, of the
Neuberger spectrum. It is not difficult to find out the Rhodius and point spectra
from the previous section in this paper (see also [15]).

1) If the superposition operator F' : [, — I, is generated by the function
f(s,u) =a(s)+u", where n is an even number and (a (s))s is a sequence from the
space I (1 <t < p < o0), then:
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or(F) = R
R\ {0}, if a(s)=0,Vs e N
oy (F) = R, if (a(s) <0) A(a(s)<0)
(foo, -2 supa(s)} U [2 Supa(s),Jroo) ,if supa(s) > 0,n = 2.

The Rhodius spectrum is the same as the Neuberger spectrum

CTR(F) :(TN(F) =R.

2) If the superposition operator F' : [, — [, is generated by the function
f(s,u) =a(s)+u", where n is an odd number and (a (s))s is a sequence from the
space l; (1 <t < p < o0), then:

or (F) = (0,00); oy (F) = { (O’Oo)xﬁg,ifif(lags()s)zivgs -

The Rhodius spectrum is a strict subset of the Neuberger spectrum og (F) =
(0,00) C [0,00) = on (F). In case Ja (s) # 0 we do not have F0 = 0 and the point
spectrum o, (F') = R is not a subset of the Rhodius spectrum og (F) = (0,00),
nor of the Neuberger spectrum oy (F) = [0,00). In case a (s) = 0,Vs € N, we have
that (0,00) =0, (F) = or (F) Con (F) =[0,00).

3) If the superposition operator F' : I, — [, is generated by the function
f(s,u) =a(s)-u", where n is an even number and (a (s))s is a sequence from the
space [, then:

if a(s)#0,VseN
R, if Ja (s) = 0.

We have that og (F) = on (F) = R. If there is some a(s) = 0 then o, (F) =
or(F) = on(F) = R; if a(s) # 0,¥s € N then R\ {0} = 0,(F) C og(F) =
ON (F) =R.

4) If the superposition operator F' : I, — [, is generated by the function
f(s,u) = a(s)-u", where n is an odd number and (a (s))s is a sequence from the
space [, then:

or(F)=R; o, (F)= {R\{O}

(0,00), if a(s)>0,VseN
[0, ),1 a()>0) (3a(s) = 0)
or (F) = (—00,0), if a(s) <0,YVs €N

(—00,0],1 ((S)<0) (3a(s) = 0)
R\ {0}, if ( HZJEN)( (1) >0Aa(j) <0),a(s) #0,Vs eN
R, if (3i,5,k €N)(a(i) > 0,a(j) <0,a (k) =0).

The point spectrum is the same as the Rhodius spectrum. The Rhodius and
the Neuberger spectrum are the same in the following cases:

a) (a(s) 20)A(Ja(s) =0), or (F) =on (F) =[0,00)

b) (a(s) < 0) A (3a(s) = 0), or (F) = ox (F) = (0,0

c) (F,j,keN)(a(i) >0,a(j )<0 a(k)=0),0p(F)=0on(F)=R.

In other three cases we get o, (F) = og (F) Con (F) =0or(F)U{0}.
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The asymptotic spectrum has been defined by Furi, Martelli and Vignoli [12]
in 1978. We call a continuous operator F' : X — Y stably solvable if given any
compact operator G : X — Y with

[G]Q = lim Supw

||| =00 [l

:O,

the equation F' (x) = G (z) has a solution x € X. A stably solvable operator

F e €(X,Y) is said to be FMV-regular if both [F], > 0 and [F], >0 ( [F], =

ﬁirlr‘linf”cﬁgﬂ)”; [F], = (}\E)f 0% , M C X bounded, o (M) is the measure of
z||—00 [e] >

noncompactness), see [2]. Given F' € € (X), the set
prymy (F) ={A € K: Al — F is FMV-regular}

is called the Furi-Martelli-Vignoli resolvent set and its complement ozpy (F) =
K\prapv (F) the Furi-Martelli-Vignoli spectrum of F', or FMV-spectrum, for short.
Intuitively speaking, if a point A € K belongs to opyv (F), then the operator
A — F' is characterized by some lack of surjectivity, properness or boundedness.
This spectrum is based on the notion of stable solvability of operators, a nonlinear
analogue of surjectivity and it takes into account the asymptotic properties of an
operator. For a bounded linear operator all these spectra (Rhodius, Neuberger and
FMV) gives precisely the familiar spectrum. In contrast to other two nonlinear
spectra, the FMV-spectrum, in general,does not contain the point spectrum. On
the other hand, the FMV-spectrum has a nice property which the Rhodius and
Neuberger do not have in general: the FMV-spectrum is always closed.

Let the superposition operator F' : [, — [, be generated by the function
f(s,u) =a(s)-u™ ((a(s))s € ls) or by the function f (s,u) = a (s)+u™ ((a(s))s €
loo, 1 <t <p<o0). If niseven and K =R, then AI — F is not surjective for any
real A, so Al — F' is not stably solvable for any real A\. Hence the FMV-spectrum
of Fis oppmy (F) = R. If the superposition operator F : [, — I, is generated by
the function f (s,u) = u™, where n is odd then oppy (F) = 0.

We can conclude that for our superposition operators F' : I, — [,, generated
by the functions f (s,u) =a(s)-u™ or f (s,u) =a(s) -u™, (1 <p< oo, K=R),all
these nonlinear spectra of F' (the Rhodius spectrum, the Neuberger spectrum and
FMV-spectrum) coincide if n is even. The FMV-spectrum has various applications
to integral equations, boundary value problems and bifurcation theory.Eigenvalues
plays an important role in classical linear spectral theory. In contrast to the other
two spectra, the FMV-spectrum in general does not contain the point spectrum.
The role of the point spectrum now may be substituted by the asymtotic approx-
imate point spectrum (see [2]). Many concepts in nonlinear analysis are in fact of
local nature (such as the derivative of a map at some point) and so recently a new
notion called spectrum of a nonlinear operator at some point, has been defined by
Calamai, Furi and Vignoli [14], (CFV-spectrum ccpy (F), or o (f,p)).This spec-
trum is close in spirit to the FMV-spectrum. Nevertheless, while the asymptotic
spectrum is related to the asymptotic behaviour of a map, o (f, p) depends only on
the germ of f at p. In [13] authors also introduced and study a spectrum called
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small Calamai-Furi-Vignoli spectrum and denoted by o.¢, (F'). In view of the The-
orem 3.7. from[13], we may easily find out the small Calamai-Furi-Vignoli spectrum
Ocfv (F) for our superposition operators F (F' : [, — ,, (1 < p < 00) generated by
the functions f (s,u) = a(s) + u™ or f(s,u) = a(s)-u"; n € N;n > 2). These
operators are Fréchet differentiable at 0 and F’ (0) (z1,x2, 3,...) = (0,0,0,...), so
Ocfo (F) = o (F'(0)) = {0}.

These results of the Fréchet differentiability and the Neuberger spectrum (and
other notions of spectra) for nonlinear superposition operators may be used in solv-
ing some nonlinear operator equations and eigenvalue problems. We are interested
in a solvability of nonlinear systems of equations (of Hammerstein type), i.e. op-
erator equations with a superposition operator F' in a space of sequences [, and
lp o (see [16]). These systems often occur in a chaos theory and theory of stochastic
processes.
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