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ABSTRACT. In this paper, we investigate the order of growth of solutions of
the higher order non-homogeneous linear differential equation

k-1
f(k>+2hjepj<z)f(j>: F,
j=0
where Pj(z) (j =0, 1,--- ,k — 1) are polynomials with deg P; = n; > 1 and
hj(z) (=0, 1, --- ,k—1) not all vanishing identically, F' are meromorphic

functions of finite order having only finitely many poles. Under some condi-
tions, we prove that every meromorphic solution f # 0 of the above equation
is of infinite order. We give also some estimates of their hyper-order, exponent
of convergence of the zeros and the hyper-exponent of convergence of zeros.
Furthermore, we give an estimation for the exponent of convergence of fixed
points of solutions and their 1st, 2nd derivatives.

1. Introduction and statement of results

In this paper, we use the standard notations of Nevanlinna’s value distribution
theory (see, [11], [13], [18]). In addition, we use the notations A (f) and A (%) to

denote respectively the exponent of convergence of the zeros and the poles of a
meromorphic function f, p(f) to denote the order of growth of f. To express the
rate of growth of meromorphic solutions of infinite order, we recall the following
definition.
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DEFINITION 1.1. ([12], [18]) Let f be a meromorphic function. Then the
hyper-order ps (f) of f (z) is defined by

. loglog T (r,
p2 (f) = hmsupig 1g ( f),
r—>+400 ogr

where T (r, f) is the Nevanlinna characteristic function of f.
To give estimates of fixed points, we define:

DEFINITION 1.2. ([7] [ 6]) Let f be a meromorphic function and let 21, 29, -
(Izj] =rj, 0 <7 <12 < ---) be the sequence of the distinct fixed points of f. The
exponent of convergence of the sequence of distinct fixed points of f (z) is defined
by

“+oo
T(f)=inf¢7>0: Z|zj|7T < +00
Clearly,

B B - logN( Z)
T(f)=A(f—-2)= ?ETOQT’

where N (r, = ) is the integrated counting function of distinct fixed points of

fz)in{z: [z <r}.
DEFINITION 1.3. ([6]) Let f be a meromorphic function. The hyper-exponent

A2 (f) of convergence of zeros and the hyper-exponent Ay (f) of convergence of
distinct zeros of f are defined respectively by

loglog N (r, %) _ loglog N (r, %)
A2 (f) =limsup—————, Ao (f) = limsup————=.

r—too log r r—too log r

Several authors, such as Kwon [12], Chen [8], Gundersen [10] have investigated
the second order linear differential equation

(1.1) F1 4 AL (2) P f 4+ Ay (2) QP f =0,
where P (z), Q(z) are nonconstant polynomials, A; (z), Ag(z) # 0 are entire
functions such that p (4;) < deg P (2), p(Ap) < deg@ (z). Gundersen showed in
([10], p. 419) that if deg P (z) # deg@ (z), then every nonconstant solution of
(1.1) is of infinite order. If deg P (z) = deg @ (2) , then (1.1) may have nonconstant
solutions of finite order. For instanse f(z) = e+ 1 satisfies [ +2e* f' —2e*f = 0.
n [17], Wang and Laine have investigated the growth of higher order non-
homogeneous linear differential equations and obtained the following result.
THEOREM 1.1. ([17]) Suppose that A;(z) = h; (2)e@(j = 0,--- k- 1),
where Pj(z) = a; n2"+---4a;o (j =0,1,--- ,k—1) are polynomials with degree n >
hj(z) (#20) (j =0,1,--- ,k—1) are entire functions with order less than n, and
that H(z) # 0 is an entire function of order less thann. If aj,, (j =0,1,--- ,k—1)
are distinct complex numbers, then every solution f of the differential equation

FE 4 A () fF D 4o Ay (2) f + Ao(2) f = H (2)
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is of infinite order.

In this paper, we consider the higher order nonhomogeneous linear differential
equation

(1.2) fO 4 hyoq (2) P @ fED Lo by (2) PO b (2) P f = F(2)

where P; (z) are polynomials with degree n; > 1 (j = 0,1,--- ,k — 1) and h;
(j =0,1,--- ,k — 1) not all vanishing identically, F' are meromorphic functions
having only finitely many poles. We obtain the following results.

THEOREM 1.2. Letn; > 1 (j = 0,1,--- ,k — 1) be integers and P; (z) (j =
0,1,---,k — 1) be polynomials with degree n;, and let h; (z) (j =0,1,--- ,k—1)
not all vanishing identically, F be meromorphic functions of finite order having
only finitely many poles such that p(F) < max{n; : j = 0,1,--- ,k —1} = n
and p(hj) <n; (j=0,1,--- ,k—1). Suppose that n; are distinct integer numbers.
Then every meromorphic solution f # 0 of equation (1.2) is of infinite order and the
hyper-order of f satisfies pa (f) < n. Furthermore if F 2 0, then every meromorphic
solution f of equation (1.2) satisfies

A=A =p(f)=00, X(f)=X2(f)=p2(f) <n.

THEOREM 1.3. Letn; > 1 (j =0,1,--- ,k — 1) be integers and Pj(z) (j =
0,1,---,k — 1) be polynomials with degree n;, and let h;(z) (j =0,1,--- ,k—1)
(ho £ 0), F be meromorphic functions of finite order having only finitely many poles
such that max{p(h;) (j=0,1,--- ,k—1), p(F)} <degP;(z) (j =0,1,--- ,k—
1), with P; () =0 ifh; =0. Ifn; ( =0,1,--- ,k — 1) are distinct integer numbers,
then for any meromorphic solution f # 0 of equation (1.2), we have f, f', " all
have infinitely many fixed points and satisfy

() =T(f) =7 (") = o0,

REMARK 1.1. For some papers related to second order nonhomogeneous linear
differential equations see ([1], [2]).

2. Lemmas for the proofs of theorems

First, we recall the following definitions. The linear measure of a set E C
(0, +00) is defined as m (E) = 0+O° X (t) dt, and the logarithmic measure of a set
F C (1,400) is defined by Im (F) = 1+°° X%(t)dt, where x g (t) is the characteristic
function of a set H.

LEMMA 2.1. ([3], [15]) Let P(z) = anz™ + -+ 4+ ap (ap =a+if #0) be a
polynomial with degreen > 1 and A (z) # 0 be a meromorphic function with p (A) <
n. Set f(z) = A(2)eP®)| 2 = re? 5 (P,0) = acosnh — Bsinnb. Then for any
given € > 0, there exists a set By C [0,2m) that has linear measure zero, such that if
0 € [0,2m)\ (E1 U Es), where Ex = {0 € [0,27) : § (P,6) = 0} is a finite set, then
for sufficiently large |z| = r, we have
(i) if 6 (P,0) > 0, then

(2.1) exp{(1—¢)6(P,0)r"} <[f (2)| <exp{(1+¢)d (P, 0)r"},



80 ANDASMAS AND BELAIDI

(i) if 6 (P,0) < 0, then

(22)  exp{(1+2)8(P,6)r"} <If ()] <exp{(1—£)5(P,0)r"}.

LEMMA 2.2. ([9], p. 89) Let f(z) be a transcendental meromorphic function
of finite order p. Let T = {(k1,j1), (k2,72), -, (km,Jm)} denote a set of distinct
pairs of integers satisfying k; > j; =2 0 (i=1,2,--- ,m) and let € > 0 be a given

constant. Then, there exists a set Es C [0,2m) that has linear measure zero such
that if 1o € [0,2m) \Es5, then there is a constant Ry = Rg (o) > 1 such that for all
z satisfying arg z = g and |z| = Ry and for all (k,j) € T, we have

™ (2)
e

LEMMA 2.3. ([1]) Let f(z) be a meromorphic function having only finitely
many poles, and suppose that

< ‘Z|(k*j)(P*1+€) .

_log" |f¥) (2)]

a |21

is unbounded on some ray argz = 0 with constant p > 0. Then, there exists an
infinite sequence of points z, = r,e¥ (n = 1,2,---) tending to infinity such that
G (z,) = 00 and

f(j) (Zn) 1
FO )| S G 9)

REMARK 2.1. Lemma 2.3 was obtained by Wang and Laine in [17] when f (z)
is entire function.

G(2):

'(1+0(1))|zn|s_j (j=0,---,s—1) as n — occ.

LEMMA 24. ([17]) Let f(z) be an entire function with p(f) < oo. Sup-
pose that there exists a set E4 C [0,2m) which has linear measure zero, such that
log* |f (rew) | < Mr? for any ray arg (z) = 0 € [0,27) \Ey, where M is a positive
constant depending on 0, while o is a positive constant independent of 6. Then
p(f) <o

LEMMA 2.5. ([5]) Let f(z) be a meromorphic function of order p(f) = p <
~+o00. Then for any given € > 0, there exists a set E5 C (1,4+00) that has finite linear
measure and finite logarithmic measure such that when |z| =1 ¢ [0,1]U E5,r —
+o00 , we have

[f ()] < exp{rT}.

o0
Let g (2) = > anz™ be an entire function. We define by

n=0
w(r) =max {|a,|r™;n=0,1,2,---}

the maximum term of g, and define by v, (r) = max {m; u (1) = |a,| ™} the central
index of g.

LEMMA 2.6. ([19]) Let f(2) = g(z)/d(2) be a transcendental meromorphic
function, where g (2) is a transcendental entire function and d (z) is a polynomial.
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Then there exists a set Eg C (1,+00) that has finite logarithmic measure such that
for all z satisfying |z| = r ¢ [0,1] U Eg, 7 — 400 and |g (2)| = M (r,g), we have

P () o,

where n > 1 is positive integer.

LEMMA 2.7. ([6]) Let f(z) = Z anz™ be an entire function of infinite order
with the hyper-order oo (f) = o. Then

log1 -
lim supiOg ogvy (r) =
r—s+00 log r

LEMMA 2.8. ([14]) Let g(z) be an entire function of infinite order. Denote
M (r,g) = max{|g (2) ]| : |z| = r}, then for any sufficiently large number A > 0, and
any r € E7 C (1,00)

M (r,g) > 1 exp{chA},

where lm (E7) = oo and ¢y, ca are positive constants.

LEMMA 2.9. Suppose that k > 2 and Ay, A1, -+ ,Ar_1, F are meromor-
phic functions not all vanishing identically having only finitely many poles. Let
p=max{p(4;)(j=0,1,--- ;k—1), p(F)} < oo and let f (z) be a meromorphic
solution of infinite order of the differential equation

(2.3) FO 4 A fE D 4 A+ Agf = F.
Then ps (f) < p. Furthermore if F # 0, then we have
A2 (f) =X (f) = p2(f) < p.

PrROOF. We assume that f is a meromorphic solution of equation (2.3) of
infinite order p (f) = oo. By (2.3), we have

Fk) (k—1) Fk=2)
’f f f ’ f ‘

From equation (2.3), we know that the poles of f can only occur at the poles of
Aj (7=0,1,--- ,k—1) and F. Since A; (j =0,1,--- ,k —1) and F are meromor-
phic functions having only finitely many poles, then f (z) must have only finitely
many poles. Therefore, by Hadamard factorization theorem, we can write f as
f(z)= ggzg, where d (z) is a polynomial and ¢ (z) is a transcendental entire func-
tion with p(g) = p(f) = oo and p2 (f) = p2 (¢). By Lemma 2.5, Lemma 2.6 and
Lemma 2.8, for any small € > 0 and any sufficiently large number A > p + ¢, there
exist a set F = E5 U Fg C (1,400) that has finite logarithmic measure and a set
E; C (1,400) with Im (E7) = oo and positive constants c1, ¢, such that for all z
satisfying |z| =r € EN\[0,1]U E, r — 400 with |g (2)] = M (r, g), we have

< | Ag-1] / + |Ak_2] + 4 A | = + | Ao -

O (0N i 1
(25) k= (2 oy G-t
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(2.6) |A; (2)| <exp{r’*e}, j=0,1,--- ,k—1and |F ()| <exp{r’t},

(2.7) ‘F © :‘F(z) |d(2)| < Ar™ 1e><p{rp+€—c o1} — 0,

f(2) 9(2)

where A > 0 is a constant and m = degd > 1 is an integer. Substituting (2.5),
(2.6), (2.7) into (2.4), we obtain

l/g(T) k‘1+0 i e
Z —

Vg ) rPte

M +o1)+e"

it follow that

(g M) Lo ()] < (k+1) e 7% (v, (1) 14+ 0(1)]
so,
(2.8) vy (1) [1+0(1)| < (k+1)e” 11+ 0(1)]
holds for all z satistying |z| = r € E;\ [0,1]UE, r — 400 with |g (2)| = M (r, g).
Hence, by (2.8) and Lemma 2.7, we obtain that

p (F) = pa (g) = limsup 28108 ()

] <p+te
r—s+o00 ogr

Since € > 0 being arbitrary, then we get

(2.9) p2 (f) < p.

We know that if f has a zero at zg of order m, m > kand 4; (j =0,1,--- ,k—
1) are analytic at zp, then F (z) must have a zero at zg of order m — k. Therefore,
we get by F' # 0 that

(2.10) N (r, Jlf) < kN (r, }) +N (r, ;) + 21\7(7" A;j)

Jj=

On the other hand, (2.3) can be rewritten as follows

1 {f(k) fE=1)

f/
= | A +o+ A

;AT f+A°}

~| =

So
k—1 k ;
(2.11) m <7’,1) < m(r, 1) +Zm(r,Aj)+Zm <7”,f(j)> +0(1).
i F) 2\

Hence, by the lemma of logarithmic derivative [11], there exists a set E C [0, +00)
having finite linear measure such that for all r ¢ E, we have
f@

(2.12) m (r, f) =0 logT (r,f)+1ogr) (j=1,2,--- k).
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By (2.10), (2.11) and (2.12), we have

T(T’f):T<’"vJ1c) +0(1) <kN<r,}) +N<r,}17> +I§N(r,Aj)+m(r,;)

§=0
. b Ji&
—l—Zm (r, A;) + Zm (r, ) +0(1)
§=0 j=1 f
1 k-1
(2.13) = kN <r, f) +T (r,F)+ > T(r,A;)+ Clog (T (r,f)), r ¢ E,
§=0
where C' is a positive constant. For sufficiently large r, we have
1
(214) C IOg (TT (Tv f)) < iT (Ta f) )
(2.15) T(r,F)<rP™, T(r,A;)) <r’™ (j=0,1,--- ,k—1).

Then for r ¢ E sufficiently large, by using (2.14), (2.15) we conclude from (2.13)
that

T f) KN (r 7 )+ (o )07 4 570 ),
it follows that

(2.16) T (r, f) <2kN (r, ch) +2(k+1)r"™e, r ¢ E.

Hence, by (2.16) we get

then

O

LEMMA 2.10. ([1]) Let Pj(z) (j =0,1,--- k) be polynomials with deg Py(z) =
n(n>1) and degPj(z) < n (j = 1,2,--- k). Let A;(2) (j = 0,1,--- ,k) be
meromorphic functions with finite order and max {p(A4;) : j =0,1,--- ,k} < n such
that Ag (2) # 0. We denote

F(2) = AkePk(Z) + Akilepkfl(z) 4t A16P1(2) + AO@PO(Z).

If deg(Py(z) — Pj(2)) =n forallj=1,--- k, then F is a nontrivial meromorphic
function with finite order and satisfies p(F) = n.
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LEMMA 2.11. ([4]) Let Aj (j =0,1,--- ,k—1), F # 0 be finite order mero-
morphic functions. If f (2) is an infinite order meromorphic solution of the equation
O+ A fE D 4 4 A f 4+ Aof = F,

then f satisfies

3. Proof of the Theorems

PROOF OF THEOREM 1.2. First, we prove that every meromorphic solution
f(z) £ 0 of (1.2) is transcendental of order p(f) > n. We assume that f(z) #
0 is a meromorphic solution of equation (1.2) with p(f) < n. Since degP; #
deg P; (0 <i < j<k—1), then there exists exactly one s € {0,1,--- ,k — 1} such
that hs # 0 and deg Ps (2) = n = max {deg P; (2) (j=0,1,--- ,k—1)}. We can
rewrite equation (1.2) in the form

hr_1 (z) f(kfl)epk—l(z) + -+ hy (Z) f(s)ePS(z)

(3.1) +oe oty (2) £ PG 4 ho (2) fO) = B(2),
where
B(2) = —f® 4 F(z).

Slnceazm x{p (h;) ( =0,1,---,k—=1), p(F)} < n and p(f) < n, then
hi(2) fU9) (2) ( =0,1,--- .,k — 1) and B (z) are meromorphic functions of finite
order with p(h; f0)) < n (j =0,1,--- ,k—1) and p(B) < n. We have deg P; (2) < n

(J *0713" k ]- j #S)anddeg(Ps(Z)ipj(z)) =n (]:0717 7k71; .77&5)
By Lemma 2.107 we find that the order of growth of the left side of the equation
(3.1) is n, this contradicts the fact p(B) < n. Consequently, any meromorphic
solution f # 0 of equation (1.2) is transcendental with order p (f) > n.

Now, we prove that p (f) = +00. Suppose, contrary to the assertion, that f # 0
is a meromorphic solution of (1.2) with p(f) = p < oco. Then, by the assertion
above we have n < p (f). Rewrite equation (1.2) in the form

(3.2) FE 4 A () P+ A (2) f + Ao (2) f = F,

where A; (2) = h; (2)el*) (j=0,1,--- ,k—1). By Lemma 2.2, there exists a
set F3 C [0,27) of linear measure zero, such that if § € [0,27) \ E5, then there is a
constant Ry = Ry (f) > 1, such that for all z satisfying arg (z) = 6 and |z| = r > Ry,
we have

9 (2)
f9(2)
By Lemma 2.1, there is a set F; C [0, 27) that has linear measure zero, such that if
6 €[0,2m)\ (Eq U Ey) , where By ={0 € [0,27) : § (P;,6) =0(j =0,1,--- ,k—1)}
is a finite set. Then for sufficiently large |z|] = r, we have 6 (P;,0) # 0 (j =
0,1,---,k—1) and 4;(2) (j = 0,1,--- ,k — 1) satisfy either inequality (2.1) or
(2.2). For any fixed 6 € [0,27) \ (E1 U Ey U E3) , we have two cases: At least one of

(3.3) <2, 0<i<j<k
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d(P;,0) (j=0,1,--- ,k—1) is strictly positive or all § (P;,0) (j =0,1,--- ,k—1)
satisfy ¢ (P;,0) < 0. We now discuss these two cases separately.

Case 1. Set 6 (P},,0) = 6;, > 0 for j; € {j1,72,- - ,jm} € {0,1,--- ;k —1} and
§(P,0) =6 <0 (h#£0)forl € {0,1,--- ,k—1}\{j1,52, - ,Jm}. Then there
exists one js € {j1,J2, - ,Jm} such that

deg Pj, = d;, = max {deg P, : ji = j1,J2, "+ »Jm} -
By Lemma 2.1, for any given £ (0 < € < 1), we have for sufficiently large r

(3.4) exp {(1—¢)d;,r% } <|A;, (2)],
|Aj, ()] <exp{(1+¢e)d;r¥:} for j; = j1,j2,* , jm and j; # js,

|A; (2)] gexp{(lfe)(slrdl} for 1 €{0,1, - k—1}~{J1,J2, " ,Jm}-
Denoting d;, = max{degP;, : j; = j1,72," - »Jm; Ji # js}- Then for sufficiently
large r, we have
(3.5) |Aj (2)| < exp{(1+¢)d;r%} for j € {0,1,--- ,k—1} and j # js.
We now proceed to show that

_ 1og+ |f(js) (z)|

|Z|cr+s

(3.6) G (2)

is bounded on the ray argz = 6. Supposing that this is not the case. Then by
Lemma 2.3, there exists an infinite sequence of points z,, = rpe® (m =1,2,---)
tending to infinity such that

log™ [ £Us) (2m))|

(3.7) |Zm‘a+€ — 00
and
@ o
(3.8) ‘fj (Zm)'< L (I+o@)|zm[*™ (j=0,---,j4s) as m — oo.

f(js) (2m) h (4s — J)!
From (3.7) for any sufficiently large number M; > 0 we have

log+ ‘f(js) (Zm)’

|Zm|(7+8

(3.9) > Mj, then ’f(js) (zm)‘ > eMilznl™ g m > 4oo.

Since F'(z) is a meromorphic function with only finitely many poles, then by

Hadamard factorization theorem, we can write F'(z) = 1;1((22))7 where 7 (z) is a

polynomial and H (z) is an entire function with p (H) = p (F). From (3.9) for m
sufficiently large (r,, — +0o0), we have
F(2m) _ H (2m) < |H (2m)| < |H (2m)|
£U) (20) T (2m) FU) (2) | ord eMilzml7™ = gMilzm |7




86 ANDASMAS AND BELAIDI

where ¢ > 0 is a constant and d = degm > 1 is an integer. Since p(H) = p(F') <
o, then we have

(3.10) — 0 as m — +oo0.

F(zm) |H (2m)]
f(js) (Zm) = eMllZm,‘U+E

From equation (3.2), we obtain

F® () FED (zm)
i Gl < 7G5 G,y | 1 )l 760,y
fUs+D) (Zm) f ]s—l) )
+ 4 A1 (2m l‘f(ﬂ)’ + [A4j,—1 (2m) |’)’
B o7 \ el
3.11 4+ A1 (2m + 4o (zm
( ) | 1( )‘ f(js ( ) | 0 | f ( fjs
Using inequalities (3.3), (3.4), (3.5), (3.8) and the limit (3.10), we conclude from

the inequality (3.11) that

exp {(1 —¢) 5jsr;fz;s} <r% 1 (k—1)r% exp {(1 te) 5jtrff;‘t} Yo(l),

where « is a bounded constant satisfying « > max{2p, (js—7) (j =0,---,Js)}.
Hence

exp {(1 —¢) 5jsrg{5 } (k+1)rg, exp {(1 +¢) 5jtrfi{t } ,
it follows that
exp {(1 —¢) @jﬁ{s —(1+¢) (5jtrf,ft} <(k+1)re
Since 0 < ¢ < 1 and dj, > dj,, thisis a contradiction, provided that r,, is sufficiently
large enough. Therefore, % is bounded on the ray arg (z) = 6. Then there
exists a bounded constant My > 0 such that
’fus) (Z)‘ < Mal2l7F

on the ray arg (z) = 6. Hence, by (j,)-fold iterated integration (see, [1]), we conclude
that

()] < ﬁ(lﬂu)ws

on the ray arg (z) = 6.

fUs) (2)‘ < i' (1+0(1) pis gMa2l2|7T¢ < eMa|z|772*

S

Case 2. §(P;,0)=6; <0 (j=0,1,--- ,k—1). From (3.2), we get

(k=1) (4 (k=2) (,
1< e O |+ 1aia 001 | S
o e o0l |
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By Lemma 2.1, for any given ¢ (0 < ¢ < 1) we have

|4 ()] gexp{(lfe)éjrdj}, (j=0,1,--- k—1).
Then
(3.13) |Aj (z)| Sexp{(1—g)or®}, (j=0,1,-- ,k—1),
where § = max{d; : j=0,1,--- ,k—1} and d;, = min{degP; : j =0,1,--- ,k—1}.
We prove that

- o= 1100
z

is bounded on the ray argz = 6. Supposing that this is not the case. Then by
Lemma 2.3, there exists an infinite sequence of points z,, = rpe® (m =1,2,---)
tending to infinity such that

log™ | f (zm)]

(3.15) T — 00 as m — 00
Zm
and
(@) .
310 [Tl o)l (=0 k),

From (3.15) for any sufficiently large number M3 > 0 we have
(3.17) ’f(k) (zm)’ > Msleml™ g m - +o0.
By using the same reasoning as above we get from (3.17) that for m sufficiently
large (r, — +00)
F(2m) H (zm)
F®) (2m) 7 (zm) f®) (2m)
where ¢ > 0 and d = degm > 1. Since p (H) = p (F) < o, then we have

‘ F (2m) ‘ [H (zm)]
F® (zn) |~ eMslzml ™t

H ()| H (o)

= cr;ineMg\Zm|a+E = eMs|zp|te)

(3.18) — 0 as m — oo.

Using inequalities (3.13), (3.16) and the limit (3.18), we conclude from the inequal-
ity (3.12) that

1< kexp{(l —5)51"7%{‘}7"&(1 +o(1)+0(1).

By 0 < £ < 1, this is a contradiction, provided that r,, is sufficiently large enough.

ot | £ (2

Therefore, lglllfT()‘ is bounded on the ray arg(z) = 6, then there exists a
bounded constant M, > 0 such that

(319) ’f(k:) (Z)’ < 6M4‘Z|”+€

on the ray arg (z) = 0. Hence, by (k)-fold iterated integration (see, [1]), we conclude
that

F @< 3 (o) |19 (2)
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on the ray arg (z) = 6. Then by using (3.19), we obtain

Z‘oJra o+2e

Myr
et

F @< g (o) ke

on the ray arg(z) = 6. In both cases, there exists a bounded positive constant
M > 0 such that

(3.20) f @) <

on the ray arg (z) = 6. From equation (3.2), we know that the poles of f can only
occur at the poles of A; (j =0,1,--- ,k—1) and F. Since 4; ( =0,1,--- ,k—1)
and F' are meromorphic functions having only finitely many poles, then f (z) must
have only finitely many poles. Therefore, by Hadamard factorization theorem, we
can write f as f(z) = %, where d(z) is a polynomial and g¢(z) is an entire
function with p (g) = p(f). By the first assertion in the proof of Theorem 1.2 we
get p(g) = n. From (3.20), we have

g(2)
d(2)

M,r,o'+2£

on the ray arg (z) = 6. Then
10 (2)] < ()] M7 < ApBMrT

on the ray arg (z) = 6, where A > 0 is a constant and 8 = degd > 1 is an integer.
Hence

(3.21) 19 ()] < M7

on the ray arg (z) = 0. Therefore, for any given 6 € [0,27)\ (E1 U E3 U E3), where
(E1 U E3 U E3) C [0,27) is a set of linear measure zero, we have (3.21), for suffi-
ciently large |z| = r. Then, by Lemma 2.4 we have p(g) < p+ 3¢ < n for a small
positive ¢, a contradiction with p (g) > n. Hence, every meromorphic solution f # 0
of (1.2) must be of infinite order.

Now, by using Lemma 2.9, we obtain
pZ(f) grna‘X{p(AJ) (.7:0717 vk_]-)v p(F)}:n
Suppose that F' # 0. Then, by Lemma 2.9 and Lemma 2.11, we obtain
A=A =p(f)=0c0 and X2 (f) =X (f) = p2 (f) <.
O

PrROOF OF THEOREM 1.3. Let f be a nontrivial meromorphic solution of equa-
tion (1.2). Then, by Theorem 1.2, we have p (f) = oo.

Step 1. We consider the fixed points of f(z). Set go(2) = f(2) — z. Then z is
a fixed point of f (z) if and only if go () = 0. We have go (2) is a meromorphic
function and p(go) = p(f) = oo. Substituting f (z) = go (z) + z into equation
(1.2), we obtain

—_—

9 4 g P D gl g ePE) () PRl gl
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(3:22) +hoe™ gy = F — hy e (®) — zhoe™ ().
We can rewrite (3.22) in the form
(3.23) g(gk) + Ao,k—lg(()kil) + 4 Aoagh + Aopgo = F — Ag1 — zA0,0 = Ao.

For the equation (3.23), we consider just meromorphic solutions of infinite order
satisfying go (2) = f (2) — z. We have

Ag=F — A071 -z AO,O = —ZhoBPO(Z) — hlepl(z) + F.
Since deg P; (j = 0,1) are distinct integer numbers and
o = max{p(ho), p(h1), p(F)} < degP; () (j =0,1),

then zhoe™(®), hie(*) F are linearly independent terms with hg # 0. Hence
Ap #Z 0. By applying Lemma 2.11 to equation (3.23) above, we obtain

Ago) =7 (f) = p(g0) = 0.

Step 2. We consider the fixed points of f’(z). Set g1 (z) = f'(2) — z. Then z is
a fixed point of f'(z) if and only if g1 (z) = 0. We have g; (2) is a meromorphic
function with p(g1) = p(f") = p(f) = oo. By differentiating the both sides of
equation (1.2), we obtain

f(k:+1) + hk_lePk_l(z)f(k) + |:(hk_16Pk_1(z))l 4 hk_QePk_Q(z):| f(kfl)
/
NI [(hsePs(z)) + hs_lePsl(z)} f(S)

!
+-- 4 |:<h2€P2(Z)) + h18P1(z)] fH

!/ !
(3.24) + {(hlepl(z)) + hoep(’(z)} e+ (hoeP"(z)) f=F.
By equation (1.2), we have

f= [f(m F hyqePr1@) pe=1) L o) £(6)

- hoePO(Z)

(3.25) Foot heP @ F} .
Substituting (3.25) into (3.24), we obtain

h ePO(Z))/
(k+1) Py_1(z) _ ( 0 (k)
f + [hk-1e hrgePo®) f

(ho@PO(Z))/

- hOePD(z)

(hk—lepk’l(z))/ + g _peh2() —

hk_lepk,l (z)‘| f(k—l)
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/ h ePO(Z))/
Ps(z) Ps_1(z) _ ( 0 Ps(2) | £(s)
/ h, ePO(Z) !
IS (h26P2(2)> + hyef1(®) — (h(;ePo(Z))thPz(Z) Vil
/ h ePo(z))’ (h ePo<z))’
Py (z) Py(z) _ ( 0 Py(z) | ¢ 0 _
(3:26) + | (7ae™ D) + hoe hoem ¢ T e F =
We can write equation (3.26) in the following form
f(k+1) + Al,k—1f(k) + Al,k—Zf(k_l) NI A1,sf(5+l) + Al,s—lf(s)
h ePO(Z))/
" / ( 0 o
(3.27) +o+ A fT 4+ Arof +W =r,
where A1 ;(j =0,1,--- ,k—1) are meromorphic functions defined by the equa-

tion (3.26). Substituting £/ (2) = g1 (z) + 2, f" (2) = ¢} + 1, f+D = g¥) (5 =
2,3,--+,k) into equation (3.27), we obtain

ggk) + A1,k719§k71) + A1,k729§k72) +F Al,s+lg§s+1) + A1,89§5)
(hoepo(z)),
(328) +--+ A1,1g'1 + A1,og1 = _Al,l -z Al,O - #F + F' = Al,
hoe o (2)
where )
/ h ePO(Z))
— | (e Py _ (1oe™) e
A1 = <h2€ ) -+ hle hoepo(z) hge
/ h 6P0(2)>/ (h epo(z))/
_ Pi(2) poe) _ (0€2) 1 by | _ (oe™) ’
z [(ihe ) + hoe hgePo () hie hgePo®) F+F

1
e (zh%ezpo(z) + Bief® 4+ Byefoth 4 B36P0+P2)
o€ 0\?
1
= —hf (Zhgepo(z) + Bl + Bgepl + Bg€P2) s
0

where By = zh3 and B; (j = 1,2,3) are meromorphic functions of finite order which
is less than n, written on the form of a sum of terms of kinds of multiplications
of the functions z, h;, hj, P/, F, F'. Since degP; (j =0,1,2) are distinct inte-
ger numbers and o = max {p(B;) (j =0,2,1,3)} < degP;(2) (j =0,1,2), then
zh%epo(z)7 By, Bef, Bse are linearly independent terms with hy # 0. Hence
A; # 0. By applying Lemma 2.11 to equation (3.28) above, we obtain

AMg)) =AM =2)=7(f)=p(g) = p(f) = 0.

Step 3. We prove that 7 (f”) = A(f” — 2) = 0o. Set g2 (2) = f”(2) — z. Then z
is a fixed point of f” (z) if and only if g2 (2) = 0. We have g5 (2) is a meromorphic
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function with p(g2) = p(f") = p(f) = co. We just prove that A(g2) = oo. By
differentiating the both sides of equation (3.27), we obtain

FERD 4 Ay g D 4 ( Lho1t+ALk—2) AR SRS (Al o1+ A1 2) A

(329) 44 (All,l + AI,O) f// + All,()f/ _ HI,
where H is a meromorphic function with order p (H) < n and
(hoeP@Y
H= _WF+F .

By equation (3.27) we have

1 -
J= g [0 A A

(3.30) _|_..._|_A17s_1f(5) +"'+A1,1f”—H] )

We remark that A; ¢ # 0, because hg # 0 (for the proof, we can apply Lemma
2.10). Substituting (3.30) into (3.29), we obtain

/

Al A
FOH 4 [Al,kl - Aiﬂ FEHD 4 [A/l,kl + A2 — 141’2141,1@1] FALRTITE

Al Al
+ |:A/1)81 + Al,sf2 — A1,ZA1’81:| f(s) 44 |:A€l,2 + A171 — 14172A1’2:| f(3)

Ay A
(331) + |:A/171 + ALO — 14’0A171:| f// + TVOH — H/.
1,0 1,0
We can write equation (3.31) in the form

/

A
(3.32) FOTD 4 Ag 1 fOTD 4 Ay o fP s b Ao fO + Ay o f7 = —#H‘*‘Hl,
1,0
where As;(j=0,1,---,k—1) are meromorphic functions defined by equation
(3.31) above. We have

/

A
Aso=Al 1 +A10— ﬁAl,h
' Ao

/ A/l 0
As1 =Al 5+ A1 — —Ao.
’ Ao
Substituting f” (2) = g2 (2) + 2, f®) (2) = gb + 1, fUF?) = géj) (j=2,3,--+ k)
into equation (3.32), we obtain

(3.33) gék)+A2,k71gék71)+A2,k729§k72)+- . '+A2,sgéS)+' 4 Az 195+ A 092 = As,

where
!

Ay =—A Ao !
2 =— 2,1—ZA2,0—TH+H
1,0
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= A, 4+ A1y — Ao, -2 fa + A — Aoy ] - AII’OH—s-H’
- 1,2 1,1 Al,O 1,2 1,1 1,0 Al,O 1,1 Al,O
1
= —m [AILQAI,O + A 1A — A’1,0A1,2 + ZA/1,1A1,0
(3.34) +2A3 o — 2A) A1) + A g H — Ay oH'].
We have ,
! h ePO(Z))
— Py (z) Po(z) _ (07 Py (z)
/ h ePo(Z))I
_ Ps(z) P(z)i( 0 Ps(z)
Al’l o (h26 ’ ) +hie ho@PO(Z) 265,
! h ePO(z))/
— (haePs(2) Pa(z) _ ( 0 P3(z)
ALQ <h3€ ) + hoe hoepo(z) hse .
Therefore )
1
Ao = hoeto(2) (h%eQPO + ag’gepﬁ_Pl) ’
1 (0) Po+Pr | (1) Pot+P
Avr = gy (e allie )
1 (0) ,Py+P, (1) ,Py+P,
Ava = o (olae™ ™ +alze ")
and .
Al — ( (0) 3P (1)62P0+P1>,
1,0 (hoepﬂ(z))2 B0 P10
1 1
A = 7( (0) 2P0 +P2 4 g )62P0+P1),
1,1 (hOePO(Z))2 Bia Bia
1
Al — 7< (1) 2Py+Py | (2)62P0+P3),
1,2 (hoepo(z))2 B2 Bz
where o) , 6.(”. are meromorphic functions of finite order which is less than n,
1’7-7 1’7]

written on the form of a sum of terms of kinds of multiplications of the functions
hi, hl, P!, (i=10,1,2,3). From (3.34) we have
1
Ay= [zhge5P° + Byt 4 ByetfotPr 4 Boedfot P
Ay (hoe(®)

+B4€4P0+P3 +B563P0+P1 +BGe3P0+2P1 +B7€3P0+P1+P2 +Bg€3PO+P1+P3]

1
=12 [zhgeQPO + Biel + Byt 4 Byefot P2y et s
1,07%0
8
1
+B56P1 + B662P1 + B76P1+P2 + BgGP1+P3] =—73 ZBjer 5
A1 ohg =

where G; are polynomials defined as above, Go = 2P, By = zh} and B (j =
1,2,---,8) are meromorphic functions of finite order which is less than n, written
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on the form of a sum of terms of kinds of multiplications of the functions z, h;, h},
P!, H, H'. We discuss four cases:

Case 1. If deg Py > deg P; (i = 1,2, 3), then we have deg (Go — G;) = deg Py (i =
1,2,---,8). According to Lemma 2.10) and the fact By = zh{ # 0 we have Ay # 0.

Case 2. If deg P, > deg P; (i =0,2,3), then we rewrite Ay in the form

Ay =— ! 3 [ePU (zhgep0 + By + Bge!® +B46P3)
Al,Oho
—|-6P1 (BQ@PO + By + B66P1 + B7€P2 + Bgep3)]
= _A1,10h3 [ePO (zhgep‘) + B1 + BgeP2 + B4eP3) + Bepl} ,
where B = Bae!® + By + Bge!t + Bref® + Bge!. Since deg P; (j = 0,1,2,3) are
distinct integer numbers and ¢ = max{p(B;) (j =0,1,---,8)} < degP; () (j =
0,1,2,3), then zhje®, By, Bse!, Bye’ are linearly independent terms with hg #
0. Hence K; = (zhje® + By + Bze™ + Bye®) # 0. We have ef* K| = el (zhief +
By + Bse®™ + Byef®) £ 0, Ky = Beft (,0 (Bepl) =deg P, or B = O) have not the
same order of growth, then e/* K, K, are linearly independent functions, hence

1
Ay = — PR+ K :
2 Ay oh [ K+ Fa] 20
Case 3. If deg P, > deg P; (i =0,1,3), then we rewrite Ay in the form
1
Ay = — 3 [ePU (zhgepo + By + Boe + B4eP3)
ALohO

+ (B5€P1 + 36€2P1 + BSGP1+P3)
+ el (BgePO + B7eP1)] , where deg Py > deg P; (i =1,3)

or
o= g [ (A 4 B4 B
+eh (BQ@PO + Bs + BGeP1 + Bsep3)
+ ef® (B?,BPO + B7€P1)] , where deg P; > deg Py > deg Ps
or
Ay = 7 1h3 [ePO (zhgepo + Bl) + Byefstho
1,070
+efr (BgePD + Bs + Bge™ + Bg@PS)
+el” (Bgepo + B7epl)] , where deg P, > deg P3 > deg F)
or
Ay = 7 1h3 [ePO (zhgepo + By —|—BgeP1)
1,0

+8P3 (B4€P0 + Bgepl) + (Bsepl + 36€2P1)
+ el (B’gep‘J + B7eP1)] , where deg P3 > deg Py > deg P,
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or
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1

Ag = ———
2 Ay ohd

[ePO (zhgepo + B1) +efs (B4eP° + Bgepl)

+€P1 (BQ@PO + B5 + Bgepl)
+el? (Bgep" + B7€P1)} , where deg P3 > deg P; > deg Fp.

Then we can write A, in the form

_ 1 ¢
A= g (¢

By the same reasoning as in the proof of Case 2 above, we conclude that e/ K; # 0
and K are linearly independent functions. Hence Ay # 0.

Case 4. If deg P; > deg P; (i =0, 1,2), then by the same reasoning as in the proof
of Case 2 and Case 3 above, we conclude that As # 0.

In all cases, we have As #Z 0. By applying Lemma 2.11 to equation (3.33) above,

we obtain
Ag2) = A" =2)=7(f") = p(g2) = p(f) = co.
O
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