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RIEMANN-STIELTJES OPERATORS
ON SOME WEIGHTED FUNCTION SPACES

A. El-Sayed Ahmed and Alaa Kamal

ABSTRACT. In this paper, Riemann-Stieltjes-type integral operators between
weighted logarithmic Bloch spaces are considered. Moreover, we give some
criteria for lacunary series of new spaces B and 8370 which have the weight
terms in their definitions. Finally, we prove global Besov-type characteriza-
tions for the weighted Bloch space and the little weighted Bloch space.

1. Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex plane C. Recall
that the well known Bloch space (cf. [15]) is defined as follows:

B ={f: f analytic in D and sup(1 — |z|*)|f"(2)] < oo}
z€eD

and the little Bloch space By (cf. [15]) is given as follows
lim (1 —|2/*)|f'(2)| = 0.

|z]—=1—

Recently, for given a reasonable function w : [0,1] — [0,00), the weighted Bloch
space B,, is defined in [17] (see also [9,10,33,34]) as the set of all analytic functions
f on D satisfying

(1.1) 1= [2DIf' () < Cw(l —|2]), z€D,

for some fixed C' = Cy > 0. In the special case where w = 1, B, reduces to the
classical Bloch space B.
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82 A. EL-SAYED AHMED AND A.KAMAL

Also, the little weighted a-Bloch space B , is a subspace of B, consisting of all
f € BS such that

(1= lzD]f" (=) _

(12) ll—>1-  w(l—|z]) 0.

The Dirichlet space is defined by
D = {f: f analytic in D and / |f’(z)|2dA(z) < oo},
D
where dA(z) is the Euclidean area element dzdy.

Let 0 < ¢ < co. Then the Besov-type spaces consist of analytic functions on D
such that

BY = {f : f analytic in D and sup/ |f/(z)|q(1 - |z|2)q72(1 — |pa(2)})? dA(2) < oo},
acD JD

these classes are introduced and studied intensively Stroethoff (cf. [39]). Here, ¢,

stands for the Mobius transformation, where ¢, (2) = {==. In 1994, Aulaskari and

Lappan [15] introduced a class of holomorphic functions, the so called Qp-spaces
as follows:

Qp = {f : f analytic in D and sup/ {f’(z)|2gp(z,a) dA(z) < oo},
a€D JD

where the weight function
1—az

=1
9(z,0) = log| -

is defined as the composition of the Mébius transformation ¢, and the fundamental
solution of the two-dimensional real Laplacian. Now, we give the following defini-
tions:

Miao [31] studied a gap series with Hadamard condition as in the following theorem:

o0
THEOREM 1.1. Let 0 < p < oco. If f(2) = Y. arz™ is analytic on D and has
k=1
Hadamard gaps, that is, if

Ml 5 N> 1, (k=1,2,..),
N

then the following statements are equivalent:

() feBY; (I) feBY  (IID) Y |ayl < ox.
k=1

REMARK 1.1. The expression || f||sa defines a seminorm while the natural norm
is given by
[fllo.ec = 1£O) + 1 F 3

With this norm the space BY is a Banach space.
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DEFINITION 1.1. Let 0 < a < o0 and w : [0,1] — (0,00). For an analytic

function f in D, we define the weighted logarithmic a-Bloch space B |, as follows:

Bw,log :

. (1— 2] f'(2)] 1 }
1.3= : f analytic in D and = su lo <00y,
( {f f Yy ||fHBw,log zeg w(l . ‘ZD g 1— |Z|

Moreover, the little weighted logarithmic a-Bloch space By, 10,0 is a subspace
of B, 10 consisting of all f € By, 1o, such that
(1= [2)*[f'(2)] 1

log =
l2l=1-  w(l—|z]) 1— |z

(1.4) 0.
REMARK 1.2. The expression || f|[gs —defines a seminorm while the natural
norm is given by
1 oo = 1O+ I lsz
With this norm the space B

o log 15 @ Banach space.

Note that, If @ = 1 and w = 1, then logarithmic a-Bloch space B ,,, reduces

to the logarithmic Bloch space Biog see [16]. The logarithmic Bloch space Biog first
appeared in the study of boundedness of the Hankle operators on the Bergman and
Hardy spaces followed by many authors. For more details of the logarithmic Bloch
space we refer to [16,18,38,45] and others.

Let g : D — € be a holomorphic map. Denote by H(ID) the space of holomorphic
functions on D. For f € H(D) a class of integral operator introduced by Pom-
merenke (see [32]) as follows:

(1.5 T =T, 1) =+ [ 1O €.

The operator T, can be viewed as a generalization of Cesaro operator which was
called the Riemann-Stieltjes operator (see [26,42,43]).

It has been shown by Pommerenke [32] that T, is a bounded operator on the
Hardy space H? if and only if ¢ € BMOA, where BMOA is the space of all analytic
functions of bounded mean oscillations. Aleman and Siskakis showed that T} is
bounded (compact) on the Hardy space HP, 1 < p < oo, if and only if g € BMOA
(9 € VMOA); where VMOA is the space of all analytic functions of vanishing mean
oscillations, also that T}, is bounded (compact) on the Bergman space if and only
it g € B(g € By) (see [12,13]). Recently, the Riemann-Stieltjes-type integral
operator Ty acting on various function spaces, including the Bloch space, the a-
Bloch space, the weighted Bergman space, the BMOA and VMOA spaces as well
as in mixed norm spaces have been studied (see [11-14,19,21, 25,28, 29,36, 37,
41,42,44] and others). It should be mentioned here also that several authors (see
e.g. [20,22,23,26,27,35,40,43] and others) tried to generalize the idea of this
operator on some classes of holomorphic function spaces to higher dimensions in
the unit ball of C".

The purpose of this paper is to investigate the behavior of Tj;, on the weighted Bloch
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spaces B and Bf ),

. We show that T} is a bounded operator from B, to B if
and only if g € Bg)log, and T}, is a compact operator from B, to Bf  if and only
if g € B The rest part of the paper is devoted to study integral criteria for

w,log,0"
logarithmic a-Bloch space B ., and the little logarithmic a-Bloch space B

,log ,log,0°

For a point ¢ € D and 0 < r < 1, the pseudo-hyperbolic disk D(a,r) with
pseudo-hyperbolic center a and pseudo-hyperbolic radius r is defined by D(a,r) =

wa(rD).
The pseudo-hyperbolic disk D(a,r) is also an Euclidean disk: its Euclidean center

1(1_;;”;)"; and %, respectively (see [39]). Let A
denote the normalized Lebesgue area measure on D, and for a Lebesgue measur-
able set K7 C I, denote by |K;| the measure of K; with respect to A. It follows

immediately that:

and Euclidean radius are

= 5T
(1 —72af?)?

Now, we give a few facts about the Mobius function ¢, which will be used in Section

3. First, the function ¢, is easily seen to be its own inverse under composition:

(paowe)(z) =2 forall a,zeD.
The following identity can be obtained by straight forward computation (see [39]):
(1 —lal?)(1 —[2/*)

17|§0a(z)|2: ‘1—52‘2 , VzeD.
A slightly different form in which we will apply the above identity is (see [39]):
1— |pa(2)
1_7]12'2 = |¢a(2)-

For a € D, the substitution z = ¢, (w) results in the Jacobian change in measure
given by

dA(w) = |, (2)PdA(2).
For a Lebesgue integrable or a non-negative Lebesgue measurable function h on D
we thus have the following change-of-variable formula:

/D o, MPeENd() = /D - h@)(W)Qd A2 .

Two quantities Ay and By, both depending on an analytic function f on D, are
said to be equivalent, written as Ay ~ By, if there exists a finite positive constant
C not depending on f such that for every analytic function f on D we have:

1
—B; < A; <CBy.
oBr < Ap<CBy

If the quantities Ay and By, are equivalent, then in particular we have Ay < oo if
and only if By < oo.

Recall that a linear operator T : X — Y is said to be compact if it takes
bounded sets in X to sets in Y which have compact closure. For Banach spaces X
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and Y of the space of all analytic functions H (D), we say that T' is compact from X
to Y if and only if for each bounded sequence {z,} in X, the sequence {Tx,} € Y
contains a subsequence converging to some limit in Y.

2. Boundedness and compactness of T,

It will be more convenient to work here with the operator P, = M,T,, where
M. f(z) = zf(2)-
The following Lemma says that P, and T}, are at the same time bounded or compact
from B, to BS.

LEMMA 2.1. Let B, w: (0,1] — [0,00), and let f be an analytic function on
A. Then f € BS if and only if M, f € BS.

PRrOOF. It is easy to see that if a function h € B, then

(1 —[=)*

(2.1) ilelg |h(z)|m <k < .
Let f € BZ. Then
1£llse = sup |£(2)| S0
Y zeA w(l—z])
So
_ / (1— =)
M- fllBg = igg |zf'(2) + f(z)|m
ooy (=12 (1—1z])
ae A re R G e )
< | fllBe + k& < oo

Thus M, f € BS. On the other hand, if M. f € B, then

oo a0

Because f(z) = sz () is an analytic function on A, we have that

(1 —]zD*

—— <k <o
iy = a ST
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where Ay = {z: |2 < 3} and k; is a positive constant. Thus by M. f € B and
then,

_ ol (L= 2D
1fllss = jlelg\f (2)] oA ]a) <
oy (=2
<kt am VOLa—m
_ 2(M.f)'(2) = (ML f)(2) | (1= ]2])*
=k + zeZu\pA% 2 w(l—|z))

L (=2 (1 —[z)*
<ki+ QZEZu\pA% |(M.f) (z)] W =2 +4Z62{p% |(M=1)(2)] w(l —|z])

< k1 + 2| M. fllsg + 4k < oo,
where k and k; are positive constants. Therefore, f € BZ.

LEMMA 2.2. Let 0 < o < 00 and w : (0,1] — [0, 00). Then B*

w,log

C B2,

ProoOF. Let f € B Then

,log*
A= Jz)*
w(l —z])

||f||8;¥ = Sup |f/(2) < 0.
ZEA

Hence,

ey D (=[] (log )
|z}~>1* FC )|w(1 —lz]) \z|1~>1* £ )‘w(l —|2]) (log =)
0

. 1 -1
< I/ lg lim (log1_|z|) =

w,log ‘Z‘A)lf

Thus f € B .

THEOREM 2.1. Let 0 < a < 00, w : (0,1] — [0,00), and let g be an analytic
function on A. Then the following statements are equivalent.

(1) Ty : B, = BS is bounded.

(ii) Ty : Byo — BS o is bounded.
(i11) Ty : Buo — B is bounded.
(iv) g € B

w,log*

PROOF. Since B, o C B, and Bf o C B, it is clear that (i) = (iii) and (1) =
(#44). Thus we need only to prove that (iv) = (i), (fv) = (i) and (i) = (iv).
From Lemma 2.1, we need only to work with operator Py = M.T,. Let g € B |-
Then
(1 —[=)" 1

log < 00.
wl —z) 71—

g1l 52

w,log

= sup |¢'(2)|
zEA
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Because for each function f € B,,, we have

(2.2) IF @< FO)] + £, log

1
1—1z
Now, we note that

Rt = [ 1O

then we have

B ooy A=z
1Py fllga = sup [f(2)llg (Z)IW(1 )
S ooy A — (2D 1
< |£(0)] sup 9 (Z)Iw(1 —120) + 1 flls., sup lg (2)Iw(1 Y log 1— "

< A (O)llgllsg + If1ls. I9llse

w,log

By Lemma 2.2, g € B, 50 [g[lga < oo. Therefore [P f|lze < oo. From the
closed Graph theorem we know that Py : B,, — BZ is bounded. Thus (iv) = (3).
Now suppose [ € Bg . It is easy to see that, for every € > 0, there is an r € (0, 1)

such that for r < |z] < 1,

1
el .
] < clog
Thus, for r < |z| < 1, we have
1-[2])® (112D
(P ) ()| S8y = [£(2)] |g'(2)|m
— 2D 1

w(l—lz) 71—

Thus Py f € B, and we have proved (iv) = (i4).

Finally, suppose that P, : B, 0 — B2 is bounded. Let zp € A \ {0} be arbitrary,
and let f(z) =log 1. It is casy to check that f € BS . So

Q- A
WA= ]e) SRl G Ty e T

00 > [|Py fllsa = sup [ f(2)] |¢ ()]
zEA

let z = zg, we get

1-— o 1
(=l

w(1 = [z0]) 1 — |z

|9/ (z0)] <[Py fllse < oo

Because zj is arbitrary on A \ {0}, we know

lglls2,,, < 1P fllBg < oo

w,log

Hence g € B2 Thus (i4¢) = (iv) and the proof is complete.

w,log*

We will need the following lemma for the next theorem.
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LEMMA 2.3. A closed set K in B o is compact if and only if it is bounded and
satisfies
1 _ «
0l _,

lim sup |f'(z)|———Y =
A el

PROOF. The proof of this Lemma is similar to the proof of lemma 1 in [30],
so we will omit it here.

THEOREM 2.2. Let 0 < a < 00, w: (0,1] — [0,00), and let g be an analytic
function on A. Then the following statements are equivalent.

(a) Ty : B, — BS o is compact
(b) Ty : Buo — B is compact;
(C) g€ Bg,log,O'

< it is clear that (¢) = (4¢). Thus we need only to
prove that (i) = (i) and (i7) = (i4i).
From Lemma 2.1, we need only to work with the operator P, = M.Ty. Let g €
Bg,log,O'
Then, by Lemma 2.2, g € B . Thus

PROOF. Since B, C B

: 1—|z))” - (1—|z)"
lim |g'(z ( =0 and lim |¢'(2)]——""2- =0.
A Ty B T A 1 T
Therefore, by (2.2), for every f € B,

(1—lz)* _ (1—Jz))

|z}igi* |(ng)/(z)|w(1 — |z]) o \Z\hjr}f |f(2)|\g/(2)\w(1 —|z])

e = 12D S

T~
i
\
o
=
Q
—

Thus P, : B, — B  is bounded. To see that this operator is moreover compact, let
{fn} C B, be such that || f,||5, < 1. We must show that {P,f,} has a subsequence
that converges in B ;. By (2.2), there is a subsequence of {f,} that converges
uniformly on compact subsets of A to an analytic function f. By passing to this
subsequence, we may assume that the sequence {f,} itself converges to f. Also, for
any fixed z € A,

’ w— im |f! (2 w
IO = ey <

and so f € BY with || f|[sa < 1. Thus P, f € B and it suffices to show that

nlggo 1Py fn — Py fllg = 0.
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Since g € B we get that for every € > 0, there is an r € (0,1) such that for

w,log?
every n > 1,

el Al

s UG = @I Gl
PN e

<Ual0) = 1O s 1o/l

1 —1]z)*
2.3 +(I fullBa + | f()]lga)  su "(z
(2.3) (fn(2)llBg + N1 )HB‘”)zeA\pAr l9'( )|w(1— E
Since { f,,} converges to f uniformly on each compact subset of A, we get that there
in N > 0 such that for every n > N and every z € A, |f,(2) — f(2)| < €. Thus, for
n> N,

1
log < e.
11—zl

_ 10\ A=1zD® ey (L= 12D
(2.4 < elglss.
Combining (2.3) and (2.4) we get
tim sup |a(2) — £(2)] Jo'(2)| 2 o,

w(l = |z])

Thus lim ||Pyf, — Pyfllsa = 0, and then Py : B, — B 4 is compact. So we have
n—oo )

n—oo zEA

T

proved (7it) = (4).
To prove (i) = (i), let P, : By, o — BS o be compact. Suppose g ¢ B 1o+ Then
there is a sequence of points {z,} in A, |z,| — 1, such that

1— @

a-la
w(l —|za]) 712

(2.5) l9(2n)| —C >0.

Let f,(z) = log —=—. Then f, € B, and | f.|ls, < 1. Since P, is compact,

1-z,z°
{Pyfn} is a compact subset of B ;. Thus by Lemma 2.3 we have
: (1 — =)
lim sup|(P,f,) (2)|——-2< =0,
lzl=1- n ‘( g )( )|LU(1—|Z|)
" (1 e
1—|z)*
lim sup|fn(2)||ld'(2)|——-~ = 0.
i sl () S
Thus, for e = %, there is an r > 0 such that
(1 -1z c
sup sup | fn(2)[]g' (2)| "5 <e= 5.
[z|>r n w(l - ‘ZD 2
Let N > 0 be such that for n > N,|z,| > r. Then for n > N,
(1 — =)~ / (I-]zh) _C
9" ()| (20|~ < sup sup ¢’ (2)[| fu(2) 5 < 5
w(l - ‘Z|) |z|>r n W(l - |Z|) 2

which is contrary to (2.5). The proof is therefore established.
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3. Some integral criteria for B functions

In this section we give some integral criteria for By |, functions. Our results
generalize and extend the corresponding results for B* functions which can be found
in [39].

Now, suppose that ¢, (z) = 1= be a Mébius transformation of A, let A(a,r) =
{z € A : |pa(2)| < r}, and let g(z,a) = log Iwal(z)l be the Green’s function on A

with logarithmic singularity at a € A. Then we will give the following theorem:

THEOREM 3.1. Let 0 < a < o0, 0 <r<1l,0<p<oo, 1<qg< oo and
w : (0,1] = [0,00). Also, let f be an analytic function on A. Then the following
quantities are equivalent:

(A) 11,

(B) For 0 < aa <00 and 0 < p < o0,

1 , p( 10g1%|z| )pdA
S Jon 1P (G ) 24

(C) For 0 < a < oo and 0 < p < oo,

/ pa—2 log 1%‘2‘ P
sup /W) f (Z)'p<1 - 'Z') <w<1 - |z|>> dAz).

(D) For 0 < a<oo,0<p<ooandl <q< oo,

1
log =

sup [ 17GIP (= 1) (S0 ) (- e dA)

(E) For 0 < a < oo and 0 < p < oo,

sup [ 170 <1og|;)m<m>p¢;<z>|2 4AG:).

1
log =[]

sup /A lf(2)P (g(z,a))p(l — |2Dm_ <w(1—|z)> dA(z) < oo.

a€A

(F)

PROOF. Let 0 < a < 00,0 < r < 1,0 < p < o0 and w : (0,1] — [0, 00).
Because for every analytic function g on A, |g|P is a subharmonic function we have

P 1 p
9(0)]" < —5 g(w)|” dA(w).
o0 < 25 [ ot aaw)
Set g = f' o 4, we obtain that
1
(o) <— I o pa(w)|[PdA(w
F@F <2, 1 e eatwl dAw)
1

/ p (1 —|pa(z 2)2
:ﬁ Ala,r) |f (Z)| ( (1 |i0|z(|2))|2) dA(Z)



RIEMANN-STIELTJES OPERATORS 91

Since (see [39)),

— |a(2)

1- |90a(2)|2
I—]z2 7 1—laf?

1|22

1
=|¢l(2)|, where a,z € A.

Then, we obtain that

16 ,
1OF < g g O 140

Therefore, by (1 — |a|?)? ~ (1 — |2]?)? ~ |A(a, )|, for z € A(a,r), we deduce that

N 16(1 — |a|)P (log )
(g P A=lal™ (1oe 1 VP < T—[a] / 1N .
P @P s 0 =m)” < oA aprer = (4] Jan | O AR

Since (1 — |a])? ~ (1 — |a|?)?, then

, u 16(10g _1‘a|)p , »
@l i e ) < |a|>2—2awp<1 WD S O

gmﬂm **/‘f (2 g1||z||>) )

7

- ml”/" () e

16/\

where \ is a positive constant and M (r) = is a constant depending on r. Thus
the quantity (A) is less than or equal to a constant times the quantity (B).

From |A(a,r)| ~ (1 — |2]?)? for all z € A(a,r), it is obvious that (B) ~ (C). By
1—|pa(2)]>>1—=7%2and 1 — |p4(2)| > 1 —7r for z € A(a,r), we thus obtain

"(2)|P _Zpa72 1Og1*#lzl ? P
/A(a’r)u( P - ) <w<1_|z|)) dA(2)
_ (L (atypez (S TE N (L=l
‘/W)'” =l <w<1—|z>> 0 Jeale))i AC)

1 log %‘l

< W/AW) |f(2)[P(1 = |z])P* (w(1—|z|)) (1 — |pa(2)[2)?dA(2).

2 <

Hence, the quality (C) is less than or equal to a constant times (D). By 1—|¢q(2)
2¢g(z,a) for all z,a € A, we obtain that the quantity (D) is less than or equal to a
constant times (F).
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From the following inequality
’zp—zp"_21 k] a))’ dA(z
[ e (G ) (o) 0
_ o (o B o8 = \"(, . 1\* dA(w)
= Jy 1O = ot () (o) i
_dA(w)
1= o202

1 \¢ w
<l [ (1g ) ,
155 0e [ 0y BTl ) (T w22

1
C(q,2) = / (log —) (1 — |w|?)2do,, < oo,
A(a,r) |U}|

where

then we deduce that the quantity (E) is less than or equal to a constant times (A).
Now, from the inequality 1 — |z|> < 2log é for every z € A, putting ¢ = 2 in (D),
we see the quantity (D) is less than or equal to (E). Finally, let

0= [ el (eg) " (Y ok

(L, + L, el (e ) " () e e

= Li(a) + I2(a),

N

where for z € Ay = {z: 2] < 1}, |¢,(2)]? = B2 < -l < ()%, then we

—az| [z])*
obtain
_ / p 1 e 10g1%|2| P /
B = [, e (6 ) (So=ls) bt da)
p logﬁ b / 2
<y, /A((H)) AL ()P dAC:)
pa+4 1 pa
<l (7 [ i<1°g|z|> 4A(2)
4 po )
= ()" 0.0 fl, -
where

C’(p,oz):/l <log|i|)padA(z)<oo

4
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Now, for z € A\A1, we know that log & o S <4(1—12%) < 8(1 —|z|), then

(o LN os g N
B <s [, o e (e 2r) " (S ) Tebtalf daca
<A, [ Ie@PAR) < Mg,
,10g A\Ai

where A; is a positive constant. Hence, the quantity (E) is less than or equal to a
constant times (A). The proof is complete.

For B¢

o log,00 We have the corresponding result with Theorem 3.1.

THEOREM 3.2. Let 0 < a< 0, 0<r<1l,0<p<oo, 1<qg< oo and
w: (0,1] — [0,00). Also, let f be an analytic function on A. Then the following
quantities are equivalent:

(4) 1715

(B) For 0 < o < 00 and 0 < p < oo, we have

_ 1 oy (LB T )p
_ = A :'
|a}grii {A(a,rﬂli% /A(a,r) 7 (W(l = |2l) A =0

(C) For 0 < a < oo and 0 <p < oo,

pa—2 log%H p
lim ’zp(l—z> (_Z) dA(z) = 0.
B . |f'(2)] |2] EESE) (2)

(D) For 0 < a < o0, 0<p<ooand1<q<oo

i [ 17 =) ( (gl )) (1~ [gu(2))? dA(z) = 0

la|—1— ‘Z|

(E) For 0 < a < oo and 0 < p < oo,

i e (s ) (SEEEY R aac =0

tim_ [ £GP (o(0)"(0 —|z|)p“2(M)pdA<z>—o

la]—1—

(F)

PrROOF. The proof it is very similarly to the Theorem 3.1.

REMARK 3.1. It should be remarked that it is still open problems to extend
Theorems 3.1 and 3.2 to Clifford analysis. For some characterizations connecting
Bloch type spaces and Beov spaces in Clifford analysis, we refer to [1-5,7,8,24].

REMARK 3.2. It is still an open problem to study Riemann-Stieltjes-type inte-
gral operators on the defined spaces in [6].
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