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MULTI-STEP ITERATION WITH ERRORS FOR
UNIFORMLY EQUI-CONTINUOUS AND
ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS

G. S. Saluja

ABSTRACT. In this paper, we study modified multi-step iteration scheme with
errors for a finite family of uniformly equi-continuous and asymptotically quasi-
nonexpansive mappings in the framework of uniformly convex Banach spaces.
By employing the above said scheme we establish some strong convergence
theorems to converge to common fixed point for a finite family of uniformly
equi-continuous and asymptotically quasi-nonexpansive mappings. The results
presented in this paper extend and improve the corresponding results of Khan
and Fukhar-ud-din [6], Khan and Takahashi [7], Qin et al. [12], Shahzad and
Udomene [17], Xu and Noor [20] and some others.

1. Introduction and Preliminaries

Let E be a real Banach space, K be a nonempty subset of E. Throughout the
paper, N denotes the set of positive integers and F(T) = {x : Tx = z} the set of
fixed points of a mapping T. A mapping T: K — K is said to be asymptotically
nonexpansive if there exists a sequence {k,} C [1,00) with lim, . k, = 1 such
that

[Tz = T"y|| < knllz =yl
for all z,y € K and n € N.
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This class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [4] in 1972. They proved that, if K is a nonempty bounded closed convex
subset of a uniformly convex Banach space E, then every asymptotically nonex-
pansive self-mapping of K has a fixed point. Moreover, the set F(T') of fixed points
of T is closed and convex. Since 1972, many authors have studied weak and strong
convergence problem of the iterative sequences (with errors) for asymptotically
nonexpansive mappings in Hilbert spaces and Banach spaces (see [4,7,13,14,20]
and references therein).

The mapping T: K — K is said to be asymptotically quasi-nonexpansive if
F(T) # 0 and there exists a sequence {ky} in [1,00) with lim,_,s k, = 1 such that

[Tz = pll < kn ||z = pl

forallz € K, pe F(T) and n > 1.

The mapping T: K — K is said to be uniformly L-Lipschitzian if there exists
a positive constant L such that

[Tz =Tyl < Lz -y

for all z,y € K and n > 1.

The mapping T': K — K is said to be uniformly Holder continuous [12] if there
exist positive constants L and « such that

17"z =Tyl < Lz —y[*

for all z,y € K and n > 1.

The mapping T: K — K is said to be uniformly equi-continuous [12] if, for
any € > 0, there exists § > 0 such that

IT"x —TMy| < e

whenever ||z —y|| < ¢ for all z,y € K and n > 1 or, equivalently, T" is uniformly
equi-continuous if and only if ||[T"z, — T"y,| — 0 whenever ||z, — y,|| — 0 as
n — 00.

REMARK 1.1. (1) It is easy to see that, if T is asymptotically nonexpansive,
then it is uniformly L-Lipschitzian.

(2) If T is uniformly L-Lipschitzian, then it is uniformly Holder continuous.

(3) If T is uniformly Holder continuous, then it is uniformly equi-continuous.

In recent years, Mann iterative scheme [10], Ishikawa iterative scheme [5] and
Noor iterative scheme [20] have been studied extensively by many authors. In 1995,
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Liu [8] introduced iterative schemes with errors as follows:

ry = z€eK,
(1.1) Tny1 = (1 —ap)zy +anTa, + tn,

where {a,,} is a sequence in [0, 1] and {u, } a sequence in E satisfying >~ |Jun|| <
0o is known as Mann iterative scheme with errors.

The sequence {xz,} defined by

r1 = xz€K,
Tny1 = (1—ap)xn+ anTyn + tn,

where {a,,} and {8,} are sequences in [0, 1], {u,} and {v,} are sequences in F
satisfying > 7 [Jun|] < oo and Y .-, |lvn|| < oo is known as Ishikawa iterative
scheme with errors.

While it is clear that consideration of errors terms in iterative scheme is an
important part of the theory, it is also clear that the iterative scheme with errors
introduced by Liu [8], as in ( 1.1), ( 1.2) above, are not satisfactory. The errors can
occur in a random way. The conditions imposed on the error terms in ( 1.1), ( 1.2)
which say that they tend to zero as n tends to infinity are, therefore, unreasonable.
Xu [21] introduced a more satisfactory error term in the following iterative schemes.

The sequence {x,} defined by

1 = z€eK,
(13) Tn+l = anT:En + ann + YnUn,

where {ay,}, {Bn} and {v,} are sequences in [0, 1] such that a,, + 5, + v, = 1 and
{un} is a bounded sequence in K, is known as Mann iterative scheme with errors.
This scheme reduces to Mann iterative scheme if v, = 0.

The sequence {x,} defined by

1 = z€eK,
Tn+1 = anTyn + ann + YnUn,
(14) Yn = Oéiszn + B;L:L.n + '77/10717

where {an}, {Bn}, {m}, {a)}, {8} and {7} are sequences in [0, 1] such that
an + B+ = al, + 0., +7, =1, {un} and {v,} are bounded sequences in K,
is known as Ishikawa iterative scheme with errors. This scheme becomes Ishikawa
iterative scheme if 4, = =, = 0. Chidume and Moore [2] and Takahashi and
Tamura [19] studied the above schemes, respectively.
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The sequence {x,} defined by

Yn = a{nTZn + ﬁ;fn + ’7;11)717
(15) Tpr1 = oIy, + ﬂnxn + YnlUn,

where {an}, {Bn}, {mm}, {an}, {Bu}, {m}, {an}, {Br} and {7;} are sequences in
[0,1] such that ay, + B +vn = b, + B, + v, = ol + 81+ =1, {uyn}, {vn} and
{wy,} are bounded sequences in K, is known as Noor iterative scheme with errors.
This scheme reduces to Noor iterative schemes if v, =/, =~/ = 0.

Many authors starting from Das and Debata [3] and including Takahashi and
Tamura [19], Khan and Takahashi [7] and Shahzad and Udomene [17] have studied
the two mappings case of iterative schemes for different types of mappings. We now
give and study an iterative scheme with errors for a finite family of equi-continuous
and asymptotically quasi-nonexpansive mappings. It worth mentioning that our
scheme can be viewed as an extension of all above schemes.

In this paper, we generalize scheme (1.5) to a finite family of mappings with
errors as follows:

tnp1 =2 = MR (N1 4 g(N) 5 +’Y(N) (N)
AN VDT oD 4 g g, oD
(1.6) o=
23 = a@T1ra® 4 Bz, 4 43y,
2? = a@1paV 5(2 zn + 7 Pu?
eV = aW1rz, + Mz, + 4 Pu (1)
where {u 1)} {u(z)} e {u;N)} are bounded sequences in K and {oz(i)} {B,(f)}

()

{’yn)} are appropriate sequences in [0, 1] such that o+ 572“ = 1 for each

ie{l,2,...,N}.

The purpose of this paper is to establish some strong convergence theorems
of the above said iteration scheme to converge to common fixed point for a finite
family of equi-continuous and asymptotically quasi-nonexpansive mappings in the
setting of uniformly convex Banach spaces. Our results improve and extend the
corresponding results of Khan and Fukhar-ud-din [6], Khan and Takahashi [7], Qin
et al. [12], Rhoades [13], Schu [14], Shahzad and Udomene [17], Xu and Noor [20]
and some others.

In the sequel we need the following lemmas and definitions to prove our main
results:
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LEMMA 1.1. (See [14]) Let E be a uniformly convex Banach space and 0 <
a<t, <P <1 forallneN. Suppose further that {z,} and {y,} are sequences
of E such that

limsup,,_y o [l < a, limsup, . |yl < a

and lim, o0 ||tnxn + (1 — ty)yn|| = a hold for some a > 0, then

lim ||z, —yn|| =0
n— oo

LEMMA 1.2. (See [18]) Let {an}22q, {Bn}Se, and {r,}52, be sequences of
nonnegative numbers satisfying the inequality

ant1 < (14 Bn)an +1n, Vo> 1.

If 550 Bn < 00 and Y07 1y < 00, then lim, oo o, emists. In particular,
{an}22, has a subsequence which converges to zero, then lim,_, o ay = 0.

Recall that a mapping T: K — K where K is a subset of F, is said to satisfy
Condition (A) [16] if there exists a nondecreasing function f: [0, 00) — [0, c0) with
f(0) =0, f(r) > 0 for all » € (0,00) such that ||z —Tz| > f(d(z, F(T))) for all
r € K where d(z, F(T)) = inf{||lz —p|| : p € F(T)}.

Senter and Dotson [16] approximated fixed points of a nonexpansive mapping
T by Mann iterates. Later on, Maiti and Ghosh [9] and Tan and Xu [18] studied
the approximation of fixed points of a nonexpansive mapping 7' by Ishikawa iter-
ates under the same Condition (A) which is weaker than the requirement that T is
demicompact. We modify this condition for N mappings 73,75,...,ITn: K =& K
as follows.

A finite family {T37,7T%,...,Tn} of N self mappings of K where K is a sub-
set of E, is said to satisfy Condition (B) if there exists a nondecreasing func-
tion f:[0,00) — [0,00) with f(0) = 0, f(r) > 0 for all r € (0,00) such that
ap |z — Thz|| + az ||z — Toz|| + - + an ||z — Tnz|| = f(d(z, F)) for all z € K,
where d(z, F) = inf{||x —p|| : p € F = NY,F(T})} and a1, as,...,ay are N non-
negative real numbers such that a; +as +---+ay = 1.

REMARK 1.2. Condition (B) reduces to condition (A) when T} =T = --- =
Ty =T.

2. Main Results

In this section, we shall prove the strong convergence theorems of the itera-
tion scheme ( 1.6) to converge to common fixed point for a finite family of equi-
continuous and asymptotically quasi-nonexpansive mappings in the framework of
uniformly convex Banach spaces. We first prove the following lemmas.
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LEMMA 2.1. Let E be a normed space and K be a nonempty convex subset of E.
Let Ty, Ty, ..., Tn: K — K be N asymptotically quasi-nonexpansive mappings with
sequence {k:gf)} for 1 <i < N such that Y, (k, — 1) < 0o where k, = max{kgf) :
i=1,2,...,N}. Let {z,} be the sequence as defined in (1.6) with the restriction
> YW <00, 1<i<N. IfF = ML F(T;) # 0, then lim,, o0 ||, — p|| exists
forallpe F.

ProoF. Let p € F. Since {ug)}, {ug)}, e {U%N)} are bounded sequences in

K. So we can set

M = max{sup
n>1

uﬁj)pr i=1,2,...,N).

It follows from ( 1.6), that

[o® =p = (a0 T + 80w, + A DuD g
< ol [ Twn = pll + B e — ol + 42 [0 —
< Dk flan = pll + Bl —pll + 240 ||l
< [l + B0k o — pll+ 0 [l =3
= [ =¥kl = pll + 42 [0 — p
< knllan = pll + A0 M
(2.1) < ko =l + S0,

where dﬁf) = 'y,%UM. Since Y07, 77(11) < oo, we can see that Y 7| dg) < oo. It
follows from (2.1) that

@ = < @ ||T5al) — || + B2 llzn — pll + 9P 4D ~
< a@ky |20 = p| + 8D Jwn - pll + 42 [|u® ~ 5|
< alDkalkn lan = pll + dP + B2 o = pll+92 [ul? 5
< [0+ AR ol + 0Pk 41 [u2 ]
= 1=K wn — bl + @D kad) + 921
< k?z lzn —pll + kndgll) + 77(12)M
(22) < Rl — pll +d,
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where d?) = k,d'V + V,QQ)M. Since Y07, 77(12) < ooand Y oo, V) < 00, We can
see that > 7, d? < co. Tt follows from (2.2), that

[e@ =p|| < ol |15a® — p|| + 5L Jan — pll + 22 ||ul?) - o
< alPky |[of2 = || + B9 lan = pll + [ul? —p
< koK flan — pll + AP+ B flow — pll + [ul? 5
< 08+ BOKS on — pll + aPkad® + 4 [|u® — g
= [ =APIK en = pll + @l knd® + P M
< ko llzn —pll + kadi? + 4 M
(2:3) < ke =l +d,

where d) = k,d? + 7,(13)M. Since Y07, 77(13) < ooand Y oo, d? < 00, We can
see that > 7, dg) < 00. Continuing the above process, we get that

|lTner —pl = ‘ ngLN) —pH
kN 2y — pl| + dY)
[+ (kY = D] [z — pll + di),

N

(2.4)

since 07 (kn, — 1) < 00 is equivalent to > oo (k) —1) < oo and Y0, dY) < .

Thus from Lemma 1.2, we know that lim,,_,« ||z, — p|| exists. This completes the
proof. O

LEMMA 2.2. Let E be a uniformly convex Banach space and K be a nonempty
convex subset of E. Let Ty, Ts,...,Tny: K — K be N uniformly equi-continuous

and asymptotically quasi-nonexpansive mappings with sequence {kﬁf)} for1<i< N
such that Y~ (kn, — 1) < oo where k, = max{kgf) ci=1,2,...,N}. Let {z,}
be the sequence as defined in (1.6) and for some 61,82 € (0,1) with the following
restrictions:

(i) 0 < 61 <a51i) <0y < 1, Vn = ng for some ng € N,
(ii) S0 44 < 00, 1 <i < N.
If F =0 F(T;) #0, then lim,_, ||z, — Tizn| = 0.

PrOOF. For any p € F, it follows from Lemma 2.1 that lim,_, |z, — p||
exists. Let lim,_,o ||2, — p|| = a for some a > 0. We note that

Har%N*” || < BNl = pll + A7, vnz 1,
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where d(Nfl) = kndgNﬂ) + %(lel)M such that Y7 d,&N*l) < oo. It follows that

V=D *pH <limsup[ky " [z, — p|| + ¥ V] = lim ||z, —p|| = a
n—oo e

n—oo

and so
lim sup HT" - pH < limsup &k, nglN_l) — pH = lim sup nglN_l) —pH < a.

n—oo n—roo n—roo
Next, consider

e - 40400 <t 0 -0
Thus
(2.5) lim sup HT” D p AW (V) xn)H < a

n—oo
Also
[ea =p+ 3@ 2| < e = pll+ 98 [0 — |
gives that
(2.6) limsup ||z, — p + 9 (W) —z,)|| < a,
n—oo

and we observe that
eV —p = a (TR —p ) () —20)+(1=alV) (@ —p+y i (WD =),
Therefore

N —pl|

= lim oS TRz —p+ A (W) - 2,))

(1= ) = p 2 @) = )]

a= hm [l

By (2.5), (2.6) and Lemma 1.1, we have

(2.7) lim D g, H - o
Now, we shall show that lim,,_, ., ‘ Th_ lx(N 2 _ T,|| = 0. For each n > 1, we
have
lon —pll < |[TRP D — ||+ | TR0
o e P A |
Using ( 2.7), we have
a= lim |z, —p|| <liminf HxﬁlN_l) —pH .
n—oo n—oo
It follows that
a < liminf HzﬁlN*U pr < limsup ||z D pH <a
n—0o0 n—00
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This implies that
lim ‘x;N_l) —pH =a.
n— oo

On the other hand, we have

where > 7, dN ™% < co. Therefore

n

a (N2 —pH kY2 lwn —pl| +dN7P, ¥n>1,

lim sup Hx;N_m —pH < limsup(EY =2 ||z, — p|| +dV2) = q,

and hence

lim sup HTﬁflmslN_Q) - pH < limsup ky,
n— oo n— oo

x;N_Q) —pH < a.
Next, consider

n

[ 7-12 =2 = p AN D@D — )| < |

Bl [ | |

Thus
(2.8) lim sup HT}&_lwﬁzN’z) —p+ AN V@MY — z) H < a
n—soo
Also
Jn =2+ AN V@YD = @) <l = pll 4+ ||l —
gives that
29 fmsup a9+ 2V )] < e
n—00

and we observe that

PN Y — p = VDT — AN WD )

n n

H1 = al¥ D) (e = p+ AV DN — ),
and hence

— lim [V
a= lim |z, ol

= Tim o D (TH_ 2D —p AN V@I — )

+ (1= oM ) (@ =+ WY — ).

By (2.8), (2.9) and Lemma 1.1, we have

0.

(2.10) lim ’Tﬁ,lx;N”) .

n— oo

Similarly, using the same argument as in the proof above, we have

n—oo n

(2.11) lim ’Tﬁ_gx(N*?’)—an _—
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Continuing the similar process, we have

(2.12) lim

n— oo

Tg,ix;N—i—l)—an — 0, 0<i<(N-2).

Now
[T —p+ 4O @ = 2| < I = o+ 2 [0l = 2.

Thus
(2.13) lim sup Hfon AWM - zn)H <a
n—oo
Also
o =P+ ) = )| < llan = pll + 24D [0l — |
gives that
(2.14) limsup ||z, — p 4+ 7P () — Jin)H < a,
n—oo
and hence

a= lim [lz{) - p|
n—r oo
= lim [l (T7'z, — p+ 1 () = 2,))

n—oo

+(1- agzl))(mn —p+ ’Yr(Ll)(ug) —zn))|-
By (2.13), (2.14) and Lemma 1.1, we have
(2.15) nlgrolo Tz, —xn|| = 0.
On the other hand, we also have

Hzg\rq) _ an _ Haglel)T;\z[_lzgleQ) AN =g (N=D (N1 an

= [ @Y = ) AN V@ <)

n n

< al¥D HT;\LW%N—Q) -~ an 4 AWN-D) HuglN—n — oz,
Therefore, it follows from (2.10) and condition > -, ’ySLNfl) < oo that
‘ x;N_l) —an — 0, as n — oo.
It follows from the uniform equi-continuity of T\ that
(2.16) HT]\}:U%N*U —Tran|| = 0, asn — oo.
Now observe that
(217)  |lon — Thaa| < HT}\’,xn - T]@:E;N*UH + HT;@:A}V*U —

From (2.7), (2.16) and (2.17), we can obtain
(2.18) le ITNTn —zn]| = O.
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Now, we have

lans —aall = [JeM T2 + (1= ol =3, + 4 — |
(2.19) < o HngggN*” fan + ) Hu&fV) foan

—0 as n — oo.

It follows from the uniform equi-continuity of T that HT ]@Hxnﬂ — Tﬁ,“an
— 0 as n — oo. Again it follows from ( 2.17) that

Jim ([T 20 — Tivan| = 0.

Therefore we have
||Tan - xn” < ||xn+1 - xn” + ||xn+1 - T]?]+1$n+1||

1T g — T || + || T 20 — T, ||

(2.20)

It follows from (2.18), (2.19) and above inequality that

(2.21) nl;ngo ITnzn —zn| = O.

Similarly, by using the same argument as in the proof above, we have
(2.22) nh_{réc ITn-12n —xn|| = 0.

Continuing similar process, we have

(2.23) nh_)rrgo I Tn_izn —z,|| = 0, 0<i< (N —2).
Now

[Thzn — 2ol < [l2ns1 — zall + Hanrl - TanrlanrIH
(2.24) + ||T1"+1xn+1 — Tf“an + HT{H’lxn - Tlan
Since T is uniformly equi-continuous, it follows from (2.15) and (2.19) that

HTI"Hxn — Tlfan — 0 and HTI"Hmn_H — Tln"'lxn” — 0 as n — oo.

Therefore from (2.15), (2.19), (2.24) and above that

(2.25) nhﬁngo ITixn —2zn]| = O,
and hence
(2.26) lm |Ty_izn —zn] = 0, 0<i<(N-1).
n—roo
This completes the proof. O

THEOREM 2.1. Let E be a uniformly convex Banach space and K be a nonempty
convex subset of E. Let Ty, T5,....,Tny: K — K be N uniformly equi-continuous
and asymptotically quasi-nonerpansive mappings with sequences {kgf)} for1<i<
N such that Y, (kn, — 1) < co where k,, = max{kﬁ,i) :i=1,2,...,N}. Let {z,}
be the sequence as defined in (1.6) and for some 61,82 € (0,1) with the following
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restrictions:
(z')0<51§0z£f) <6y < 1, Vn = ng for some ng € N,
(ii) S0 /4 < 00, 1 <i < N.

If F =0 F(T;) # 0. Suppose {T1,Ts,...,Tn} satisfies condition (B). Then
{z,} converges strongly to a common fixed point of the mappings {T1,T>,...,Tn}.

PrROOF. By Lemma 2.1, we know that lim,,_, . ||z, — p|| exists for all p € F.
Let lim, o ||zn — p|| = a for some a > 0. Without loss of generality, if a = 0,
there is nothing to prove. Assume that a > 0. As proved in Lemma 2.1, we have

o1 = pll = [0 = p|| < BY o = pll +a,  n>1,

where d%N) = kndglel) + VT(LN)M such that Zzozl dglN) < 00. This gives that

d(zpy1, F) <1+ (Y = D]d(z,, F) +dY),  vn>1,

since 3°°° (kn—1) < oo is equivalent to 3°° | (k¥ —1) < oo and since 3°° diY) <
oo. From Lemma 1.2, we know that lim,, o, d(z,, F') exists. Also by Lemma 2.2,
lim, o0 || & — Tixn|| = 0 for all ¢ = 1,2,...,N. Since {T1,T5,...,Tn} satisfies
Condition (B), we conclude that lim,_,o d(z,, F') = 0.

Next we show that {z,} is a Cauchy sequence. Since lim, o d(zn, F) = 0,
given any ¢ > 0, there exists a natural number ng such that d(z,, ') < 5 for all
£

n > ng. So, we can find p* € F such that |z,, —p*|| < §. For all n > ng and
m > 1, we have

[Zntm — 2ol < N@ptm — 0¥ + [l — P

< leng =P+ ll#ne — p7|l
-
5 + 5= €.
This shows that {x,,} is a Cauchy sequence and so is convergent since E is complete.
Let lim,, o0 z,, = q¢*. Then ¢* € K. It remains to show that ¢* € F. Let e > 0
be given. Then there exists a natural number n; such that ||z, —¢*[| < % for all
n > ny. Since lim, o d(x,, F) = 0, there exists a natural number ny > n; such
that for all n > ny we have d(z,,, F') < % and in particular we have d(z,,, F') < %.
Therefore, there exists w* € F such that ||z,, —w*[| < §. For any i € I and
n = no, we have

A

1Tiq" —q*ll < [Tig" — w*|| + [|[w* — ¢"||
< 2|l¢" —w|
< 2[llg" = wpy || + [0, —w™|]
€1 €1
< 9t
<

1.
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This implies that T;¢* = ¢*. Hence ¢* € F(T;) for all i € I and so ¢* € F =
NN, F(T;). Thus {x,} converges strongly to a common fixed point of the mappings
{T1,T>,...,Tn}. This completes the proof. O

For our next result, we shall need the following definition:

DEFINITION 2.1. Let K be a nonempty closed subset of a Banach space E. A
mapping T: K — K is said to be semi-compact, if for any bounded sequence {z,, }
in K such that lim,, .« ||, — T2, || = 0, there exists a subsequence {x,,} C {z,}
such that lim, o 7, =7 € K.

THEOREM 2.2. Let E be a uniformly convex Banach space and K be a nonempty
convex subset of E. Let Ty, T5,....,Tny: K — K be N uniformly equi-continuous
and asymptotically quasi-nonexpansive mappings with sequence {kr(f)} for1<i< N
such that Y " (kn, — 1) < oo where k, = max{kgf) ci=1,2,...,N}. Let {z,}
be the sequence as defined in ( 1.6) and for some 1,02 € (0,1) with the following
restrictions:

(i)0<51<agf)<52<1,Vn>n0forsomenoeN,
(ii) S0 /i) < 00, 1 <i < N.

If F = NN, F(T;) # 0. Suppose one of the mappings in {T1,Ta,...,Tn}
is semi-compact. Then {x,} converges strongly to a common fizxed point of the
mappings {T1,Ts,...,Tn}.

PROOF. Suppose Tj;, is semi-compact for some iy € {1,2,...,N}. By Lemma
2.2, we have
lim ||z, — Tiyxn|| = 0.
n—o0

So there exists a subsequence {x, } of {x,} such that lim; o z,, = 2* € K. Now
Lemma 2.2 guarantees that lim,; ||9cnJ — Ty, H =0foralli=1,2,...,N and
so ||#* — Tjz*|| = 0 for all i = 1,2,..., N. This implies that 2* € F = N, F(T;).
Since lim,, o, d(z,, F) = 0, it follows, as in the proof of Theorem 2.1, that {z,}
converges strongly to a common fixed point of the mappings {77, T3, ..., Tx}. This
completes the proof. O

REMARK 2.1. Theorem 2.1 extends Theorem 2 and 3 of Rhoades [13], Theorem
1.5 of Schu [14], Khan and Fukhar-ud-din [6], Khan and Takahashi [7] to the case
of finite family of more general class of nonexpansive and asymptotically nonex-
pansive mappings and multi-step iteration scheme with errors considered here and
no boundedness condition imposed on K.

REMARK 2.2. Theorem 2.1 also extends the corresponding results of Xu and
Noor [20] to the case of finite family of more general class of asymptotically nonex-
pansive mappings and multi-step iteration scheme with errors considered here and
no boundedness condition imposed on K.
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REMARK 2.3. Theorem 2.1 also extends the corresponding result of Shahzad
and Udomene [17] to the case of finite family of uniformly equi-continuous asymp-
totically quasi-nonexpansive mappings and multi-step iteration scheme with errors
considered in this paper.

REMARK 2.4. Theorem 2.1 also extends the corresponding result of Cho et al.
[1] to the case of finite family of more general class of asymptotically nonexpansive
mappings and multi-step iteration scheme with errors considered in this paper.

REMARK 2.5. Theorem 2.2 extends Theorem 2 of Osilike and Aniagbosor [11]
and Theorem 2.2 of Schu [15] to the case of finite family of more general class of
asymptotically nonexpansive mappings and multi-step iteration scheme with errors
considered here and no boundedness condition imposed on K.

REMARK 2.6. Theorem 2.1 also extends Theorem 2.3 of Qin et al. [12] to the
case of finite family of mappings and multi-step iteration scheme considered in this

paper.
EXAMPLE 2.1. Let E = [—m, 7] and let T be defined by

Tx = xcosz

for each z € E. Clearly F(T) = {0}. T is a quasi-nonexpansive mapping since if
r € F and z = 0, then

|Tx — z| = |[Tx — 0| = |z||cos x| < |z| = |z — 2|,

and hence T' is asymptotically quasi-nonexpansive mapping with constant sequence

{1}. But it is not a nonexpansive mapping and hence asymptotically nonexpansive

mapping. In fact, if we take z = 5 and y = m, then

|Tx —Ty| = |zcosﬁ—7rcos7r| =,
2 2
whereas
w—yl=15 -7l=3
Y=y 2

EXAMPLE 2.2. Let £ =R and let T" be defined by

Zsint ifx#0
. 2 T 9
T() = { 0, ifz=0.

If z # 0 and Tx = x, then v = § sin % Thus 2 = sm% which is impossible. T'
is a quasi-nonexpansive mapping since if x € F and z = 0, then
||

x 1
Te—z| =Tz —-0|=|=|lsin—|< — <|z|=|z—2
Tz — 2 = T — 0] = | Z|Jsin | < 5 < Jal = |z — 2],
and hence T' is asymptotically quasi-nonexpansive mapping with constant sequence
{1}. But it is not a nonexpansive mapping and hence asymptotically nonexpansive
2 3

mapping. In fact, if we take z = 5~ and y = 5, then

Tz — Ty| < |z —y|

is not satisfied.
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3. Conclusion

The class of mappings considered in this paper is more general than the class

of nonexpansive, quasi-nonexpansive and asymptotically nonexpansive mappings.
Hence the results presented in this paper are good improvement and generalization
of many known results from the literature (see e.g. [1,6,7,11-15,17,20]) and many
others.
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