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Integral-type operators on some analytic function spaces

Ahmed El-Sayed Ahmed and Hind Al-Amri

ABSTRACT. In this paper, we study boundedness and compactness for the
products of integral-type operators and composition operators between («, 3)-
Bloch spaces of analytic functions in the unit disk A.

1. Introduction

Let A ={z:|z| < 1} be the open unit disk in the complex plane C, and H(A)
be the class of all analytic functions on A. An analytic function f on A is said to
belong to the a-Bloch space B, = B, (A)(a > 0), if

(L1) Bu(f) = sup(1 ~ |#2)°1f'(2)] < o

The expression B, (f ) defines a seminorm while the natural norm is given by
/18, (f) = [f(0)] 4+ Ba(f). When oo = 1, By = B is the well-known Bloch space
(see for example [7] and [10]). Let B, denote the subspace of B, consisting of all
f € B, for which

lim (1~ [2*)?]f'(2)] = 0.

|z|—1
This space is called the little a-Bloch space.
The (a, 8)-Bloch space B, g(A) = B, g (see [1]) is defined by

(1 |z[*)7e

(1.2) Bas(f) = sup s ()] < oo

a,zEA (1 - |(pa(z
The expression B, g(f) defines a seminorm while the natural norm is given by

| flla.8(f) = [f(0)] + Ba,sg(f). When S = 0, then we will get the well known a-
Bloch space. If @« = 1 and = 0; then we will get the Bloch space. The little
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2 A. EL-SAYED AHMED AND H.AL-AMRI

(o, B)-Bloch space B, g, is a subspace of B, g consisting of all f € B, g such that

. N e
lim lm —m————— z)| = 0.
|z| 1= |a|—1- (1 — \cpa(z)P)B'f ()i

Let A' denote the Bergman space, that is, the space of all f € H(A) such that
J 17 dm(e) < o

where dm(z) = %rdrdQ is the normalized area measure on A.

Let L : X — Y be a linear operator, where X and Y are Banach spaces. The
operator L is said to be compact if for every bounded sequence (z,)nen in X, the
sequence (L(z,))nen has a convergent subsequence. The operator L is said to be
weakly compact if for every bounded sequence (z,)nen in X, (L(zy))nen has a
weakly convergent subsequence, i.e., there is a subsequence (., )men such that for
every A € Y*, A(L(xn,,))men converges. A useful characterization for an operator
to be weakly compact is the following Gantmacher’s theorem:

L is weakly compact if and only if L**(X**) C Y, where L** is the second adjoint
of L and Y is identified with its image under the natural embedding into its second
dual Y** (see [4]).

Let ¢ be an analytic self-map of ID. Associated with ¢, the composition operator
C, is defined by C,f = f o for f € H(D). It is interesting to provide a function
theoretic characterization when ¢ induces a bounded or compact composition op-
erator on various spaces (see, for example, [3]).

Now, suppose that g : A — C! is a holomorphic map and f € H(A). The integral-
type operator J, is defined by

Jef(2) = /0 T O O)dE, € A

Another integral-type operator I, is defined by

L) = [ Fesed, e a.
0
The importance of the operators J, and I, comes from the fact that

Jef + I f = Mg — f(0)g(0),
where the multiplication operator M, is defined by (Myf)(z) = g(2)f(2). In [8]
Pommerenke introduced the operator J, and showed that J; is a bounded operator
on the Hardy space H? if and only if g € BMOA. In this paper, we consider the

products of composition operator and integral-type operators, which are defined by
(see [6])

p(z) ©(2)
(13)  Colyf)(2) = / FO)L(€)de, Coly(f)(2) = / F(©)a(e)de,
and also (see [6])

(14)  JColf)(2) = / (o) (©F (€)de, LCu(f)(=) = / (f o @) (©)s(E)de.
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The boundedness and compactness of operators (1.3) and (1.4) between (a, f)-
Bloch-type spaces and/or little (a, §)-Bloch-type spaces are studied. The study of
these operators naturally comes from the isometry of some function spaces. Namely,
it was shown in [5] that an operator T is a surjective isometry of the Dirichlet space

P ={f € H(A)‘Ifll%plf(o)lp + /A |[f'(2)[Pdm(z) < OO},

where p # 2, if and only if there is an automorphism ¢ of A and constants A\; and
Ao such that

(15) (TF)(=) = M F(0) + Ao / (@) F(0(E)de

for every f € DP. Let SP be the space of all analytic functions f on A such that
/' € HP. An operator T is a surjective isometry of SP with respect to the norm
NI = [f(0)P + || f'||%, if and only if there is an automorphism ¢ of A and
constants A\; and Ay such that

(1.6) (TF)(2) = M F(0) + Ao / @) I (8(6))de

for every f € SP. Note that the operators in (1.5) and (1.6) are of type in (1.4).
Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A ~ B means that there is
a positive constant C' such that C~'B < A < CB.

2. Auxiliary results

In this section, we give some auxiliary results which are incorporated in the
following lemmas.

LEMMA 2.1. Let f € B g(f), then

||f||Ba,B ) O‘aﬂe(oal),a+ﬂ7é1;
lf(z) <C (171\2 +1n 1—?z|2)||f||8a,ﬁ , a=p=1,
Iflls,
O—‘ZD% N Oé,ﬁ > 1.

for some C > 0 independent of f.
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PROOF. Suppose f € Bo g, 0 <t <1landz €A,
1 1 _ 2\B
1 —|pa(tz)]?)
"(tz)dt] < 2I( dt
‘Zl f ( Z) ‘ ”fHBaﬁ/t (1 — ItZ|2)a+’8

Lz|(1 = [a]?)P (1 = [tz|?)P
BM/ [2[(1 = |al®)”(1 — [t21)" .,
t

(1 — |tz[?)*+B]1 — atz|28

£ (2) = f(t2)]

= 7

1 2
2](1 — |af*)”
< Wlsos | i tapaa ™
1 2)28
< Wlows [ e

|2| d
< @ Wle.s [ e

t]z|

Let I, 3 = ft‘lzzll (1*;1%’ and t]z2| =0.If @, 8 € (0,1), and a + 8 # 1 then

=1 dz 1 1

I,g < = 1—(1— [zt (etd)) <
o< [ g s et T g
If a=p =1, then
; _/Z da _/21 (N NS SR S o
w=l e T ), e T o T e T2

_ 1+ 2| 2|2|

- o(n i

2 4
< 1
COpE i)

Finally, if o, 8 > 1, then

|2l dx 1 1
Lap < / <1—x>a+ﬁ:a+ﬁ—1(<l—|z|>a+ﬁ1‘1)
C
(a+ B —1)(1—[o)oh T

From all of the above, we have

||f|Ba,;3 ) a,ﬁ€(071)’a+ﬁ7é1’
fe)<cd (G th=@fls, . a=8=1
I£1ls,,
(1_|Z|)+4}%—1 ) a, > 1.

O

LEMMA 2.2. Suppose that «, € (0,00). Then, the following statements are
true.

(@) (Ba,p0)" = Al
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(b) (AYHY* = B, 5.
(¢) The second dual of By g0 i Ba,g-

PROOF. The proof is much akin to the corresponding result in [2], so it will be
omitted. 0

LEMMA 2.3. Suppose that o, 8 € (0,00) \ {1}. Then there are two holomorphic
maps f17, fa € Baﬁ with

(1= |zf?)7e

(2.1) Z7S;1€PA Wﬂf{(z)\ +[f2(2)]) < o0
and

— |z 2\B+a—1
(22 int, T (G + 5D > 0

PROOF. The proof is very similar to the corresponding result in [9] with simple
modifications, so it will be omitted. O

LEMMA 2.4. Let f(z) = >..° bp2™ be holomorphic in A. If f € Bap (f €
Ba,s,0, respectively) for o, 8 > 0, then

limsup |b,|n! =% < oo (lim |b,|n'~*# =0, resp).
n— 00 n—00

PROOF. For the proof of Lemma we first note that (1-n"1)'"" — e asn — oo.
Assume that f € B, 3. By the Cauchy formula one obtains for n > 1,

27
bn| = ‘(2m’n)1 f’(rew)rlnei“")"d(;'

0
L (1= 0 )
g (27-[-”) /0 (1 _ 7.2)@"1‘5(1 — |@a(rei0>|2)6

o TNEN:
i e [ (L= [pa(re®)P)
P e e

f/(reie)rlfn

-1 v [T (= a)P(—r)°
2mn) | flBa. 7 /0 (1 —r2)a+B(1 — |a)8(1 —r)B do

< Cn (1 —rp)y~ o Byplon

N

for all 0 < r < 1; hereafter C denote positive constants. For n > 1 and for
r=1—n""! we thus obtain

|bn| < C’lnoﬁﬁ*l(l _ nfl)lfn’

whence

lim sup |b,|n! =% < oc.
n—roo
The proof for the case f € By g0 is similar to the above with a few modifications.
O



6 A. EL-SAYED AHMED AND H.AL-AMRI

LEMMA 2.5. Let f be holomorphic function in A with the gap series expansion

o0
= Zakz"", z €A
k=1
where for a constant ¢ > 1 the natural numbers ng, k > 1, satisfy ngi1/ng = q.
Then for o, 8 > 0,a+ B = 1, f € By if and only if

(2.3) limsup |ax|n, " < co.
k—oo

PROOF. First of all we notice by

1 — |pg(2)]2)8 . .
((1_||i)(2+)a+)6 = C(1—pa(z ZA|Z| ZB|z|

where A,, ~ (1 +a)"'n®, B, «~T(1+3)"'nf, that

(24) i(n + 1)a|z|n i(n + 1)ﬁ|z|n < C(]. - |§0a(2)|2)ﬁ LEA

2)ite (] — |2])1FB°
o o (I —fz)te(l = [z])

It then follows from (2.3) that

(2.5) |2f(2

o0
E agngz™* C’E no e |z
k=1

whence,on making use of the Cauchy product, one obtains

oS (g e E( )

nE<n nE<n

Let k = max{k : np < n}. Then,

(2.6) n BNt = ) N Gt a+ﬁ+...+ )
k n ng ng

nE<n

+
<l fpgedy o T C
< T

Therefore,

|Zf/(2’)| - a+B|.,12n __ - a+B|.12n
=B < O n PP = Cla| Y (n+1)2 TPz
n=1 n=0
Clz|(1 — |pa(2)*)”
S TR S e
by (2.4), whence f € By g. O

LEMMA 2.6. Leta, B € (0,00), a+pB > 1 and let f € H with f(z) = >272 lajz ,

where for some constant A > 1, the natural numbers n; satisfy nji1/n; = A, j > 1.
yBte

Then Wiﬂf (2)| £ 1 for all zya € A if and only if |aj\n]147a75 <1 for all

j=1,2,
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PROOF. The proof follows from lemma 2.4 and lemma 2.5. [l

LEMMA 2.7. Suppose that o, € (0,00). Then there exist two holomorphic
maps f1,, fo € Ba,g such that

(1 — |z[*)7*e

@7 EPAGEE

(Ifi ()] +1f2(2)]) = 1,
for all z,a € A.

PROOF. Suppose f1, fo : A — C such that
(1— [}
(1= [pa(2)]?)?

For a large natural number N (which is determined later on) choose a gap series:

(2.8) (fi(@ +1f5(2)]) = 1, for all z € A.

fa,p(2) = ZNj(“+5_1)zNj, for all z € A.
j=0
Then, apply Lemma 2.6 with a; = Not+P=1 and n; = NJ to infer that
2 a
w”ﬂ (2)] <1
(1= lpa(2)2) P
holds for all z € A. Furthermore, let us verify the inequality:
1— 2\ B+«
(2.9) (i_||:|(i)|2)5|f;75(z)| 21 1-N*<z[<1-N"GH2 =12 .
Observe that for any z € A,
00 k—1 [e9)
fhsl = ZNj(a+ﬁ)|Z‘Njfl > pRetB) |y N ZNJ(‘X+5)‘Z|N'1 _ Z NI(@+B) || N7
j=0 Jj=0 Jj=k+1
= Ty —1Ty—1Ts.

And then, fix a z in (2.9) and put x = |z\Nk Thus

[1— NN g < [(1 = N— (/2 N2 N2

If k is large enough, then for & > 1 one has:

1 1. y-1/2
2.1 << ()Y
(2.10) 3 ST (2)

and hence T7 > Nk(o“"m/& Since it is easy to establish

)

k-1
) NE(a+8)
E j(atp)
s, ON S N@H 1
o

it remains to deal with T3. Noting that

|2V VD NNy s g,
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namely , in T3 the quotient of two successive terms is not greater than the ratio of
the first two terms, one finds that the series of T3 is controlled by the geometric
series having the same first two terms. Accordingly (2.10) is applied to produce:

oo

N (E+1D)(a+8) |Z|Nk+1

J
Ty < NG|, N Z(N(a+6)z|(N’“+2Nk+l)> —
§=0
Nk(a+8) N(a+B8) N Nk(a+B) N(a+B)9—N'/?
1 — N@tB) p(N2=N) = 1 _ N(a+B)9—(N3/2—N1/2)"
The preceding estimates for 77, To and T3 imply that for IV large enough and the
ranges of k and z specified in (2.9),

k(a+pB) (a+B)\k+1/2 o 2\3
) s N ey (1 fea(2)P)
i 4 4N (a+B)/2 4N (@+B)/2(1 — |z[2)a+B’

1— Na+5|z‘(Nk+2*Nk+l)

reaching (2.9). In a similar manner, if

8a, (% ZN(J+1/2)(°‘+ﬁ 1), N? , forall z € A,
7=0

then %gaﬂ( )] < 1forall z € A (owing to Lemma 2.6) and one can

prove that if N is a large natural number, for example N = m? where m is a large
natural number, then

(1= [2)** gt 5 (2)
(1 = lpa(2)?)?
Of course, (2.9) and (2.11) yield (2.8) unless f/, 5 and g, 5 share a zero in {z € A :

|z] <1 — N~1}, in which case one can replace 8.5 DY 8, 5(Cz) for an appropriate
¢ on the boundary of A (since fC’Y)B(O) = 1). This completes the proof. O

(2.11) >1, 1-N"F/D | <1-N""+HD =12

g e

Now, we prove the following lemma.

LEMMA 2.8. A closed set K in Bq, g,,0 15 compact if and only if it is bounded
and satisfies
( ‘Z|2)a1+61
2.12 lim lim sup ————————
(2.12) zl>1lal=1 fek (1= |pa(2)[?)

PROOF. Suppose K is compact. If € > 0, then the balls centered at the ele-
ments of K with radii €/2 cover K, so by compactness there exist f1,..., f, € K
such that for every f € K we have || f — f;|i5 < g/2 for some 1 < j < n, and

f'z)l =o0.

consequently 1,81
(1- ‘goa(z)|2)ﬁ1 [F(2)] < (1 |90a( )2 )51 ‘f (2)| +¢/2,

for all z,a € A. For each j, there exists an r; € (0,1) such that

— |z[?)er B
((1||¢())|2)61|f< )| <e/2
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whenever r; < |z| < 1. Setting r = max{r1,...,7,} we have
(L= 2yt
———|f(?)| <e¢
(T Teatapr

whenever r < |z] < 1, and f € K. So (2.12) holds.

Now suppose that K C B, g, 0 is closed, bounded and satisfies (2.12). Then K
is a normal family. If (f,) is a sequence in K, by passing to a subsequence (which
we do not relabel) we may assume that f,, — f uniformly on compact subsets of
A. We show that f,, — f in Ba, g,,0. Let € > 0 be given. By (2.12) there exists an
r € (0,1) such that

(L= ]e)n P
RS ol AV <e/2
(= lpataPyP & < e/

for all » < |z| < 1. and all g € K. Since f;, — f’ uniformly on compact subsets of
A, it follows that f] — f’ pointwise on A, and thus
(1= [zj2)
(1= lpa(2)?)Pr
for all r < |z| < 1. Hence

(1 — |Z|2)OL1+51 ’ ’

YRR RISV - =

(1_ |g0a(z)|2)ﬂ1|f"(z) f (Z)| €
for all r < |2] < 1. Since f, — f’ uniformly on rA (the closure of A), there exists
an Nj such that |f/ (z) — f/(z)| < e for all |z| < r and n > Nj. It follows that

(1= sy

Wlﬁ@(@ -2 <,

for all z,a € A and all n > N;. Thus f,, = f in B, ,,0. Since K is closed, it
follows that f € K. This prove that the set K is compact. O

[F'(2) <e/2,

The next lemma characterizes the compactness of the operators in (1.3) and
(1.4) in an usable way.

LEMMA 2.9. The operator C,Jg (respect Cylg; I;C oy JoCyp) : Bag — Bay g, 1S
compact if and only if CyJy (respect.Cply; IoCp; JgCy ):Ba g — Bay g, is bounded
and for any bounded sequence (fi)ken in Ba,g which converges to zero uniformly
on compact subsets of A, Cpdgfi, = 0 (respect.Cyly fi; IgCo fr; JoCyp fro — 0) in
Ba, g, as k — oo.

PROOF. Assume that the operator CyJ; : Bag — Ba,,s is compact and
that (fx)ren is a sequence in By, g, such that supyey || frlls,, < oo and fr — 0
uniformly on compact subsets of A, as & — co. By the compactness of C,J; :
Ba,s — Ba, g, it follows that C,Jg : Ba,g —+ Ba, s, is bounded and we have that
the sequence (C,Jz(f))ken has a subsequence (CyJg(fs,,))men which converges
in By, 8, say, to f. In view of Lemma 2.1, it is clear that for any compact K C D,
there is a positive constant C such that

Code(fr,)(2) = F(2)] < Ckl|Co g (frn) = fllBa, 6,» forallz € K.
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This implies that C,,Jg(fx,.)(2) — f(2) = 0 uniformly on compact subsets of A, as

m

m — oo. Since fi,, — O on compact subsets of A, and by the following estimate

»(z)

e, (©)g'(€)ds| < max |fi, (§)| max |g’(£)]

C,J, z)| =
1Coo Te(fr, ) (2)] €<l po)] lel<le(©)]

it is clear that for each z € A, limy,—o0 CpJg(fi,, ) (2) = 0. Hence the limit function
f is equal to 0. Since it holds for every subsequence of (fx)ren the implication
follows.

Conversely, let (hi)ren be any sequence in the ball By = Bg, ,(0, M) of By s.
From the fact supyey ||hxllB. , < M < oo, we have that the sequence (h)ren. is
uniformly bounded on compact subsets of A and consequently normal by Montel’s
theorem. Hence we may extract a subsequence (hy;);jen, which converges uniformly
on compact subsets of A to some h € H(A), moreover h € By g and |h|5, , < M.
Thus, the sequence (hy, — h)jen is such that ||y, — hl/s, , < 2M < oo, and
converges to 0 on compact subsets of A as j — oo. By the hypothesis we have
that CyJg(he;) — CpJg(h) in By g. Thus the set C,Jy(Bas) is relatively compact,
finishing the proof of the lemma for this case. The proofs in other cases are similar
and are omitted. O

LEMMA 2.10. Assume that o, € (0,1). Then the operator C,Jy (respect
Cyply; I,C L3 J;Cyp) : Bag = Ba, g, s compact if and only if
Cydg (respect Cply; 1;Cy; JgCyp)  Bag — Bay g, is bounded and for any bounded
sequence (fi)ren in Ba,g which converges to zero uniformly on A, Cyly frp — 0
(respect. Cylg fi; IgCyp fr; JeCop fo = 0) in Ba, g, as k — oo.

PROOF. The proof is similar to the corresponding result in [7]. O

LEMMA 2.11. Assume that h € H(A), f € By g, for some o, 8 > 0, and that
zo € A is fized. Then, the following statements are true.
(a) There is a positive constant C' independent of f such that

]/“f(f dg\ I Fls, » max E).
0 [€1<

(b) There is a positive constant C independent of f such that

]/ O dg] < Clfls, » g h(E)
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PROOF. (a) We have

(g)dg‘ S o O] max Ia(e |7|§|132|/f Jau+ 7 )'5?32||h( )
< (10 >|+|zO||5r|ga|u;|\ (©1) g Ih(6)

z — Jpa(20)[2)? — |z0]?)Pte

(1 — |20[2)P*  jel<izol (1 — |pa(z0)[?) 1€1<] 2o

< max 1 O e, ana hie)

this completes the proof of part (a).
(b) We have

/ f’(ﬁ)h(é)dﬁ‘ 20| maxx [£(6)] max [h(€)]

1€1< 2ol 1€1<] 20l

|20](1 = [a(20)[)” (1= [zo|*)P+ 7
= max ————————— max |h
(=Tl 8 1 TeaGorr i, 1)
|20(2)*”
< —FF57— h
A= |22 )mallfllzm|§|<| 0|| @1,
finishing the proof of the lemma. O

LEMMA 2.12. The following are equivalent.
(i) fn € Bago, [ € Bag and | fn— fll — 0.
(i) The following properties hold:
(
(

a) fn(z) = f(2) as n — oo locally uniformly in A.
a) %U (2)| =0 as |z| = 1 uniformly in A.

PROOF. (i) = (i9). Let f, € Bag0, [ € Bag and || fn, — f|| = 0. Then,

w / 2 % B

0T O S G g @) 1 = ful
R E R

<T@+

for m,n > N(e) constants and |z| < 1. For some § < 1, we have

=P ) e forn > N(e) and 6 < 2] < 1
(1= lpa(2)[?)7 " ’
hence (b) holds. The assertion (a) follows from the convergence in the (o, 8)-Bloch
norm implies locally uniform convergence.
(17) = (i). fn € Ba,go by (b). Also, f/(z) — f'(z) for each z € A by (a). Thus
f € Ba,g,0. Therefore, choose § < 1 such that

(1 — |Z|2)5+a 4 1
51fn(z) = f(z)l <e for n=1,2,... and ¢ <|z[ <1.

(1= lpa(2)]?)
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Then, using (a) to estimate the difference |f) (z) — f'(z)|, which implies

||fn_f|| — 0.
U

THEOREM 2.1. The space By g0 is separable closed nowhere dense subspace of
Ba,p and is identical with the closure of the polynomials in the (o, B)-Bloch norm.
Further, f € Ba,g,0 if and only if

If(z) = ft2)|| = 0 as t = 0, for |t| < 1.

PrROOF. From Lemma 2.12, f,, € By go, |fn — fIl = 0= f € By g,0. Thus,
Ba,g,0 is closed. Since, every polynomials is in B, g, so is the closure of the
polynomials. Further, if f € B, g, then f(tz) € Bq g, for every t € A. Now, since
Ba,g0 is closed so, f € Bq, g0 because || f(z) — f(tz)|| = 0. O

3. The boundedness and compactness of C,J,

In this section, we characterize the boundedness and compactness of the oper-
ator C,Jg : Ba g(or Ba,go) = Bay g (01 Bay gy 0)-

THEOREM 3.1. Let ¢ be an analytic self-map of the unit disk and g € H(A).
If a,8 € (0,1), with o + B # 1 then the following statements hold.
(a) Cplg : Bag(or Ba,g,o) = Ba,,p, is bounded if and only if
(3.1) ar = sup LR ) <
. = sup ————————|g'(v(2))||¢' (2 0.
z,a€EA (1 - |(pa(z)|2)51
(b) Cpdg : Baglor Ba,go) = Bay.pi,0 is bounded if and only if

(32) tim SO e () = 0
' 15 Jal o1 (1 — |palz)2)Br 18 WPEVIIP :

PROOF. (a) Assume that Cy,Jy : By g(or Ba,go) = Bay,p, is bounded. From
(3) we see that

(3-3) (Codef) (2) = f(#(2))8 (0(2))¢' (2)-
Choose fo(z) = 1. It is clear that fy € B, g0 and that || fo||s, , = 1. The bounded-

«,B

ness of the operator Cy,J; : Ba g(or Ba,g,0) = Bay,p, implies that

(L aPPiton o (L R :

(1 _ |(Pa(z)|2)’61 |g (SD(Z))HQO (Z)| - (1 _ |30a(2)|2)61 |(C<PJng) (Z)|
(3-4) < Co Tl folla, 5, = 1Ce Tell < o0,

for any z,a € A. Therefore,we obtain (3.1), as desired.
Now assume that (3.1) holds. Then, by Lemma 2.1 and (3.2) we have

(1 _ |Z|2)51+041 (1 _ |Z‘2)61+0‘1

(3.5) (= |ea(z))P" (1= lpa(2)]2)P

[(Codef) ()] < C 8" (DIl (N fllBo 5-
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From Lemma 2.11 (a) with h = g’ and zg = ¢(0), we have that

(Code)(O)] =\ / - f(é)g’(ﬁ)‘

3.6 <C 5. max / <C’ B, max
(36) 1Fllses %y 18O < Ol s it

8" (€)1

Since [¢(0)| < 1, it follows that max|¢|<|e (0 |8’ (€)] < oo. From this and by taking
the supremum in (3.4) over z,a € A, we obtain

“CWJg(f)||Ba1,B1

<c( sup LB el () +  max Ig/(£)|>||f||s
ST\ aea (1= Jpa(2)]2)P le1<](0)] B

which in view of (3.1) and (3.5) implies the boundedness of
Cydg : Baglor Ba,go) = Bay -

(b) Assume that C,Jg : By, g(or Ba,g,0) — Bay,py,0 is bounded. Let fo(z) =1, then
CyJs(fo) € Bay 1,0, that is (3.2) holds, as desired.

Now, assume (3.2) holds. Let f € B, g, then from (3.5) we see that (3.2) implies
CypJg(fo) € Ba, .0, for each f € B, g. Moreover, (3.2) implies (3.1), so by (a) the
operator CyJy : Ba,g — Ba,,s, is bounded. Therefore, Cy,Js : Ba,g — Ba, 5,0 is
bounded too. O

THEOREM 3.2. Let ¢ be an analytic self-map of the unit disk and g € H(A).
Ifa,B € (0,1) with o+ B # 1, then
(a) CpJg = Ba,g(or Bago) = Bay,p, is compact if and only if (8.1) holds.
Also, the following statements are equivalent:
(b) Cpdg : Bago = Ba, 0 15 compact;
(¢) Cpdg i Bago = Bay g0 is weakly compact;
(d) condition (3.2) holds;
(e) Cpdg : Bag — Bay g0 is compact.

PRrROOF. (a) Assume that Cy,Jg : Bag(or Ba go) = Bay,p, is compact, then it
is bounded and by Theorem 3.1 it follows that condition (3.1) holds.
Conversely, suppose that (3.1) holds. By Theorem 3.1, we know that C,J, :
Ba,glor Bapo) — Bay,p, is bounded. By Lemma 2.10 , we should prove that

1CyJg fillBa, 5, — 0 as k — oo for each sequence (fx)ren C Ba,p (0r Ba,g0)— 0,
such that supyey || fells, , < oo and which converges to zero uniformly on A. We

have

a,B

(1= |yt

lim sup ——————|(C,Jgfr) (2)]
k=00 weR (1 = lpa(2)[?)P oe

oy A=l e
= Jim s (e D G o)
(1= |af?) e

< sup 18 (0(2))[|¢ ()] lim || filles = 0.
z,a€EA (]‘ - |<pa(z)‘2)51 k—o0
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On the other hand, we have

©(0)
(3.7) I(CcpJgfk)(O)I:/o fk(f)g'(ﬁ)d€‘<||fk||oo max [g'(§)] = 0,

1€1<(0)]

as k — oo. From last two estimates the compactness follows.

(b) = (c). By the definition every compact operator is weakly compact.

(c) = (d). It is obvious that Cy,Jg : Ba,g,0 = Ba, 8,0 is bounded. Since fy(z) =1
belongs to By 3,0, we have that C,Jy(1) € Ba, 4,0, that is, (3.2) holds.

(d) = (e). Condition (3.2) implies (3.1). Hence the set C,Jy(f : | fll5., <1)
is bounded in B,, g,. Moreover, from (3.5) it follows that the set is bounded in
Ba, .5, 0- Taking the supremum in inequality (3.5) over the unit ball in B, g, then
letting |z| — 1, applying (3.2) and Lemma 2.8, we obtain that the implication is
true.

(e) =(b). This implication is obvious. O

Now, we consider the case of « = § = 1.

THEOREM 3.3. Let ¢ be an analytic self-map of the unit disk and g € H(A).
Then the following statements hold.
(a) Cplg : Bii(or Bij,o) = Ba,,p, is bounded if and only if

(1 B |Z‘2)a1+ﬁ1 / ’ 2 4
38 s S eIl el 1

o) 1 so(z>2) =0

(b) Cupdg = Bi1o = Bay 0 is bounded if and only if conditions (3.2) and (3.8)
hold.

PROOF. (a) First, assume Cy,Jy : By 1(or Bi,19) = Ba,,p, is bounded. For
w € A, set

fule) = (= o) (s ).

1—wz 1—wz

It is easy to see that f,, € By,1,0 and

e e T e
1wl = (1—|sow<z>|2>< owe <1—wz>2)
CQ—wmePl—weP (|1 - wlim] | 1 oo
- (1—|w|2><1—wz>( T—w <1—wz>2>
< 4+4<8
Therefore,
& (o) (DL — [p()P)(L— [2[2)er+61 ( 2 4 )
3.9 1
(3.9) 0~ o)) @ TP
(1— [Pyt ,
= WKQanﬁz(z)) @ <NCpdgfo) By o
< NCoTellf o l50s < 0.
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Taking the supremum in (3.9) over z,a € A, we obtain (3.8). Conversely, assume
that (3.8) holds. By Lemma 2.1 and (3.3), we obtain

— |z 2\o1+61
S c )

‘g,(QO(Z))H@/(Z”(l — |z|2)0t1+51 2 4
(3.10) < C||f B i .
. (1= lea(2))™ T=le@P T T
From (3.10) and (3.8) with & = 8 = 1, the boundedness of Cy,J, : By 1(or By 1,0) —
Ba, g, follows.

(b) If CJg : Bi,1,0 = Bay gy 0 is bounded, then by (a) we see that (3.8) holds. By
taking the function given by f(z) = 1, we obtain (3.2). Now, suppose that (3.2)
and (3.8) hold. Then for each polynomial p the following inequality holds

(]_ _ |Z‘2)a1+51 (1 _ |Z|2)¢11+[31

T aEaCol (A = T (DI ()l ()

— |z|2)er+8
< Il g S I L

From this and (3.2), we obtain that for each polynomial p, C,Jx(p) € Ba, 4,0, the
set of all polynomials is dense in B; 1, thus for every f € By 1 there is a sequence
of polynomials (pg)ken such that

ok — fllB,, — 0 as k— oo.
Hence,
||C¢Jgpk B C‘P‘]gf”Bal,ﬁl < HCng”Hpk - f”BLl — 0 as k — oo,

since, as we have already proved, the operator C,Js : Bi,1,0 = Ba, 3, is bounded.
Hence C,Jg(B1,1,0) C Bay,pi,0- Since Bq, g0 is closed subset of Ba, g,, then
CyJg(Bi,1,0) = Bay p,,0 is bounded. O

THEOREM 3.4. Assume that ¢ is an analytic self-map of the unit disk and
g € H(A). Then the following statements are equivalent:
(a) Cply : Bijg — Ba,,p, is compact and condition (3.2) holds;
(b) CpJg : Bi1o — Ba, g,,0 is compact;
(c) Cpdg : Bi1,0 = Bay g, .0 is weakly compact;
(d) Condition (3.2) holds and
(1 — |Z|2)Oé1+ﬁ1 ’ ’ 2 4
im z z +In =0,
o T TPy & PN g+ i)

(e) Cpdg : Bi1 — Bay g0 i compact;
(f) Codg = Bii — Bay .0 s bounded;

PrOOF. (d)= (a). Clearly (3.2) implies (3.1). From (3.11) we see that there

is an ro € (0,1) such that
(1= Jzf2yreon
(1= lpa(2)[?)5

(3.11)

N O (= + I ) <
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for every |p(z)| > ro. Let (fx)ren be a norm bounded sequence in B; ; such that
fr — 0 on compact subset of A as k — co. By Lemma 2.1, we obtain

(1= Jo)rt?

(3.12) WKC@Jgﬁc)/(ZH
_ (1_ |Z|2)041—"_B1 / /
= |fe(e(2))l IBE: 8" (¢ (2))l|¢(2)]

1= |pa(2)[2)8r
2\a1+B1
< s @) s LTEDT e )
o (2)|<ro lo(2)|<ro (1 = la(2)]?)P1

(1= [z 2 4

+C frlls,, sup |
"o sne (1= [@a(2)]?)

<M sup [fi(&)]+e Cllfklls -

[€]<ro

518" (e(2))[1¢' (2)I( +1

We also have that

»(0)
(3.13) [(Codgfi)(0)] = I/O fr(©)g'(©)dé] < | fr(&)] g'(§)] — 0

< max max
[€]<»(0)] [€1<]e(0)]

as k — oo. Taking the supremum over z,a € A and letting k& — oo in (3.12)
and( 3.13), we obtain that ||Cy,Jy fr|B — 0 as k — oo. Hence, the operator
Cpdg : Bi,1 — Ba,,p, is compact.

(a) = (b). Assume that C,Jg : Bi1 — Ba, s, is compact and (3.2) holds. As in
Theorem 3.3, for each polynomial p we have that C,Jg(p) € Ba, 3, 0. Because the
polynomials are dense in By 19 and By’ o = By 1, it follows that the polynomials
are w*-dense in B; ;. Thus, for each f € By there is a sequence of polynomials
(Pm)men, such that sup,,cy ||PmllB,, < oo and p,, — f uniformly on compact
subsets of A as m — co. By the compactness, we have that there is a subsequence
(Pm,, ) ken such that

(3.14) klggo 1CoTg (Pmy,) — Cng(f)HBal,;sl =0,

a1,P1

which implies that C,Jg(Bi,1) C Ba,,5,,0. Hence, the image of the unit ball of
B1,1 under the operator CyJ, is relatively compact in Bq, 8,0, which implies that
Cudg : B1,1,0 = Ba, g0 is compact.

(b) = (c).This implication is clear.

(¢) = (d). By putting f(z) = 1, (3.2) follows. By Lemma 2.2 we know that
(Ba,p,0)™* = Ba,g. Since CypJg : Ba.go — Bay,pr,0 and (Bay.p,.0)" = (Ba,go)* = Al,
we have that (C,Jg)* : A' — Al. Hence every bounded linear functional £ on
Ba,.5,.0 can be identified by a function h € Al so that for every f € By 10 and
h € A, we have

(Cog(f),h) = (f, (Cpdg)* (h)).

On the other hand, by Lemma 2.2 we have (A')* = Bg,, which implies that
(Cpdg)™ : Ba,g — Ba, g, - Hence every f € By g0 can be viewed as an element of

e " 1= [e2)P

)
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the space (A!)* and
(f, (Codg)™(h)) = ((Cpdg)™ (), h).

From these two equalities, we have that

<C<p<]g(f)a h> = <(C¢Jg)**(f)a h>-

for every h € A'. By a known consequence of Hann-Banach theorem we obtain
(Cpdg)™(f) = (CpJg)(f) for every f € Ba 0. Since By gyo. is w*-dense in B, g,
it follows that (C,Jg)**(f) = (CuJg)(f) for every f € Bap. From this and by
Gantmacher’s theorem we have that Cy,Jg(Ba,3) C (Bay,8:,0)-
Now assume that the condition (3.11) does not hold. If it were, then it would exist
an g9 > 0 and a sequence (p(zx))keny C A, such that limg o0 [@(2x)] = 1, and
(1 — ‘Zk|2)al+ﬁ1 / ’ ( 2 4
= TpaCeoye & PN G oo + Iy,

for sufficiently large k. We may also assume that

2>>€0>0

1 —[p(zr-1)]
2
Then, for every non-negative integer s there is at most one ¢(zx) such that

1 1
1- o Slelz) <1- o5

>1—|p(z)], keEN.

Hence, there is Ms € N such that for any Carleson window
Q={re?|0<1-7<U(Q),0 - 6| < U(Q)}
and s € N, there is at most M elements in the following set
{p(zr) € QI27CHVUQ) < 1 — ()] < 27°UQ)}.

Therefore, (¢(21))ken is an interpolating sequence for B ;. For a function h € By 1,
let

4 2
M”“”‘<m1—wumﬁ+1—wwmv)keN

Then, we have

(1 _ ‘Zk|2)a1+ﬂ1

(1 —Japf?)rto
(1 = lpa(zr)[?)Pn (1= lpa(zr)[?)"
(1 — |z[*)*5

, , 2 4
:<L—WA%WWIgw“”m¢““(1—wwm**“r—w@w2)>%‘

Thus, CyJg(h) ¢ Ba, p,,0 which is a contradiction. (e) = (b). This implication is
obvious. (d) = (e). Suppose that (3.2) and (3.11) hold. By (3.11), we have that
for every € > 0, there exists an r € (0, 1), such that

_|z]2)a1+8
w()z)'%lg’(sa(@)lw'(z)'(l |2 o 4

(CoTgh)' (21)| = 18" (e (2l (2) 1A (o (2k))]

—ﬂm2IH—wmQ<€
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when r < |p(z)| < 1. By (3.2), there exists a o € (0, 1) such that

(1 _ |Z|2)a1+,31 €

W|g(g@(z))|\w(z)|< (1_2T2+1Dﬁ)

when o < |z| < 1. Therefore, when o < |2| < 1 and 7 < |p(z)| < 1, we have

W 4 z / z 2 n 4
6:15) e e e o ) <
On the other hand, if |p(z)| < r and ¢ < |z| < 1, we have

S B
(3.16) (1 — |Lpa(z>|2)’81 ‘g (QD( ))H‘P ( )| (1 _ |<,D<Z)|2 +1 1— |<,0<Z)|2>

— 122 a1+p1

R E I Ol (2 + ) <

Combining (3.15) with (3.16), we obtain
i L B () = [22)r? 2 4 _

R T I P Y B 5 A T P T

By Lemma 2.1, we have

(1 |yt

(318) (1 _ |@a(z)|2)61 ‘(OQDJgf)/(Z”
(1 — |Z|2)al+/61 ’ P /(5 2 n 4
<Ol 2 S I I 1= 0 T )

From (3.18), condition (3.8) follows. Hence the set C,Jy({f : || fllz,, < 1}) is
bounded in B,, g,. Moreover, from (3.18) it follows that the set is bounded in
B, .,,0- Taking the supremum in (3.18) over all f € By such that || f|z,, < 1,
then letting |z| — 1, |a] — 1 employing (3.18) and Lemma 2.8, we obtain the
desired result. Finally note that the implication (e) =(f) is obvious, and that (f)
= (d) follows from the proof of (¢) = (d). O

THEOREM 3.5. Assume that ¢ is an analytic self-map of the unit disk and
g € H(A). Then the operator C,Jg : Bi1 = Ba, g, is compact if and only if it is
bounded and condition (29) holds.

Proor. Sufficiency. Since Cy,Jg : Bi,1 = Ba, g, is bounded, by taking fo(z) =
1, we see that (3.1) holds. The rest of the proof is the same as the proof of Theorem
3.4 (d)=-(a) and is omitted.

Necessity. Assume that (zx).en is a sequence in A such that limg_, o |p(2,)] = 1
(if such a sequence does not exist then (3.11) is vacuously satisfied). Let

2
2 4
< +1In )
1—p(zk)z 1—p(zk)z
P2k P 4k ,k’ cN.

2
TToGor T I T HE0e

fr(z) = (1= lo(z) )
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By some simple calculation, we find that sup,cy || fxll5,, < C. Moreover f — 0
uniformly on compact subsets of A as k — oo. Since C,J, : Bi1 = Ba, g, is

compact, by Lemma 2.9, we have limy, o |CypJg fi |8, 5, = 0. From this and since

(1= |yt

> A I I
||C@Jgfk||3a1,51 = Z’S;lepA (1 _ |¢a(z)|2)ﬁ1 |(C¢Jgfz) (Z)|

o Gl (T B T o)

(1 — [ap[?) it N
1— |o(ze)|? 1 — e

(1= Jp(2x)[2)Pr 1
we have that

. (1 - |Zl€|2)al+ﬁl / / 4 2 _
klgrolo (1 — ‘w(zk”g)ﬁl,l |g (‘P(Zz))H(p (Zz)| (hl 1_ |S0(Zk)|2 + 1— |S0(Zk)|2> =0,

which implies that (3.11) holds. O
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