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Integral-type operators on some analytic function spaces

Ahmed El-Sayed Ahmed and Hind Al-Amri

Abstract. In this paper, we study boundedness and compactness for the
products of integral-type operators and composition operators between (α, β)-
Bloch spaces of analytic functions in the unit disk ∆.

1. Introduction

Let ∆ = {z : |z| < 1} be the open unit disk in the complex plane C, and H(∆)
be the class of all analytic functions on ∆. An analytic function f on ∆ is said to
belong to the α-Bloch space Bα = Bα(∆)(α > 0), if

(1.1) Bα(f) = sup
z∈∆

(1− |z|2)α|f ′(z)| < ∞.

The expression Bα(f) defines a seminorm while the natural norm is given by
∥f∥Bα(f) = |f(0)| + Bα(f). When α = 1, B1 = B is the well-known Bloch space
(see for example [7] and [10]). Let Bα,0 denote the subspace of Bα consisting of all
f ∈ Bα for which

lim
|z|→1

(1− |z|2)α|f ′(z)| = 0.

This space is called the little α-Bloch space.
The (α, β)-Bloch space Bα,β(∆) = Bα,β (see [1]) is defined by

(1.2) Bα,β(f) = sup
a,z∈∆

(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′(z)| < ∞.

The expression Bα,β(f) defines a seminorm while the natural norm is given by
∥f∥α,β(f) = |f(0)| + Bα,β(f). When β = 0, then we will get the well known α-
Bloch space. If α = 1 and β = 0; then we will get the Bloch space. The little
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2 A. EL-SAYED AHMED AND H.AL-AMRI

(α, β)-Bloch space Bα,β,0 is a subspace of Bα,β consisting of all f ∈ Bα,β such that

lim
|z|→1−

lim
|a|→1−

(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′(z)| = 0.

Let A1 denote the Bergman space, that is, the space of all f ∈ H(∆) such that∫
∆

|f(z)|dm(z) < ∞,

where dm(z) = 1
π rdrdθ is the normalized area measure on ∆.

Let L : X → Y be a linear operator, where X and Y are Banach spaces. The
operator L is said to be compact if for every bounded sequence (xn)n∈N in X, the
sequence (L(xn))n∈N has a convergent subsequence. The operator L is said to be
weakly compact if for every bounded sequence (xn)n∈N in X, (L(xn))n∈N has a
weakly convergent subsequence, i.e., there is a subsequence (xnm)m∈N such that for
every Λ ∈ Y ∗, Λ(L(xnm))m∈N converges. A useful characterization for an operator
to be weakly compact is the following Gantmacher’s theorem:
L is weakly compact if and only if L∗∗(X∗∗) ⊂ Y, where L∗∗ is the second adjoint
of L and Y is identified with its image under the natural embedding into its second
dual Y ∗∗ (see [4]).
Let φ be an analytic self-map of D. Associated with φ, the composition operator
Cφ is defined by Cφf = f ◦ φ for f ∈ H(D). It is interesting to provide a function
theoretic characterization when φ induces a bounded or compact composition op-
erator on various spaces (see, for example, [3]).
Now, suppose that g : ∆ → C1 is a holomorphic map and f ∈ H(∆). The integral-
type operator Jg is defined by

Jgf(z) =

∫ z

0

f(ξ)g′(ξ)dξ, z ∈ ∆.

Another integral-type operator Ig is defined by

Igf(z) =

∫ z

0

f ′(ξ)g(ξ)dξ, z ∈ ∆.

The importance of the operators Jg and Ig comes from the fact that

Jgf + Igf = Mg − f(0)g(0),

where the multiplication operator Mg is defined by (Mgf)(z) = g(z)f(z). In [8]
Pommerenke introduced the operator Jg and showed that Jg is a bounded operator
on the Hardy space H2 if and only if g ∈ BMOA. In this paper, we consider the
products of composition operator and integral-type operators, which are defined by
(see [6])

(1.3) CφJg(f)(z) =

∫ φ(z)

0

f(ξ)g′(ξ)dξ, CφIg(f)(z) =

∫ φ(z)

0

f ′(ξ)g(ξ)dξ,

and also (see [6])

(1.4) JgCφ(f)(z) =

∫ z

0

(f ◦ φ)(ξ)g′(ξ)dξ, IgCφ(f)(z) =

∫ z

0

(f ◦ φ)′(ξ)g(ξ)dξ.
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The boundedness and compactness of operators (1.3) and (1.4) between (α, β)-
Bloch-type spaces and/or little (α, β)-Bloch-type spaces are studied. The study of
these operators naturally comes from the isometry of some function spaces. Namely,
it was shown in [5] that an operator T is a surjective isometry of the Dirichlet space

Dp =

{
f ∈ H(∆)

∣∣∣∣∥f∥pDp |f(0)|p +
∫
∆

|f ′(z)|pdm(z) < ∞
}
,

where p ̸= 2, if and only if there is an automorphism ϕ of ∆ and constants λ1 and
λ2 such that

(1.5) (Tf)(z) = λ1f(0) + λ2

∫ z

0

(ϕ′(ξ))2/pf ′(ϕ(ξ))dξ

for every f ∈ Dp. Let Sp be the space of all analytic functions f on ∆ such that
f ′ ∈ Hp. An operator T is a surjective isometry of Sp with respect to the norm
∥f∥pSp = |f(0)|p + ∥f ′∥pHp if and only if there is an automorphism ϕ of ∆ and
constants λ1 and λ2 such that

(1.6) (Tf)(z) = λ1f(0) + λ2

∫ z

0

(ϕ′(ξ))1/pf ′(ϕ(ξ))dξ

for every f ∈ Sp. Note that the operators in (1.5) and (1.6) are of type in (1.4).
Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A ≈ B means that there is
a positive constant C such that C−1B 6 A 6 CB.

2. Auxiliary results

In this section, we give some auxiliary results which are incorporated in the
following lemmas.

Lemma 2.1. Let f ∈ Bα,β(f), then

|f(z)| 6 C



∥f∥Bα,β
, α, β ∈ (0, 1), α+ β ̸= 1;

( 2
1−|z|2 + ln 4

1−|z|2 )∥f∥Bα,β
, α = β = 1,

∥f∥Bα,β

(1−|z|)α+β−1 , α, β > 1.

for some C > 0 independent of f .
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Proof. Suppose f ∈ Bα,β , 0 6 t < 1 and z ∈ ∆,

|f(z)− f(tz)| = |z
∫ 1

t

f ′(tz)dt| 6 ∥f∥Bα,β

∫ 1

t

|z|(1− |φa(tz)|2)β

(1− |tz|2)α+β
dt

= ∥f∥Bα,β

∫ 1

t

|z|(1− |a|2)β(1− |tz|2)β

(1− |tz|2)α+β |1− atz|2β
dt

6 ∥f∥Bα,β

∫ 1

t

|z|(1− |a|2)β

(1− |tz|2)α(1− |a|)β(1− |tz|)β
dt

6 ∥f∥Bα,β

∫ 1

t

|z|(2)2β

(1− |tz|2)α+β
dt

6 (2)2β∥f∥Bα,β

∫ |z|

t|z|

dx

(1− x2)α+β
.

Let Iα,β =
∫ |z|
t|z|

dx
(1−x2)α+β , and t|z| = 0. If α, β ∈ (0, 1), and α+ β ̸= 1 then

Iα,β 6
∫ |z|

0

dx

(1− x)α+β
=

1

1− (α+ β)
[1− (1− |z|)1−(α+β)] 6 1

1− (α+ β)

If α = β = 1, then

I1,1 =

∫ |z|

0

dx

(1− x2)2
=

∫ |z|

0

1

4

(
1

(1− x)
+

1

(1− x)2
+

1

(1 + x)
+

1

(1 + x)2

)
dx

= C

(
ln

1 + |z|
1− |z|

+
2|z|

1− |z|2

)
6 C(

2

1− |z|2
+ ln

4

1− |z|2
)

Finally, if α, β > 1, then

Iα,β 6
∫ |z|

0

dx

(1− x)α+β
=

1

α+ β − 1

(
1

(1− |z|)α+β−1
− 1

)
6 C

(α+ β − 1)(1− |z|)α+β−1
.

From all of the above, we have

|f(z)| 6 C



∥f∥Bα,β
, α, β ∈ (0, 1), α+ β ̸= 1;

( 2
1−|z|2 + ln 4

1−|z|2 )∥f∥Bα,β
, α = β = 1,

∥f∥Bα,β

(1−|z|)α+β−1 , α, β > 1.

�

Lemma 2.2. Suppose that α, β ∈ (0,∞). Then, the following statements are
true.
(a) (Bα,β,0)

∗ = A1.
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(b) (A1)∗ = Bα,β .
(c) The second dual of Bα,β,0 is Bα,β .

Proof. The proof is much akin to the corresponding result in [2], so it will be
omitted. �

Lemma 2.3. Suppose that α, β ∈ (0,∞)r{1}. Then there are two holomorphic
maps f1,, f2 ∈ Bα,β with

(2.1) sup
z,a∈∆

(1− |z|2)β+α

(1− |φa(z)|2)β
(|f ′

1(z)|+ |f ′
2(z)|) < ∞

and

inf
z,a∈∆

(1− |z|2)β+α−1

(1− |φa(z)|2)β
(|f ′

1(z)|+ |f ′
2(z)|) > 0.(2.2)

Proof. The proof is very similar to the corresponding result in [9] with simple
modifications, so it will be omitted. �

Lemma 2.4. Let f(z) =
∑∞

n=0 bnz
n be holomorphic in ∆. If f ∈ Bα,β (f ∈

Bα,β,0, respectively) for α, β > 0, then

lim sup
n→∞

|bn|n1−α−β < ∞ ( lim
n→∞

|bn|n1−α−β = 0, resp).

Proof. For the proof of Lemma we first note that (1−n−1)1−n → e as n → ∞.
Assume that f ∈ Bα,β . By the Cauchy formula one obtains for n > 1,

|bn| =

∣∣∣∣(2πin)−1

∫ 2π

0

f ′(reiθ)r1−nei(1−n)θdθ

∣∣∣∣
6 (2πn)−1

∫ 2π

0

∣∣∣∣f ′(reiθ)r1−n

∣∣∣∣ (1− r2)α+β(1− |φa(re
iθ)|2)β

(1− r2)α+β(1− |φa(reiθ)|2)β
dθ

= (2πn)−1∥f∥Bα,β
r1−n

∫ 2π

0

(1− |φa(re
iθ)|2)β

(1− r2)α+β
dθ

6 (2πn)−1∥f∥Bα,β
r1−n

∫ 2π

0

(1− |a|2)β(1− r2)β

(1− r2)α+β(1− |a|)β(1− r)β
dθ

6 Cn−1(1− r)−α−βr1−n

for all 0 < r < 1; hereafter C denote positive constants. For n > 1 and for
r = 1− n−1 we thus obtain

|bn| 6 C1n
α+β−1(1− n−1)1−n,

whence

lim sup
n→∞

|bn|n1−α−β < ∞.

The proof for the case f ∈ Bα,β,0 is similar to the above with a few modifications.
�
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Lemma 2.5. Let f be holomorphic function in ∆ with the gap series expansion

f(z) =

∞∑
k=1

akz
nk , z ∈ ∆

where for a constant q > 1 the natural numbers nk, k > 1, satisfy nk+1/nk > q.
Then for α, β > 0, α+ β > 1, f ∈ Bα,β if and only if

(2.3) lim sup
k→∞

|ak|n1−α−β
k < ∞.

Proof. First of all we notice by

(1− |φa(z)|2)β

(1− |z|)2+α+β
= C(1− |φa(z)|2)β

∞∑
n=0

An|z|n
∞∑

n=0

Bn|z|n,

where An v Γ(1 + α)−1nα, Bn v Γ(1 + β)−1nβ , that

(2.4)
∞∑

n=0

(n+ 1)α|z|n
∞∑

n=0

(n+ 1)β |z|n 6 C(1− |φa(z)|2)β

(1− |z|)1+α(1− |z|)1+β
, z ∈ ∆.

It then follows from (2.3) that

(2.5) |zf ′(z)| =
∣∣∣∣ ∞∑
k=1

aknkz
nk

∣∣∣∣ 6 C

∞∑
k=1

nα+β
k |z|nk ,

whence,on making use of the Cauchy product, one obtains

|zf ′(z)|
(1− |z|)2

6 C
∞∑

n=1

( ∑
nk6n

nα+β
k

)
|z|n 6 C

∞∑
n=1

( ∑
nk6n

nα+β
k

)
|z|2n.

Let k = max{k : nk 6 n}. Then,

(2.6) n−α−β
∑
nk6n

nα+β
k =

(
nk

n

)α+β[
1+

(
nk−1

nk

)α+β

+ ...+

(
n1

nk

)α+β]

6 1 + q−α−β + q−2(α+β) + ... =
qα+β

qα+β − 1
= C.

Therefore,

|zf ′(z)|
(1− |z|)2

6 C
∞∑

n=1

nα+β |z|2n = C|z|
∞∑

n=0

(n+ 1)α+β |z|2n

6 C|z|(1− |φa(z)|2)β

(1− |z|)α+1(1− |z|)β+1
for z ∈ ∆,

by (2.4), whence f ∈ Bα,β . �
Lemma 2.6. Let α, β ∈ (0,∞), α+β > 1 and let f ∈ H with f(z) =

∑∞
j=1 ajz

nj ,

where for some constant λ > 1, the natural numbers nj satisfy nj+1/nj > λ, j > 1.

Then (1−|z|2)β+α

(1−|φa(z)|2)β |f
′(z)| . 1 for all z, a ∈ ∆ if and only if |aj |n1−α−β

j . 1 for all

j = 1, 2, ...
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Proof. The proof follows from lemma 2.4 and lemma 2.5. �

Lemma 2.7. Suppose that α, β ∈ (0,∞). Then there exist two holomorphic
maps f1,, f2 ∈ Bα,β such that

(2.7)
(1− |z|2)β+α

(1− |φa(z)|2)β
(|f ′

1(z)|+ |f ′
2(z)|) ≈ 1,

for all z, a ∈ ∆.

Proof. Suppose f1, f2 : ∆ → C such that

(1− |z|2)β+α

(1− |φa(z)|2)β
(|f ′

1(z)|+ |f ′
2(z)|) ≈ 1, for all z ∈ ∆.(2.8)

For a large natural number N (which is determined later on) choose a gap series:

fα,β(z) =
∞∑
j=0

N j(α+β−1)zN
j

, for all z ∈ ∆.

Then, apply Lemma 2.6 with aj = Nα+β−1 and nj = N j to infer that

(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′

α,β(z)| . 1

holds for all z ∈ ∆. Furthermore, let us verify the inequality:

(2.9)
(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′

α,β(z)| & 1, 1−N−k 6 |z| 6 1−N−(k+1/2), k = 1, 2, . . .

Observe that for any z ∈ ∆,

|f ′
α,β | =

∞∑
j=0

N j(α+β)|z|N
j−1 > hk(α+β)|z|N

k

−
k−1∑
j=0

N j(α+β)|z|N
j

−
∞∑

j=k+1

N j(α+β)|z|N
j

= T1 − T2 − T3.

And then, fix a z in (2.9) and put x = |z|Nk

. Thus

[1−N−k]N
k 6 x 6 [(1−N−(k+1/2))N

k+1/2

]N
−1/2

.

If k is large enough, then for k > 1 one has:

1

3
6 x 6 (

1

2
)N

−1/2

,(2.10)

and hence T1 > Nk(α+β)/3. Since it is easy to establish

T2 6
k−1∑
j=0

N j(α+β) 6 Nk(α+β)

N (α+β) − 1
,

it remains to deal with T3. Noting that

|z|N
n(N−1) 6 |z|N

k+1(N−1), n > k + 1,
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namely , in T3 the quotient of two successive terms is not greater than the ratio of
the first two terms, one finds that the series of T3 is controlled by the geometric
series having the same first two terms. Accordingly (2.10) is applied to produce:

T3 6 N (k+1)(α+β)|z|N
k+1

∞∑
j=0

(
N (α+β)|z|(N

k+2−Nk+1)

)j

=
N (k+1)(α+β)|z|Nk+1

1−Nα+β |z|(Nk+2−Nk+1)

=
Nk(α+β)N (α+β)xN

1−N (α+β)x(N2−N)
6 Nk(α+β)N (α+β)2−N1/2

1−N (α+β)2−(N3/2−N1/2)
.

The preceding estimates for T1, T2 and T3 imply that for N large enough and the
ranges of k and z specified in (2.9),

|f ′
α,β(z)| >

Nk(α+β)

4
=

(N (α+β))k+1/2

4N (α+β)/2
> (1− |φa(z)|2)β

4N (α+β)/2(1− |z|2)α+β
,

reaching (2.9). In a similar manner, if

gα,β(z) =
∞∑
j=0

N (j+1/2)(α+β−1)zN
j

, for all z ∈ ∆,

then (1−|z|2)α+β

(1−|φa(z)|2)β |g
′
α,β(z)| . 1 for all z ∈ ∆ (owing to Lemma 2.6) and one can

prove that if N is a large natural number, for example N = m2 where m is a large
natural number, then

(2.11)
(1− |z|2)α+β |g′α,β(z)|

(1− |φa(z)|2)β
& 1, 1−N−(k+1/2) 6 |z| 6 1−N−(k+1), k = 1, 2, ...

Of course, (2.9) and (2.11) yield (2.8) unless f ′
α,β and g′α,β share a zero in {z ∈ ∆ :

|z| < 1−N−1}, in which case one can replace g′α,β by g′α,β(ζz) for an appropriate

ζ on the boundary of ∆ (since f ′
α,β(0) = 1). This completes the proof. �

Now, we prove the following lemma.

Lemma 2.8. A closed set K in Bα1,β1,0 is compact if and only if it is bounded
and satisfies

lim
|z|→1

lim
|a|→1

sup
f∈K

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′(z)| = 0.(2.12)

Proof. Suppose K is compact. If ε > 0, then the balls centered at the ele-
ments of K with radii ε/2 cover K, so by compactness there exist f1, ..., fn ∈ K
such that for every f ∈ K we have ∥f − fj∥Bα1,β1

< ε/2 for some 1 6 j 6 n, and
consequently

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′(z)| 6 (1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′

j(z)|+ ε/2,

for all z, a ∈ ∆. For each j, there exists an rj ∈ (0, 1) such that

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′

j(z)| 6 ε/2
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whenever rj < |z| < 1. Setting r = max{r1, ..., rn} we have

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′(z)| 6 ε

whenever r < |z| < 1, and f ∈ K. So (2.12) holds.
Now suppose that K ⊂ Bα1,β1,0 is closed, bounded and satisfies (2.12). Then K

is a normal family. If (fn) is a sequence in K, by passing to a subsequence (which
we do not relabel) we may assume that fn → f uniformly on compact subsets of
∆. We show that fn → f in Bα1,β1,0. Let ε > 0 be given. By (2.12) there exists an
r ∈ (0, 1) such that

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(z)| 6 ε/2

for all r < |z| < 1. and all g ∈ K. Since f ′
n → f ′ uniformly on compact subsets of

∆, it follows that f ′
n → f ′ pointwise on ∆, and thus

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′(z)| 6 ε/2,

for all r < |z| < 1. Hence

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′

n(z)− f ′(z)| 6 ε,

for all r < |z| < 1. Since f ′
n → f ′ uniformly on r∆ (the closure of ∆), there exists

an N1 such that |f ′
n(z)− f ′(z)| 6 ε for all |z| 6 r and n > N1. It follows that

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|f ′

n(z)− f ′(z)| 6 ε,

for all z, a ∈ ∆ and all n > N1. Thus fn → f in Bα1,β1,0. Since K is closed, it
follows that f ∈ K. This prove that the set K is compact. �

The next lemma characterizes the compactness of the operators in (1.3) and
(1.4) in an usable way.

Lemma 2.9. The operator CφJg (respect CφIg; IgCφ; JgCφ) : Bα,β → Bα1,β1 is
compact if and only if CφJg (respect.CφIg; IgCφ; JgCφ):Bα,β → Bα1,β1 is bounded
and for any bounded sequence (fk)k∈N in Bα,β which converges to zero uniformly
on compact subsets of ∆, CφJgfk → 0 (respect.CφIgfk; IgCφfk; JgCφfk → 0) in
Bα1,β1 as k → ∞.

Proof. Assume that the operator CφJg : Bα,β → Bα1,β1 is compact and
that (fk)k∈N is a sequence in Bα1,β1 such that supk∈N ∥fk∥Bα,β

< ∞ and fk → 0
uniformly on compact subsets of ∆, as k → ∞. By the compactness of CφJg :
Bα,β → Bα1,β1 it follows that CφJg : Bα,β → Bα1,β1 is bounded and we have that
the sequence (CφJg(fk))k∈N has a subsequence (CφJg(fkm))m∈N which converges
in Bα1,β1 , say, to f. In view of Lemma 2.1, it is clear that for any compact K ⊂ D,
there is a positive constant Ck such that

|CφJg(fkm)(z)− f(z)| 6 Ck∥CφJg(fkm)− f∥Bα1,β1
, for all z ∈ K.
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This implies that CφJg(fkm)(z)− f(z) → 0 uniformly on compact subsets of ∆, as
m → ∞. Since fkm → 0 on compact subsets of ∆, and by the following estimate

|CφJg(fkm)(z)| =
∣∣∣∣ ∫ φ(z)

0

fkm(ξ)g′(ξ)dξ

∣∣∣∣ 6 max
|ξ|6|φ(ξ)|

|fkm(ξ)| max
|ξ|6|φ(ξ)|

|g′(ξ)|

it is clear that for each z ∈ ∆, limm→∞ CφJg(fkm)(z) = 0. Hence the limit function
f is equal to 0. Since it holds for every subsequence of (fk)k∈N the implication
follows.
Conversely, let (hk)k∈N be any sequence in the ball BM = BBα,β

(0,M) of Bα,β .
From the fact supk∈N ∥hk∥Bα,β

6 M < ∞, we have that the sequence (hk)k∈N. is
uniformly bounded on compact subsets of ∆ and consequently normal by Montel’s
theorem. Hence we may extract a subsequence (hkj )j∈N, which converges uniformly
on compact subsets of ∆ to some h ∈ H(∆), moreover h ∈ Bα,β and ∥h∥Bα,β

6 M.
Thus, the sequence (hkj − h)j∈N is such that ∥hkj − h∥Bα,β

6 2M < ∞, and
converges to 0 on compact subsets of ∆ as j → ∞. By the hypothesis we have
that CφJg(hkj ) → CφJg(h) in Bα,β . Thus the set CφJg(BM ) is relatively compact,
finishing the proof of the lemma for this case. The proofs in other cases are similar
and are omitted. �

Lemma 2.10. Assume that α, β ∈ (0, 1). Then the operator CφJg (respect
CφIg; IgCφ; JgCφ) : Bα,β → Bα1,β1 is compact if and only if
CφJg (respect CφIg; IgCφ;JgCφ) : Bα,β → Bα1,β1 is bounded and for any bounded

sequence (fk)k∈N in Bα,β which converges to zero uniformly on ∆, CφIgfk → 0
(respect. CφIgfk; IgCφfk; JgCφfk → 0) in Bα1,β1 as k → ∞.

Proof. The proof is similar to the corresponding result in [7]. �

Lemma 2.11. Assume that h ∈ H(∆), f ∈ Bα,β , for some α, β > 0, and that
z0 ∈ ∆ is fixed. Then, the following statements are true.
(a) There is a positive constant C independent of f such that

∣∣∣∣ ∫ z0

0

f(ξ)h(ξ)dξ

∣∣∣∣ 6 C∥f∥Bα,β
max

|ξ|6|z0|
|h(ξ)|.

(b) There is a positive constant C independent of f such that

∣∣∣∣ ∫ z0

0

f ′(ξ)h(ξ)dξ

∣∣∣∣ 6 C∥f∥Bα,β
max

|ξ|6|z0|
|h(ξ)|.
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Proof. (a) We have∣∣∣∣ ∫ z0

0

f(ξ)h(ξ)dξ

∣∣∣∣ 6 max
|ξ|6|z0|

|f(ξ)| max
|ξ|6|z0|

|h(ξ)| = max
|ξ|6|z0|

∣∣∣∣ ∫ ξ

0

f ′(u)du+ f(0)

∣∣∣∣ max
|ξ|6|z0|

|h(ξ)|

6
(
|f(0)|+ |z0| max

|ξ|6|z0|
|f ′(ξ)|

)
max

|ξ|6|z0|
|h(ξ)|

=

(
|f(0)|+ |z0|(1− |φa(z0)|2)β

(1− |z0|2)β+α
max

|ξ|6|z0|

(1− |z0|2)β+α

(1− |φa(z0)|2)β
|f ′(ξ)|

)
max

|ξ|6|z0|
|h(ξ)|

6 max

{
1,

|z0|(2)2β

(1− |z0|2)β+α

}
∥f∥Bα,β

max
|ξ|6|z0|

|h(ξ)|,

this completes the proof of part (a).
(b) We have∣∣∣∣ ∫ z0

0

f ′(ξ)h(ξ)dξ

∣∣∣∣ 6 |z0| max
|ξ|6|z0|

|f ′(ξ)| max
|ξ|6|z0|

|h(ξ)|

=
|z0|(1− |φa(z0)|2)β

(1− |z0|2)β+α
max

|ξ|=|z0|

(1− |z0|2)β+α

(1− |φa(z0)|2)β
|f ′(ξ)| max

|ξ|6|z0|
|h(ξ)|

6 |z0|(2)2β

(1− |z0|2)β+α
∥f∥Bα,β

max
|ξ|6|z0|

|h(ξ)|,

finishing the proof of the lemma. �

Lemma 2.12. The following are equivalent.
(i) fn ∈ Bα,β,0, f ∈ Bα,β and ∥fn − f∥ → 0.
(ii) The following properties hold:
(a) fn(z) → f(z) as n → ∞ locally uniformly in ∆.

(a) (1−|z|2)β+α

(1−|φa(z)|2)β |f
′
n(z)| = 0 as |z| → 1 uniformly in ∆.

Proof. (i) ⇒ (ii). Let fn ∈ Bα,β,0, f ∈ Bα,β and ∥fn − f∥ → 0. Then,

(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′

n(z)| 6
(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′

m(z)|+ ∥fn − fm∥

<
(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′

m(z)|+ ε,

for m,n > N(ε) constants and |z| < 1. For some δ < 1, we have

(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′

n(z)| < 2ε for n > N(ε) and δ < |z| < 1,

hence (b) holds. The assertion (a) follows from the convergence in the (α, β)-Bloch
norm implies locally uniform convergence.
(ii) ⇒ (i). fn ∈ Bα,β,0 by (b). Also, f ′

n(z) → f ′(z) for each z ∈ ∆ by (a). Thus
f ∈ Bα,β,0. Therefore, choose δ < 1 such that

(1− |z|2)β+α

(1− |φa(z)|2)β
|f ′

n(z)− f ′(z)| < ε for n = 1, 2, . . . and δ < |z| < 1.
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Then, using (a) to estimate the difference |f ′
n(z)− f ′(z)|, which implies

∥fn − f∥ → 0.

�

Theorem 2.1. The space Bα,β,0 is separable closed nowhere dense subspace of
Bα,β and is identical with the closure of the polynomials in the (α, β)-Bloch norm.
Further, f ∈ Bα,β,0 if and only if

∥f(z)− f(tz)∥ → 0 as t → 0, for |t| 6 1.

Proof. From Lemma 2.12, fn ∈ Bα,β,0, ∥fn − f∥ → 0 ⇒ f ∈ Bα,β,0. Thus,
Bα,β,0 is closed. Since, every polynomials is in Bα,β,0, so is the closure of the
polynomials. Further, if f ∈ Bα,β , then f(tz) ∈ Bα,β,0 for every t ∈ ∆. Now, since
Bα,β,0 is closed so, f ∈ Bα,β,0 because ∥f(z)− f(tz)∥ → 0. �

3. The boundedness and compactness of CφJg

In this section, we characterize the boundedness and compactness of the oper-
ator CφJg : Bα,β(or Bα,β,0) → Bα1,β1(or Bα1,β1,0).

Theorem 3.1. Let φ be an analytic self-map of the unit disk and g ∈ H(∆).
If α, β ∈ (0, 1), with α+ β ̸= 1 then the following statements hold.
(a) CφJg : Bα,β(or Bα,β,0) → Bα1,β1 is bounded if and only if

(3.1) M∗ := sup
z,a∈∆

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)| < ∞.

(b) CφJg : Bα,β(or Bα,β,0) → Bα1,β1,0 is bounded if and only if

(3.2) lim
|z|→1

lim
|a|→1

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)| = 0.

Proof. (a) Assume that CφJg : Bα,β(or Bα,β,0) → Bα1,β1 is bounded. From
(3) we see that

(3.3) (CφJgf)
′(z) = f(φ(z))g′(φ(z))φ′(z).

Choose f0(z) ≡ 1. It is clear that f0 ∈ Bα,β,0 and that ∥f0∥Bα,β
= 1. The bounded-

ness of the operator CφJg : Bα,β(or Bα,β,0) → Bα1,β1 implies that

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)| = (1− |z|2)β1+α1

(1− |φa(z)|2)β1
|(CφJgf0)

′(z)|

6 ∥CφJg∥∥f0∥Bα1,β1
= ∥CφJg∥ < ∞,(3.4)

for any z, a ∈ ∆. Therefore,we obtain (3.1), as desired.
Now assume that (3.1) holds. Then, by Lemma 2.1 and (3.2) we have

(3.5)
(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|(CφJgf)

′(z)| 6 C
(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|∥f∥Bα,β

.
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From Lemma 2.11 (a) with h = g′ and z0 = φ(0), we have that

|(CφJgf)(0)| =
∣∣∣∣ ∫ φ(0)

0

f(ξ)g′(ξ)

∣∣∣∣
6 C∥f∥Bα,β

max
|ξ|6|φ(0)|

|g′(ξ)| 6 C∥f∥Bα,β
max

|ξ|6|φ(0)|
|g′(ξ)|.(3.6)

Since |φ(0)| < 1, it follows that max|ξ|6|φ(0)| |g′(ξ)| < ∞. From this and by taking
the supremum in (3.4) over z, a ∈ ∆, we obtain

∥CφJg(f)∥Bα1,β1

6 C

(
sup

z,a∈∆

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|+ max

|ξ|6|φ(0)|
|g′(ξ)|

)
∥f∥Bα,β

,

which in view of (3.1) and (3.5) implies the boundedness of

CφJg : Bα,β(or Bα,β,0) → Bα1,β1 .

(b) Assume that CφJg : Bα,β(or Bα,β,0) → Bα1,β1,0 is bounded. Let f0(z) ≡ 1, then
CφJg(f0) ∈ Bα1,β1,0, that is (3.2) holds, as desired.
Now, assume (3.2) holds. Let f ∈ Bα,β , then from (3.5) we see that (3.2) implies
CφJg(f0) ∈ Bα1,β1,0, for each f ∈ Bα,β . Moreover, (3.2) implies (3.1), so by (a) the
operator CφJg : Bα,β → Bα1,β1 is bounded. Therefore, CφJg : Bα,β → Bα1,β1,0 is
bounded too. �

Theorem 3.2. Let φ be an analytic self-map of the unit disk and g ∈ H(∆).
If α, β ∈ (0, 1) with α+ β ̸= 1, then
(a) CφJg : Bα,β(or Bα,β,0) → Bα1,β1 is compact if and only if (3.1) holds.
Also, the following statements are equivalent:
(b) CφJg : Bα,β,0 → Bα1,β1,0 is compact;
(c) CφJg : Bα,β,0 → Bα1,β1,0 is weakly compact;
(d) condition (3.2) holds;
(e) CφJg : Bα,β → Bα1,β1,0 is compact.

Proof. (a) Assume that CφJg : Bα,β(or Bα,β,0) → Bα1,β1 is compact, then it
is bounded and by Theorem 3.1 it follows that condition (3.1) holds.
Conversely, suppose that (3.1) holds. By Theorem 3.1, we know that CφJg :
Bα,β(or Bα,β,0) → Bα1,β1 is bounded. By Lemma 2.10 , we should prove that
∥CφJgfk∥Bα1,β1

→ 0 as k → ∞ for each sequence (fk)k∈N ⊂ Bα,β (or Bα,β,0)→ 0,

such that supk∈N ∥fk∥Bα,β
< ∞ and which converges to zero uniformly on ∆. We

have

lim
k→∞

sup
z,a∈∆

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|(CφJgfk)

′(z)|

= lim
k→∞

sup
z,a∈∆

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)||fk(φ(z))|

6 sup
z,a∈∆

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)| lim

k→∞
∥fk∥∞ = 0.
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On the other hand, we have

(3.7) |(CφJgfk)(0)| =
∣∣∣∣ ∫ φ(0)

0

fk(ξ)g
′(ξ)dξ

∣∣∣∣ 6 ∥fk∥∞ max
|ξ|6|φ(0)|

|g′(ξ)| → 0,

as k → ∞. From last two estimates the compactness follows.

(b) ⇒ (c). By the definition every compact operator is weakly compact.

(c) ⇒ (d). It is obvious that CφJg : Bα,β,0 → Bα1,β1,0 is bounded. Since f0(z) ≡ 1
belongs to Bα,β,0, we have that CφJg(1) ∈ Bα1,β1,0, that is, (3.2) holds.

(d) ⇒ (e). Condition (3.2) implies (3.1). Hence the set CφJg(f : ∥f∥Bα,β
6 1)

is bounded in Bα1,β1 . Moreover, from (3.5) it follows that the set is bounded in
Bα1,β1,0. Taking the supremum in inequality (3.5) over the unit ball in Bα,β , then
letting |z| → 1, applying (3.2) and Lemma 2.8, we obtain that the implication is
true.
(e) ⇒(b). This implication is obvious. �

Now, we consider the case of α = β = 1.

Theorem 3.3. Let φ be an analytic self-map of the unit disk and g ∈ H(∆).
Then the following statements hold.
(a) CφJg : B1,1(or B1,1,0) → Bα1,β1 is bounded if and only if

(3.8) sup
z,a∈∆

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
< ∞.

(b) CφJg : B1,1,0 → Bα1,β1,0 is bounded if and only if conditions (3.2) and (3.8)
hold.

Proof. (a) First, assume CφJg : B1,1(or B1,1,0) → Bα1,β1 is bounded. For
w ∈ ∆, set

fw(z) = (1− |w|2)
(

2

1− wz
+ ln

4

1− wz

)
.

It is easy to see that fw ∈ B1,1,0 and

∥fw∥B1,1 =
(1− wz)2

(1− |φw(z)|2)

(
|1− |w|2||w|
|1− wz|

+
|1− |w|2||w|
(1− wz)2

)
=

(1− wz)2|1− wz|2

(1− |w|2)(1− wz)

(
|1− |w|2||w|
|1− wz|

+
|1− |w|2||w|
(1− wz)2

)
6 4 + 4 6 8

Therefore,

|g′(φ(z))||φ′(z)|(1− |φ(z)|2)(1− |z|2)α1+β1

(1− |φa(z)|2)β1

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
(3.9)

=
(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|(CφJgfφ(z))

′(z)| 6 ∥CφJgfφ(z)∥Bα1,β1

6 ∥CφJg∥∥fφ(z)∥B1,1 < ∞.
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Taking the supremum in (3.9) over z, a ∈ ∆, we obtain (3.8). Conversely, assume
that (3.8) holds. By Lemma 2.1 and (3.3), we obtain

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|(CφJgf)

′(z)|

6 C∥f∥B1,1

|g′(φ(z))||φ′(z)|(1− |z|2)α1+β1

(1− |φa(z)|2)β1

( 2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2
)
.(3.10)

From (3.10) and (3.8) with α = β = 1, the boundedness of CφJg : B1,1(or B1,1,0) →
Bα1,β1 follows.

(b) If CφJg : B1,1,0 → Bα1,β1,0 is bounded, then by (a) we see that (3.8) holds. By
taking the function given by f(z) ≡ 1, we obtain (3.2). Now, suppose that (3.2)
and (3.8) hold. Then for each polynomial p the following inequality holds

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|(CφJgp)

′(z)| =
(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)||p(φ(z))|

6 ∥p∥∞
(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|.

From this and (3.2), we obtain that for each polynomial p, CφJg(p) ∈ Bα1,β1,0, the
set of all polynomials is dense in B1,1,0, thus for every f ∈ B1,1,0 there is a sequence
of polynomials (pk)k∈N such that

∥pk − f∥B1,1 → 0 as k → ∞.

Hence,

∥CφJgpk − CφJgf∥Bα1,β1
6 ∥CφJg∥∥pk − f∥B1,1 → 0 as k → ∞,

since, as we have already proved, the operator CφJg : B1,1,0 → Bα1,β1 is bounded.
Hence CφJg(B1,1,0) ⊂ Bα1,β1,0. Since Bα1,β1,0 is closed subset of Bα1,β1 , then
CφJg(B1,1,0) → Bα1,β1,0 is bounded. �

Theorem 3.4. Assume that φ is an analytic self-map of the unit disk and
g ∈ H(∆). Then the following statements are equivalent:
(a) CφJg : B1,1 → Bα1,β1 is compact and condition (3.2) holds;
(b) CφJg : B1,1,0 → Bα1,β1,0 is compact;
(c) CφJg : B1,1,0 → Bα1,β1,0 is weakly compact;
(d) Condition (3.2) holds and

(3.11) lim
|φ(z)|→1

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

( 2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2
)
= 0,

(e) CφJg : B1,1 → Bα1,β1,0 is compact;
(f) CφJg : B1,1 → Bα1,β1,0 is bounded;

Proof. (d)⇒ (a). Clearly (3.2) implies (3.1). From (3.11) we see that there
is an r0 ∈ (0, 1) such that

(1− |z|2)β1+α1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
< ε
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for every |φ(z)| > r0. Let (fk)k∈N be a norm bounded sequence in B1,1 such that
fk → 0 on compact subset of ∆ as k → ∞. By Lemma 2.1, we obtain

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|(CφJgfk)

′(z)|(3.12)

= |fk(φ(z))|
(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

6 sup
|φ(z)|6r0

|fk(φ(z))| sup
|φ(z)|6r0

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

+C∥fk∥B1,1 sup
|φ(z)|>r0

| (1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|( 2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2
)

6 M sup
|ξ|6r0

|fk(ξ)|+ ε C∥fk∥B1,1 .

We also have that

(3.13) |(CφJgfk)(0)| = |
∫ φ(0)

0

fk(ξ)g
′(ξ)dξ| 6 max

|ξ|6|φ(0)|
|fk(ξ)| max

|ξ|6|φ(0)|
|g′(ξ)| → 0

as k → ∞. Taking the supremum over z, a ∈ ∆ and letting k → ∞ in (3.12)
and( 3.13), we obtain that ∥CφJgfk∥Bα1,β1

→ 0 as k → ∞. Hence, the operator
CφJg : B1,1 → Bα1,β1 is compact.

(a) ⇒ (b). Assume that CφJg : B1,1 → Bα1,β1 is compact and (3.2) holds. As in
Theorem 3.3, for each polynomial p we have that CφJg(p) ∈ Bα1,β1,0. Because the
polynomials are dense in B1,1,0 and B∗∗

1,1,0 = B1,1, it follows that the polynomials
are w∗-dense in B1,1. Thus, for each f ∈ B1,1 there is a sequence of polynomials
(pm)m∈N, such that supm∈N ∥pm∥B1,1 < ∞ and pm → f uniformly on compact
subsets of ∆ as m → ∞. By the compactness, we have that there is a subsequence
(pmk

)k∈N such that

lim
k→∞

∥CφJg(pmk
)− CφJg(f)∥Bα1,β1

= 0,(3.14)

which implies that CφJg(B1,1) ⊂ Bα1,β1,0. Hence, the image of the unit ball of
B1,1 under the operator CφJg is relatively compact in Bα1,β1,0, which implies that
CφJg : B1,1,0 → Bα1,β1,0 is compact.

(b) ⇒ (c).This implication is clear.

(c) ⇒ (d). By putting f(z) ≡ 1, (3.2) follows. By Lemma 2.2 we know that
(Bα,β,0)

∗∗ = Bα,β . Since CφJg : Bα,β,0 → Bα1,β1,0 and (Bα1,β1,0)
∗ = (Bα,β,0)

∗ = A1,
we have that (CφJg)

∗ : A1 → A1. Hence every bounded linear functional L on
Bα1,β1,0 can be identified by a function h ∈ A1, so that for every f ∈ B1,1,0 and
h ∈ A1, we have

⟨CφJg(f), h⟩ = ⟨f, (CφJg)
∗(h)⟩.

On the other hand, by Lemma 2.2 we have (A1)∗ = Bβ,α, which implies that
(CφJg)

∗∗ : Bα,β → Bα1,β1 . Hence every f ∈ Bα,β,0 can be viewed as an element of
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the space (A1)∗ and

⟨f, (CφJg)
∗(h)⟩ = ⟨(CφJg)

∗∗(f), h⟩.

From these two equalities, we have that

⟨CφJg(f), h⟩ = ⟨(CφJg)
∗∗(f), h⟩.

for every h ∈ A1. By a known consequence of Hann-Banach theorem we obtain
(CφJg)

∗∗(f) = (CφJg)(f) for every f ∈ Bα,β,0. Since Bα,β,0. is w∗-dense in Bα,β ,
it follows that (CφJg)

∗∗(f) = (CφJg)(f) for every f ∈ Bα,β . From this and by
Gantmacher’s theorem we have that CφJg(Bα,β) ⊂ (Bα1,β1,0).
Now assume that the condition (3.11) does not hold. If it were, then it would exist
an ε0 > 0 and a sequence (φ(zk))k∈N ⊂ ∆, such that limk→∞ |φ(zk)| = 1, and

(1− |zk|2)α1+β1

(1− |φa(zk)|2)β1
|g′(φ(z))||φ′(z)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
> ε0 > 0

for sufficiently large k. We may also assume that

1− |φ(zk−1)|
2

> 1− |φ(zk)|, k ∈ N.

Then, for every non-negative integer s there is at most one φ(zk) such that

1− 1

2s
6 |φ(zk)| < 1− 1

2s+1
.

Hence, there is M2 ∈ N such that for any Carleson window

Q = {reiθ|0 < 1− r < l(Q), |θ − θ0| < l(Q)}

and s ∈ N, there is at most M elements in the following set

{φ(zk) ∈ Q|2−(s+1)l(Q) < 1− |φ(zk)| < 2−sl(Q)}.

Therefore, (φ(zk))k∈N is an interpolating sequence for B1,1. For a function h ∈ B1,1,
let

h(φ(zk)) =

(
ln

4

1− |φ(zk)|2
+

2

1− |φ(zk)|2

)
k ∈ N.

Then, we have

(1− |zk|2)α1+β1

(1− |φa(zk)|2)β1
|(CφJgh)

′(zk)| =
(1− |zk|2)α1+β1

(1− |φa(zk)|2)β1
|g′(φ(zk))||φ′(zk)||h(φ(zk))|

=
(1− |zk|2)α1+β1

(1− |φa(zk)|2)β1
|g′(φ(zk))||φ′(zk)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(zk)|2

)
> ε0.

Thus, CφJg(h) /∈ Bα1,β1,0 which is a contradiction. (e) ⇒ (b). This implication is
obvious. (d) ⇒ (e). Suppose that (3.2) and (3.11) hold. By (3.11), we have that
for every ε > 0, there exists an r ∈ (0, 1), such that

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
< ε
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when r < |φ(z)| < 1. By (3.2), there exists a σ ∈ (0, 1) such that

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)| < ε(

2
1−r2 + ln 4

1−r2

)
when σ < |z| < 1. Therefore, when σ < |z| < 1 and r < |φ(z)| < 1, we have

(3.15)
(1− |z|2)α1,β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
< ε.

On the other hand, if |φ(z)| 6 r and σ < |z| < 1, we have

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
(3.16)

<
(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

( 2

1− r2
+ ln

4

1− r2
)
< ε.

Combining (3.15) with (3.16), we obtain

(3.17) lim
|z|→1

lim
|a|→1

|g′(φ(z))||φ′(z)|(1− |z|2)α1,β1

(1− |φa(z)|2)β1
(

2

1− |φ(z)|2
+ln

4

1− |φ(z)|2
) = 0.

By Lemma 2.1, we have

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|(CφJgf)

′(z)|(3.18)

6 C∥f∥B1,1

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|g′(φ(z))||φ′(z)|

(
2

1− |φ(z)|2
+ ln

4

1− |φ(z)|2

)
.

From (3.18), condition (3.8) follows. Hence the set CφJg({f : ∥f∥B1,1 6 1}) is
bounded in Bα1,β1 . Moreover, from (3.18) it follows that the set is bounded in
Bα1,β1,0. Taking the supremum in (3.18) over all f ∈ B1,1 such that ∥f∥B1,1

6 1,
then letting |z| → 1, |a| → 1 employing (3.18) and Lemma 2.8, we obtain the
desired result. Finally note that the implication (e) ⇒(f) is obvious, and that (f)
⇒ (d) follows from the proof of (c) ⇒ (d). �

Theorem 3.5. Assume that φ is an analytic self-map of the unit disk and
g ∈ H(∆). Then the operator CφJg : B1,1 ⇒ Bα1,β1 is compact if and only if it is
bounded and condition (29) holds.

Proof. Sufficiency. Since CφJg : B1,1 ⇒ Bα1,β1 is bounded, by taking f0(z) ≡
1, we see that (3.1) holds. The rest of the proof is the same as the proof of Theorem
3.4 (d)⇒(a) and is omitted.

Necessity. Assume that (zk)z∈N is a sequence in ∆ such that limk→∞ |φ(zz)| = 1
(if such a sequence does not exist then (3.11) is vacuously satisfied). Let

fk(z) = (1− |φ(zk)|2)

(
2

1−φ(zk)z
+ ln 4

1−φ(zk)z

)2

2
1−|φ(zk)|2 + ln 4

1−|φ(zk)|2
, k ∈ N.
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By some simple calculation, we find that supk∈N ∥fk∥B1,1 6 C. Moreover fk → 0
uniformly on compact subsets of ∆ as k → ∞. Since CφJg : B1,1 ⇒ Bα1,β1 is
compact, by Lemma 2.9, we have limk→∞ ∥CφJgfk∥Bα1,β1

= 0. From this and since

∥CφJgfk∥Bα1,β1
> sup

z,a∈∆

(1− |z|2)α1+β1

(1− |φa(z)|2)β1
|(CφJgfz)

′(z)|

> (1− |zk|2)α1+β1

(1− |φ(zk)|2)β1−1
|g′(φ(zz))||φ′(zz)|

(
2

1− |φ(zk)|2
+ ln

4

1− |φ(zk)|2

)
,

we have that

lim
k→∞

(1− |zk|2)α1+β1

(1− |φ(zk)|2)β1−1
|g′(φ(zz))||φ′(zz)|

(
ln

4

1− |φ(zk)|2
+

2

1− |φ(zk)|2

)
= 0,

which implies that (3.11) holds. �
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