JOURNAL OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE

ISSN (p) 2303-4866, ISSN (0) 2303-4947
www.imvibl.org /JOURNALS / JOURNAL
J. Int. Math. Virtual Inst., 13(1)(2023), 73-93

DOI: 10.7251/JIMVI12301073S

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

ON COMMON FIXED POINT THEOREMS IN
S-METRIC SPACES USING C-CLASS FUNCTIONS

Gurucharan Singh Saluja

ABSTRACT. In this paper, we prove some common fixed point theorems on
S-metric spaces for two pairs of weakly compatible mappings by using C-class
functions and give some consequences as corollaries of the established results.
We also give an example in support of the result. The results presented in this
paper generalize, extend and enrich various results in the existing literature.

1. Introduction

Fixed point theory is one of the most important topic in the development
of nonlinear analysis. As it is well known, one of the most useful theorem in
nonlinear analysis is the Banach contraction principle [6]. In 1922, Banach proved
the celebrated fixed point theorem, which assures the existence and uniqueness of
a fixed point under certain conditions.

There are many extensions of the famous Banach contraction principle in the
literature, which states that every self mapping 7T defined on a complete metric
space (X, d) satisfying the condition:

(L.1) d(T(x), T(y)) < cd(z,y),

for all z,y € X, where ¢ € (0,1) is a constant, has a unique fixed point and for
every o € X a sequence {T"xo},>1 is convergent to the fixed point.

Generalizing the Banach contraction principle, Jungck [10] initiated the study
of common fixed point for a pair of commuting mappings satisfying contractive
type conditions. In 1982, Sessa [40] introduced a weaker concept of commutativ-
ity, which is generally known as weak commutativity and proved some interesting
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results on the existence of common fixed points for a pair of self maps. He also
showed that weak commuting mappings are commuting but the converse need not
to be true. Later, Jungck [11] generalized the concept of weak commutativity by
introducing the notion of compatible mappings which is more general than weakly
commuting mappings and showed that weak commuting maps are compatible but
converse need not be true. In 1996, Jungck [12] generalized the concept of com-
patibility by introducing weakly compatible mappings.

Mustafa and Sims [16] introduced a new notion of generalized metric space
called G-metric space and gave a modification to the Banach contraction principle.
After then, several authors studied various fixed point and common fixed point
problems for many classes of contractive mappings in generalized metric spaces
(see, [1, 2, 7, 17, 18, 19, 20, 41] and many others).

Sedghi et al. [38] introduced the concept of S-metric spaces which generalized
G-metric spaces and D*-metric spaces. In [38] the authors proved some properties
of S-metric spaces. Also, they obtained some fixed point theorems in the setting
of S-metric spaces for a self-map.

Gupta [8] in 2013, introduced the notion of cyclic contraction in S-metric spaces
and proved some fixed theorems which are proper generalizations of the results of
Sedghi et al. [38].

Recently, a large number of authors have published many papers on S-metric
spaces in different ways (see, e.g.,[14, 15, 21, 22, 23, 24, 25, 28, 29, 30, 31,
32, 33, 34, 35, 36, 37, 42, 43] and many others).

In 2014, the notion of C-class function was introduced by Ansari [5] that is
pivotal result in fixed point theory.

In this paper, we prove some common fixed point theorems on S-metric spaces
for two pairs of weakly compatible mappings by using C-class functions and give
some corollaries of our results. Our results generalize, extend and enrich several
results in the existing literature.

2. Preliminaries

In this section, we recall some definitions and lemmas that will be used to prove
our main results.

DEFINITION 2.1. ([38]) Let E be a nonempty set and let S: E3 — [0,00) be a
function satisfying the following conditions for all u, v, w, t € E:

(S1) S(u,v,w) =0 if and only if u = v = w;

(52) S(u,v,w) < S(u,u,t) + S(v,v,t) + S(w,w,t).

Then the function S is called an S-metric on E and the pair (E,S) is called
an S-metric space or simply SMS.

ExAaMPLE 2.1. ([38]) Let E = R™ and || - | a norm on F, then S(u,v,w) =
[lv+w — 2u|| + ||lv — w]|| is an S-metric on E.

EXAMPLE 2.2. ([38]) Let E be a nonempty set and d be an ordinary metric on
E. Then S(u,v,w) = d(u,w) + d(v,w) for all u,v,w € E is an S-metric on E.
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ExXAMPLE 2.3. ([39]) Let E = R be the real line. Then S(u,v,w) = |[u —w|+
|v — w| for all u,v,w € R is an S-metric on E. This S-metric on F is called the
usual S-metric on F.

DEFINITION 2.2. Let (E,S) be an S-metric space. For r > 0 and u € E we
define the open ball Bg(u,r) and closed ball Bg[u, r] with center v and radius r as
follows, respectively:

Bs(u,r) ={ve E:Sv,v,u) <r},

Bglu,r]={ve E:S(v,v,u) <r}.

ExXAMPLE 2.4. ([39]) Let £ = R. Denote S(u,v,w) = |v + w — 2u| + |v — w|
for all u,v,w € R. Then

Bs(1,2) = {veR:Swuvl)<2}={veR:|jv-1<1}
= {veR:0<v<2}=(0,2),

and

Bg[2,4] = {veR:Sw,v,2)<4}={veR:|v-2<2}
= {veR:0<v<4}=][0,4].

DEFINITION 2.3. ([38], [39]) Let (E,S) be an S-metric space and A C E.

e The subset A is said to be an open subset of E, if for every u € A there exists
r > 0 such that Bg(u,r) C A.

e A sequence {u,} in E converges to u € E if S(up,un,u) = 0 as n — oo,
that is, for each € > 0, there exists ng € N such that for all n > ng we have
S(Un, tn,u) < €. We denote this by lim,,_,cc tn, = u Or 4, = u as n — 0.

e A sequence {u,} in F is called a Cauchy sequence if S(un, un, tm) — 0 as
n,m — oo, that is, for each € > 0, there exists ng € N such that for all n,m > ng
we have S(up, Un, Un,) < €.

e The S-metric space (F,S) is called complete if every Cauchy sequence in E
is convergent.

e Let 7 be the set of all A C F having the property that for every u € A, A
contains an open ball centered in u. Then 7 is a topology on F (induced by the
S-metric space).

e A nonempty subset A of E is S-closed if closure of A coincides with A.

DEFINITION 2.4. ([38]) Let (E, S) be an S-metric space. A mappingR: F — E
is said to be a contraction if there exists a constant 0 < ¢ < 1 such that

(2.1) S(Ru, Rv, Rw) < ¢ S(u,v,w),
for all u,v,w € F.

REMARK 2.1. ([38]) If the S-metric space (E,S) is complete and R: E — FE
is a contraction mapping, then R has a unique fixed point in E.
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DEFINITION 2.5. ([38]) Let (FE,S) and (E’,S’) be two S-metric spaces. A
function g: F — E’ is said to be continuous at a point yg € F if for every sequence

{yn} in E with S(yn, yn,yo) = 0, 5'(9(yn), 9(yn), 9(10)) — 0 as n — oco. We say
that g is continuous on F if g is continuous at every point yg € FE.

DEFINITION 2.6. ([5]) A mapping F': [0,00) X [0,00) — R is called a C-class
function if it is continuous and satisfies the following axioms:

(i) F(s,t) <s

(7) F(s,t) = s implies that either s =0 or ¢t = 0, for all s,¢ € [0, c0).

Note that for some F, we have that F(0,0) = 0. The letter C denotes the set
of all C-class functions. The following example shows that C is nonempty.

ExXAMPLE 2.5. ([5]) Each of the functions F': [0,00) x [0,00) — R defined below
are elements of C.
(i) F(s,t) =s—t,

(ii) F(s,t) =ms, 0 <m < 1,

(”Z) ( ) (1+t)'r' " (07 OO),

(iv) F(s,1) = “45 a> 1,

(v) Fs,t) = 2052 o5 ¢

(vi) F(s,t) = (s + )M+ 11> 1, r € (0,00),

(vid) (s t) = slogitq a, a > 1,

(viid) F(s,) = s = (512) (53),

(iz) F(s,t) = sp(s), where 8: [0,00) — [0,00) and is continuous,
(x) F(s,t) =s— (k_H),F(s,t): s=t=0,

(i) F(s,t) = g7+ 7 € (0,00).

DEFINITION 2.7. ([5]) A function ¢: [0,00) — [0,00) is said to be an ultra
altering distance function, if it is continuous, non-decreasing such that ¢(t) > 0 for
t>0.

REMARK 2.2. ([5]) We denote by &, the class of all ultra altering distance
functions.

DEFINITION 2.8. ([13]) Consider the class of functions ¥ = {#|¢: [0,00) —
[0,00)}, which satisfy the following assertions:

(¥1) v is nondecreasing and continuous;

(®y) (¥"™(t))nen converges to 0 for all ¢ > 0;

(®3) Y07, ¢"™(t) is convergent for all ¢ > 0.

REMARK 2.3. ([13]) If ¥"™(t)) — 0 as n — oo for all ¢ > 0, then we have
P(t) <t for all t > 0.

DEFINITION 2.9. Let E be a non-empty set and let P,Q: E — E be two self
mappings of . Then a point u € F is called a

(A1) fixed point of operator P if P(u) = u

(Az) common fixed point of P and @ if P(u) = Q(u) = u.
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DEFINITION 2.10. ([2]) Let F' and G be single valued self-mappings on a set
E. If z= Gv = Hv for some v € E, then v is called a coincidence point point of G
and H, and z is called a point of coincidence of G and H.

DEFINITION 2.11. ([11]) Let R and T be single valued self-mappings on a set
E. Mappings R and T are said to be commuting if RTq = T Rq for all ¢ € E.

DEFINITION 2.12. ([12]) Let L and M be single valued self-mappings on a set
E. Mappings L and M are said to be weakly compatible if they commute at their
coincidence points, i.e., if Lu = Mu for some u € E implies LMy = M Lu.

LEMMA 2.1. ([38], Lemma 2.5) In an S-metric space, we have S(u,u,v) =
S(v,v,u) for allu,v € E.
LEMMA 2.2. ([38], Lemma 2.12) Let (E,S) be an S-metric space. If u, — u

and v, — v as n — 0o then S(uy, un, vy) — S(u, u,v) as n — oo.

LEMMA 2.3. ([8], Lemma8) Let (E,S) be an S-metric space and A be a non-
empty subset of E. Then A is S-closed if and only if for any sequence {u,} in A
such that u, — u as n — 0o, then u € A.

LEMMA 2.4. ([38]) Let (E,S) be an S-metric space. If r >0 and u € E, then
the ball Bg(u,r) is an open subset of E.

LEMMA 2.5. ([39]) The limit of a convergent sequence in a S-metric space
(E,S) is unique.

LEMMA 2.6. ([38]) In a S-metric space (E,S), any convergent sequence is
Cauchy.

3. Main results

In this section, we shall prove some common fixed point theorems in the set-
ting of S-metric spaces for two pairs of weakly compatible mappings using C-class
functions.

THEOREM 3.1. Let (E,S) be a complete S-metric space and let A, B, P,Q: E —
E be four mappings satisfying the following conditions:
(4)
(3.1) S(Au, Av, Bw) < F(w(A(u,v,w)), w(A(u,v,w))),
where
Au,v,w) = maX{S(Pu, Pv, Qw), S(Bw, Bw, Av), S(Bw, Bw, Qw),
S(Bw, Bw, Aw)S(Pu, Pu, Qw) }
1+ S(Bw, Bw, Pu)] ’
forallu,v,we E, v eV, o€ b, and F € C;
(11) A(E) € Q(E) and B(E) C P(E);
(¢i1) the pairs (A, P) and (B, Q) are weakly compatible.
If one of the range A(E) or B(E) or P(E) or Q(E) is closed in E, then A, B,
P and Q have a unique common fized point in E.
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PROOF. Let ug € E. Since A(F) C Q(F), we can choose u; € F such that
vg = Aug = Quq. Similarly, since B(F) C P(FE), there exists us € E such that
vy = Buj = Puy. Continuing in this manner, we obtain a sequence {v,}52, in F
such that

von = Augp = Quany1,
(+) { Vo = Bu = Pu
n+1 2n+1 2n+2-
We shall now show that {v,}52, is a Cauchy sequence in E.

Now, we consider the following cases.

Casel. If v, = v,y for some n € NU {0}, where N is the set of all positive
integers, then vy,4+1 = vpto. For if, v,41 # vp49, then, for n = 2m, where m € N
and using Lemma 2.1, we get

A(Uzm+2, U2m+2, U2m+1)

= max {S(PUQm-i-Qa Pugpm 2, Quamy1), S(Bugmy1, Bugm1, Augm2),

S(BU2m+1, BU2m+1, QU2m+1),
(3.2)

S(Bu2m+1,Bu2m+1»Au2m+1)S(Pu2m+2;Pu2m+23Qu2m+1)}
1+ S(Bugm+1, Busm+1, Puamy2)]

= max {S(U2m+1, V2m+1:V2m)s S (V2m41, Vam+1, Vam+2)s S (V2m+1, V2m+1, Vam )

S(Uzm+1, V2m+1, vzm+1)5(’02m+1, V2am+1, U2m) }
1+ S(v2m+1, V2m+1, Vam1)]

= max {S(U2m+1, V2m+1:V2m)s S (Vam+2, Vam+2, Vam+1)s S (V2m+1, V2m+1, Vam ) 0}
= max {S(U2m+la Vam 415 V2m)s S(Vam+2, Vam-2, 02m+1)}-

If A(UQm+2,U2m+2,U2m+1) = S(’L}27,L+2,’L)2m+2,1}2m+1), then from equation (31)
and using the property of F', we obtain

S(Un42, Vnt2,Vn41) =  S(Vam+2, Vam+2, Vam+1)
S(Augm2, Atuom2, Buom41)

N

F(¢(A(U2m+2, U2m+2, U2m+1))s P(A(Uzmt2, Uzmt2, u2m+1)))

F(¢(5(U2m+2, V2am+2, Uzm+1))7 @(S(U2m+27 V2m+2;, U2m+1)))

F(¢(S(Un+2, Un4-2, Un+1)), SD(S(Un+27 Un+2, Un+1)))

< '(/J(S(Un+2a Un+2;, UﬂJrl))
(33) < S('Un+27vn+27vn+1)7

which is a contradiction. Hence we must have v, 11 = v,+2 when n is even. Using
a similar argument equality also holds when n is odd. Thus in any case, whenever
Yn = Yn+1 holds for some n, Y411 = Ynt2. By repeating this process inductively,
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one can obtain y, = Yy, for all r > 1 and {v,}>2, will be eventually a constant
sequence and hence is Cauchy.

CaseIl. If v,, # v,41 for every n € N, where N is the set of all positive integers,
then for n = 2m + 1, where m € N and using Lemma 2.1, we have

A(U2m+2; U2m+2, U2m+1)

= max {S(Pu2m+2, Pugmyo, Quamy1), S(Buam1, Buom1, Atam2),

S(Bu2m+17 BU2m+17 QU2m+1),

S(Buam+1, Bugm1, Atam4+1)S(Puom2, Puom+2, QUam+1) }
14+ S(Auzm+1, Augmi1, Pugm42)]

= max {S(U2m+1, V2m+1, U2m), S(U2m+1, V2m+1, 02m+2), S(U2m+1» V2m+1, 'U2m)7

S(v2m 415 V2m 415 V2m+1)S (V2m 11, V2m 11, V2m) }
[1 + S(U2m+1, V2m+1, 02m+1)]

= max {S(U2m+1, V2m+1, U2m), S(U2m+2, V2m+2, 02m+1), S(U2m+1» V2m+1, 'U2m)7 0}~

Now, if A(uzm+2,Uzm+2,U2m+1) = S(Vam42, Vam+2, V2m+1), then from equation
(3.1) and using the property of F', we obtain

S(Un+1 s Un+-1, Un) = S(U2m+2, V2m+2, U2m+1 )
S(Augm2, Atuom2, Buom41)

< F(¢(A(uQm+2, U425 U2m+1))s P(A(Uzimt2, Uzm 2, u2m+1)))
= F(’(/J(S(U2m+2a Vom+2, V2m+1))s (S (V2my2, Vama2, U2m+1)))
= F(w(s(vn+1avn+1vvn))a@(S(anrlvanrl?U")))

< Y(S(Vny1s Vg1, n))

< S(Vpt1,Vni1,Vn),

which is a contradiction.
Therefore, S(vom+2, Vam+2, Vom+1) < S(Vam+1, Vam+1, V2m) and consequently

A(Uzm+42, U2m42; Uam+1) = S (Vam41, V2m1, Vam)-
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Using equation (3.1) and the property of F, we have

S(Unt1,Vn41,0n) = S(Vam42,V2m+2, V2m+1)
S(AU2m+2, Au2m+2, Bu2m+1)

N

F(¢(A(U2m+2, U2m+2, U2m+1)), W(A(U2m+27 U2m+2, U2m+1)))

F(¢(S(02m+1, V2m+1, U2m)), SO(S(UZerl, V2m+1, Uzm))>

F(w(S(vn, Un, Un—1)), (S (Vn, Un, Un—l))>

g T/J(S(Umvm’l)n—l))
(3.4) < S(vn,Vn,Vn_1).

Using a similar arguments, one can obtain the same inequality when n is an even
integer. Thus, we have S(vp41,Vnt1,Vn) < S(Un, Vn,vn—1) for all n € N, and the
sequence {S(Vp41,Vn+1,0n)} is decreasing and bounded below by zero. Hence,
there exists d > 0 such that S(vy41,Vnt1,0n) = d as n — oo.

Let Hy, = S(Un41, Un+1,Vn). Now using (3.1) for u = vp11, v = Upny AV, Uy V1)l
= S(Vn41,Vns1,0n) for every n € N and using the property of F, we obtain

H, = S(Un+17vn+1avn) = S(AvnvA’UTuB’Un—l)

< (AW 00y 0n-1)), (A0, Vs 00-1)))
< F (S, 0t1,00))s (S (W1, U1, va) )
(3.5) < Y(S(Vnt1,Vnt1,0n)).

Since % is continuous, so taking limit as n — oo in equation (3.5) and using the
property of 1, we obtain

d < ¥(d) < d,
which is a contradiction. Thus, d = 0.
Hence
(36) nlL)II;O Hn = nh~>ngo S(Un+1,1}n+1,1)n) = O

Now, we show that {v,}52, is a Cauchy sequence in E. Because of (3.6) it is
sufficient to show that {vs,}52, is a Cauchy sequence. If otherwise, then there
exists € > 0 for which we can find subsequences {va,, (i)} and {vap(x)} of {v2,} and
increasing sequences of integers {2m(k)} and {2n(k)} such that n(k) is smallest
index for which,

(3.7) n(k) > m(k) > k,

(3.8) S(V2m(k)s Vam(k)s Van(k)) = €-

Further corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) and satisfying (3.7). Then

(3.9) S(Vom(k)s V2m(k)s Van(k)—1) < €.
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Now, using (3.8), (52) and Lemma 2.1, we have

e < S(Vamk)s Vam(k)» Van(k))
= S(Van(k)s Van(k)s Vam(k))
< 25(Van(k), Van(k)> Van(k)—1)
+8(Vam (k) Vam (k) s V2n(k)—1)
(3.10) < €+ 25(Van(k)s Van(k)s Van(k)—1)- (By (3.7))

Letting k — oo in equation (3.10) and using (3.6), we get
(311) klin;o S(v2m(k)a V2m (k) UQn(k)) =¢&.
Again, using (52) and Lemma 2.1, we have

S(Vam (k) Vam(k)s Van(k)) < 25(V2m(k)s Vam(k)> V2m(k)—1)
+S(Van(k)> Van(k)> V2m(k)—1)

= 25(Vam(k)s V2m(k)> V2m(k)—1)

(3.12) +S(Vam(k)—1> Vam(k) 1> V2n(k))-

Also, by using (52) and Lemma 2.1, we have

S(Vam(k)—1> Vam(k)—15 V2nk)) < 28 (Vam(k) =15 V2m(k)—15 V2m(k))
+S(Van (k) Van(k)s Vam(k))

= 25(Vam(k)s Vam(k)> Vam(k)—1)

(3.13) +S(Vam (k) Vam (k) » V2n(k))-

Letting k — oo in equation (3.13) and using (3.6), (3.9) and (3.11), we get
(3.14) Jm S(Vam(k)—1, Vam(k)—1> Van(k)) = €-
Again, note that with the help of (52) and Lemma 2.1, we have

S(Vam k), Vam(k)s Van(k)+1) < 28(Vam(k)s V2m(k)> V2am(k)—1)
+S(Van (k) +15> Van(k)+15 V2m(k)—1)
< 25(Vam(k)> Vam(k)> V2m(k)—1)
+25 (Van (k)15 V2n(k)+15 V2n(k))
(3.15) —I-S(Ugm(k),l,’Ugm(k),l,vgn(k)).



82 SALUJA

Also, with the help of (52) and Lemma 2.1, we have

S(Vam(k)—1> Vam(k)—15 Van(k)) =  S(Van(k)s Van(k)» V2m(k)—1)
< 25(Van(k)s Van(k)s Van(k)+1)
+S(Vam (k) =1 Vam (k) =15 V2n(k)+1)

25(Van(k)+15 V2n(k)+1> V2n(k))
+S(Vam (k) =1 Vam (k) =15 V2n(k)+1)

N

25 (Van(k)+15 V2n(k)+1> V2n(k))
+25(Vam (k) =15 V2m(k)—1> V2m(k))
+S(Van (k) +1> Van(k)+15 V2m(k))
= 28(Van(k)+1> V2n(k)+1s V2n(k))
+25(Vam(k)> V2m(k)s V2m(k)—1)
(3.16) +S(U2m(k)7v2m(k)7v2n(k)+1)'
Letting k — oo in equation (3.16) and using (3.6), (3.11),(3.14) and (3.15), we get
(3.17) Jim S(V2m(k)s V2m(k)s V2n(k)+1) = €-
Again, we notice that by using Lemma 2.1
S(Vam(k)—1> Vam(k) =15 V2n(k)+1) < 28 (Vam(k) =1 Vam(k)—1> V2m(k))
+S(V2n (k) +1> Van(k)+15 V2m(k))
= 28(Vam(k)—15 V2m(k)— 15 V2m(k))
(3.18) +S(v2m(k),’Ugm(k),wn(k)ﬂ),
and
S(Vam (k) Vam(k)s Van(k)+1) < 25(Vam(k)s Vam (k) V2m(k)—1)
+S(Van (k)15 Van(k)+1> V2m(k)—1)
= 25(Vam(k)s V2m(k)> V2m(k)—1)
(3.19) +S(V2m(k)—1> Vam (k) =15 V2n(k)+1)-
Letting k — oo in equation (3.18) and (3.19) and using (3.6) and (3.17), we get
(3.20) S (Vg (k) 15 Vam (k) -1 Van (k) +1) = €-
Now consider inequality (3.1) and putting u = v = Ugp(r)—1, W = Uy k), We obtain
S(Augm(r)—1, Aam(k)—15 Buan)) = S(Vam(k)—1> Vam(k)—15 V2n(k))

(3.21)

N

F('(/)(A(u%n(k)fla U2m(k)—15 Uzn(k))),
SD(A(UQm(k)—la U2m,(k)—1> u2n(k)))) )

where

A(“Qm(k)fh U2m, (k)—1> u2n(k))
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= max {S(PUQm(k)—lv Pugmk)—1, QUan(k)), S(BuUan(k), Blan k), Alzm(k)-1);
S(Buan k), Buan k), Quan(k)),

S(Bugn(ky> Buan (ks Atian(k))S (Pgmk)—1, Plom(k)—1, QUan(k)) }
[1 + S(BUQn(k)> Bu2n(k)7 Pu2m(k)71)]

= max {S(UQm(k)—Qa Vam(k)—25 Van(k)—1)5 S (Van(k)s Van(k)s V2m(k)—1)

S('UZn(k)a Von(k)» Uzn(k)q),

S(Van(k)s Van(k)s V2n (k) ) S (Vam (k) =25 Vam (k) =25 V2n (k)—1) }
[1+ S(Van(k)s Van (k) Vam(k)—2)]

Passing to the limit as k — oo in the above inequality and using equations (3.6)

and (3.14), we obtain

(3.22) AU (k) —15 Y2m (k)15 U2n(k)) = Mmax{e,,0,0} = ¢.

Now, passing to the limit as & — oo in (3.21), using the equations (3.14), (3.22)
the properties of F' and v, we have

e < F(ve)00)
< Y <e

which is a contradiction. Hence {va, }52 ; is a Cauchy sequence in E. Thus, in both
the cases, it has been shown that {v,}52 is a Cauchy sequence in E. Since (E,S)
is a complete S-metric space, so {v,}52 is convergent in E. Suppose v, — p as
n — oo. We shall now show that p is a common fixed point for the mappings A
and @. It is clear that

(3.23)

(3.24) lim vy, = lim Aug, = lim Quap+1 = p,
n— oo n—o00 n—00
and
(3.25) lim vap+1 = lim Bugp+1 = lim Pug,q9 = p.
n— o0 n— oo n— o0

Assume that P(FE) is closed, there exists a z € E such that p = Pz. We claim that
Az = p. If not, then

A(Za Z, u2n+1)

= max {S(PZ, PZ, Q’LLgn+1), S(B’LLQn+1, B’LLgn+1, AZ), S(BU2n+1, BU2n+1, Q’LLG+1),
(3.26)

S(BUQnJrl, B’U,QnJrl, A’U,2n+1)S(PZ, PZ, QU2n+1) }
(14 S(Bugn41, Buzpy1, Pz)] ’

Passing to the limit as n — oo in equation (3.26) and using (S1), we get

lim A(z,z,u2,41) = max{0,5(p,p,Az),0,0}

n—oo

(3.27) = S(p,p, Az).



84 SALUJA

Now, from equation (3.1), we have

(3.28) S(Az, Az, Busn.1) < F(z/J(A(z,z,uQnH)),@(A(z,z,ugnﬂ))),

on taking the limit as n — oo in equation (3.28), which implies that

(3.29) S(Az, Az,p) < F(¥(S(pp, 42)), ¢(S(p,p, A2)) )
using Lemma 2.1, the property of F' and the property of ¢, we obtain

S(p,p, Az) < P(S(p,p, Az)) < S(p,p, Az),

which is a contradiction as S(p,p, Az) > 0. Hence S(p,p, Az) = 0, that is, Az =p
and Az = Pz = p. Since the mappings A and P are weakly compatible, so
Ap = APz = PAz = Pp. Next, we claim that Ap = p. If not, then

A(pvpa u2n+1)

= max {S(P]% Pp, Qu2n+1)7 S(Bu2n+17 Bu2n+17Ap)7 S(Bu2n+1; Bugy 11, Qu2n+1)7
(3.30)

S(Bugny1, Buany1, Auopny1)S(Pp, Pp, Quany1) }
[1 + S(Bugn+1, Bugni1, Pp)] .

Passing to the limit as n — oo in equation (3.30) and using (S1), Ap = Pp and
Lemma 2.1, we get

nlgr;o A(p, D, U2n+1) = maX{S(Apa Ap, p)» S(Apv Ap, p)v 0, 0}
(3.31) = S(Ap,Ap,p).

Now, from equation (3.1), we have

(3:32) S(Ap, Ap, Buzai1) < F(¥(A®D,p,uz011)) 9(Ap, b, t2041))),

on taking the limit as n — oo in equation (3.32), which implies that

(3:33)  S(Ap,Ap,p) < F(v(S(4p, Ap.p)). ¢(S(Ap, Ap.p)) )
using the property of F' and the property of 1, we obtain
S(Ap, Ap,p) < ¥(S(Ap, Ap,p)) < S(Ap, Ap, p),

which is a contradiction as S(Ap, Ap,p) > 0. Hence S(Ap, Ap,p) = 0, that is,
Ap = p and hence Ap = Pp = p.

Moreover, we show that p is a common fixed point of the mappings B and Q.
Since A(F) C Q(FE), there is some r € F such that Ap = @Qr. Then Ap = Qr =
Pp = p. We claim that Br = p. If not, then from equation (3.1) and using Lemma
2.1 and (S1), we have

S(p,p,Br) = S(Ap, Ap, Br)
(3.34) < F(¥(A0.p1) o(Ap.p1),
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where

A(p,p,r)

max {S(Pp, Pp,Qr), S(Br, Br, Ap), S(Br, Br,Qr),

S(Br, Br, Ar)S(Pp, Pp, Qr)
[1 4+ S(Br, Br, Pp)] }

= max {S(p,p.p). S(Br. Br.p), S(Br. Brp),

S(Br, Br, Ar)S(p,p,p) }
[1+ S(Br, Br,p)]

= max{0,S(p,p7Br)7S(p,p7B7"),0}
= S(p,p, Br).
Using this value in equation (3.34) and using the property of F' and ¢, we have
S(p.p.Br) < F(w(S(.p. Br), o(S(p,p. Br)))

< 9(S(p,p, Br)) < S(p,p, Br),

which is a contradiction as S(p,p, Br) > 0. Hence S(p,p, Br) = 0, that is, Br = p.
Thus, Br = Qr = p and by weak compatibility of the mappings B and @, we have
Bp = BQr = QBr = Qp. Now, we show that p is a fixed point of B. If Bp # p,
then by equation (3.1) and using Lemma 2.1 and (S1), we have

S(p,p, Bp) = S(Ap, Ap, Bp)
(3.35) < F(v(Amp.0), 9(A0.p.p)),

where

A(p,p,p) = max{S(Pp,Pp,Qp),S(Bp,Bp,Ap)7S(Bp7Bp7Qp),

S(Bp, Bp, Ap)S(Pp, Pp,Qp) }
[1+ S(Bp, Bp, Pp)]

= max{5(p,p7Bp),S(Bp,Bp,p)vs(Bp,Bp,Bp),

S(Bp, Bp,p)S(p,p, Bp)] }
[1+ S(Bp, Bp,p)]

< maX{5(p,p7Bp),S(p7p,Bp),0,S(pyp,Bp)}
= S(p,p, Bp).
Using this value in equation (3.35) and using the property of F' and ¢, we have
S(p,p,Bp) < F(w(S(p,p, Bp)), ¢(S(p, p, Bp)))

< ¥(S(p,p, Bp)) < S(p,p, Bp),

which is a contradiction as S(p, p, Bp) > 0. Hence S(p, p, Bp) = 0, that is, Bp = p.
Hence Ap = Bp = Pp = @p = p. This shows that p is a common fixed point of
the mappings A, B, P and (. A similar fashion is also valid for the case in which
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Q(FE) or A(FE) or B(E) is closed. Also, the uniqueness of the common fixed point
p follows from Theorem 3.1. This completes the proof. U

From Theorem 3.1, we obtain the following corollaries.

COROLLARY 3.1. Let (E,S) be a complete S-metric space and let A, B, P,Q:
E — FE be four mappings satisfying the following conditions:

(4)
S(Au, Av, Bw) < F (w(S(Pu, Pv, Qw)), ¢(S(Pu, Pv, Qw))) )

forallu,v,we E, v eV, p € &, and F € C;

(i4) A(E) C Q(E) and B(E) C P(E);

(#i1) the pairs (A, P) and (B, Q) are weakly compatible.

If one of the range A(E) or B(E) or P(E) or Q(E) is closed in E, then A, B,
P and Q have a unique common fized point in E.

COROLLARY 3.2. Let (E,S) be a complete S-metric space and let A, B, P,Q:
E — FE be four mappings satisfying the following conditions:

(4)

S(Au, Av, Bw) < F(w(Al(u,uw)), (p(Al(u,v,w))),

where

A (u,v,w) = max{S(Pu,Pv,Qw),S(Bw,Bw,AU),S(Bw,Bw,Qw)},
for allu,v,we E, € ¥, p € ®, and F € C;

(i1) A(E) C Q(E) and B(E) C P(E);

(7i1) the pairs (A, P) and (B, Q) are weakly compatible.

If one of the range A(E) or B(E) or P(E) or Q(F) is closed in E, then A, B,
P and @ have a unique common fized point in E.

COROLLARY 3.3. Let (E,S) be a complete S-metric space and let A, B, P,Q:
E — FE be four mappings satisfying the following conditions:

(4)
S(Au, Av, Bu) < F ((8s(u,v,w0), (Ao (u, v,w))),
where
Ag(u,v,w) = max {S(Pu, Py, Qu), S(Bw, Bw, Av),
S(Bw, Bw, Aw)S(Pu, Pu, Qu)
[1+ S(Bw, Bw, Pu)] }

forallu,v,we E, v eV, o€ b, and F € C;

(i1) A(E) C Q(E) and B(E) C P(E);

(¢i1) the pairs (A, P) and (B, Q) are weakly compatible.

If one of the range A(E) or B(E) or P(E) or Q(E) is closed in E, then A, B,
P and Q have a unique common fized point in E.
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COROLLARY 3.4. Let (E,S) be a complete S-metric space and let A, B, P,Q:
E — FE be four mappings satisfying the following conditions:
(4)
S(Au, Av, Bw) < F(1/J(A3(u,u,w)), QO(A,?,(U,’U,’IU))),
where
As(u,v,w) = max {S(Bw7 Bw, Av), S(Bw, Bw, Qw),

S(Bw, Bw, Aw)S(Pu, Pu, Qu)
[1+ S(Bw, Bw, Pu)] }’
for allu,v,we E, Y € ¥V, p € &, and F € C;
(i1) A(E) C Q(E) and B(E) C P(E);
(#i1) the pairs (A, P) and (B, Q) are weakly compatible.
If one of the range A(E) or B(E) or P(E) or Q(E) is closed in E, then A, B,
P and Q have a unique common fized point in E.

If we take P = Q = I (where [ is an identity mapping) in Theorem 3.1, then
we have the following result.

COROLLARY 3.5. Let (E,S) be a complete S-metric space and let A,B: E — E
be two mappings satisfying the following condition:

S(Au, Av, Bw) < F(z/J(F(u,v,w)), <p(1"(u7v,w))),
where
P(u,v,w) = max {S(u,v,w),S(Bw,Bw,A’U),S(Bw,Bw,w),
S(Bw,Bw,Aw)S(u,u,w)}
[1+ S(Bw, Bw,u)] ’

for all u,v,w € E, ¢ € ¥, p € ®, and F € C. Then A and B have a unique
common fized point in E.

If we take F'(s,t) = h s where h € [0, 1) is a constant, in Theorem 3.1, then we
have the following result.

COROLLARY 3.6. Let (E,S) be a complete S-metric space and let A, B, P, Q:
E — E be four mappings satisfying the following conditions:

(4)
S(Au, Av, Bw) < hz/;(max{S(Pu,Pv,Qw),S(Bw,Bw,Av),S(Bw,Bw,Qw),

S(Bw, Bw, Aw)S(Pu, Pu, Qw) })
1+ S(Bw, Bw, Pu)] ’
for all u,v,w € E, where h € [0,1) is a constant and ¢ € U;
(i1) A(E) C Q(E) and B(E) C P(E);
(#i1) the pairs (A, P) and (B, Q) are weakly compatible.
If one of the range A(E) or B(E) or P(E) or Q(E) is closed in E, then A, B,
P and Q have a unique common fized point in E.
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If we take F(s,t) = s and 9(t) = ¢qt, where ¢ € [0,1) is a constant, in Theorem
3.1, then we have the following result.

COROLLARY 3.7. Let (E,S) be a complete S-metric space and let A, B, P,Q:
E — E be four mappings satisfying the following conditions:
(1)
S(Au, Av, Bw) < ¢ max {S(PU,PU, Quw), S(Bw, Bw, Av), S(Bw, Bw, Qw),
S(Bw, Bw, Aw)S(Pu, Pu, Qu) }
[1+ S(Bw, Bw, Pu)] ’

for all u,v,w € E, where q € [0,1) is a constant;

(15) A(E) CQ(F) and B(E) C P(E);

(#i1) the pairs (A, P) and (B, Q) are weakly compatible.

If one of the range A(E) or B(E) or P(E) or Q(E) is closed in E, then A, B,
P and Q have a unique common fized point in E.

COROLLARY 3.8. Let (E,S) be a complete S-metric space and let A, B, P,Q:
E — FE be four mappings satisfying the following conditions:
(i)
S(Au, Av, Bw) < p1 S(Pu, Pv,Qw) + p2 S(Bw, Bw, Av) + p3 S(Bw, Bw, Qu)
S(Bw, Bw, Aw)S(Pu, Pu, Qu)
P T S(Bw, Bw, Pu)]

for allu,v,w € E, where p1,p2, p3, p4 are nonnegative reals such that p1 + ps + ps +
pa < 17'

(ii) A(E) C Q(E) and B(E) C P(E);

(7i1) the pairs (A, P) and (B, Q) are weakly compatible.

If one of the range A(E) or B(E) or P(E) or Q(E) is closed in E, then A, B,
P and Q have a unique common fized point in E.

ProOF. Follows from Corollary 3.7, by noting that
p1 S(Pu, Pv, Qw) + p2 S(Bw, Bw, Av) 4+ p3 S(Bw, Bw, Qu)

S(Bw, Bw, Aw)S(Pu, Pu, Qw)
[1 + S(Bw, Bw, Pu)]

+pa

< (p1 +p2 + ps + ps) max {S(Pu7 Pu, Qu), S(Bw, Bw, Av), S(Bw, Bw, Qu),

S(Bw, Bw, Aw)S(Pu, Pu, Qu)
[1 + S(Bw, Bw, Pu)] }

O

If we take A = B and P = Q = I (where I is an identity mapping) in Theorem
3.1, then we have the following result.
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COROLLARY 3.9. Let (E,S) be a complete S-metric space and let A: E — E
be a mapping satisfying the inequality:

S(Au, Av, Aw) < F ((T1 (u,v,w)), ¢(T1 (u, v, w))),
where
Iy (u,v,w) = max{S(u,v,w),S(Aw,AmAv),S(Aw,Aw,w)},

for allu,v,we E, € ¥, p € &, and F € C. Then A has a unique fixed point in
E.

If we take max {S(u, v,w), S(Aw, Aw, Av), S(Aw, Aw, w)} = S(u,v,w), F(s,t)
= s and ¢(t) = kt, where k € [0,1) is a constant, in Corollary 3.9, then we have
the following result.

COROLLARY 3.10. Let (E,S) be a complete S-metric space and let A: E — E
be a mapping satisfying the inequality:

S(Au, Av, Aw) < k S(u,v,w),
for all u,v,w € E, where k € [0,1) is a constant. Then A has a unique fized point
in E.

REMARK 3.1. Corollary 3.10 extends the well-known Banach fixed point theo-
rem [6] from complete metric space to the setting of complete S-metric space.

COROLLARY 3.11. Let (E,S) be a complete S-metric space and let A: E — FE
be a self-mapping of E satisfying the contractive condition:

S(A™u, A"v, A"w) < kS(u,v,w),
for all u,v,w € E, where n is some positive integer and k € [0,1) is a constant.
Then A has a unique fized point in E.
Proor. By Corollary 3.10, there exists z € F such that A"z = z. Then
S(Az, Az, z) = S(AA"z, AA"z, A"z)
= S(A"Az, A" Az, A"z)
kS(Az, Az, z),

which is a contradiction, since 0 < k < 1 and so S(Az, Az, z) = 0, that is, Az = z.
This shows that A has a unique fixed point in E. This completes the proof. O

N

REMARK 3.2. Corollary 3.10 is a special case of Corollary 3.11 for n = 1.
Now, we give an example in support of the results.

EXAMPLE 3.1. Let E = [0,1]. We define the function S: E* — [0,00) by

S(u,v,w) = {

for all u,v,w € F, then S is an S-metric on E. Define four self-maps A, B, P,Q: E

— Eon Eby A(u) = §, B(u) = %, P(u) = uand Q(u) = § for all u € E. We also

0, if u=v=uw,
max{u,v,w}, if otherwise,
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define 9: [0,00) — [0,00) by 9(t) = £ for all t € [0,00). Clearly ¢ is continuous
on [0, c0) satisfying 0 < 4 (t) < t for all t > 0. Now consider the following cases:
Case I. (1) Let u > v > w. Then we have

S(Au,Av,Bw)zS(u Y w):max{E Y w}:E

444 L4
S(Pu, Pv, Quw) = S(u,v, %) = Inax{u,v7 %} =u,
S(Pu, Pu, Qw) = S(u,u, %) = max {u,u, %} =u,
w ow v wow v v
B 7B aA = (77777): {77777}:77
S(wwv)5444 max {75 7y 1
wow w wow w w
B ’B 9 = (7a757): {75777}:77
S(waw)S442 max { 75 1 3 5
wow w wow w w
B aB aA = (77777): {77777}:77
S(www)5444 max { s 7 1
wow wow
S(Bw, Bw, Pu) = S(Z’Z’u) —max{Z,Z,u} =u,
S(Bw, Bw, Aw)S(Pu, Pu,Qw)]  fu uw
[1+ S(Bw, Bw, Pu)] 4wl 414w
Now using the inequality of Corollary 3.6 and the property of 1, we have
S(Au, Av, Bw) = %

< wo(max{u 3. 55 )
h

U
= h = —
b =h,
or,
1 _h
— g —,
4 2
or,
1
h>—.
2

If we take 0 < h < 1, then the inequality of Corollary 3.6 is satisfied. Hence we
conclude that

S(Au, Av, Bw) < h ( max {S(Pu, Pv, Qw), S(Bw, Bw, Av), S(Bw, Bw, Qu),

S(Bw, Bw, Aw)S(Pu, Pu, Qw) })
1+ S(Bw, Bw, Pu)) '
(2) Now using inequality of Corollary 3.7, we have

S(Au, Av, Bw) = Z
< max{u B ﬂ 4w }
~ q 747 274(1+u)
= qu,

or,



ON COMMON FIXED POINT THEOREMS IN S-METRIC SPACES 91

< g,

| =

or,
qz !

= 4‘

If we take 0 < g < 1, then the inequality of Corollary 3.7 is satisfied. Hence we

conclude that
S(Au, Av, Bw) < ¢ max {S(Pu, Pv, Qw), S(Bw, Bw, Av), S(Bw, Bw, Qu),
S(Bw, Bw, Aw)S(Pu, Pu, Qw) }
[1+ S(Bw, Bw, Pu)] '

(3) Now using inequality of Corollary 3.8, we have
u

S(Au, Av, Bw) = 1

< + v n w n uw
< U - = —_.
p1 b2 1 p3 9 P4 41+ u)

If we take u =1, v = % and w = %, then we have
1
4

b2 | P3| P4
< gl il il
<p1+ 1 + 3 +32,

or,
8 < 32p1 +8p2+4p3+ps.
The above inequality is satisfied for: (i) p1 = %, Py = i, p3 = % and py = 0, (i)
p1:iandp2:p3:p4:()and(iz’i)p1:%,pgzéan p3 = ps = 0 with
p1 + p2 + p3 + pa < 1. Thus we conclude that
S(Au, Av, Bw) < p1S(Pu, Pv,Quw) + ps S(Bw, Bw, Av) + p3 S(Bw, Bw, Qw)
. S(Bw, Bw, Aw)S(Pu, Pu, Q) .
[1+ S(Bw, Bw, Pu)]
(4) Now using inequality of Corollary 3.10, we have

S(Au, Av, Aw) = % < ku,

or,
1
1 < k7
or,
1
k> 1

If we take 0 < k < 1, then the inequality of Corollary 3.10 is satisfied. Hence we
conclude that
S(Au, Av, Aw) < k S(u,v,w).

Case II. Now we show that the pairs (A4, P) and (B, Q) are weakly compatible.
For this, suppose that Qz = Bz for z € E. Then 5 = 7. It follows that 2 = 0. Now,
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we consider BQ(z) = B(Q(z)) = B(0) = 0 and @B(z) = Q(B(z)) = Q(0) = 0.
Thus, the pair (B, Q) is weakly compatible. Now, let Az = Pz for 2 € E. This
implies that ¥ = 2 and hence z = 0. Now, we consider AP(z) = A(P(z)) = A(0) =
0 and PA(z) = P(A(z)) = P(0) = 0. It follows that the pair (A4, P) is also weakly
compatible.

Case IIL. Now we show that A(F) C Q(E) and B(E) C P(E). Since E =
[0,1], so it is easy to see that A(E) = [0, 1], B(E) = [0,%], P(E) = [0,1] and
Q(E) =0, 3]. Hence A(E) C Q(E) and B(E) C P(E).

Thus all the conditions of Corollary 3.6, Corollary 3.7, Corollary 3.8 and Corol-
lary 3.10 are satisfied and hence the mappings A, B, P and () have a unique common
fixed point, namely u =0 € E.

References

1. M. Abbas, A. R. Khan and T. Nazir, Coupled common fixed point results in two generalized
metric spaces, Appl. Math. Comput., 217 (13) (2011), 6328-6336.

2. M. Abbas, and B. E. Rhoades, Common fixed point results for noncommuting mappings with-
out continuity in generalized metric spaces, Appl. Math. Comput., 215 (1) (2009), 262-269.

3. R. P. Agarwal, M. Meechan and D. O’Regan, Fized Point Theory and Applications, Cambridge
University Press, 2004.

4. M. A. Alghamdi, N. Shahzad and O. Valero, Fixed point theorems in generalized metric spaces
with applications to computer science, Fized Point Theory Appl., (2013), 2013:118.

5. A. H. Ansari, Note on ¢ — i-contractive type mappings and related fixed points, The 2nd
Regional Conference on Math. and Appl. Payame Noor University, (2014), 377-380.

6. S. Banach, Sur les operation dans les ensembles abstraits et leur application aux equation
integrals, Fund. Math., 3 (1922), 133-181.

7. B. S. Choudhury and P. Maity, Coupled fixed point results in generalized metric spaces, Math.
Comput. Model., 54 (1-2) (2011), 73-79.

8. A. Gupta, Cyclic contraction on S-metric space, Int. J. Anal. Appl., 3 (2) (2013), 119-130.

9. F. S. De Blasi and J. Myjak, Sur la porosité des contractions sans point fixed, C. R. Acad.
Sci. Paris, 308 (1989), 51-56.

10. G. Jungck, Commuting maps and fixed points, Am. Math. Monthly, 83 (1976), 261-263.

11. G. Jungck, Compatible mappings and common fixed points, Int. J. Math. Math. Sci., 9
(1986), 771-779.

12. G. Jungck, Common fixed points for noncontinuous, nonself maps on nonnumetric spaces, Far
East J. Math. Sci., 4 (2) (1996), 195-215.

13. J. K. Kim, S. Sedghi, A. Gholidahneh and M. M. Rezaee, Fixed point theorems in S-metric
spaces, East Asian Math. J., 32 (5) (2016), 677-684.

14. N. Mlaiki, U. Celik, N. Tas, N. Y. Ozgﬁr and A. Mukheimer, Wardowski type contractions
and the fixed-circle problem on S-metric spaces, J. Math., 2018, Art. ID 9127480, 9 pp.

15. N. Mlaiki, N. Y. Ozgﬁr and N. Tas, New fixed point theorems on an S-metric space via
simulation functions, Mathematics, 7 (2019), 583; do0i:10.3390/math7070583.

16. Z. Mustafa and B. I. Sims, A new approach to generalized metric spaces, J. Nonlinear Convex
Anal., 7 (2006), 289-297.

17. Z. Mustafa, H. Obiedat and F. Awawdeh, Some fixed point theorem for mapping on complete
G-metric spaces, Fized Point Theory Appl., Vol. 2008, Article ID 189870, 12 pages, 2008.

18. Z. Mustafa and B. Sims, Fixed point theorems for contractive mappings in G-metric spaces,
Fized Point Theory Appl., Vol. 2009, Article ID 917175, 10 pages, 2009.

19. Z. Mustafa, M. Khandagji and W. Shatanawi, Fixed point results on complete G-metric
spaces, Studia Scien. Math. Hungarica, 48 (3) (2011), 304-319.

20. H. K. Nashine and H. Aydi, Generalized altering distances and common fixed points in ordered
metric spaces, Int. J. Math. Math. Sci., Vol. 2012, Article ID 736367, 23 pages, 2012.



ON COMMON FIXED POINT THEOREMS IN S-METRIC SPACES 93

21. H. K. Nashine, G. S. Saluja and R. W. Ibrahim, Some fixed point theorems for (¢ — ¢)-almost
weak contractions in S-metric spaces solving conformable differential equations, J. Inequalities
Appl., (2020), 2020:139.

22. N. Y. Ozgiir and N. Tas, New contractive conditions of Integral type on complete S-metric
spaces, Math. Sci., 11 (3) (2017), 231-240.

23. N. Y. Ozgiir and N. Tas, Some new contractive mappings on S-metric spaces and their rela-
tionships with the mapping (525), Math. Sci., 11 (1) (2017), 7-16.

24. N.Y. ézgilr and N. Tas, The Picard theorem on S-metric spaces, Acta Mathematica Scientia,
38 (4) (2018), 1245-1258.

25. N. Y. Ozgiir and N. Tas, Some fixed-circle theorems on metric spaces, Bull. Malays. Math.
Sci. Soc., 42 (2019), 1433-1449.

26. M. Pacurar and I. A. Rus, Fixed point theorem for cyclic ¢-contractions, Nonlinear Anal.,
72 (2010), 1181-1187.

27. B. E. Rhoades, A comparison of various definitions of contractive mappings, Proc. Amer.
Math. Soc., 226 (1977), 257-290.

28. G. S. Saluja, Some fixed point results on S-metric spaces satisfying implicit relation, J. Adwv.
Math. Stud., 12 (3) (2019), 256-267.

29. G. S. Saluja, Common fixed point for generalized (1) —¢)-weak contractions in S-metric spaces,
The Aligarh Bull. Math., 38 (1-2), (2019), 41-62.

30. G. S. Saluja, S. Dinu and L. Petrescu, Fixed points for (¢ — ¢)-weak contractions in S-metric
spaces, U.P.B. Sci. Bull., Series A, 82 (2) (2020), 119-132.

31. G. S. Saluja, Fixed point results under implicit relation in S-metric spaces, The Mathematics
Student, 89 (3-4), (2020), 111-126.

32. G. S. Saluja, Fixed point theorems on cone S-metric spaces using implicit relation, Cubo, A
Mathematical Journal, 22 (2) (2020), 273-288.

33. G. S. Saluja, Some fixed point theorems for weak contraction mappings in S-metric spaces,
Jnanabha, 50 (1) (2020), 20—26.

34. G. S. Saluja, Some existence results for contractive type mappings in cone Sp-metric spaces,
An. Uniw. Oradea, Fasc. Mat., 27 (1) (2020), 63-77.

35. G. S. Saluja, Some fixed point theorems under implicit relation on S-metric spaces, Bull. Int.
Math. Virtual Inst., 11 (2) (2021), 327-340.

36. G. S. Saluja, Some fixed point theorems on S-metric spaces using C-class functions with
applications, An. Univ. Oradea, Fasc. Mat., 29 (1) (2022), 5-18.

37. G. S. Saluja, Some fixed point theorems via simulation functions on S-metric spaces, An.
Univ. Oradea, Fasc. Mat., 29 (1) (2022), 55-69.

38. S. Sedghi, N. Shobe and A. Aliouche, A generalization of fixed point theorems in S-metric
spaces, Mat. Vesnik, 64 (3) (2012), 258—-266.

39. S. Sedghi and N. V. Dung, Fixed point theorems on S-metric spaces, Mat. Vesnik, 66 (1)
(2014), 113-124.

40. S. Sessa, On a weak commutative condition in fixed point consideration, Publ. Inst. Math.
(Beograd), 32 (1982), 146-153.

41. N. Tas and N. Yilmaz Ozgur, New generalized fixed point results on Sp-metric spaces,
arxiv:1703.01868v2 [math.gn] 17 apr. 2017.

42. N. Tas and N. Y. Ozgiir, Common fixed points of continuous mappings on S-metric spaces,
Math. Notes, 104 (4) (2018), 587-600.

43. N. Tas, Suzuki-Berinde type fixed-point and fixed-circle results on S-metric spaces, J. Linear
Topol. Algebra, 7 (2018), 233-244.

Received by editors 23.8.2022; Revised version 13.5.2023; Available online 11.6.2023.

GURUCHARAN SINGH SALUJA, H.N. 3/1005, GEETA NAGAR, RAIPUR, RAIPUR-492001 (CHHAT-
TISGARH), INDIA
Email address: salujal963@gmail.com



