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EXISTENCE OF ¢-BEST PROXIMITY POINTS OF
PROXIMAL #*—~WEAK CONTRACTION MAPS

G. V. R. Babu and P. Mounika

Asstract. Let o/ and % be nonempty subsets of a metric space
X. Let & : &/ — P and g : o/ — /. In this paper, we prove the
existence of best approximate solution xz* in the space such that
Sr* is as close to gx™ as possible. That is, we find the global
minimizer of the map = — p(gx, % x) where . is either proximal
Z*—weak contraction of the first kind or second kind or both, and
g is an isometry, in complete metric spaces. Examples are provided
to illustrate the validity of our results.

1. Introduction

Let (X, p) be a metric space. Let o/ and Z be nonempty subsets of X. Let
S — P and g : &/ — /. Then the equation x = gxr may not have a
solution. In this situation, we consider our attention in computing an approximate
solution z* in the space such that the distance between .#z* and gz* is as small as
possible. In fact, it is the global minimization of the mapping x — p(gz, ¥x) and
if this map attains global minimum at z* then p(ga*,.”z*) indicates the global
proximity between gx* and x*.

Since p(gzx,.Sx) = p(<f, B) for all x € o7, a best proximity point theorem finds
the global minimization of z — p(gx,.”x) by computing an approximate solution
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196 G. V. R. BABU AND P. MOUNIKA

2* which fulfill the condition that p(gz*, Sx*) = p(«/,%). Such z* is known as
g—best proximity point of the mapping S and g.

In 2011, Sadiq Basha [5] proved the existence of g—best proximity points of
non-self proximal contractions in complete metric spaces. For extensions and more
related works, we refer Sadiq Basha and Veeramani [4], Sadiq Basha [6], Sadiq
Basha, Shahzad and Vetro [8].

In 2012, Wardowski [10], introduced a new concept of contraction, namely
F —contraction and proved the existence and uniqueness of fixed points of such
mappings in complete metric spaces which generalizes Banach contraction principle
in a different way. In 2014, Wardowski and Van Dung [11], introduced .# —weak
contraction as a generalization of .% —contraction and proved a fixed point theorem
for .% —weak contractions in complete metric spaces.

In 2022 Salamatbakhsh, Haghi and Fallahi [9], extended .# —weak contractions
that are defined for selfmaps to non-selfmaps and introduced the notion of proximal
F*—weak contraction of the first kind and strong proximal .#*—weak contraction
of the second kind and proved the existence of best proximity points in complete
metric spaces.

In this paper, in Section 2, we recall some definitions and preliminaries that
we use to prove our main results. Motivated by the works of Basha [7] and Sala-
matbakhsh, Haghi and Fallahi [9], in Section 3, we extend these results to find the
existence of g—best proximity points of proximal .#*—weak contractions of first
kind or second kind or both. In Section 4, we draw some corollaries to our main
results and provide examples in support of our results.

2. Preliminaries

In this section, we give some definitions of proximal contractions.
Let (X, p) be a metric space and &/ and % nonempty subsets of X.

p(, B) = inf{p(z,y) : x € & and y € B}
gy ={x € :p(x,y) = p(A,B) for some yec B}
PBo={y e B:plx,y) = p(d,PB) for some x € 7}.
In 2000, Basha and Veeramani [4], stated that in the setting of normed linear
spaces, if & and % are closed subsets such that p(</, %) > 0, then o and %,
are contained in the boundaries of &7 and %, respectively. In 2003, Kirk, Reich,

Veeramani [2] provided sufficient conditions that <% and %, are nonemtpies.
Throughout this paper, we assume that p(</, £) > 0.

DEFINITION 2.1. (Basha [5]) The set Z is said to be approximatively compact
with respect to &7 if every sequence {y,} of & satisfying the condition that
p(x,yn) — p(x, B) for some z € o has a convergent subsequence.

It is trivial to see that every set is approximatively compact with respect to
itself. Also, every compact set is approximatively compact. Moreover, 2% and %,
are nonempty if &7 is compact and & is approximatively compact with respect to

o .



EXISTENCE OF g¢g-BEST PROXIMITY POINTS 197

DEFINITION 2.2. (Basha [5]) A mapping . : & — £ is said to be prozimal
contraction if there exists a nonnegative real number o < 1 such that, for all
U1, U, L1, Lo in A,

p(ulvyxl) = p(%7<@)
= p(uy,uz) < a(p(zr,x2)).
plus, Sx2) = plet , B) pur, uz) (p(z1,22))

DEFINITION 2.3. (Basha [7]) Let ¥ : &/ — Bandg: &/ — &/. Apoint z* € &
is said to be a g—best proximity point of the mapping . if p(gz*, Sa*) = p(, B).
If g is the identity map then z* is a best proximal point of ..

DEFINITION 2.4. (Basha [7]) A set & is said to have uniform approximation
in A if, for given € > 0, there exists 6 > 0 such that

p(r1,y1) = p(, B)
p(x2,y2) = p(A, B) ¢ = py1,y2) < ¢
p(x1,72) <0

for all z1,x9 € & and y1,y2 € A.

DEFINITION 2.5. (Basha [7]) Let . : &/ — 2 be a map. Then, & is said to
have uniform & — approximation in A if, for given € > 0, there exists § > 0 such
that

p(x1, S ur) = p(, B)
plxe, Lus) = p(d,B) 3 = p(FLuy, L us) < e
p(z1,22) <6

for all z1, 20, u1,us € .

DEFINITION 2.6. (Basha [7]) Given nonempty subsets &/ and % of a metric
space, a map . : &/ — A is said to be a proximally quasi — continuous if

p(xn,yun) = p(%v‘%)
plx, Su) = p(, B) = x,, — x for some subsequence x,, of {x,} for
Up —> U
u,z € o and for all sequences {z,} and {u,} € &.

Here we note that a proximally quasi-continuous mapping is not necessarily
continuous. ([7], Example 3.3)

DEFINITION 2.7. (Wardowski [10]) Let .% : (0,00) — R be a mapping satisfy-
ing:
F1: Z is strictly increasing, that is, a < 3 implies F(a) < F(B) for all o, 5 €

(0, +-00),
Fy: For every sequence {ay,} in (0, +00) we have
lim «, =0if and only if lim Z(ay,)= —occ.
n—-4o0o n—-4oo

F3: There exists a number k € (0,1) such that lin}) b F(a) = 0.
a—

We denote ¥ = The family of all functions % which satisfy the conditions
F1 — F3.
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A mapping T : X — X is said to be a Wardowski .# — contraction [10] if
there exists 7 > 0 such that

p(Tz,Ty) > 0= 7+ F(p(Tx,Ty)) < F(p(z,y))

for all 2,y € X, where % € W.
In 2014, Wardowski and Van Dung [11], introduced .% —weak contraction as a
generalization of Wardowski contraction as follows:

DEFINITION 2.8. (Wardowski and Van Dung [11]) A mapping 7' : X — X is
said to be a .% — weak contraction if there exists 7 > 0 such that

p(T2, T4)>0 = 7+ (p(T, Ty))<F (maxt ol ) pla, T) ply, Ty), LETIL P T

for all z,y € X and where .% € V.

Every % —contraction is an % —weak contraction. But its converse is not true.
([11], Example 2.3).

We denote ¥* = The family of all functions .# which satisfy the conditions .%#;
and .

In 2022, Salamatbakhsh, Haghi and Fallahi [9 [ |, introduced the notion of prox-
imal #*—weak contraction mappings by using .% in U*.

DEFINITION 2.9. (Salamatbakhsh, Haghi and Fallahi [9]) A mapping .7 : & —
A is called a provimal F* — weak contraction of the first kind if there exist
Z € U* and 7 > 0 such that

p(ul,Yal):p(d,%) T T
p(UQ,yCLQ) _ p(d“%)) =T +J(p(u1,uQ)) < J(p(alvc@))a
where a1, as,u1,us € & and a1 # ag, Uy F Us.

ExXaMPLE 2.1. Let X = [0,1] x [0,1] endowed with metric p((u,v), (a,b)) =
lu —al 4+ v —0]. Let & = {(0,u);0 < u < 1}, = {(1,v);0 < v < 1}. It is
clear that @ = & and By = & and (o) C HBy. Define .¥ : & — A by
Z((0,u) = (1,“7‘2),0 <u <1 Leta = (0,u) and ay = (0,v) with u # v
so that a1 # as. We choose ui,us € & such that p(ui, La1) = p(ue, Las) =
Pl B) = 1. Also, Far = ((0,u)) = (1, %) which implies that u = (0, )
and Lay = . ((0,v)) = (1, UI) which 1mphes that up = (0, 5 s ), and uy # ug. Also

plan, Fa) = p((0, ), (1, 2) = 1] + 2 — 2| =1

plua, F02) = (0. 5), (1, 5) = 1] + | ~ | =1
Therefore p(u1,-Za1) = p(uz, Laz) = p(<f, B). We choose 7 = log2 and F (o) =
\_/—é +log a,, a« > 0. We consider

T+ <gf(p(uth)) =log2 + ﬁ(p(((L %2)’ (0, %)))
=log2 + .7 ($|u? — v?|)

= 10g2 — \/ﬁ —+ log(i\u2 — U2|)
1

M

:log2— \/ﬁ —|—10g|u2 _'UQ‘ _10g4
<log2 — ——2— +log2+log|u — v| — 2log 2

ViuE—o?]
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=—2_ +loglu—

i glu—vl
+ log |u — v

e loglu—v|

T+l
F(Ju—vl)

Z(p((0,u),(0,v)))

F(p (ah az)).

Hence .% is a proximal .%*—weak contraction of the first kind.

N

DEFINITION 2.10. (Salamatbakhsh, Haghi and Fallahi [9]) Let <7, 2 be nonempty
subsets of a metric space X. % : &/ — 9 is said to be a provimal F* —
weak contraction of the second kind if there exists # € ¥* and 7 > 0 such

that
plur, S ar) = p(, B)

p(u%‘yaQ) = p(ﬂ,%)
where a1, as,u1,us € & and Lay # SLaz, S uy # Lus.

}:7+9@%¢MM¢W»<5ﬂMyhhy®»v

DEFINITION 2.11. (Salamatbakhsh, Haghi and Fallahi [9]) A mapping
. of — 2 is said to be a strong proximal F* —weak contraction of the second
kind if the following conditions are satisfied:
(a) .7 is a proximally quasi-continuous,
(b) .7 is a proximal .#*—weak contraction of the second kind.

EXAMPLE 2.2. Let X = [0,1] x [0,1] endowed with metric p((u,v), (a,b)) =
lu—al+|v—"0. Let & = {(0,u);0 < u<1},8 ={(1,v);0 < v <1} It is
clear that @ = & and %y = & and () C HBy. Define ¥ . & — A by
Z((0,u)) = (1,1 - 5),0 < u < 1. It is easy to see that .7 is proximally quasi-
continuous. Let a; = (0,u) and ag = (0,v) with u # v so that a; # ag and Say #
Sas. We choose uy,us € o such that p(uy,.%a1) = p(ug, Las) = p(, B) = 1.
Then a1 = 7((0,u)) = (1,1 — §) which implies that u; = (0,1 — %), and
FLag =L ((0,v)) = ( 1 — %) which implies that us = (0,1 — 3). Now,

pluns7a0) = pl01 = (1) =11 £ 1= % 14 51=

pluz, Fa) = p((0,1— 1) (L1— D) = [1[+]1— 5 1+ 5] = 1,

Therefore p(u1,-a1) = (uQ,Yag) = p(«/,#) = 1. We choose 7 = log2 and
F(a) ==t +1loga+a, a> 0. Also, for such uy = (0,1 — %) and ug = (0,1 - %),
we have Su; # Luy. Now

T+ F(p(Fu1, Suz)) =log2 + F(p(#(0,1 - 3),. (0,1 = 3)))
=log2 + Z(p((1,1 - *52), (1,1 = 52))
=log2+ .7 (p((1,%52), (1, %52)))
=log2 + Z(3|(u — )
=log2 — |u1 o +1og(i|u—v|) 4|u—v|

lu—v]

=log2 — |u—v| ‘Hog(‘u U‘)
=log2 — ﬁ + log(|u — v|) — log 4 + ‘“71"
=log2 — ﬁ + log(Ju — v|) — 2log 2 + ‘u vl
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‘u o1 +log(lu —v]) —log2 + szvl
‘uiv‘ log(luzvl) + Iulvl
257 +log(5H) + 5

Z(p((1,1 = 5), (1,1 =3)))
= Z(p(L a1, L a9)).

Therefore .7 is a strong proximal .% *—weak contraction of the second kind.

N

DEFINITION 2.12. (Mongkolkeha, Cho, Kumam [3]) Let . : & — % and
g : & — & be an isometry. The mapping . is said to preserve the isometric
distance with respect to g if p(-Lgx, L gy) = p(Lx, Ly) for all z,y € o .

THEOREM 2.1. (Salamatbakhsh, Haghi and Fallahi [9]) Let (#,p) be a com-
plete metric space. Suppose that the following conditions are satisfied:
(i) o, B are nonempty subsets of M and of is closed;
(i) P is approximatively compact with respect to of ;
(iit) A is nonempty;
(iv) S : A — B is a prozimal F*-weak contraction of the first kind;
(v) S () C HBo;
(vi) F is continuous.
Then there exists a unique element a € &/ such that p(a,.Sa) = p(<f, B). Further,
for any fized ag € o, the sequence {a,} defined by p(an_H,Yan) (e, B) is
convergent to a.

THEOREM 2.2. (Salamatbakhsh, Haghi and Fallahi [9]) Let (4, p) be a com-
plete metric space. Suppose that the following conditions are satisfied:
(i) &7, B are nonempty closed subsets of M ;
(i) </ is approzimatively compact with respect to B;
(iit) A is nonempty;
(iv) & : A — B is a strong proximal F*-weak contraction of the second kind;
(v) S () C Po;
(vi) F is continuous.
Then there exists a unique element a € </ such that p(a, S a) = p(<f, B). Further,
for any fized ag € , the sequence {a,} defined by p(anH,Yan) o, B) is
convergent to a.

The following lemma is useful in proving our results.

LEMMA 2.1. (Babu and Sailaja [1]) Suppose (X, d) is a metric space. Let {x,}
be a sequence in X such that d(xn, Tpt1) — 0 as n — oo, If {x,} is not a Cauchy
sequence then there exist € > 0 and sequences of positive integers {my} and {ny}
with my, > ng > k such that d(xp,,, Tn,) = €, d(Tme—1,%n,) < € and

i) lm d(@m,,Zn,) =€ i) lim d(Xpm,—1,Tn,) =€
L koo | koo
1) lim d(Tmy—1,Tn,t1) =€ ) lm d(zm,—1,%n,—1) = €.

k—o0 k—o0
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3. Main results

LEMMA 3.1. Let o and B be nonempty subsets of a metric space X. Assume
that <y and By are nonempty. Let S : of — B be a map and g : &/ — o be
an isometry. Also assume that 7 (xg) € By for any xo € . Then there exists a
sequence {x,} in o such that p(gxni1, L Tn) = p(,B) forn=1,2,....

PROOF. Let g € &% be arbitrary. Since (o) C %y, we have L xg € Hy.
So p(z, Lxo) = p(f, B) for some = € /. This implies that = € 2.
Since ) C g(), we have x = gx; for some x1 € . Therefore p(gz1, L) =
p(, PB) for some x1 € of. Again, by repeating the same process, we obtain that
plgxa, Lx1) = p(f, B) for some 4 € o).
In general, we obtain that there is a sequence {x,} C <% such that
P(9ZTnt1, L Tn) = p(A,B) forn=1,2,.... O

THEOREM 3.1. Let o/ and B be nonempty, closed subsets of a complete metric
space X such that $ is approximatively compact with respect to <. Moreover,
assume that oy and By are nonempty. Let S : o — B and g : of — o satisfy
the following conditions:

a) S o — B is a prozimal F*— weak contraction of the first kind

b) By contains ()

¢) g is an isometry

d) g() contains <

e) F is continuous.

Then for any fized element xg € o, the sequence {x,} defined by p(gxpnt1,-LTn) =
p(, B) is Cauchy, and converges to an element x* (say) in 4 that satisfies
plga*, Lx*) = p(f, B). Such x* is unique.

PrROOF. Let xg € & be arbitrary. By Lemma 3.1, we have a sequence
{zn} C % such that p(grnt1,Ln) = p(F,PB) for n = 1,2,... . Suppose
Tp = Tpt1 for some n € N. Since p(g9zni1, L x,) = p(&, %), in this case,
we have p(gxy,, Sx,) = p(of,9B). Hence the conclusion of the theorem holds
with x, inplace of x*. Therefore, without loss of generality, we assume that
Tpy1 # T for n = 0,1,2,... . Since .¥ is a proximal #*—weak contraction of
the first kind, we have 7 + .Z (p(9Tn+2, 9Tn+1)) < F(p(Tnit1,2n)). Since g is an
isometry, it follows that 7 + #(p(@nt2,Tnt+1)) < F(p(Tns1,2y)). This implies
that Z (p(pi2, Tnt1)) < F(p(Tnt1,2n)) — 7. By repeating this process, we get
F(p(Xns1,2n)) < F(p(x1,20)) — n7. On letting n — oo, we have
lim % (p(xpt1,2n)) = —00. By s, we have lim p(x,41,2,) = 0. We now show
n—oo n—oo
that {z,} is a Cauchy sequence. If {x,} is not Cauchy, by Lemma 2.1, there exist
e > 0 and two subsequences of positive integers {my} and {n;} with ny > my >k
such that

(3.1) (X Ty, ) = € and p(Tp,—1,Tm, ) < €
and lim p(z,,, Zm,) = € and klim P Xy —1, Tmy—1) = €. Since p(gxn,,, L Tnyp—1) =
—00

k—o0

P(9Tmy s L T, —1) = p(, B), by proximal F*—weak contraction of the first kind,



202 G. V. R. BABU AND P. MOUNIKA

we have 7+ F (p(9n,, 9Tm,)) < F(p(Tny—1,Tm,—1)). Since g is an isometry, we
have 7 + Z (p(Tn,, Tm,)) < F(p(Tnp—1,Tme—1)). On letting & — oo, we have
T+ Z(e) < Z(e), a contradiction. Hence {x,} is a Cauchy sequence. Since X is
a complete metric space and & is closed in X, it follows that there exists z* € &/
such that z,, — z* as n — 0. Since g is continuous and {z,} converges to z*, we
have {gx,} converges to gz*. Now, we have
plgz*, B) < p(ga”, S xn)

< p(92”, 9Tny1) + p(9Tnt1, S Ty)

= p(ga?*, gxn+1) + p(ﬂa %)

< plgz™, gTnt1) + pgz™, B).
Therefore p(gz*, S x,) — p(gx*, B).
Since £ is approximatively compact with respect to the set o7, it follows that the
sequence {7z, } has a subsequence {.#z,, } converging to some element y in 2.
Now, for the subsequence {x,, } of {x,}, we have p(gxn, +1,-LTn,) = p(, B) for
n = 1,2,... . On taking limits as k — oo, it follows that p(ga*,y) = p(, B)
and hence gz* is a member of . Since & C g(#), gz* = gu for some element
u € . Since g is an isometry, we have p(a*,u) = p(gz*, gu) = 0. Therefore, z*
and u are identical and hence z* is a member of <. Since (o) C HBy, we have
plz, Lx*) = p(ef, B) for some z € /. Also, since p(gxni1,-Lxn) = p(, B) for
n = 0,1,2,... . Since . is a proximal .#*—weak contraction of the first kind,
we have 7+ .F(p(gxn+1,2)) < F(p(Tn,x*)) which implies that Z(p(gxn+1,2)) <
F(p(xn,z*)). Since F is strictly increasing we have p(g2,11,2) < p(zp,2*) = 0
as n — oo. Hence {gx,} converges to z. Since the sequence {gz,} converges to
gx*, we have Thus z and gx* must be identical. Hence, it can be concluded that
plgz*, Sx*) = p(z, Sz*) = p(A, B).
Suppose that there is another element b* € % such that p(gb*, Sb*) = p(<f, B).
Also, we have p(gz*, Sz*) = p(, B) = 7+ F(p(gz*, gb*)) < F(p(x*,b")).
Since .¢ is a proximal .%*—weak contraction of the first kind, and g is an isometry,
we have Z(p(z*,b")) = F(p(gz*, gb*)) < 7+ F(p(gz™,gb")) < F(p(z*,b")), a
contradiction. Hence p(z*,b*) = 0. Therefore 2* = b*. Hence the theorem follows.

O

THEOREM 3.2. Let o/ and B be nonempty, closed subsets of a complete metric
space X such that < is approximatively compact with respect to B. Moreover,
assume that <7y and PBy are nonempty. Let & : of — PB and g : o/ — o satisfy
the following conditions:

a) S o — B is a strong proximal F*— weak contraction of the second kind

b) By contains .7 (<)

¢) g is an isometry

d) g(ef) contains <%

e) F is continuous
f) < preserves isometric distance with respect to g.
Then for any fized element xog € o, the sequence {x,} defined by p(gxpnt1, L xn) =
p(, B) is Cauchy, and converges to an element x* (say) in 4 that satisfies
plga*, S a*) = p(, B).
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PROOF. Let zy € 4% be arbitrary. By Lemma 3.1, we have a sequence
{zn} C 4 such that p(grni1,-Lxn) = p(,PB) for n = 1,2,... . Without loss
of generality, we assume that x,4+1 # x, for n =0,1,2,... . Since . is a proximal
F*—weak contraction of the second kind, we have 7+ .7 (p(-L 9Zn+2, L 9Tn+1)) <
F(p(LTpg1,-LTy)). Since .7 preserves isometric distance with respect to g 7+
F(p(SL Tpt2, S Tni1)) < F(p(FLTpi1, S x,)). This implies that
F(p(S Tpt2, L Tni1)) < F(p(FL Tpy1, L x,)) — 7. By repeating this process, we
get F(p(SLxpi1, L)) < F(p(FLx1, S x9)) — nr. On letting n — oo, we have
nh};o F(p(Lxpy1, L)) = —00. By Fo, we have nth;O (S xpt1, L xy) = 0. We

now show that {x,} is a Cauchy sequence. If {#z,} is not Cauchy by Lemma
2.1, there exist € > 0 and two subsequences of positive integers {.%z,,, } and
{S 2, } with ny > my, > k such that

(3.2) (L Ty L T, ) 2 € and p(LXp, -1, L Tm,,) < €

and hm p(Yxnk,Ywmk) =€ and hm (L Ty -1, Ty —1) = €.

Smce p(gmnk,Yxnk_l) = p(g:cmk,yxmk 1) = p(«,AB), by proximal .F*—weak
contraction of second kind, we have
T+ F(0(L 9T, L GTm,)) < F(p(L 2np—1, S T, —1)). Since .7 preserves isomet-
ric distance with respect to g, we have
T+ F(p(SL Ty, L Tm,)) < F(p(LTnp—1, S T, —1))- On letting k — oo, we have
T+ Z(e) < Z(e), a contradiction. Hence {-#z,} is a Cauchy sequence. Since X
is a complete metric space and 4 is closed there exists y € & such that Sz, — y
as n — o0o. Further,
oy, ) < p(y, gTn11)

< p(ya yajn) + p(yxnvgxn-i-l)

<oy, Sxn) + p(B, )

< p(y, S wn) + ply, 7).
This implies that p(y, grn+1) — p(y, &). Since & is approximatively compact with
respect to the set %, then {gx,} has a convergent subsequence {gx,, } such that
kli_}rgo 9Tn, = x € o/. Hence it follows that p(z,y) = p(<,y).

Since p(#, ) < p(y, @) < p(y, gTn+1) < p(Y, S ¥n) + p(F T, gTni1), we have
p(B, ) < p(y, 9Tni1) < p(y, Lxn) + p(H, ). On letting n — oo, we get
p(#,) < i p(y, genta) < Mm p(y, S wn)+p(B, ), ie., p(B,) < ply,x) <
p(A, ). Therefore p(x,y) = p(o/, %) and hence z is a member of o%. Since
o C g(e),x = gz* for some element z* € .
Since ¢ is an isometry, we have gx, — x = gz* implies that z,, — z*. Since
S () C Py, it follows that p(u*,.Sz*) = p(of,B) for some u* € . Also,
since p(gxnt1, Lxn) = p(&,PB) for n = 1,2,..., and x,, — z*, since . is a
proximally quasi-continuous, we have u,, — u* for some subsequence {u,, } of
{un}. i.e.,, {g2n,+1} — v* as k — oo. Therefore gz* = u* so that p(ga*, Sz*) =
p(u*, L) = p(, B).

O
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THEOREM 3.3. Let o/ and B be nonempty, closed subsets of a complete metric
space X . Assume that <y and By are nonempty. Let ./ : of — B and g: o — o
satisfy the following conditions:

a) S o — B is a prozimal F*— fweak contraction of the first kind

b) S o — B is a strong proximal F*— weak contraction of the second kind

) By contains ()

) g is an isometry

) () contains <%

) 7 preserves isometric distance with respect to g

) .Z is continuous.

Then for any fived element xg € o, the sequence {x,,} defined by p(gxni1, L xn) =
p(, B) is Cauchy, and converges to an element x* (say) in & that satisfies
p(gsc Sx*) = p(, B). Such x* is unique.

PRrROOF. Let xg € @ be arbitrary. By Lemma 3.1, we consider a sequence
{zn} C % such that p(grnt1,-Lxn) = p(,PB) for n = 1,2,... . As in the proof
of Theorem 3.1, it follows that {z,} C % is a Cauchy sequence. Since X is a
complete and &7 is closed, then there exists z* € & such that z,, — z* as n — oo.
Since ¢ is an isometry we have gz, — gx* as n — oco. Also as in the proof of
Theorem 3.2, it follows that {.z,} is a Cauchy sequence. So there exists b € &
such that .7z, — b as n — oco. Now, p(9Zni1,LTn) — pla*,b) = p(,B) as
n — 00, so that z* € &. Since .7 (<) C Ay, it follows that p(z,.z*) = p(, B)
for some z € &/. Again proceeding as in the proof of Theorem 3.1, it follows that
p(z, Lx*) = p(ga*, Sa*) = p(,PB), and z* is the unique best proximity point of
. Hence the theorem follows. O

In the following, we extend the existence of best proximity points in the setting
of fairly complete space (Theorem 2.5 and Theorem 2.6, [9]) to the existence of
g—Dbest proximity points in complete metric spaces.

THEOREM 3.4. Let of and B be nonempty, closed subsets of a complete metric
space X such that oy and By are nonempty. Let the mapping &/ : o/ — B be such
that </ has uniform . —approzimation in AB. Moreover, assume that
a) S A — B is a prozimal F*— weak contraction of the first kind
b) By contains . ()

c) g: o — o is an isometry

d) ( ) contains <y

e) Z is continuous.

Then for any fived element xg € o7, the sequence {x,} defined by p(9Tni1, L xn) =
p(, B) is Cauchy, and converges to an element x* (say) in < that satisfies
plgz*, Lx*) = p(o, B). Such z* is unique.

PROOF. Let g € 4 be arbitrary. By Lemma 3.1, p(gzp+1,-7 ) = p(, B)
for some sequence {z,} C %. Now, proceeding as in the proof of Theorem 3.1,
it follows that {x,} is a Cauchy sequence in /. Since g is an isometry, we have
{gz,} is a Cauchy sequence. Since &/ has uniform .—approximation in % and
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since {gz, } is Cauchy, given € > 0 there exists N € Z1 such that p(gz,, grm) < €
for all n > m > N. We choose 6 = €. Then for all n > m > N, we have
p(gxm+1,5”$m) = IO(‘Q{"%))
p(gTnt1, S Tn) = p(, B) = p(Lxp, STm) <€
p(9Tm+1,9Tns1) <O forallm >m >N

Therefore {.#x,} is a Cauchy sequence. Since X is a complete and & and
P are closed subsets of X, we have &/ and % are complete and so there exist
w* € o and y* € A such that hm gry, = w* and lim Yz, = y*. Therefore

n— oo

plw*,y*) = lim p(gzpy1, Lan) = p(;zf A). So w* is an element of . Since
n—oo

oy C g(ep),w* = gx* for some x* in . Since g is an isometry, we have
(3.3) gr, — w* = gz* implies that x,, — x*.

Since . (%) C Py, it follows that p(u*,.Sz*) = p(/, B) for some u* € o7. Also,
since p(grpt1, L) = p(,B) for n =1,2, ... . Since . is a proximal .F*—weak
contraction of the first kind, we have .Z (p(gxn11,u*)) < 7+ F(p(gxni1,u*)) <
F(p(xn,z*)) which implies that Z(p(gznt1,u*)) < F(p(xn,x*)). Since F is
strictly increasing we have p(gzp41,u*) < p(zn,2*) = 0 as n — oo. Therefore
(3.4) nh_{rgo gTpt1 = u*

Therefore from (3.3) and (3.4), we have gz* = v*, and p(gz*, Lz*) = p(u*, Lz*) =
p(, AB). Uniqueness of x* follows as in the proof of Theorem 3.1. O

THEOREM 3.5. Let o/ and B be nonempty, closed subsets of a complete metric
space X such that <y and By are nonempty. Moreover, assume that % has uni-
form approximation in of . Let S : of — B and g : of — o satisfy the following
conditions:

a) S o — B is a strong prozimal F*— weak contraction of the second kind

b) By contains ()

) g: o — o is an isomelry

) g(eh) contains oA

) .7 preserves isometric distance with respect to g

) F is continuous.

Then for any fived element xo € o7, the sequence {x,,} defined by p(9Tni1,L Tn) =
p(, B) is Cauchy, and converges to an element x* (say) in < that satifies
plgz*, Lx*) = p(f, B). Such x* is unique.

c
d
e

f

PROOF. Let xy € o be arbitrary. By Lemma 3.1, we have a sequence {z,,} C
o such that p(gxn11, L x,) = p(,PB) forn = 1,2, ... . Now, proceeding as in the
proof of Theorem 3.2, we have {Zz,} is a Cauchy sequence. Since % has uniform
approximation in ./ and since {.”x,} is Cauchy sequence, it follows that {gz,}
is a Cauchy sequence. Since X is complete, o/ and £ are closed subsets of X, we
have o/ and £ are complete and so there exist w* € & and y* € £ such that
lim gz, = w* and lim %z, = y*. Therefore p(w*,y*) = nh_)rrgo p(gxni1, Ly =

n—oo n— oo

p(e/, PB) and hence w* is an element of 2%. Since 2% C g(%), w* = gz* for some
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element =* in 7. Since g is an isometry, we have
(3.5) g, — w* = gz implies that x,, — x*.

Since .7 () C Py, it follows that p(u*, .S z*) = p(/, AB) for some z* € o7. Also,
since p(gxn41,Lxy) = p(,A) for all n, and x,, — z*. Since . is a proximally
quasi-continuous, we have u,, — u* for some subsequence {u,, } of {u,}. That is

(3.6) 9Zn,+1 — U as k — oo.

Therefore from (3.5) and (3.6), we have gz* = u*. Hence,
plgz*, S x*) = p(u*, Sx*) = p(, B).
Suppose that there is another element b* € 4% such that p(gb*, . 7b*) = p(, B)
also we have p(ga*, Sx*) = p(o/, PB) that implies 7+.F (p(ga*, gb*)) < F(p(x*,b*)).
Since . is a proximal .%*—weak contraction of the second kind and .7 preserves
isometric distance with respect to g, we have
F(p(Fz", 7)) = F(p(Lgz*, S gb")) < 7+ F(p(Lgz*, S gb")) < F(p(S ", b)),
a contradiction. Hence p(.Zz*,.#b*) = 0. Therefore .z* = .#b*. Since # has
uniform approximation in .27, it follows that

plga™, Sz*) = p(, B)

p(gb*, b*) = p(, B) = p(gz*, gb*) < e. Since ¢ is an isometry, we have

0=p(SLx*, Ib*) <o

p(x*,b*) < e. Since € > 0 is arbitrary, we have z* = b*. O

4. Corollaries and examples

REMARK 4.1. If g is the identity mapping in Theorem 3.1 and Theorem 3.2 then
Theorem 2.1 and Theorem 2.2 follow as corollaries, respectively. Further, Theorem
2.4 of [9] follow as corollary to Theorem 3.3 when g is the identity mapping.

When g is the identity in Theorem 3.4, we have the following corollary.

COROLLARY 4.1. Let &/ and $B be nonempty, closed subsets of a complete
metric space X such that o7y and By are nonempty. Let the mapping ./ : of — B
be such that & has uniform . —approximation in B. Moreover, assume that
a) S o — B is a prozimal F*— weak contraction of the first kind
b) By contains ()
¢) F is continuous.

Then for any fized element xo € o, the sequence {x,} defined by p(xpi1, L xy) =
p(, B) is Cauchy, and converges to an element x* (say) in & that satisfies
pla*, Lx*) = p(of, B). Such x* is unique.

When g¢ is the identity in Theorem 3.5, we have the following corollary.

COROLLARY 4.2. Let &/ and % be nonempty, closed subsets of a complete
metric space X such that o7y and By are nonempty. Moreover, assume that # has
uniform approximation in o . Let .S : of — A satisfy the following conditions:

a) S o — B is a strong proximal F*— weak contraction of the second kind
b) By contains . (<)
¢) & preserves isometric distance with respect to g
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d) F is continuous.

Then for any fized element xg € 7, the sequence {x,} defined by p(xpni1, L Tn) =
p(, B) is Cauchy, and converges to an element x* (say) in 4 that satisfies
pla*, Lx*) = p(ef, B). Such x* is unique.

REMARK 4.2. Every proximal contraction . with contraction constant a €
(0,1) is a proximal .#*—weak contraction of the first kind with .#(a) = In(a),a €
(0,00) and 7 = —Ina.

REMARK 4.3. By Remark 4.2, we get the Theorem 3.1 in [5] follows as a
corollary to Theorem 3.1.

EXAMPLE 4.1. Let X = [0,1] x [0,1] endowed with metric p((u,v), (a,b)) =
lu—al +|v—"0]. Let & = {(0,u);0 < u <1}, % ={(1,v);0 < v < 1}. It is clear
that & = & and By = B and () C HBy. Moreover, A is approximatively
compact with respect to o, Define . : & — % by .7 ((0,u)) = (1, %2)70 <u<l.
Define g : & — o7 by g((0,u)) = (0,1 — u). Therefore
plgz, gy) = p(9(0,u),9(0,v))

= p((0,1= ), (0,1=0)) = [0]+u—2] = [u—2] = |(0,u) — (0,0)]| = p(z, ).
Therefore g is an isomtery. For each a = (0,u) € &%, there exist b = (0,v) € %
such that (0,u) = g(b) = g(0,v) = (0,1—v) < « = 1—v implies v = 1 —u. Therefore
p((0,u),(0,1 —u)) =1=p(e,B) so that b= (0,1 — u) € g(). Therefore g(2)
contains . Let a; = (0,u) and as = (0,v) with u # v, then a1,a9 € & and ay #
as. We choose guy, gus € o such that p(guy,.%a1) = p(gus, Las) = p(, B) = 1.
FLap = 7((0,u) = (1, “—2) which implies that gu; = (0,“72) Fag = 7((0,v)) =
(1, ”42) which implies that gus = (0, %) Here we observe that gu; # gus. Now,
2 2 2
plous, Far) = p((0, ), (1, %)) = [1] +]% — =] =
plguz, #az) = p((0, ”*),( ) =1+ -5l=1
Therefore p(guhyal) = p(gus, L az) = p(,%#) = 1. We choose 7 = log2 and
F(a) = =L +loga, a > 0. Then .F € ¥*, and .Z is continuous on (0,00). We
consider 7 + Z (p(u1,u2)) = 7+ F(p(guq, guz)), since g is an isometry
2 2

=log2+ .7 (p((0, ), (0,*7)))

=log2+ F($|u? —v?)

= 10g2 — ﬁ + 10g(i|u2 — 'U2|)

=log2 — ﬁ + log |u? — v?| — log4
§10g2 2|+log2+log|u7v|7210g2

7U2| + log |u — v|

[uz—v
\uz
o 1 log lu — ]
Z (|u—vl)
Z(p((0,u), (0,v)))
= F(p(ay, az)).
Therefore .7 is proximal % *—weak contraction of the first kind.
Hence .7 satisfies all the hypotheses of Theorem 3.1 and (-2 + 22, -2+ 2\/5) is
a unique best proximity point of ..

\ u—

<
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EXAMPLE 4.2. Let X = [0,1] x [0, 1] endowed with metric p((u,v), (a,b)) =
|lu—al+|v—"0]. Let & = {(0,u);0 <u <1}, % ={(1,v);0 <v < 1}. It is clear
that @ = & and By = £ and () C HBy. Moreover, &/ has uniform ¥ —
approximation in #. Define . : &/ — % by #((0,u)) = (1,1 — “72),0 <u<l
Define g : & — o7 by g((0,u)) = (0,1 — u). Therefore
p(gz, gy) = p(9(0,u),g(0,v))

— (0, 1=1), (0, 1—0)) = 0]+ u—0] = fu—v| = (0, u)—(0,)| = p(z, ).
Therefore g is an isomtery. For each a = (0,u) € 7, there exist b = (0,v) € o
such that (0,u) = g(b) = g(0,v) = (0,1 —v) & v =1 — v implies v = 1 — u.
Therefore p((0,u), (0,1 —u)) =1 = p(o/, B) so that b= (0,1 —u) € g(<h).
Therefore g(47%) contains . Let a; = (0,u) and ay = (0,v) with u # v, then
a1,a; € o and a1 # as. We choose guy,gus € & such that p(gui,.La;) =
plgus, Laz) = p(&f,B) = 1. Then La; = L((0,u)) = (1,1 — “72) which implies
that gu; = (0,1 — “72), and Say = L((0,v)) = (1,1 — %) which implies that
guz = (0,1 — %) Here we observe that gu; # gus. Now,
plgur, Far) = p((0.1 = 4), (L1 = 40) = [+ 1= — 14| =1
plouz, S az) = p((0.1 =), (L1 =) = [1[ +[1 =% 14+ 5[ = 1.

Therefore p(gui, La1) = p(gus, L az) = p(«/,%B) = 1. We choose 7 = log2 and
F(a) = \_/—é +loga, a> 0. Then .# € ¥*. Here we note that .# is continuous on
(0,00). Thus, we have
T+ F(p(ur,uz)) =7+ F(p(gu1, guz)), since g is an isometry
2 2
=log2+ f(p(((), 1- uf)v (07 1- UT)))
=log2+ F(§|u? —v?)

=log2 — 7,71|u127v2| + log(4|u? — v?|)
4

=log2 — \/ﬁ +log |u? — v?| —log 4
<log2 — ﬁ+log2+log|u—v| —2log 2

= \/ﬁ + log |u — v|

< \/;j + log |u — v|

(lu =)

(p((0,u), (0,v)))

= F(p(a1,a2)).

Therefore . is proximal .#*—weak contraction of the first kind.

Hence . satisfies all the hypotheses of Theorem 3.4 and (0,0) is a unique best
proximity point of .%.

I
9% Y

EXAMPLE 4.3. Let X = [0,1] x [0,1] endowed with metric p((u,v), (a,b)) =
lu—al+|v—0]. Let & = {(0,u);0 < u < 1},%2 = {(1,v);0 < v < 1}. It is clear that
oy = o and By = B and () C PBy. Moreover, % has uniform approximation
in o/. Define . : & — % by ((0,u)) = (1,1 — §),0 < u < 1. It is easy to see
that . is proximally quasi-continuous. Define g : & — & by ¢((0,u)) = (0,1 —w).
Therefore
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p(gz, gy) = p(9(0,u),g(0,v))
= p((0,1=1), (0,1=v)) = [0]+[u—0] = Ju—v] = |(0,0) — (0, )| = p(, ).

Therefore g is an isomtery. For each a = (0,u) € &%, there exist b = (0,v) € %
such that (0,u) = g(b) = g(0,v) = (0,1 —v) & v =1 — v implies v = 1 — w.
Therefore p((0,u), (0,1 —u)) =1 = p(o/, B) so that b = (0,1 —u) € g(<h).
Therefore g(47%) contains . Let a; = (0,u) and ay = (0,v) with u # v, then
ai,ay € & and a; # as. We choose gui,gus € & such that p(gul,Yal) =
p(guz,faz) = p(o/,#) = 1. Then Sa; = 7 ((0,u)) = (1,1 — %) which implies
that gu; = (0,1 — §), and Sas = #((0,v)) = (1,1 — ) which implies that
guz = (0,1 — ). Here we observe that gu; # gus. Now,

plgur, Far) = p((0,1— ), (L1— 2)) = 1 + |1 - % — 1+ 8 =1
plguz, 7az) = p((0,1— £) (1= £) = [1] +[1—§ —1+ 2] =1.
Therefore p(gui, Lar) = p(gus, Las) = p(o/,B) = 1. We choose 7 = 2 and
F(a) =y/a—2L a>0. Then .# € U* and .Z is continuous on (0, c0).
Let x = (0,u) € &, yf(O v)EM
p(Yg%ng)—p( ( , ) (071— v))

— |u—’U

so that p(Lgx, Lgy) = p(Lx, Sy) for any z,y € . Therefore, . preserves
isometric distance with respect to g. Hence, for any ui,us € & with u; # us we
have Su; # Suy and so

T+ F(p(Fu, Suz)) =7+ F (p(S gur, S gus))

=2+ .7 (p(L(0,1-%),7(0,1-3%)))
1-% 1-3
:2+9(p((1,1—2 22)7(12a1_ 2 )
=2+ F(p((1,%£2), (1, “12)))
=2+ 7 (glu—vl)
_ 1, ol — 1
2+ 1 u U| Z|u7v|

=2+ %|U—’U| - \uzv| - ‘uzv‘
<24 %lu_v|_2_|uzv|

(5l
(,0((1, 1- %)7 (1v 1- %)))
=7 (p(Fa1,Laz)).
Therefore .7 is strong proximal .#*—weak contraction of the second kind.
Hence . satisfies all the hypotheses of Theorem 3.5 and (0,0) is a unique best
proximity point of .7.
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