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SOME COMMON FIXED POINT THEOREMS
SATISFYING (CLR)-PROPERTY AND ¢-TYPE
CONTRACTION IN S-METRIC SPACES

Gurucharan Singh Saluja

ABSTRACT. The purpose of this paper is to prove some common fixed point
theorems for two pairs of self-mappings satisfying (CLR)-property and some
P-type contractive condition in the framework of S-metric spaces. We also
give some examples to validate the results. The results presented in this paper
generalize, extend and unify several previous results in the existing literature.

1. Introduction

Banach’s contraction principle in metric spaces is one of the most important
results in the theory of fixed points and non-linear analysis. From 1922, when
Stefan Banach ([3]) formulated the concept of contraction and proved the famous
theorem, scientist and mathematicians around the world are publishing new results
that are related either to establish a generalization of metric space or to get a
improvement of contractive conditions.

In the literature, there are many extensions of the famous Banach contraction
principle, which states that every self mapping R defined on a complete metric
space (X, p) satisfying

(1.1) p(R(x), R(y)) < B p(z,y),

for all x,y € X, where § € (0,1), has a unique fixed point and for every ro € X a
sequence {R"rg}n>1 is convergent to the fixed point. Inequality (1.1) also implies
the continuity of R.
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In 2006, Mustafa and Sims [13] introduced G-metric spaces as a generalizations
of metric spaces and proved the existence of fixed points under different contrac-
tive conditions. In 2012, Sedghi et al. [15] introduced a new notion called S-metric
space and studied its some properties and they also stated that S-metric space is a
generalization of G-metric space. But Dung et al. [4] in 2014 showed by an exam-
ple that S-metric space is not a generalization of G-metric space and conversely.
Consequently, the class of S-metric spaces and the class of G-metric spaces are
different.

On the other hand, Jungck and Rhoades [10] introduced the concept of weak
compatibility in the year 1998. In 2002, Aamri and Moutawakil [1] introduced
the new concept called (E.A)-property. In 2012, Imdad et al. [7] introduced the
new concept called (C'LR)-property for two pairs of self mappings and proved some
common fixed point theorems using this new concept.

In 2016, Sedghi et al. [17] proved some existence of the unique common fixed
point for the pair of weakly compatible self-mappings satisfying some ®-type con-
tractive conditions in the framework of S-metric spaces and gave example to val-
idate the results. The results presented in this paper extend and improve several
results in the literature.

Recently, Sedghi et al. [18] proved some common fixed point theorems for four
mappings satisfying generalized contractive condition in the set up of S-metric
spaces and gave examples to validate the results. The results presented in this
paper extend and improve several results in the literature.

In this work, we prove some unique common fixed point theorems using (C'LR)-
property and satisfying some ®-type contractive condition in the setting of S-
metric spaces and give some corollaries of the main results. We also illustrate some
examples to support the results. Our results generalize, extend and enrich several
existing results in the literature.

In the following we provide some basic definitions and preliminaries which we
shall use in this paper.

2. Preliminaries
Following is the definition of S-metric spaces (see, [15]).

DEFINITION 2.1. ([15]) Let X be a nonempty set and let S: X3 — [0,00) be
a function satisfying the following conditions for all u, v, 2z, t € X:

(S1) S(u,v,z) =0if and only if u = v = z;

(52) S(u,v,z) < S(u,u,t) + S(v,v,t) + S(z, 2, t).

Then the function S is called an S-metric on X and the pair (X,S) is called
an S-metric space.

ExaMPLE 2.1. ([15])

(1) Let X =R™ and |- || a norm on X, then §(u, v, z) = ||[v+ 2z — 2u| +||jv — ||
is an S-metric on X.

(2)Let X = R™ and || - || @ norm on X, then S(u,v,2) = ||u — z|| + [|[v — 2|| is
an S-metric on X.
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ExAMPLE 2.2. ([16]) Let X = R be the real line. Then S(u,v,2) = |u — z| +
|v — 2| for all u,v,z € R is an S-metric on X. This S-metric on X is called the
usual S-metric on X.

ExAMPLE 2.3. ([11]) Let X be a non-empty set and d be an ordinary metric
on X. Then S(u,v, z) = d(u, z) + d(v, z) for all u,v,z € R is an S-metric on X.

ExXAMPLE 2.4. ([18]) Let X be a non-empty set and dy, dy be two ordinary
metrics on X. Then S(u, v, z) = di(u, 2) +da(v, 2) for all u, v, z € X is an S-metric
on X.

DEFINITION 2.2. Let (X,S) be an S-metric space. For r > 0 and z € X we
define the open ball Bs(u,r) and closed ball Bs[u,r] with center u and radius r as
follows, respectively:

Bs(u,r) ={veX:S8w,v,u) <r}

Bslu,r] ={ve X :Sw,v,u) <r}.

EXAMPLE 2.5. ([16]) Let X = R. Denote S(u,v, z) = |[v+ z — 2u| + |v — 2| for
all u,v,z € R. Then

Bs(1,2) = {veR:S8w,v,1)<2}={veR:|v-1] <1}
= {veR:0<v<2}=(0,2),
and
Bs2,4] = {veR:S8w,v,2)<4t={veR:|v—-2|<2}
= {veR:0<v<4}=][0,4].

DEFINITION 2.3. ([15], [16]) Let (X,S) be an S-metric space and A C X.

(1) The subset A is said to be an open subset of X, if for every u € A there
exists r > 0 such that Bs(u,r) C A.

(2) A sequence {uy} in X converges to u € X if S(uy, un,u) — 0 as n — oo,
that is, for each ¢ > 0, there exists ng € N such that for all n > ng we have
S(tp, un,u) < . We denote this by lim, o t, = u Or Uy — u as n — 0.

(3) A sequence {u,} in X is called a Cauchy sequence if S(up,, tn, um) — 0 as
n,m — oo, that is, for each € > 0, there exists ng € N such that for all n,m > ng
we have S(up, Un, Un) < €.

(4) The S-metric space (X,S) is called complete if every Cauchy sequence in
X is convergent in X.

(5) Let 7 be the set of all A C X with u € A and there exists r > 0 such that
Bs(u,r) C A. Then 7 is a topology on X (induced by the S-metric space).

(6) A nonempty subset A of X is S-closed if closure of A coincides with A.

DEFINITION 2.4. ([15]) Let (X, S) be an S-metric space. A mapping G: X —
X is said to be a contraction if there exists a constant 0 < k < 1 such that

(2.1) S(Gu,Gv,Gz) < kS(u,v,2)
for all u,v,z € X.
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Note: If the S-metric space (X,S) is complete then the mapping defined as
above has a unique fixed point (see, [15]).

DEFINITION 2.5. ([15]) Let (X,S) and (Y,S’) be two S-metric spaces. A
function g: X — Y is said to be continuous at a point uy € X if for every sequence
{up} in X with S(up, tn,ug) = 0, S’ (g(un), g(un), g(ug)) = 0 as n — co. We say
that g is continuous on X if g is continuous at every point ug € X.

DEFINITION 2.6. Let X be a non-empty set and let P, Q@: X — X be two self
mappings of X. Then a point z € X is called a

(¢) fixed point of operator P if P(z) = z;

(#4) common fixed point of P and Q if P(z) = Q(z) = z.

DEFINITION 2.7. ([2]) Let P and Q be single valued self-mappings on a set X.
If u = Pv = Qu for some v € X, then v is called a coincidence point point of P
and Q, and u is called a point of coincidence of P and Q.

DEFINITION 2.8. ([8]) Let P and Q be single valued self-mappings on a set X.
Mappings P and Q are said to be commuting if PQuv = QPuv for all v € X.

DEFINITION 2.9. ([9]) Let P and Q be single valued self-mappings on a set
X. Mappings P and Q are said to be weakly compatible if they commute at their
coincidence points, i.e., if Pv = Qu for some v € X implies PQv = QPw.

DEFINITION 2.10. ([7]) Let (X,S) be an S-metric space and A, B,R,T: X —
X be four self mappings of X. We say that two pairs (A,R) and (B,T) of self
maps of S-metric space (X,S) are said to satisfy common limit range property
with respect to R and T if there exist two sequences {u,} and {v,} in X such that

lim Ru, = lim Au, = lim Bv, = lim Twv, = z,

for some z € R(X)NT(X) and it is denoted by (CLRgT).

LEMMA 2.1. ([15], Lemma 2.5) Let (X, S) be an S-metric space. Then, we have
S(u,u,v) = S(v,v,u) for all u,v € X.

LEMMA 2.2. ([15], Lemma 2.12) Let (X,S) be an S-metric space. If u, — u
and v, = v as n — oo then S(up, tn, vy) = S(u,u,v) as n — 0.

LEMMA 2.3. (5], Lemma8) Let (X,S) be an S-metric space and A is a non-
empty subset of X. Then A is said to be S-closed if and only if for any sequence
{un} in A such that u, — u as n — oo, then u € A.

LEMMA 2.4. ([15]) Let (X,S) be an S-metric space. If r > 0 and u € X, then
the ball Bs(u,r) is a subset of X.

LEMMA 2.5. ([16]) The limit of {u,} in S-metric space (X,S) is unique.

LEMMA 2.6. ([15]) Let (X,S) be an S-metric space. Then the convergent
sequence {u,} in X is Cauchy.

In the following lemma we see the relationship between a metric and S-metric.
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LEMMA 2.7. ([6]) Let (X,d) be a metric space. Then the following properties
are satisfied:

(1) Sq(u,v,2) = d(u, z) + d(v, 2) for all u,v,z € X is an S-metric on X.

(2) up, — w in (X, d) if and only if up, — u in (X, Sq).

(3) {un} is Cauchy in (X,d) if and only if {un} is Cauchy in (X, Sq).

(4) (X,d) is complete if and only if (X,Sq) is complete.

We call the function Sy defined in Lemma 2.7 (1) as the S-metric generated by
the metric d. It can be found an example of an S-metric which is not generated by
any metric in [6, 14].

PROPOSITION 2.1. ([2]) Let P and Q be weakly compatible self mappings on a
set X. If P and Q have a unique point of coincidence u = Pv = Qu, then u is the
unique common fixed point of P and Q.

In 1977, Matkowski [12] introduced the ®-maps as the following: let ® be the
set of all functions ¢ such that ¢: [0,00) — [0,00) is a nondecreasing function
satisfying lim,,—, oo ¢™(t) = 0 for all t € (0,00). If ¢ € @, then ¢ is called a P-map.
Furthermore, if ¢ is a ®-map, then

(®1) ¢(t) < tforall t € (0,00);

(®2) ¢(0) =0.

3. Common fixed point theorems

In this section, we prove some unique common fixed point theorems for two
pairs of self-mappings satisfying (C LR)-property and some ®-type contractive con-
ditions in the setting of S-metric spaces.

THEOREM 3.1. Let (X,S) be a S-metric space and let P,Q,R,T: X — X be
four self-mappings of X satisfying the following conditions: (i)
S(Pu,Pu, Qv) < max{¢(S(Ru, Ru, Tv)), $(S(Qu, Qu, Pu)),
d(S(Qu, Quv, Tw)),
qb(S(Qv, Qu, Pu)
(s(

(3.1) o S(Pu, Pu, Tv)

1+ S(Qu, QU,TU)})
1+ S(Pu,Pu, Qu)]/’
1+ S(Qu, Qu, Tv)] ) }
1+ S(Pu,Pu,Qu)]/ )’

for all u,v € X, where ¢ € ®;

(74) the pairs (P, R) and (Q,T) are weakly compatible.

If the pairs (P,R) and (Q,T) satisfy (CLRgT)-property, then the mappings
P, Q, R and T have a unique common fixed point in X .

PROOF. Since by hypothesis the pairs (P,R) and (Q,7T) satisfy (CLRgrT)-
property, we can find two sequences {u,} and {v,} in X such that

g, Rloun) = g, Plun) = iy, @on) = Jig, Tlom) = 1
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for some p € R(X)NT(X). Then p =T B = Rps for some f1, 52 € X. Now, we
show that Q81 = T 8;1. For each n € N, from equation (3.1), we have

S(Pun, Pun, QB1) < max { G(S(Run, R, TH1)), 6(S(QB1, Qb1 Pun)),
¢(S(Q6179617T61))

o(S(QB1, QB1, P

[1 + S8(Qp1, 261, T B1)] )
[1 + S(Pup, Pun, Q51)]/’

1+ S8(QpB1, 9B, T B )}
[1 + S(Pup, Pun, QB1)]/ 1

(
¢ (3 P, Piin, TH1)

Now, letting n — oo in the above inequality and using (S1), property of ¢ and
Lemma 2.1, we get

S(Tﬁla Tﬁ17 Qﬁl)

N

max { §(S(T 61, TH1, TH)), o(S(Qbr, OB, TH1)),

¢(S(Q/617Q/BlaTﬂl))a
[1 + S Q/Bla Qﬁl;T/Bl)]

o(S(@5 O T8 575, 75, )

1+S Q61,Q6177’B1)])}
)l

(
[1 + S(T 51, TP, QB
- max{ (0), 9(S(TB1, TB1, QB1)), &(S(TB1, T b1, QB1)),
(
(
(

)

(s
o(S(T6, TH, TH)

14+ S(TB1, Tp1, Qb1

)

)
L+ S8(T61, TP, QB1)
TB1, T B, Qb1
)
)

o(S(TB1, T, Q81) )1 D
qS(S TB1,Thr, Thh) thS TB1. T B, OB D}

= max{ A(S(TB1, THr, QB1)), d(S(T B, THr, QB1)),

O(S(T 61, Th1, Q61)), 0}
= O(S(TPL, TH1, QB1)) < S(TH, TH1, Q).

which is a contradiction. Hence we conclude that S(T 81,7 51, QB81) = 0. It follows
that @81 = T 1. Now, we show that PPy = RpB5. For each n € N, from equation
(3.1), we have

S(PBa, Pz, Qua) < max {S(S(RBz Rz, Ton)). o(S(Qua, Qua, P2),
O(S(Qun, Qua, Tv)

¢ S Qvnagvn7pﬁ2

(s
(s

14 S(Qun, Quy, Tun)
[1 + S(PB2, PBa, Quy)
[14 S(Qun, Quy, Tuy)
[1 + S(PB2, PBa2, Quy))

)
)}

]
]
o (S(P B, P, Ton) ]
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Now, letting n — oo in the above inequality and using Lemma 2.1, (S1) and the
property of ¢, we get

S(PB2Plar) < max {G(S(u, s 1)), H(S (1, PB2)), SS (1 s ),

1+ S, 1, )]
o(S(u, M,Pﬁz 1+ S(PPa, Ppa, )])

1+ S, p,p)] )}
1 1+ S(PB2, PB2, 1))

max{ (0), 9(S(PBa2, PB2, 1)), $(0),
O(S(PBs, Pa, 1)), &S (PB, Pz, 1) }
- max{O,gb(S(Pﬂz,Pﬂz,M)%Q¢(5(P52,P527H)),

O(S(Pa, P2 ) }
= ¢($(P527P627p’)) < S(P/B27Pﬂ27:u)a

(s
6(S(PB2, P2,

N

which is a contradiction. Hence we conclude that S(P B2, PSB2, ) = 0 and hence
it follows that PBy = p and hence PBy = Rfs = OB; = TH1 = p. Since the
pair (P, R) is weakly compatible and Py = Rf2 implies that PR Sy = RPS2 and
hence Pu = Ru. Now since the pair (Q, 7)) is weakly compatible and Qf; = T 5
implies that 7 QB = Q7 1 and hence Qu = T .

Now to show that u is a common fixed point of P and R. For this, we consider

S(PuPuQf) < max {o(S(R Ru. TH1)), 6(S(QB1, QB Pp)).

d(S(9f1,9B1,T 1)),
¢(8 (081, 0y, Py LS (L0 Qﬁhml)])

[ + S(Pu, Pu, QB1))
14 S(QB1, b1, TH1)] )}
14+ S(Pu,Pu, QB1)]

= max {@(S(Pu, Pu, ), 6(S(QB1, Qfr, i),
(b(S(QBlaQﬁla ))7

gb 8 P,U/a PM7 Tﬁl

[1 +S8(QB1, QB1, 1)
qS(S (QB1,Qb1, P [1 +S(Pu, Pu, QB1)] >’
1+S(Q,81,Q517 D)
¢(8 Pu, P 14+ S(Ppu, Pu, QB1)] ) }
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Using the condition (S1), Lemma 2.1, property of ¢ and p = Qf; in the above
inequality, we obtain

S(Pp, Pp, Q1) < max {9(S(Pr, Prs, Q61), 6(S(QB1, Qb1 Pr)),
H(S(QB1. Q. B)).
o(S(081, 08 Py LSO 90, D0

[ +S(Pu, P, QB1)
(14 S(QB1, OB, Qﬁl)])}
1+ S(Pu,Pu, QB1)]

= max{ (S(Pu,Pu, Qp1)), o(S (QﬁlaQﬂlfpﬂ)) #(0),

¢ S PIMP/% Qﬁl

6(5(251, 051, Pi) s p o).
[1+4 0]

(8P Py 051) [+ S(Pp, P, Q)] )}

- max{ (S(Pp,Pp, QB1)), ¢(S(Pp, Py, QB1)), 6(0),

S(QpB1, QB1,Pp) ) ( S(Pu, Pu, Qb1) )}
1+ S(Pu,Pu, Qb1)] [1+S(Pu, Pu, Q1))

max{ (S(Pu, Pu, QB1)), ¢(S(Pp, Py, QB1)), 0,

O(S (P, Pu, Q1)) 6(S(Py, Pu, QB1)) |
= ¢(S(PM7 Pl”'a Qﬁl)) < S(PM PM, Qﬁl)a

which is a contradiction. Hence we conclude that S(Pu, Pu, QB1) = 0. This will
imply that @81 = Pu and hence Pu = Ry = p. This shows that p is a common
fixed point of P and R.

Now we show that u is a common fixed point of @ and 7. For this, we consider
the inequality (3.1) and using Lemma 2.1, (S1) and the property of ¢, we have

S(PB2 PP QM) < max{G(S(RBy, Ry, Ti). 6(S(Qu. Qu, PBy)),
O(S(Qu, Qu, Tw)),

¢

<

N

[1+8(Qu, Qu, Tp)
¢(S Qu, Qu, 77[32 1+ S(PBa, PBa, Q)] >7

[1 +S(Qu, Qu, Tp)]
¢(S (PB2,PB2, T il +5(7352,Pﬂ2,Qu)])}

= e { B(S (i, 1, T1)), (S (T, T ), &S (T, T, Th),

(1 +S(Tp, To, T
¢(S T Tin i) [1+ S, p, T )] )

+ S(Tp, Tp, T )
¢(S (14 S, 1y, T )] )}
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Using the condition (S1), Lemma 2.1, the property of ¢, Qu = Tp and u = PP
in the above inequality, we obtain

S Tw)) < max {o(S (s 1 Th)), (St 1, Ti)), 6(0),

[1+0] )
1+S(M 1, T )]

[1+0]
(808170 50 7))

= max { (S 1, T)), S(S (1 1. Th)), 0

T ( S, T )
[1+ gl/:%l;-ll)]) (b([l + Su(u/fu, ,NTM)} )}

< masx { GS (s 1, 1)), (S (s, Ti)), 0, 6(S (1 1, Th),

A(S (1, p, Tu))}
= (S, Tp)) < S, pt, Th),

<

which is a contradiction. Hence we conclude that S(pu, p, T ) = 0. This will imply
that 7 = p and hence Qu = T = p. This shows that p is a common fixed point
of @ and 7. Hence p is a common fixed point of P, Q, R and T.

Now, we show uniqueness of the common fixed point. Let us assume that p’
be another common fixed point of P, @, R and T such that Py’ = Qu' = Ry’ =
Ty = p with ¢/ # p. Again we consider the given inequality (3.1) and using the
condition (S1), Lemma 2.1 and the properties of ¢, we have

S(psps ') = S(Pp, P, Qu')

max { 6(S(Rys, Ru, Ti')), 6(S(Qu', Qu', Pu)),
(S(Qu', Qu', Tu')),

¢(S o' O P )[ +S(Qu’,Qu’7Tﬂ’)})

(

N

1+ S(Pu, Pu, Qu')]
[1+S(Qu, Qu', T')] )}
[1+S(Pu, Pu, Qu’)]

= max { @S 1, 1)), (S (' 1 1)), S(S (' 1 1)),

A\ SPp, P, Tp')

[+ S, i 1)
(S0 +3&H>])

148 !
fb(”’““ 1++§Hfﬁ]>}
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s 1, 127)), (S (1, 1, 147)), 6(0),

[1 4 0] )
1+S(u,u, N’

(

e
st i)
(

(

(1,

[1+ S, g, 1))
= maX{ (S, 1, 1)), (S (1 1, 1)), 0,

1+«55:u ])7 ({ Sp s 1) )}

1+S(ﬂ,u u’)]

N
=
o
"
r—"\
/63
=
t
=
E\
=
t
O
/@\
’€
3;

¢(5(/~Lauvl~tl))}
= (S p, pt")) < S(py s 1),

which is a contradiction. Hence we conclude that S(u, u, p') = 0, tat is, p = p'.
This shows that the common fixed point of P, Q, R and T is unique. This completes
the proof. O

THEOREM 3.2. Let (X,S) be a S-metric space and let P,Q, R, T: X — X be
four self-mappings of X satisfying the following conditions: (1)

S(Pu, Pu, Qv) < di ¢(S(Ru, Ru,Tv)) + da ¢(S(Qu, Qu, Pu))
+d3 $(S(Qu, Qu, Tv))

+d4¢(8 (Qu, Qu, Pu)
).

for all u,v € X, where ¢ € ® and di,ds,ds,dy,ds > 0 are nonnegative reals such
that dy + do +ds +dy + ds < 1;

(74) the pairs (P, R) and (Q,T) are weakly compatible.

If the pairs (P,R) and (Q,T) satisfy (CLRgT)-property, then the mappings
P, Q, R and T have a unique common fized point in X .

S(Qu, Qu, Tw)
+ S(Pu, Pu, Qu)
S(Qu, Qu, Tv)
S(Pu, Pu, Qu)

1 ]
[1 ]
[1+ ]
(3.2) +d5¢(8 (PP To) ]

PROOF. Since by hypothesis the pairs (P,R) and (Q,T) satisfy (CLRgrT)-
property, we can find two sequences {u,} and {v,} in X such that

lim R(u,) = lim P(uy,) = hm Q(vy,) = hm T(vn) =

n—oo n—oo
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for some p € R(X)NT(X). Then p =T B = Rps for some f1, 52 € X. Now, we
show that @81 = T 8;1. For each n € N, from equation (3.2), we have

S(Pun, Pun, QB1) < di ¢(S(Run, Run, TH1)) + d2 $(S(QB1, QB1, Puy))
+d3 ¢(S(QB1, QB1, T 1))
)

+dy d’(S(Q/Bh 9B, Pun) }
D)

Now, letting n — oo in the above inequality and using (S1), property of ¢ and
Lemma 2.1, we get

1+S
[1+8
1+

1+S

—~

Qﬂla Qﬁla Tﬂl
Py, Pun, QB
S(9B1, 9261, ThH1
Py, Pup, Q61

~—

/—\/\

~— [ — ~—

tds ¢ (S(Pun, Puy, TB1)

—~

S(T B, T B1,2Qpb1)

N

di ¢(S(T B, TB1, TH1)) + d2 d(S(QB1, QB1, T Hr))

+d3 ¢(S(QB1, QB1, T P1))
[1+8(QB1,QB1, TH)]
+d4¢ S(QﬂlagﬂhTﬁl)[l_1_8(7—61’7—61’@61)])
[1+S8(QB1, QB1, T )]
(

S(Tﬁl,TBlaTﬂl) [1 +S TﬂlvTﬂh Q/Bl)]>

+do ¢(S(T B, T b1, Qb
1+8

)+ ds ¢(S(T B, T B, QP1))
TﬁlaTﬁlv Qﬁl)])
1+ S(TB1, T, 251)]
[1 + S(Tﬂh Tﬁla Qﬂl)]
ST ThLTH) 14+ S(TB., Th, Q51)])

dy (0) + d2 ¢(S(T B1, T B1, QB1)) + ds (S(T b1, T B, QB1))
+dy ¢(S(T B, T 1, QB1)) +ds .(0)

(d2 +ds + da) 9(S(TB1, T B1, QB1))

(di +dg +d3 +dy + ds) ¢(S(T B1, T 1, QB1))

O(S(T B, TP1,QB1)), sinced; +do +ds +dy+ds <1
S(TH1,Th1, QB1),

)
(

A NN

which is a contradiction. Hence we conclude that S(7 81,7 81, QB31) = 0. It follows
that @B, = T 1. Now, we show that PBs = Rf,. For each n € N, from equation
(3.2), we have

S(PB2,PB2, Qun) < di ¢(S(RB2,RB2, Twn)) + do $(S(Quy, Quy, PB2))
+d3 $(S(Qun, Qua, Tvy))

+d1 6(S(Qun, Qua, PBy)

[1 —I—S(Qvn,Qvn,Tvn)])
[ + S(PB2, PBa, Quy)l

[ +S(Qvn,Qvn,Tvn)])
(14 S(PB2, PBa, Quy)] /"

+d5 6(S(PB2, P2, Tv)
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Now, letting n — oo in the above inequality and using Lemma 2.1, (S1) and the
property of ¢, we get

S(PB2, PB2, ) < d1¢(8(uuu))+d2¢( (14, 11, PB2)) + d3 &(S(, 1, 1))

[1+ S, ps )]
4¢(M w Phe) [1+S(PpB2, PpBa, )})

1+ S(u, . )
e (S(P P S, i, )
di .(0) + da (S(PB2, PB2, 1)) + ds .¢(0)
+ds ¢(S(PB2, PB2, 1) + ds ¢(S(PB2, PPa, 1))
= d1.(0) + d2 ¢(S(PB2, PB2, p)) + ds .(0)
+ds 9(S(PB2, PB2, 1) + ds ¢(S(P B2, PP2, 1))
(d2 + ds + ds5) 9(S(PB2, PB2, 1))
(di +do+ds +dy + ds) 9(S(PPB2, PBa, 1))
d(S(PBa2, PBa, b)), sincedy +do +ds +dg +ds <1

< S(PBa, PPa, ),
which is a contradiction. Hence we conclude that S(P B2, PBs, 1) = 0 and hence
it follows that PBs = p and hence Py = RfB2 = QB = T 1 = p. Since the pair
(P, R) is weakly compatible and Pf2 = R, implies that PRS2 = RPS2 and hence
Pu = Ru. Now since the pair (Q,T) is weakly compatible and Q81 = T 51 implies
that TQpB1 = QT B1 and hence Qu = T . Now to show that p is a common fixed

point of P and R. Rest of the proof follows from Theorem 3.1. This completes the
proof. O

N

NN

REMARK 3.1. (i) Completeness of the space X is relaxed in Theorem 3.1 and
Theorem 3.2.

(ii) Continuity of the mappings P, @, R and T are relaxed in Theorem 3.1 and
Theorem 3.2.

4. Consequences of Theorem 3.1

COROLLARY 4.1. Let (X,S) be a S-metric space and let P, R: X — X be two
self-mappings of X satisfying the following conditions: (i)

S(Pu, Pu,Pv) < max{¢(S(Ru Ru, Rv)), d(S(Pv, Pv, Pu)),

o(S(Pv, Pv, Rv)),
1+ S(Pv,Pv,Rv)]
o(S(Pu.Po.Pu i +S(Pu,77u,73@)])
[1+ S(Pv,Pv, Rv)]
¢>(s (PP, RO 5 (P, Pu,Pv)}>}

for all u,v € X, where ¢ € ®;
(1) the pair (P, R) is weakly compatible.
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If the pair (P,R) satisfies (CLRgT)-property, then the mappings P and R
have a unique common fized point in X.

PRrROOF. Putting P = Q and R = 7 in inequality (3.1). Then all conditions of
Theorem 3.1 are satisfied and hence the result follows. O

COROLLARY 4.2. Let (X,S) be a S-metric space and let P,Q,R,T: X — X
be four self-mappings of X satisfying the following conditions: (i)

S(Pu,Pu,Qv) < K max {S(RU,RU, Tv),S(Qu, Qu, Pu), S(Qu, Qu, Tv),
S(Qu, Qu, Pu)[1 + S(Qu, Qu, Tv)]
[1 4 S(Pu,Pu, Qu)] ’
S(Pu, Pu, Tv)[1 + S(Qu, Qu, Tv)] }
[1+ S(Pu,Pu, Qu)] ’

for all u,v € X, where K € [0,1);

(i) the pairs (P,R) and (Q,T) are weakly compatible.

If the pairs (P,R) and (Q,T) satisfy (CLRgT)-property, then the mappings
P, Q, R and T have a unique common fixed point in X.

PRrOOF. Putting ¢(t) = Kt for all ¢ > 0 in inequality (3.1). Then all conditions
of Theorem 3.1 are satisfied and hence the result follows. O

COROLLARY 4.3. Let (X,S) be a S-metric space and let P,Q, R, T: X — X
be four self-mappings of X satisfying the following conditions: (i)

S(Pu,Pu, Qu) < ALNT (u,u,0) + A NF (u, u,0),
for all u,v € X, where ¢ € ®, Ay, Az are nonnegative reals with A1 + A < 1,
NS (0, 0) = max {6(S(Ru, Ru, Tv)), 6(S(Qu, Qu, Pu)), 6(S(Qv, Qu, Tv)) },
and

N3 (u,u,0) =

S(Qu, Qu, Pu)[1 + S(Qu, Qu, Tv)]
mas {6 [+ S(Pu, Pu, Qu)] ):
¢<S(Pu, Pu, Tv)[1 + S(Qu, Qu, Tv)] ) }
1+ S(Pu,Pu, Qu)] ’
(i) the pairs (P,R) and (Q,T) are weakly compatible.
If the pairs (P,R) and (Q,T) satisfy (CLRrT)-property, then the mappings
P, Q, R and T have a unique common fixed point in X.

ProOOF. Follows from Theorem 3.1 and Theorem 3.2. O

EXAMPLE 4.1. Let X =[0,2] and S(u,v,z) = max{|u — v|, |v — z|, |z — u|} for
all u,v,z € X and ¢ € ®. Denote P, R: X — X by

Pu)=1 and R(u)=2-—u.
We obtain that P and R satisfy the inequality of Corollary 4.1. Indeed, we have
S(Pu, Pu,Pv) =0,
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and
max { 6(S(Ru, Ru, Rv)), 6(S(Pv, Pu, Pu), o(S(Pv, Pv, Ro)),
[1+ S(Pv,Pv,Rv)

14+ S(Pu,Pu, Pv) )’

]

]
14 S(Pv, Pv, Rv)]
1+ S(Pu, Pu, Pv)] ) }

(b(Pv, Puv, Pu)

¢($(7>u, Pu, Rv)

= max {¢(ju — v1), 6(0), 6(11 = v]), 6(0), 4([|1 — ol (1 + |1 — v])]) }

= max { (1w — v]).0,6(1 — o)) 0.6([[L — v](1 + 1~ v]] .
That is,
S(Pu, Pu, Pv)

< max {¢(5(Ru, Ru, Rv)), o(S(Pv, Pv, Pu)),
d(S(Pv, Pv, Rv)),
[1 + S(Pv, Pu, Rv)])
1+ S(Pu,Pu,Pv)]/’

[1+ S(Pv,Pv,Rv)]
qS(S(”Pu, Pu,Rv) 1+ S(Pu, Pu, Pv)] ) }

qb(Pv, Pu, Pu)

It is easy to show that P and R are weakly compatible maps, that is, the pair (P, R)
is weakly compatible. Now, we show that the pair (P, R) satisfies (CLR) property.
For this, consider the sequence {¢,} = {1 + ﬁ}n%. Clearly the sequence {¢,}
is inXandnotethathn=1andan:2—qn:2—{l+ﬁ} for all n € N.
This will implies that

S(Pan,Pan,1) = S(1,1,1) =max{1,1,1} = 1 as n — oo.

This shows that Pg, — 1 as n — oo.
Also note that

1 1
S(RqRau 1) =S(2- {14 3= )2 {1+ 3= ).1)

1 1
- 2 {1 2 {14 — 1}
max{ e ah2- g ah

}—lasn— .

=2-11
{ +2n—|—1

This shows that Rq,, — 1 as n — oo.

Thus there exists a sequence {g,} in X such that Pg, — 1 and Rq, — 1 as
n — oo. Hence the pair (P, R) satisfies (CLR) property.

Hence all the assumptions in Corollary 4.1 are satisfied. Consequently P and
R have a unique common fixed point, say, u = 1 in X.
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EXAMPLE 4.2. Let X = [0,1]. We define the function S: X3 — [0, 00) by

S(u,v,z) = {

for all u,v,z € X, then S is an S-metric on X. Define four self-maps P, Q, R, T
X - XonXbyPu =% Qu) =% T(u) =uand R(u) = 5 for all u € X.
Let u,v € X. We also define ¢: [0,00) — [0,00) by ¢(a) = § for all a € [0, 00).
Clearly ¢ is continuous on [0, 00) satisfying ¢(0) = 0 and 0 < ¢(a) < « for all
a > 0. Now consider the following cases:

Case I. (1) Let u < v. Then we have

0, if u=v=z,
max{u,v,z}, if otherwise,

Il

=
5
"

st 20— ((54) w355} -
S(Ru, Ru, Tv) = S(g, g,v) = max{%, g,v} =,
S Qe =[5 8) <152} -
S(Qu, Qu, Tv) = (Z, Z,v) = max{%,g,v} =,
S(Pu, Pu, Tv) = S(%, %,v) = max{%, %v} =,
v v
144 }

U’UU)

S(QU,QU,Ru):S<4 e {

Now using inequality (3.1) and the property of ¢, we have

S(Pu,Pu, Qu) = z

< max{qb(S(Ru Ru, Tv)), $(S(Qu, Qu, Pu)),

d(S(Qu, Qu, Tw)),
(s (Qu, Qv Pu)[1+S(Qv,Qv,Tv)])
S(Pu, Pu, Qu)] ’
S(Pu, Pu Tv)[1+ S(Quv, Qu, Tv)]
(b( 1+ S(Pu,Pu, Qv)] )}

= max {¢(U)7¢<£)7¢(U)7¢( (21j47;)),¢(41(}£1++4;))>}

VRS

<

v v oo u(l+o) 4v(1+v)}
2'872 2(v+4) 2(v+4)
4v(1 4+ v)

20v+4)"

= maXx {

that is,

v 4v(l+4wv)
47 2w44)
Taking v = 0 and v = 1, we obtain

4
<77
)

> =
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which is true.
Hence we conclude that

S(Pu,Pu, Qu) < max{qﬁ(S(Ru Ru, Tv)), ¢(S(Qu, Qu, Pu)),

P(S(Qu, Qu, Tv)),
(S (Qu, Qu, Pu)[1 + S(Qu, Q%TU)})
1+ S(Pu,Pu, Qu)] ’

-

S(Pu, Pu, Tv)[1 + S(Qu, Qv,Tv)])}
1+ S(Pu,Pu, Qu)] '

-

(2) Now using inequality (3.2) of Theorem 3.2, we have

v

4

d1 9(S(Ru, Ru, Tv)) + d21 $(S(Qu, Qu, Pu)),

+ds ¢(8(Qu, Qu, Tv))

(S(Qv, Qu, Pu)[1 4+ S(Qu, Qu, ’Tv)])
1+ S(Pu,Pu, Qu)]

(S(Pu, Pu, Tv)[1 + S(Qu, Qu, Tv)])

)

S(Pu,Pu, Qu) =

N

[1 4+ S(Pu, Pu, Qu)]

v(1+v)> +d5¢(4zjv(1++4;)))7

that is,

N

di §(v) +d2 6(3) + ds 6(v)

6s9 v(i}l: 41)))) +ds ¢<41(}151++47)J)>

= 4 (2 +d (8) s (2)

+dy (M) +ds (4U( +U)>.

2(v + 4) 2(v + 4)

NS

Taking u = 0 and v = 1, we obtain

L

3+ (5.

The above inequality is satisfied for d; = %, do = %, ds = %, dy = % and ds = g

with dy +dy +d3s +dy +ds < 1.
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Hence we conclude that

S(Pu,Pu, Qu) < di ¢(S(Ru, Ru, Tv)) + d2 ¢(S(Qu, Qu, Pu))
+d3 ¢(5(Qu, Qu, Tv))
S(Qu, Qu, Pu)[l + S(Qu, Qu, Tv)]
d ¢( 1+ S(Pu,Pu, Qu)] )
S(Pu, Pu, Tv)[1 + S(Qu, Qu, Tv)]
+ds (b( 14+ S(Pu, Pu, Qu)] )

Case II. Now we show that the pairs (P, R) and (Q, T) are weakly compatible.
For this, suppose that Tu = Qu for v € X. Then u = 7. It follows that u = 0.
Now, we consider 7Q(u) = T(Qu) = T(0) =0 and OT (u) = Q(Tu) = Q(0) = 0.
Thus, the pair (Q,T) is weakly compatible. Now, let Pu = Ru for v € X. This
implies that § = % and hence u = 0. Now, we consider PR(u) = P(Ru) = P(0) =
0 and RP(u) = R(Pu) = R(0) = 0. It follows that the pair (P, R) is also weakly
compatible.

Case III. Now we show that the pairs (P,R) and (Q,T) satisfy (CLRRrr)
property. For this, we choose the sequences {u, } = {2},,>1 and {v,,} = {ﬁ}n%.
Clearly the sequences {u,} and {v,} are in X. Then we have

SRy, R, 0) = S(% %0) - max{%, %0}

1
= — —0asn — oo.
2n
This shows that Ru,, — 0 as n — oo.
Also we observe that

S(’Pun,’Pun,O):S( L 0) :max{41

TR R
4n’ 4n n

1 0}
4an’

1
=— —0asn — oo.
4n
This shows that Pu,, — 0 as n — oo.
Similarly, we obtain that
1 1

1 1
2n+3)’4(2n+3)’0) *max{4(2n+3)’4(2n+3)’0}

S(Qup, Qun, 0) = 5(4(

:mﬁoasnﬁoo.

This shows that Qu,, —+ 0 as n — oo.
Also we observe that

1 1 1 1
S(Ton, Ton, 0) _S(2n+3’ 2n+3’0> _max{2n+3’ 2n+3’0}
_ 1
 2n+3
This shows that 7v,, — 0 as n — oo.

— 0asn — oco.



34 SALUJA

Since R(0) = 0 = T(0), we have 0 € R(X) N T(X). Therefore there exist
sequences {u,} and {v,} in X such that

g, Rlun) = i, Plun) = g, T{en) = lig, lon).

Therefore the pairs (P, R) and (Q, T) satisfy (CLRgr) property.
Thus all the conditions of Theorem 3.1 and Theorem 3.2 are satisfied and hence
the mappings P, @, R and T have a unique common fixed point, namely u = 0 € X.
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