JOURNAL OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE

ISSN (p) 2303-4866, ISSN (0) 2303-4947
www.imvibl.org /JJOURNALS / JOURNAL
J. Int. Math. Virtual Inst., 13(1)(2023), 137-194

DOI: 10.7251/JIMVI12301137S

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

GALOIS AND PATAKI CONNECTIONS FOR
FUNCTIONS OF TWO VARIABLES AND RESIDUATED,
PREORDERED GROUPOIDS

Arpad Szaz

ABSTRACT. Having in mind Galois connections and residuated structures, we
introduce and investigate the following two basic definitions :

1. Suppose that

(a) X and Y are generalized ordered sets and Z is a set;
(b) F is a function of XxZ to Y and G is a function of ZXY to X .
(c) forall z€ X, yeY and z € Z, we have

F(z,2) Ly <= z<G(zv).

Then, we say that the function F' is increasingly G—normal.
2. Suppose that

(a) X () and X (e) are goupoids;
(b) X () is a generalized ordered set ;
(¢) forall z,y, z € X, we have

T*x2 <Y <~ < zeoy.

x
Then, we say that the structure X (*, e, <) is an increasingly normal, gene-
ralized ordered bigroupoid.

1. Introduction

The most important particular case of ” Galois connection” was already consi-
dered by G. Birkhoff, under the name ”polarity”, in the first edition of his famous
book ”Lattice Theory” [6, p. 122].
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138 A. SZAZ

The observations of Birkhoff were extended to posets (partially ordered sets) by
O. Ore [56], who having in mind the classical Galois theory of algebraic equations
introduced the term ” Galois connexion”,

The next important step, in the theory of Galois connections, was made by J.
Schmidt [75]. However, he was mainly interested in the original setting of Birkhoff
despite the papers of Everett [30], Riquet [68] and Pickert [64].

Schmidt actually observed that if f is a function of one poset X to another
Y, and g is a function of Y to X, then the pair (f, g) may be defined to be an
increasing Galois connection between X and Y ifforall x € X and y €Y

fl@)<y <<= x<g(y).

Curiously enough, in [34, p. 18] and [45], the increasingness of the correspon-
ding functions was also postulated. Namely, it is a consequence of the above equi-
valence even if X and Y are assumed to be only prosets (preordered sets) [96].

Most of the former authors considered decreasing Galois connections by assum-
ing that the functions f and g are decreasing and the functions ¢ = go f and
1 = fog are extensive in the sense that z < ¢ (z) and y < ¢ (y) for all z € X
and y €Y.

Increasing Galois connections, by using analogous assumptions were frequently
studied under the name residuated mappings [24, 9]. Their advantage lies mainly
in the fact that the compositions of residuated maps are also residuated maps.

Now, if (f, ¢g) is an increasing Galois connection between two gosets (gener-
alized ordered sets) X and Y and ¢ =go f, then for all u,ve X

F)<f) <= u<g(f) <= u<(gof)v) <= u<p@).

This shows that before Galois connections it is more convenient to investigate
first another, more simple connection which usually lies between closure operations
and Galois connections.

Thus, if ¢ is a function of the goset X to itself such that for all u, v € X
flu) < fl) = u<e),
then the pair (f, ¢) may be called an increasing Pataki connection between X
and Y [94].
Namely, if § is a structure (set-valued function) and [ is a unary operation

for relators (families of relations), then Pataki [60] called the function § to be
O-increasing if, for any two relators R and S on X

FrC¥s = RcCSY.

Several particular cases of the above Galois and Pataki connections were for-
merly also considered by the present author [84]. Moreover, he also determined
the Galois adjoints of some particular structures for relators [93].

For a primary illustration of this situation, we can note that if R is a relator
on X to Y, then for any B CY we may naturally define

Intg(B)={ACX: 3 ReR: R[A]C B}
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and intg(B)={z€ X: {z}ecntr(B)}.
Moreover, if in particular R is a relator on X, then we may also naturally
define 7, ={ACX: Aecntg(A)},

Tr={ACX: ACintg(4)} and Er={ACX: intr(4)#0}.

Thus, only the most widely used structure 7 is not, in general, union-preser-
ving. Moreover, for a relator R on X, there does not, in general, exist a largest
relator S on X such that T = Ts.

However, Mala [49, 51] could still find a projection operation ¢ for relators
such that for any two nonvoid relators R and & on X we could have

Tr CTs <= R°CS8°.

In the sequel, if (f, g) is an increasing Galois connection, then following a
more convenient terminology of [96], we shall say that f is increasingly g—normal.
While, if (f, ¢) is an increasing Pataki connection, then we shall say that f is
increasingly ¢-regular.

Moreover, we shall introduce and investigate the following two basic definitions.
DEFINITION 1.1. Suppose that
(a) X and Y are gosets and Z is a set;
(b) F is a function of X xZ to Y and G is a function of ZxY to X;
(¢) forall ze X, yeY and z € Z, we have
F(z,z2) < y <<= 2<G(z,v9).
Then, we say that the function F' is increasingly G-normal.
DEFINITION 1.2. Suppose that
(a) X(<X) is a goset ;
(b) X (x) and X(e) are goupoids;
(¢) forall z,y, z€ X, we have
T*2Z KLY <~ TLzoYy.

Then, we say that the structure X (x, o, <) is an increasingly normal, generalized
ordered bigroupoid.

For an easy illustration of the above two definitions, we can state here the
following two relational examples.

ExaMPLE 1.1. Suppose that R is a relator on X to Y, and for all A C X,
B CY and R € R define

F (B, R)=clg-1(B) and G(R,A)=intg(B).
Then, F is an increasingly G-normal function of P(Y)x R to P(X).
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EXAMPLE 1.2. Suppose that X is a set, and for all R, S, T C X2 define
R«T=ToR and TeB = (S+«T"")".
Then, P(X?2)(*,e,C) is an increasingly normal, partially ordered bigroupoid.

REMARK 1.1. Here, we can also note that G and e are uniquely determined
by F and x, respectively.

Therefore, instead of "increasingly normal” we may write ”uniquely increas-
ingly normal” in the above two examples.

2. A few basic facts on relations

A subset F of a product set X xY is called a relation on X to Y. In
particular, a relation F' on X to itself is simply called a relation on X. And,
Ax ={(xz,z): z € X} is called the identity relation on X.

If F is a relation on X to Y, then for any z € X and A C X the sets
F(r)={yeY: (z,y) € F} and F[A] = U, F (a) are called the images
or neighbourhoods of * and A under F', respectively.

If (z,y) € F, then instead of y € F'(x), we may also write = F'y. However,
instead of F[A], we cannot write F'(A). Namely, it may occur that, in addition
to A C X, we also have A € X.

Thesets Dp={z€ X: F(z)#0} and Rp = F[X] are called the domain
and range of I, respectively. And, if Dp = X, then we say that F' is a relation
of X to Y, or that F is a non-partial relation on X to Y.

If Fisarelationon X to Y and U C Dp, then the relation F'|U = FN(UxY)
is called the restriction of F to U. Moreover, if F' and G are relations on X to
Y such that Dp C Dg and F = G| Dp, then G is called an extension of F.

In particular, a relation f on X to Y is called a function if for each = € Dy
there exists y € Y such that f(x) = {y}. In this case, by identifying singletons
with their elements, we may simply write f(z) =y instead of f(x)={y}.

Moreover, a function x of X to itself is called a unary operation on X. While,
a function * of X2 to X is called a binary operation on X. And, for any z, y € X,
we usually write 2* and z *y instead of () and *((z, y)).

If F is a relation on X to Y, then a function f of Dp to Y is called a
selection function of F if f(x) € F(z) for all x € Dp. Thus, by the Axiom of
Choice [39], we can see that every relation is the union of its selection functions.

For a relation F' on X to Y, we may naturally define two set-valued functions
v, of X to P(Y) and ®p of P(X) to P(Y) such that ¢, (x) = F(x) for all
x€X and ®p(A)=F[A] forall AC X.

Functions of X to P(Y) can be naturally identified with relations on X to
Y. While, functions of P(X) to P(Y) are more powerful objects than relations
on X to Y. In [99, 104, 105], they were briefly called corelations on X to Y.

However, if U is a relation on P(X) to Y and V is a relation on P(X) to
P(Y), then it is better to say that U is a super relation and V is a hyper relation
on X to Y [109]. Thus, closures (proximities) [113] are super (hyper) relations.
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Note that a super relation on X to Y is an arbitrary subset of P (X)x Y.
While, a corelation on X to Y is a particular subset of P(X)x P(Y). Thus, set
inclusion is a natural partial order for super relations, but not for corelations.

For a relation F' on X to Y, the relation, F'¢ = (X xY)~ F is called the
complement of F'. Thus, it can be shown that F¢(z) = F(z)° =Y \ F(z) for
all z € X, and F°[A]°= (N, ,ca F(a) forall ACX.

Moreover, the relation F~! = {(y,x): (z,y) € F} is called the inverse
of F. Thus, it can be shown that F~![B]={xe€ X: F(z)NB#0} for all
B CY, and in particular Dp = F~1[Y].

If Fis arelationon X to Y, then we have I' = |J .y {2}xF (x). Therefore,
the values F' (z), where z € X, uniquely determine F'. Thus, a relation F' on X
to Y can also be naturally defined by specifying F (x) for all = € X.

For instance, if G is a relation on Y to Z, then the composition product
relation G o F can be defined such that (Go F)(z) = G[F (z)] for all z € X.
Thus, it can be shown that (GoF)[A]= G[F[A]] also holds for all AC X.

While, if G is a relation on Z to W, then the bozx product relation FXG can
be defined such that (FXG)(z, z) = F(z) x G(z) forall z € X and z € Z.
Thus, it can be shown that (FXG)[A]=GoAoF~! forall AC XxZ [98].

Hence, by taking A ={(x, z)}, and A=Ay if Y = Z, one can at once see
that the box and composition products are actually equivalent tools. However, the
box product can be immediately defined for any family of relations.

3. Some important relational properties

Now, a relation R on X may be defined to be reflexive if R = Ax C R,
and transitive if R? = Ro R C R. Moreover, R may be defined to be symmetric
if R-' C R, antisymmetric if RN R~ C RY, and total if X2 C RUR™L

In addition to the above well-known, basic properties, several further remar-
kable relational properties were also studied in [87] with the help of the self closure
and interior relations R~ = R"'o R and R°= R° ¢ = (R_lo RC)C.

In the sequel, as it is usual, a reflexive and transitive (symmetric) relation
will be called a preorder (tolerance) relation. And, a symmetric (antisymmetric)
preorder relation will be called an equivalence (partial order) relation.

If R is a relation on X, then we may also naturally define R = Ro R™!
for n € N. Moreover, we may also define R> = |J,_, R™. Thus, R* is the
smallest preorder relation on X containing R [35].

Now, in contrast to (R€)¢ = R and (R™!)~! = R, we have (R*)® = R>.
And, analogously to (R¢)~! = (R7!)°, we also have (R®)~! = (R71)>.
Moreover, R may be briefly defined to be well-chained if X2 C R [43].

For A C X, the Pervin relation Ra = A? U (A°x X ) is an important
preorder on X [63]. While, for a pseudometric d on X, the Weil surrounding
B ={(x,y) € X?: d(x,y) <r}, with r >0, is only a tolerance on X [117].
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Note that Sq4 = RaN R;ll = RaNRge = A% U (AC)2 is already an equiva-
lence relation on X. And, more generally, if A is a cover (partition) of X, then
Sa=Ueu A? is a tolerance (equivalence) relation on X.

Now, as a straightforward generalization of the Pervin relation R4, for any
A C X and B C Y, we may also naturally consider the Hunsaker—Lindgren
relation Ra gy = (AXB)U(A°xY) [38].

However, it is now more important to note that if A = (An)(:):1 is an increa-
sing sequence in P (X), then the Cantor relation Ra=Ax U Upo; (A, x AS)
is also an important preorder on X [58, 40].

Note that if R is only reflexive relation on X and z € X, then Apg(x)
(R”(x))zozl is already an increasing sequence in P(X). Thus, the preorder
relation R 4,(,) may also be naturally investigated.

Moreover, for a real function ¢ of X and a quasi-pseudo-metric d on X [31],
the Brondsted relation R, q) = {(z,y) € X?: d(z,y) < ¢(y)—¢(z)} isalso
an important preorder on X [14] .

From this relation, by letting ¢ and d to be the zero functions, we can obtain
the specialization and preference relations Rg = {(z,y) € X% : d(x,y) =0}
and R, ={(z,y) € X?: ¢(z) < ¢(y)}, respectively. (See [21, 115].)

In this respect, it is also worth mentioning that the divisibility relation on 7Z,
the subsequence relation on XN, and the refines and devides relations for covers,
relations and relators are also, in general, only preorder relations [86].

For a relation R on X to Y, the ordered pair (X,Y)(R) = ((X,Y), R)
is usually called a formal context or context space [33]. However, it is better to
call it a relational space or a properly simple relator space [59].

If in particular R is a relation on X, then having in mind a widely used
terminology of Birkhoff [6] the ordered pair X (R) = (X, R) may be called a
goset (generalized ordered set) [101], instead of a relational system [17, 10, 71].

If P is arelational property, then the goset X (R) will be said to have property
P if the relation R has this property. For instance, the goset X (R) will be called
reflexive if R is a reflexive relation on X.

In particular, the goset X (R) will be called a proset (preordered set) if R is
a preorder on X. Moreover, X (R) will be called a poset (partially ordered set) if
R is a partial order on X.

The terms ”goset” and ”proset” were perhaps first introduced by the present
author [94]. However, by Rudeanu [72], the abbreviations ”"toset” and ”woset”
for totally and well-ordered sets, respectively, were also used.

Thus, every set X is a poset with the identity relation A x. Moreover, X is a
proset with the universal relation X?2. And, the power set P(X)={A: AC X}
of X is a poset with the ordinary set inclusion C, and also with its inverse O.

Several definitions on posets can as well be applied to gosets. For instance, if
X (R) is a goset, then for any ¥ C X the goset Y (RN Y?) is called a subgoset
of X (R). While, the goset X’(R’) = X (R™1) is called the dual of X (R).
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4. Lower and upper bounds in simple relator spaces

NoOTATION 4.1. In this section, we shall assume that R is a relation
on X to Y.

REMARK 4.1. However, the subsequent definitions can be easily extended to
the more general case when R is replaced by a relator R [91].

DEFINITION 4.1. Forany AC X, BCY and z€ X, y €Y, we define
(1) A€lbgr(B) and Be€Ubgr(A) if AxBCR;
(2) zelbr(B) if {z} €Lbgr(B); (3) yeubgr(A4) if {y} € Ubgr(A).
(4) Be Ly if br(B)#0; (5) Aelr if ubg(A)#0.
Thus, we can easily prove the following two theorems.
THEOREM 4.1. We have
(1) Ubg=1Lbg 1 =Lby'; (2) ubg =1lbg1; (3) Up= L.
THEOREM 4.2. For any AC X and B CY, we have
(1) A€elbr(B) < ACIbr(B); (2) BeUbgr(A) < B Cubgr(A).
PRrROOF. For instance, by Definition 4.1, we have

A€lbr(B) < AXBCR <= VzeA: {2}xBCR <—
VaeA: {2} €lbr(B) <= VazecA: z€lbr(B) < ACIbr(B).

REMARK 4.2. The above two theorems show that the lower and upper bound
relations are actually equivalent tools in the simple relator space (X, Y)(R).
Now, as an immediate consequence of Theorems 4.1 and 4.2, we can also state
COROLLARY 4.1. For any AC X and B CY, we have
ACIbgr(B) <= B Cubg(4).
PRrROOF. By Theorems 4.2 and 4.1, it is clear that
ACIbr(B) <= A€lbgr(B) < Beclbp'(4) —
B € Ubg(A) < B Cubg(A).
Hence, by identifying singletons with their elements, we can immediately derive
COROLLARY 4.2. For any AC X and B CY, we have
(1) br(B)={z € X: BCubg(z)}; (2) ubgr(A) ={ye X: ACIbgr(y)}.
REMARK 4.3. However, it is now more important to note that by defining

F (A) = ubgr(4) and G (B) = bg(B),
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forall AC X and B CY, we can at once see that
F(A)2 B <= B Cubr(d) <= ACgr(B) < ACG(B)
forall ACX and BCY.

Thus, the functions F' and G establish a decreasing Galois connection between
the posets P(X) and P(Y).

Therefore, several properties of the super relations ubgr and lbr can be derived
from the extensive theory of Galois connections [9, 34, 29, 33, 22, 23, §|].

Thus, for instance, from Corollary 4.1 we can already derive the following
theorem. However, it is frequently more convenient to apply some direct proofs.

THEOREM 4.3. If BCY, then
(1) bgr(B) Clbr(C) forall CCB;

In addition to Corollary 4.2, it is also worth proving the following
THEOREM 4.4. For any AC X and B CY, we have

(1) ubr(A)= ,ca ubr(z); (2) r(B)=Nyep br(Y)-

REMARK 4.4. Assertion (1) can be generalized by showing that the relation
F = ubpg is union-reversing in the sense that, for any A C P(X), we have

F(UA) = Naea F(A).
Now, by Theorem 4.4 and Corollary 4.2, we can also state the following
COROLLARY 4.3. For any AC X and B CY, we have
(1) ubr(A) = N,eca R(z); (2) Ibr(B)={zeX: BCR(z)}.
REMARK 4.5. Assertion (1) can be reformulated by stating that ubg(A4) =
Re[A]° forall ACX.
5. Some further important algebraic tools

NoTATION 5.1. In this section, we shall already assume that R is a
relation on X.

Now, by using Definition 4.1, we may also naturally introduce the following
definition which can also be immediately generalized to relators.

DEFINITION 5.1. For any A C X, we define

(1) ming(A4)=ANIbr(A); (2) maxp(A)=ANubg(4);

(3) Ming(A) = P(4) 1 Lba(A): (4) Maxp(A) = P(A) N Ubg(A);
(5) infg(A)=maxg(lbr(A4)); (6) supr(A) =ming(ubgr(A4));
(7) Infr(A)=Maxg[Lbgr(A4)]; (8) Supg(A)=Ming[Ubg(A)];
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(9) Aetr if Aelbgr(4); (10) AeLy if ACIbgr(A).
By using this definition, for instance, we can prove the following theorems.
THEOREM 5.1. We have

(1) Maxp = Ming-1; (2) Supp =Infg-1; (38) bp=1"LRr

(4) maxp = ming-1; (5) supp = infg-1; (6) brp=CLpg.
THEOREM 5.2. For any A C X, we have

(1) maxg(A) =N,eca (ANubg(z)); (2) maxg(A)={zcA: ACIbg(x)}.
THEOREM 5.3. For any A C X, we have

(1) supgr(4)= ubR(A)ﬂle(ubR(A)) R

(2) maxp(A) = ANsupyr(A); (3) supp(A) =infg(ubgr(A4)).

PROOF. To prove assertion (3), note that by assertion (1) and Theorem 4.3,
and their duals, we have

supp(A) = Ibg (ubgr(A4)) N ubg(A) =
Ibr (ubgr(A)) N ubg (1bgr (ubgr(A))) = infg(ubg(4)).
THEOREM 5.4. For any A C X, we have
supp(A) = {z € X : ubg(z) = ubr(A)} = {z € ubg(A): ubgr(A) C ubg(z)}.
THEOREM 5.5. For any A C X the following assertions are equivalent :
(1) AeLr; (2) A€eUbg(4); (B) AeMing(4); (4) AeMaxg(4).
COROLLARY 5.1. For any A C X the following assertions are equivalent :
(1) ubr(A) € Lr; (2) ubgr(A)=supr(A); (3) ubgr(A) Clbgr(ubgr(4)).
THEOREM 5.6. We have
Lr={ming(4): ACX}={maxp(4): ACX}.
THEOREM 5.7. If R s reflexive, then following assertions are equivalent :
(1) R is antisymmetric; (2) card(A) <1 if AeLp;
(3) maxp is a function; (4) supp is a function.

REMARK 5.1. The implications (1) = (3) <= (4) do not require the relation
R to be reflexive.

DEFINITION 5.2. The relation R on X, or the goset X (R), will be called
(1) inf-complete if infr(A) #0Q forall AC X;
(2) min—complete if ming(A) #0 forall §# AC X.
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REMARK 5.2. Thus, for instance, the set Z of all integers is min-complete, but
not inf-complete.

While, the set R = RU{—o00, +oo} of all extended real numbers is inf-
complete, but not min—complete.

Now, by letting A to be a singleton, and then a doubleton, we can obtain
THEOREM 5.8. If R is min-complete, then R is reflerive and total.
Moreover, by using Theorem 5.3, we can also easily prove the following
THEOREM 5.9. The following assertions are equivalent :

(1) R is inf-complete; (2) R is sup—complete.

PROOF. By Theorem 5.3, we have supy(A) = infz(ubg(A)) forall A C X.
Hence, the implication (1) = (2) immediately follows.

REMARK b5.3. For several other reasonable order-theoretic completeness
properties, and their relationships, see [13] and [12].

6. A few basic facts on increasing functions

NoOTATION 6.1. In this section, we shall assume that f is a function
of one goset X (R) to another Y (5).

DEFINITION 6.1. The function f will be called increasing if, for all u, v € X,
uRv = f(u)Sf().
REMARK 6.1. Now, the function f may be briefly defined to be decreasing if

it is increasing as a function X (R) to the dual Y (S7') of Y (S).

Moreover, the function can, for instance, be briefly defined to be strictly increa-
sing if it is increasing as a function of X (RN Ax) to Y (S~ Ay).

However, to define a strict form of the relation R, instead of R~ Ax, the
relation R~ R~! can also be well-used (See, for instance, Patrone [62].)

The following theorem shows that the strictly increasing functions are closely
related to the injective, increasing ones.

THEOREM 6.1. If R is total and S is reflexive, then the following assertions
are equivalent :

(1) f is strictly increasing ; (2) f is injective and increasing .

REMARK 6.2. To prove the implication (2) = (1) we do not need any extra
conditions on the relations R and S'.

While, if assertion (1) holds and f is onto Y, then to prove that f~! is also
strictly increasing, we have to assume that R is total and S is antisymmetric.

Concerning increasing functions, we can also prove the following theorems.
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THEOREM 6.2. The following assertions are equivalent :
(1) f is increasing;
(2) flubg(z)] C ubs(f(a:)) forall z e X;
(3) flubr(A)] C ubs(f[A]) forall ACX.
THEOREM 6.3. If R is reflexive, then the following assertions are equivalent :
(1) f is increasing;
(2) f[maxn(A)] C ubs(f[A]) forall ACX;
(3) f[maxg(A)] C maxg(f[A]) forall ACX;
From Theorem 6.2, by using Theorem 4.3, we can immediately derive
THEOREM 6.4. If f is increasing, then for any A C X, we have
Ibs (ubs(f[A])) C Ibg(f[ubr(A)]).
Moreover, by using Theorems 5.3, 5.7 and 6.4, we can also prove

THEOREM 6.5. If f is increasing and R and S are antisymmetric and sup—
complete, then for any A C X we have

supg (f[A]) S f(supg (4)) .

Finally, we note that, by the results of [106], the following theorems are also
true. Therefore, instead of ”increasing”, we may also naturally say ”continuous”.

THEOREM 6.6. The following assertions are equivalent :
(1) f is increasing ;
(2) (u,v) € R implies (f(u), f(v))€S;
(3) veR(u) implies f(v)e S(f(u) foralueX.
THEOREM 6.7. The following assertions are equivalent :
(1) f is increasing;
(2) foRCSof, (3) RCfloSof,
(4) foRof lcCS, (5) Rof~'C f=1o8S.

REMARK 6.3. By using the box product of relations, assertion (3) can be
reformulated in the form that R C (f X f)~1[S].

However, it is now more important to note that, by using the uniform refine-
ment of relators, instead of (3), we may also write that f~1o So fe {R}*.

REMARK 6.4. Finally, we note that a relation F' on the goset X (R) to a set
Y may be naturally called increasing if the associated set-valued function ¢ is
increasing. That is, u Rv implies F (u) C F (v) for all u, v € X.
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However, if F' is a relation on X (R) to Y (5), then in addition to the above
inclusion-increasingness of F', we may also define an order-increasingness of F by
requiring the implication u € Ibg(v) = F (u) € Lbg(F (v)) for all u, v € X.

Thus, we can show that F' is inclusion-increasing if and only if RoF~'C F~1,

or equivalently F~! is ascending-valued. And, F is order-increasing if and only if
FoRoF~'C S, or equivalently F[R(u)] C ubg(F (u)) for all u € X [106].

7. The induced order and interior relations

NOTATION 7.1. In this section, we shall assume that f is a function
of a set X to a goset Y (95).

DEFINITION 7.1. For each u € X and y € Y, we define
Ordj(u) ={veX: f(u)sf(v)} and Intp(y) ={zeX: f(z)Sy}.

The relations Ord; and Int; will be called the natural order and the prozimal
interior relations induced by f, respectively.

REMARK 7.1. If F is a relation on one set X to another Y, then by using the
associated set-valued function ¢, , we may also naturally define Ordp = Ord,,
and Intp = Intg,F .

Moreover, if U is a super relation on X to Y, then for instance, for any
B CY, we may also naturally define inty(B)={ze€ X: {z} €Inty(B)}.

Concerning the relations Ordy and Int;, we can easily prove the following
four theorems.

THEOREM 7.1. Ordy is the largest relation on X making the function f to
be increasing.

Proor. If R is a relation on X making f to be increasing, then
veER() = uRv = f(u)Sf(v) = wveOrds(u),
and thus R (u) € Ordy(u) for all u € X. Therefore, R C Ordy also holds.

THEOREM 7.2. The following assertions hold :
(1) Ordy is a preorder on X if S is a preorder on Y;
(2) Ord; is a partial order on X if f is injective and S is a partial order on Y.

THEOREM 7.3. If S is a preorder, then the following assertions are equivalent :

1) f isincreasing; (2) Ordy is decreasing; (3) Ords is ascending valued.
f f

PRrOOF. For instance, if u, v € X such that v Rv, and assertion (1) holds,
then f(u)S f(v). Moreover, if w € Ords(v), then f(v)S f(w). Hence, by
the transitivity of S, we can infer that f(u)S f(w), and thus w € Ordy(u).
Therefore, Ords(v) € Ordy(u), and thus assertion (2) also holds.
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THEOREM 7.4. If R is a relation on X and S is transitive, then
(1) Inty s increasing; (2) Inty is descending valued if f is increasing.
PrROOF. To prove (2), note that if y € Y and x € Inty(y), then f(z)Sy.
Moreover, if u € X such that u Rz and f increasing, then f (u)S f(x). Thus,

by the transitivity of S, we also have f(u)Sy, and thus u € Ints(y). Therefore,
Ints(y) is a descending subset of X.

The next theorem show that the relations Ord; and Int; are not independent
of each other, and they are also closely related to the relations lbg and ubg .

THEOREM 7.5. We have
(1) Inty;=f"1o S, (2) Ordy=f~toInt;";
(3) Inty= f'oubg'; (4) Int; = f'olbgoAy.

PRrROOF. By the corresponding definitions, for any x € X and y € Y, we have

zelnty(y) < f(@)Sy < yeS(f(z)) < ye(Sof)).
Therefore, Inty = (S o f) o fltosS—L

Moreover, we also have

velnty(y) <= f(z)elbs(y) <= zef ' [bs(y)] =
ze 7' [Ibs(Ay(y)] < =z (f 'olntyolbgoAy) (y).

Therefore, assertions (4) is also true.

REMARK 7.2. In this respect, it is also worth noticing that

y € ubs ( £ [Ints(y)])

for all y € Y. Namely, for every « € Int¢(y), we have f(z)Sy.

Now, we can also easily prove the following

THEOREM 7.6. If R is a relation on X such that

flsuppr(A)] C Tbs (ubs(f[A]))

forall AC X, then

maXR(Intf(y)) = SUPR(Intf(?J))
forall yeyY.

PRrROOF. If y € Y, then by Theorem 5.3 we have
maxp (Intf(y)) C supg (Intf(y)) .

Therefore, we need actually prove only the converse inclusion.

For this, note that if x € sup R(Int f(y)) , then by the assumed property of f
we have

f(x) € f[supgr(Ints(y))] C Ibs (ubs(f[Ints(y)])).
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Moreover, by Remark 7.2, we also have y € ubg( f[Int;(y)]). Therefore, we
necessarily have f(z)Sy, and thus = € Inty(y). Hence, by Theorem 5.3, we can
see that

z € Inty(y) Nsupp (Ints(y)) = maxg (Inty(y)) .

Therefore, supp (Ints(y)) € maxg(Ints(y)), and thus the required equality is
also true.

REMARK 7.3. Note that, by Theorem 5.3, for a subset A of the goset X (R)
we have maxp(A) = supp(A) if and only if supr(A) C A.
8. Extensive, involutive, and idempotent operations

NoTATION 8.1. In this and the next section, we shall assume that ¢
is a function of a goset X (R) to itself.

DEFINITION 8.1. The function ¢ will be called
(1) extensive if Ax Ryp; (2) intensive if ¢ RAx;

(3) right-semi-involutive if Ay R¢?; (4) left-semi-involutive if p? R Ax;
(5) right-semi-idempotent if ¢ R ?; (6) left-semi-idempotent if ¢? R .

REMARK 8.1. Property (3), in detailed form, means only that Ax (z) R p?(z),
ie., zRp(p(x)) forall z € X.

By using Definition 8.1, we can easily establish the following

THEOREM 8.1. The following assertions hold ;

(1) ¢ is right-semi-idempotent if ¢ is extensive;
(2) ¢ is right-semi-involutive if and only if p? is extensive;
(3) ¢ is right-semi-idempotent if and only if ¢ | @ [X] is extensive.

PROOF. If ¢ is extensive, then Ry (x) for all € X. Hence, taking v € X
and writing ¢ (u) in place of x, we can infer that ¢ (u) Rp?(u). Thus, ¢ is
right-semi-idempotent.

Moreover, if y € @[ X ], then there exists € X such that y = ¢ (z), and

)
thus ¢ (y) = ¢?(x). Moreover, if ¢ is right-semi-idempotent, then ¢ (z) R ¢?(z),
and thus y R ¢ (y). Therefore, the restriction ¢ |¢[X] is extensive.

REMARK 8.2. In addition to the above observations, it is also worth noticing
that ¢ is extensive with respect R if and only if ¢ (z) € R(x) for all = € X.
That is, ¢ is a selection function of R.

Thus, analogously to a relational reformulation of the Axiom of Choice, the
following generalization of a theorem of Bourbaki [7, p. 4] may also be considered
as a selection theorem.

THEOREM 8.2. If ¢ is strictly increasing and R is antisymmetric and min-
complete, then ¢ is extensive.



GALOIS CONNECTIONS 151

PROOF. Assume on the contrary that ¢ is not extensive. Then, by Remark
8.2, ¢ is not a selection function of R. Thus,

A={zeX: ¢(x)¢R(z)} #0.

Therefore, by the assumed min-completeness of R, there exists a € X such
that a € ming (A). Hence, by the definition of ming, we can infer that

acA and a €1bgr(4),

and thus a Rz forall z € A.

Now, since a € A, we can also note that a Ra, and thus a € R (a). Moreover,
by the definition of A, we can also note that ¢ (a) ¢ R (a). Therefore, ¢ (a) # a.
Moreover, from Theorem 5.8, we know that R is total. Thus, since a R¢ (a) does
not hold, we necessarily have ¢ (a) Ra.

Hence, by using that ¢ (a) # a and ¢ is strictly increasing, we can infer
that ¢ (¢ (a)) Ry (a) and ¢ (¢ (a)) # ¢ (a). Thus, by the antisymmetry of R,
¢(a) Ry (¢ (a)) cannot hold. This, shows that ¢ (¢ (a)) ¢ R (¢ (a)), and thus
¢ (a) € A. Hence, by using that a Rz for all € A, we can infer that a Ry (a),
and thus ¢ (a) € R (a). This contradiction shows that ¢ is extensive.

REMARK 8.3. Note that if ¢ is extensive, R is antisymmetric and z is a
maximal element of X (R) in the sense that x Ry implies y Rz for all y € X,
then z is already a fixed point of ¢ in the sense that ¢ (z) = x.

This simple, but important fact was first explicitly stated by Brgndsted [15].
And, fixed point theorems for extensive maps (which were sometimes also called
expansive, progressive, increasing, or inflationary) were proved by several authors.

9. Involution, projection, and closure operations
DEFINITION 9.1. The function ¢ will be called
(1) 4nwvolution operation if it is increasing and both left and right semi-involutive;
(2) projection operation if it is increasing and both left and right semi-idempotent;

(3) closure (interior) operation if it is an extensive (intensive) projection operation.

REMARK 9.1. Moreover, ¢ may, for instance be called a
(1) preclosure operation if it is increasing and extensive;
(2) semi-closure operation if it is extensive and left-semi-idempotent ;

(3) left semi-modification operation if it is increasing and left semi-idempotent .

Note that, by Theorem 8.1, an extensive operation is right-semi-idempotent.
Moreover, the corresponding interior operations can be briefly defined by using the
dual X (R™') of X(R).
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In connection with Definition 8.1, it is also worth mentioning if, for instance, ¢
is both left and right semi-idempotent and R is antisymmetric, then ¢ is idempo-
tent in the sense that ¢? = ¢ . However, if ¢ is idempotent and R is not reflexive,
then ¢ need not be either left or right semi-idempotent.

Concerning closure operations, for instance, we can prove the following

THEOREM 9.1. If ¢ is a closure operation, and R is antisymmetric and inf-
complete, then for any A C X we have

infR(w[A]) = (infR(go[A])) .
PrOOF. By the dual of Theorem 6.5, we have

lIlfR(cp[A]) €R (ga(mfR(A))) .
Hence, by writing ¢ [A] in place of A, we can see that

infr (¢[@[A]]) € R (¢ (infr(p[A]))) -
Moreover, because of the antisymmetry of R, we can note that ¢ is now idem-
potent. Therefore, ¢ [p[A]] = (pop)[A] = p*[A] = [A]. Thus, we actually
have

infr (¢[A]) € R(¢ (infr(p[A]))).

Moreover, by extensivity of ¢, the converse inclusion is also true. Hence, by using
the antisymmetry of R, we can see that the required equality is also true.

REMARK 9.2. It can be easily seen that an operation ¢ on a set X is idempo-
tent if and only if ¢ [X] is the family of all fixed points of .

Therefore, by using Theorem 9.1, we can also prove the following

COROLLARY 9.1. Under the conditions of Theorem 9.1, for any A C ¢[X],
we have

infp (A) = ( infR(A)) .

PRrROOF. Now, because of the antisymmetry of R, the operation ¢ is idempo-
tent. Thus, by Remark 9.2, we have ¢(y) =y for all y € ¢ [X]. Hence, by using
the assumption A C ¢ [X ], we can see that ¢ [A] = A. Thus, Theorem 9.1 gives
the required equality.

REMARK 9.3. Note that if ¢ is an extensive and left-semi-idempotent, and R
reflexive and antisymmetric, then ¢[X] is also the family of all elements z of X
which are ¢—closed in the sense that ¢(z)Rx .

Therefore, if in addition to the conditions of Theorem 9.1, R is reflexive, then
the assertion of Corollary 9.1 can also be expressed by stating that the infimum of
any family of p—closed elements of X (R) is also p—closed.

Now, instead of a counterpart of Theorem 9.1, we can only prove the following

THEOREM 9.2. If ¢ is a closure operation, and R is transitive, antisymmetric
and sup-complete, then for any A C X we have

p(supr(A4)) = ¢ (supp (¢ [A])) -
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PROOF. Define a = supg(A4) and 8 =supp(¢[A]). Then, by Theorem 6.5,
we have 8 R (). Hence, since ¢ is increasing, we can infer that ¢(8) R¢(p(a)).
Moreover, since ¢ is now idempotent, we also have @(gp(a)) = ¢(a). Therefore,
p(B)Re(a).

On the other hand, since ¢ is extensive, for any x € A we have x Rp(x).
Moreover, since 3 € ubR(<p [A]) , we also have ¢(x)Rf. Hence, by using the
transitivity of R, we can infer that « R8. Therefore, § € ubgr(A). Now, by
using that a € leX(ubX(A)) , we can see that o« R . Hence, by using the in-
creasingness of ¢, we can infer that ¢(a) Rp(f). Therefore, by the antisymmetry
of R, we actually have p(a) = ¢(8), and thus the required equality is also true.

By using this theorem, in addition to Theorem 9.1, we can only prove

COROLLARY 9.2. Under the conditions of Theorem 9.2, for any A C X, the
following assertions are equivalent :

(1) supr(p[A]) = ¢(supr(4)), (2) supgr(¢[A]) = ¢ (supg(p[A])).
10. Closures and interiors in simple relator spaces

NoTATION 10.1. In this section, we shall assume that R is a relation
on X toY.

REMARK 10.1. However, the subsequent definitions can also be easily extended
to the more general case when R is replaced by a relator R, or even a super relator
U 67, 111].

DEFINITION 10.1. Forany AC X, BCY and z € X, we define:

(1) AelIntr(B) if R[A] C B; (2) A€ Clg(B) if R[A]NB#10;
(3) z€intr(B) if {z} € Intg(B); (5) xeclg(B) if {z} € Clg(B);
(1) Beé&p if intp(B)#£0; (8) BeDy if clp(B)=X.

REMARK 10.2. The relations Intgz and inti are called the proximal and topo-
logical interiors generated by R, respectively. While, the members of the fami-
lies, €g and Dpg are called the fat and dense subsets of the simple relator space
(X,Y)(R), respectively.

The origins of the relations Cly and Intr go back to Efremovié’s proximity o
[27] and Smirnov’s strong inclusion € [77], respectively. While, the convenient
notations Clg and Intr, and the family €, together with its dual Dy, were
first explicitly used by the present author in [79, 82, 83, 92].

The following theorem indicates that, in a relator space, the closure of a set can
be more directly described than in a topological one. Moreover, the corresponding
closure and interior relations are equivalent tools.

THEOREM 10.1. For any B C X, we have
(1) clgr(B)=R'[B];
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(2) CIR(B):(intROCy)C:X\ intR(Y\B) N

(3) Clr(B) = (IntgoCy)  =P(X)\ Intg(Y \ B).
REMARK 10.3. From assertion (2), we can at once see that

(1) cg= (intR)*; (2) CIR:(intR)CoCy.

The following theorem shows that, in contrast to their equivalence, the big
closure relation is usually a more convenient tool than the big interior one.

THEOREM 10.2. We have
(1) Clg1 =Clg'; (2) Intg-1=Cyolnty'oCx.

In an arbitrary relator space, the small closure and interior relations are usually
much weaker tools than the big ones. However, now we can also prove the following

THEOREM 10.3. For any AC X and BCY
(1) Aentr(B) < ACintr(B);
(2) A€eClgr(B) < ANclg(B)#£0.

Now, analogously to Corollary 4.1, we can also prove the following
COROLLARY 10.1. For any AC X and B CY, we have
clg-1(A)C B <« ACintg(B).
PrOOF. By Theorems 10.3 and 10.2, it is clear that
clr-1(A)C B <= B°Nclg-1(4)=0 < B¢ Clg-1(4) =

B¢ Clp'(A) < A¢Clg(B°) <= AecClg(B°)°
Aentr(B) < ACintg(4).

REMARK 10.4. This corollary shows that the functions F' and G, defined by
F(A)=clg and G (B) = Intp(B)

forall AC X and B CY, establish an increasing Galois connection between the
posets P(X) and P(Y).

Actually, Corollaries 4.1 and 10.1 can be more easily proved directly. Moreover,
they can be derived from each other. Namely, we can also prove the following

THEOREM 10.4. We have
(1) Lbg = (Clge)" = IntgeoCy ; (2) Ibg = (clge)" =intgeoCy .
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PROOF. By the corresponding definitions, for any A C X and B C Y we
have

A€lbr(B) < AxXxBCR <= V (a,b)e AxB: (a,b)¢ R° <—
VacA: YbeB: b¢ R(a) < R°[A]NB=0 <
A¢Clge(B) <= A€Clg(B)° < A€ (Clz:)(B).

Therefore, Lbr(B) = Cl%.(B) for all B CY, and thus the first part of assertion
(1) is true. The second part of it now immediate by Theorem 10.1.

Now, by using Theorem 10.1 and Definition 10.1, we can also easily establish
THEOREM 10.5. We have
(1) DR:{BQY: X:R‘l[B]};
(2) Er=U,ex Ur(z), where Ug(z)=int;" (z).
REMARK 10.5. Note that thus
Ug(z) =inty' () ={BCY: z€intg(B)}
is just the family of all neighbourhoods of the point x of X in Y.

The following theorem shows that the families of fat and dense sets are also
equivalent tools.

THEOREM 10.6. We have
(1) DrR={DCY: D°¢¢&r};
(2) DrR={DCY: V E€fr: END#0}.
REMARK 10.6. By using Theorem 10.4, we can see that £g = P (Y) \ Dge.

11. Some further important topological tools

NoTATION 11.1. In this section, we shall already assume that R is a
relation on X.

Now, by using Definition 10.1, we may also naturally introduce the following
definition which can also be immediately generalized to relators.

DEFINITION 11.1. For any A C X, we define:

(1) Aer, if AeclIntr(A); (2) Aer, if A°¢ Clr(A);
(3) AeTr if ACintg(4); (4) AeFr if clgr(A) C A4;
(5) Ae NR if CIR(A) ¢ Er; (6) Ae Mg if intR(A) € Dg.

REMARK 11.1. The members of the families, 7,, Tz and Ny are called the
prozimally open, topologically open and rare (or nowhere dense) subsets of the
simple relator space X (R), respectively.
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The families 7,, and 7, were first explicitly used by the present author in [82,
83]. While, the practical notation 7, has been suggested by J. Kurdics who first
noticed that connectedness is a particular case of well-chainedness [42, 44, 61].

By using Definition 11.1 and the corresponding results of Section 10, we can
easily establish the following two theorems.

THEOREM 11.1. We have
(1) Po=ps (@) 7 ={ACX: Accr);
(3) Fr={ACX: A°cTg}; (4) Mrp={ACX: A°€Ng}.
THEOREM 11.2. We have
(1) 7 =Tr; (2) Ta~A{0} C €r; () DPrnFrC{X}.
HiNT. By Theorem 10.3, for any A C X, we have
Aer, < Achtr(d) < ACintg(4) < AeTi.

Thus, assertion (1) is true.
However, if R is a relator on X, then we can only prove that 7, C Tr.

REMARK 11.2. From assertion (3), by using global complementations, we can
infer that Fr C (DR)C U{X} and D C (]:R)C u{Xxt}.

However, it is now more important to note that we also have the following

THEOREM 11.3. For any A C X we have
(1) PA)N(Te~{0}) #0 implies Ac&r;
(2) U TenP(A)Cintr(A4); (3) P[raNP(A)] CIntr(A).

REMARK 11.3. The fat sets are frequently more important tools than the open
ones. Namely, for instance, Tp and Er are just the families of all ascending and
residual subsets of the goset X (R), respectively.

This fact, stressed first by the third author in [81], can also be well seen from
ExaAMPLE 11.1. If in particular X = R and
R(x)={z-1}U[z, +o0]

for all x € X, then R is a reflexive relation on X such that 7z = {0, X }, but
Er is quite a large family.

REMARK 11.4. However, if R is a preorder relation on X, then the converses
of the assertions (1)—(3) of Theorem 11.3 can also be proved. Therefore, in this
case, the family Tg is also a quite powerful tool.
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12. Increasingly normal and regular functions of gosets

NoTATION 12.1. In this and the next four sections, we shall assume
that

(a) X(R) and Y (S) are gosets;
(b) ¢ is a function of X to itself;
(¢) f is a function of X to Y; (d) g is a function of Y to X.

In [96, 94], by extending the ideas of Ore [56], Schmidt [75, p. 209],
Blyth and Janowitz [9, p. 11], and Pataki [60] on Galois connections, residuated
mappings, and operation-increasing structures, we have used the following

DEFINITION 12.1. We say that the function f is
(1) increasingly g-normal if for all x € X and y €Y we have
f@)Sy <= xRg(y);
(2) increasingly @-regular if for all u, v € X we have
flw)Sfv) <= uRe(v).

REMARK 12.1. Now, the function f may, for instance, be naturally called
increasingly normal if it is increasingly g—normal for some function g¢.

And, the function f may, for instance, be naturally called uniquely increasingly
normal if there exists a unique function g, such that f is increasingly g,—normal.

Later, we shall see that the increasingly normal functions are usually increasing.
Therefore, the function f may, for instance, be naturally called decreasingly normal
if it is increasing normal as a function of X (R) to Y (S™!).

To clarify the relationship between normal and regular functions, we can easily
prove the following two theorems.

THEOREM 12.1. If f is increasingly g—normal and @ = go f, then f is
increasingly p—-reqular.

THEOREM 12.2. If f is increasingly p—-regular, f is onto Y, and ¢ =go f,
then f is increasingly g-—normal.

PROOF. Suppose that € X and y € Y. Then, since Y = f[X], there
exists v € X such that y = f(v).

Now, we can easily see that

f@)Sy = [fx)Sf(v) < zRe)
zR(gof)(v) < zRg(f(v)) <= zRgly).

Therefore, f is increasingly g—mormal.
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REMARK 12.2. From Theorem 12.1, we can see that several properties of the
increasingly normal functions can be immediately derived from those of the increas-
ingly regular ones. Therefore, the latter ones have to studied before the former ones.

Moreover, from Theorem 12.2, we can feel that the increasing regular functions
are still less general objects than the increasingly normal ones. Later, we shall see
that they are usually strictly between closure operations and increasingly normal
functions.

By using Definition 12.1, we can also easily prove the following three theorems.

THEOREM 12.3. If f is an increasingly g—normal function of X (R) to Y (95),
then g is an increasingly f-normal function of Y (S~!) to X (R™1).

PrOOF. By the corresponding definitions, for any y € Y and z € X, we have

yS'f(x) < f(z)Sy < =zRg(y) < g)R 'z.

Therefore, the required assertion is true.
REMARK 12.3. Thus, the properties of the functions g and f o g can, in

principle, be immediately derived from those of f and g o f. However, it may
sometimes be more convenient to apply some direct proofs.

THEOREM 12.4. If f is an increasingly g—normal function of X (R) to Y (S)
and h is an increasingly k-normal function of Y (S) to a further goset Z (T),
then ho f is an increasingly g o k—normal function of X (R) to Z(T).

PRrROOF. By the corresponding definitions, for any = € X and z € Z, we have

(hof)@)Tz <= h(f(2))Tz <
f(x)Sk(z) < zRg(k(z)) < zR(gok)(2).
Therefore, the required assertion is true.

REMARK 12.4. Hence, we can see that the family of all increasingly normal
functions of X (R) to itself, with composition, forms a monoid (semigroup with
identity).

Unfortunately, an analogue of Theorems 12.3 and cannot be proved for increa-
singly regular functions. Moreover, an analogue of Theorem 12.4 is not also true
for decreasingly normal functions.

THEOREM 12.5. If f is increasingly reqular and R and S are preorders, then
the family of all functions ¢ of X to itself such that f is @-reqular is also a
semigroup with respect to composition.

PROOF. If f isincreasingly ¢-regular and -regular, then by Definition 12.1
for any w, v € X, we have

uR(Wop)(v) <= uRY(p(v)) <= f(W)S[f(¢(v) <= f(u)S(fop)v).

Moreover, by the forthcoming Theorem 13.1, we have

(fop)(v)S f(v) and ) S (fop)(v).
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Hence, by using the transitivity of S, we can infer that

uR(pop)(v) <= f(u)Sf(v).

Therefore, f is also increasingly (¢ o p-regular.

REMARK 12.5. Note that f is increasingly Ax-regular if and only if, for any
u,v € X, wehave uRv <= f(u)S f(v).

While, a function f of X (R) to itself is increasingly A x-normal if and only
if, for any u, v € X, we have uRv <= f(u)Rv.

13. Some basic properties of increasingly regular and normal functions

The following theorems have been proved in some former papers [96, 107, 1].
Therefore, most of the proofs will be omitted.

THEOREM 13.1. If f is increasingly @-reqular, R is a preorder and S is
reflexive, then

(1) ¢ is extensive; (2) f is increasing; (3) foeSf and fS foyp.

REMARK 13.1. If in addition S is antisymmetric, then instead of assertion (3)
we may simply write f = fop.

THEOREM 13.2. If R is a preorder, then the following assertions are equi-
valent :

(1) ¢ is a closure operation ; (2) ¢ isincreasingly p-reqular;

(3) there exists an increasingly p-regular function h of X (R) to a proset Z(T).

HINT. If assertion (3) holds, then by Theorem 13.1, ¢ is extensive and h o
@ T h. Hence, we can infer that ho p?T ho . Therefore, by the transitivity of
T, we also have ho?T h. Thus, for any u € X, we have h (¢?(u))T h(u).
Hence, by using the increasing (-regularity of h, we can infer that ¢?(u) R ¢ (u).
Therefore, ©? R . Moreover, since ¢ is extensive, we also have ¢ R ¢?.

On the other hand, if u, v € X such that v Rv, then Theorem 13.1 we also
have h(u)T h(v) and h (¢ (u))T . Therefore, by the transitivity of T', we
also have h (¢ ( )) h(v). Hence, by usmg the increasing -regularity of h, we
can already infer that ¢ (u) R ¢ (v). Therefore, ¢ is increasing, and thus assertlon
(1) also holds.

REMARK 13.2. Thus, in the case of prosets, inreasingly regular functions are
natural generalizations of closure operations. Moreover, all closure operations can
be obtained from increasingly regular functions.

From Theorem 13.2, by using the corresponding definitions, we can easily derive

COROLLARY 13.1. If R and S are preorders, then the following assertions are
equivalent :

(1) f is increasingly @-reqular;

(2) ¢ is a closure operation and Ord, = Ordy .
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HinT. If Ord, = Ordy holds, then by Definition 7.1, for any u, v € X, we
have ¢ (u) R (v) < f(u)Sf(v).

Moreover, if ¢ is a closure operation on X, then by Theorem 13.2, for any
u, v € X, we have ¢ (u) Ro(v) < uRep(v).

Therefore, in contrast to the implication (1) = (2), the converse implication
(2) = (1) does not need any particular property of S'.

THEOREM 13.3. If f is g—normal and R and S are preorders, then
(1) f and g are increasing;
(2) gof isa closure operation; (3) fog is an interior operation ;
(4) fogofSf and fSfogof; (5) gofogSg and gSgofog.

REMARK 13.3. If in addition R and S are antisymmetric, then we can we can
simply state that that

f=1Ffogof and g=gofog.
By using these equalities, we can easily prove that
g]Y] = Fix(go f) and FIX]= Fix(fog).

Namely, if for instance = € g[Y'], then there exists y € Y such that . = g (y).
Therefore,

(gof)@)=g(f@)=9g(f(g))=(gofog)y) =gy =1,
and thus ¢g[Y] C Fix(go f).
4.

THEOREM 13
equivalent :

If R and S are preorders, then the following assertions are

(1) f is increasingly g—normal;
(2) f and g are increasing, go [ is extensive and fog is intensive.

REMARK 13.4. This theorem shows that the recent definition of Galois con-
nections [22, p. 155], suggested by Schmidt [75, p. 209], is equivalent to the old
one given by Ore [56].

THEOREM 13.5. If R is a preorder, then the following assertions are equiva-
lent :

(1) ¢ is an involution operation ; (2) ¢ is increasingly p-normal.

HinT. If assertion (1) holds, then ¢ is increasing and

uR (¢ (u)) and (¢ ()R

for all u, v € X. Hence, by using the increasingness of ¢ and the transitivity of
R, we can see that

pw)Rv = ¢(¢w)Re(w) = uRp(v)
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and
uRe(v) = ¢ Re(ev) = ¢ Rv.
Thus, assertion (2) also holds.

REMARK 13.5. Thus, if R is a preorder, then every involution operation on
X (R) can be obtained from increasingly normal functions.

14. Some very particular properties of increasingly regular and normal
functions

THEOREM 14.1. If f is increasingly @—-regular and R and S are partial
orders, then the following assertions are equivalent :

(1) ¢=Ax; (2) f is injective.

PrOOF. By Theorem 13.1 and the antisymmetry of S, for any z € X, we
have f (¢ (z)) = f(z). Hence, if assertion (2) holds, we can infer that ¢ (z) =
x = Ax (x). Thus, assertion (1) also holds.

To prove the converse implication, suppose now that u, v € X such that f(u) =
f(v). Then, by the reflexivity of S, we also have f(u)S f(v) and f(v)S f(u).
Hence, by using the increasing ¢-regularity of f, we can infer that u Ry (v) and
v Rp(u). Hence, if assertion (1) holds, then we can infer that u Rv and v Ru.
Thus, by the antisymmetry of R, we also have u = v. Therefore, assertion (2)
also holds.

REMARK 14.1. By the corresponding definitions, f is increasing if and only if
f is increasingly left A x—regular.

THEOREM 14.2. If f s increasingly g-—normal, and R and S are partial
orders, then the following assertions are equivalent :

(1) f is injective; (2) gof=Ax; (3) g is onto X.

PRrROOF. By Theorem 12.1, the function f is go f-regular. Hence, by Theorem
14.1, we can see that assertions (1) and (2) are equivalent.

Moreover, by Theorem 13.3 and the antisymmetry of R, we have

g (f(9®)) (x)=g(y)

for all y € Y. Hence, if assertion (3) holds, i.e., g[Y] = X, then we can infer
that

g(f(2)) ==
for all x € X. Therefore, assertion (2) also holds.
Conversely, if assertion (2) holds, then we can at once see that

X =Ax[X]=g[f[X]] Cg[Y].
Therefore, X = ¢g[Y ], and thus assertion (3) also holds.

From this theorem, by using Theorem 12.3, we can immediately derive
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COROLLARY 14.1. If f is g—normal, and R and S are partial orders, then
the following assertions are equivalent :

(1) f isonto Y ; (2) fog=Ay; (3) g is injective.
Now, by Theorem 13.2 and Corollary 14.1, we can also state the following

COROLLARY 14.2. If f is g—normal, injective and onto Y, and R and S are
partial orders, then g = f~1.

REMARK 14.2. Thus, if f is g—normal, then g may be considered as a certain
generalized inverse function of f .

Moreover, we can also easily prove the following two theorems.

THEOREM 14.3. If f is increasingly g—normal, R and S are partial orders,

(a) p=gof, Z=p[X], N=R|Z, h=flZ;
(b) ¥v=fogy, W=vy[Y], M=S|W, k=g|W;
then

(1) Z(N) and W (M) are subposets of X (R) and Y (S), respectively ;
(3) h is an injective, increasing function of Z(N) onto W (M) such that k = h~1.
PROOF. It is clear that Z and W are subsets of X and Y, respectively, and

thus assertion (1) is true.

Moreover, if z € Z, then there exists x € X such that z = ¢ (z), and thus
z=(go f)(z). Hence, we can see that

h(z)=f(z)=f((90f)(x) =(fog)(f(2) =2 (f(x) ep[Y]=W.
Therefore, h is a function of Z to W. Quite similarly, we can also see that k
is a function of W to Z. Hence, it is clear that h is an increasingly k-—normal
function of Z(N) to W (M) . Thus, by Theorem 13.3, the functions h and k are
increasing.

Furthermore, if z € Z, then by choosing x € X such that z = ¢ (x) and
using Theorem 13.3, we can see that

(koh)(z)=k(h(2)=g(f(2) =9 (f(e@)) =g (f((g0f)@))) =
(go(fogof))(x)=(gof)(x)=¢(x)=2=2A0z(z).

Therefore, koh = Ay . Moreover, quite similarly, we can also see that hok = Ay .
Hence, it is clear that assertion (2) is also true.

THEOREM 14.4. If ¢ is a closure operation on X (R), R is a preorder,
Z=p[X] and T=RnNZ?,

then ¢ is an increasingly A z-normal function of X (R) onto Z(T) such that
p=Az0p.
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ProOF. From Theorem 13.2, we can see that ¢ is an increasingly ¢-regular
function of X (R) to itself. That is, for any u, v € X we have

pw)Rep(v) <= uRep().

Hence, since Z = ¢ [X ] and ¢ (u), ¢ (v) € Z, we can see that ¢ is a y-regular
function of X (R) onto Z(T'). Now, since ¢ = Az o ¢, by Theorem 12.2 we can
see that the required assertion is also true.

REMARK 14.3. Thus, if R is a preorder, then every closure operation on X (R)
can also be obtained from increasingly normal functions.
15. Characterizations of normal and regular functions

The following theorems have also been proved in our former papers [96, 107,
1]. Therefore, most of the proofs will again be omitted.

THEOREM 15.1. The following assertions are equivalent :

(1) f is an increasingly g—normal, (2) Intg(y)=1b (g(y)) forall yeyY.

HINT. If assertion (1) holds, then for any = € X and y € Y, we have
z€lb(g(y) < zRg(y) < [f(z)Sy < zeclnts(y).

Therefore, assertion (2) also holds.

COROLLARY 15.1. If f is increasingly g—normal and R is reflexive, then for
any y €Y we have

gly) € max(Intf(y)) .

PRrROOF. By the reflexivity of R and Theorem 15.1, for any y € Y, we evidently
have ¢(y) € 1b (g (y)) = Ints(y).

Moreover, from the inclusion Inty(y) € Ib(g(y)), by using Corollary 4.1, we
can infer that {g(y)} € ub(Ints(y)), and thus g(y) € ub(Ints(y)).
Thus, by Definition 5.1, the required assertion is also true.

REMARK 15.1. If in addition R is antisymmetric, then by Theorem 5.7 we may
write g(y) = max(Ints(y)) in the above corollary.

Therefore, by Corollary 15.1 and Theorem 5.7, we can also state

COROLLARY 15.2. If f is increasingly normal and R is reflexive and anti-
symmetric, then f is uniquely increasingly normal.

However, it is now more important to note that, by using our former results,
we can also prove the following

THEOREM 15.2. If R and S are preorders, then the following assertions are
equivalent :

(1) f is increasingly g-normal;

(2) f is increasing and g (y) € max(Intf(y)) forall yeY.
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PROOF. If assertion (1) holds, then by Theorems 12.1 and 13.1, and Corollary
15.1 we can see that assertion (2) also holds even if S is only reflexive.

To prove the converse implication, suppose now that assertion (2) holds, and
z € X and y € Y. Then, by the definition of maximum, we have

g9(y) €Inty(y), andthus  f(g(y))Sy.
Moreover, we also have g (y) € ub(Ints(y)). Hence, we can already see that
fl)Sy = zelnty(y) = zRg(y).

Moreover, by using the increasigness of f and the transitivity of S, we can also
see that

tRg(y) = [f@)Sf(9ly) = f(x)Sy.

Thus, assertion (1) also holds even if R is arbitrary and S is transitive.

REMARK 15.2. From Theorems 15.1 and 15.2, by using Theorem 13.5, we can
immediately derive some useful characterizations of involution operations.

Moreover, from Theorem 15.2, by the Axiom of Choice, we can derive

COROLLARY 15.3. If R and S are preorders, then the following assertions are
equivalent :

(1) f is increasingly g—normal;
(2) f is increasing and max(Intf(y)) #0 forall yev.

Hence, we can easily derive the the following

COROLLARY 15.4. If R and S are preorders, and X (R) is max-complete,
then the following assertions are equivalent :

(1) f is increasingly normal;
(2) f is increasing and f[X] is cofinal in Y (S71).
Thus, in particular, we can also state the following

COROLLARY 15.5. If R and S are preorders, X (R) is max—complete and f
is onto Y, then the following assertions are equivalent :

(1) f is increasing ; (2) f is increasingly normal.

Now, analogously to the previous results, we can also easily establish the follo-
wing two theorems and their corollaries.

THEOREM 15.3. The following assertions are equivalent :
(1) f is increasingly @-reqular;

(2) Inty(f(x)) =1 (p(x)) foral ze€X.

COROLLARY 15.6. If f is increasingly p-regular and R is reflexive, then for
any x € X we have

¢ (x) € max (Ints(f(2))) .
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REMARK 15.3. If in addition R is antisymmetric, then by Theorem 5.7 we may
write ¢ (z) = max (Inty(f(z))) in the above corollary.

COROLLARY 15.7. If f is increasingly regular and R is reflexive and antisym-
metric, then [ is uniquely increasingly reqular.

THEOREM 15.4. If R and S are preorders, then the following assertions are
equivalent :

(1) f is increasingly @-reqular;
(2) [ is increasing and ¢ (z) € max (Inty(f(z))) for all z € X.

REMARK 15.4. From Theorems 15.3 and 15.4, by using Theorem 13.2, we can
immediately derive some useful characterizations of closure operations.

COROLLARY 15.8. If R and S are preorders, then the following assertions are
equivalent :

(1) f is increasingly reqular;
(2) f is increasing and max (Intf(f (x))) #0 forall xe X.

COROLLARY 15.9. If R and S are preorders and f is onto Y, then the
following assertions are equivalent :

(1) f is increasingly reqular; (2) f is increasingly normal.
PROOF. If assertion (1) holds, then by Corollary 15.8 max (Inty( f(z))) # @
for all € X. Hence, since Y = f[X ], we can infer that max (Ints(y)) # 0 for

all y € Y. Therefore, by Corollary 15.3, assertion (2) also holds.

Moreover, by Theorem 12.1, the converse implication (2) = (1) is always
true.

16. Supremum properties of normal and regular functions

The following theorems have also been proved in our former papers [96, 107,
1]. Therefore, most of the proofs will again be omitted.

THEOREM 16.1. If f is increasingly normal, then for any A C X we have
J b (ub(4))] € b (ub(f[A4])).

PROOF. If y € f[Ib(ub(A))], then there exists € Ib(ub(A)) such that
y = f(x). Moreover, if b € ub( f[A]), then for any a € A we have f(a)Sb.
Hence, by using that f is increasingly h-normal, for some function h of ¥ to X,
we can infer that a Rk (b). Therefore, h (b) € ub (A), and thus by z € Ib(ub(4))
we have x Rh (b). Hence, by using that f is increasingly h—normal, we can infer
that f(z)Sb, and thus ySb. Therefore, y € Ib(ub(f[A])) also holds.

COROLLARY 16.1. If f is increasingly normal, then for any y € Y we have
max (Ints(y)) = sup (Ints(y)).
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Proor. By Theorems 5.3 and 16.1, we have
7 [sup(4)] = f [ub(4) b (ub(4))] € f[1b(ub(4))] € Ib (ub(f[4])).
for all A C X. Therefore, Theorem 7.6 can be applied.
Now, by using our former results, we can also prove the following

THEOREM 16.2. If R and S are preorders and X (R) is sup—complete, then
the following assertions are equivalent :

(1) f is increasingly normal;

(2) flsup(A)] Csup(f[A]) forall ACX;

(3) f is increasing and sup(Intf(y)) C Intf(y)) forall yeY;

(4) f is increasing and max (Inty(y)) = sup(Ints(y)) forall y€Y;

(5) f is increasing and f [sup(A)] Clb (ub(f [A] )) forall ACX;

(6) f is increasing and f[1b(ub(A))] € 1b(ub(f[A])) forall ACX.

HiNT. If assertion (1) holds, then from Theorem 13.3 we know that f is
increasing. Moreover, by using Theorems 5.3, 6.2 and 16.1 we can see that

fsup(A)] = f[ub(A)Nlb(ub(A))] C f[ub(A)] N f[1b(ub(A))]
Cub(f[A])N1Ib(ub(f[A])) =sup(f[A]).

Therefore, assertion (2) also holds even if X (R) is not assumed to be sup-complete.
While, if assertion (2) holds, then then by using Theorem 5.3 we can see that

fmax(A)] C f[sup(A)] Csup(f[A]) Cub(f[A])
for all A C X. Thus, by Theorem 6.3, f is increasing.
Moreover, by Theorem 5.3, we can also note that

Jsup(A)] € sup(f[A]) S b (ub(f[A]))
for all A C X . Hence, by using Theorem 7.6 and the sup-completeness of X (R)
we can already infer that

max (Intys(y)) = sup (Ints(y)) # 0
for all y € Y. Thus, by Corollary 15.3, assertion (1) also holds.

REMARK 16.1. If in addition both R and S are antisymmetric, then instead of
assertion (2) we may simply write that f(sup (A)) =sup(f[A]) forall AC X.

Analogously, to Theorem 16.2, we can also prove the following

THEOREM 16.3. If R and S are preorders, X (R) is a sup—complete and f
is onto Y, then the following assertions are equivalent :

(1) f is regular;
(2) flsup(A)] Csup(f[A]) forall ACX;
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(3) f is increasing and sup(Ints (f(z))) C Inty(f(z)) forall z€ X.
(4) f is increasing and max(Inty(f(x))) = sup(Inty( f(z))) forall z € X.

REMARK 16.2. In this theorem, we may also write Ord;l(a:) in place of
Ints (f ().
From Theorem 16.3, by using Theorem 13.2, we can immediately derive

COROLLARY 16.2. If X (R) is a sup—complete proset and ¢ is onto X, then
the following assertions are equivalent :

(1) ¢ is a closure operation ; (2) @[sup(A)] C sup(p[A]) forall AC X.

REMARK 16.3. If in addition R is antisymmetrics, then instead of assertion
(2) we may simply write that ¢ (sup (A4)) =sup(p[A]) for all AC X.

17. Relational characterizations of increasingly normal and regular
functions

Analogously to Theorem 6.7, we can also prove the following

THEOREM 17.1. The following assertions are equivalent :
(1) f is increasingly g—normal ;
(2) Sof=gloR; (3) goSof CR and g loRof™1CS.

PrOOF. For any = € X and y € Y, the following assertions are equivalent :

f@)Sy = xzRg(y),
y€S(f(z)) <= gly) € R(x),
y€S(f(2)) <= yeg'[R@)],
S(f(@) =g~ [R(2)]
(Sof)(x)= (gflo R) ().

Therefore, by Definition 12.1, assertions (1) and (2) are equivalent.

Moreover, for instance, by using the inclusions fo f~!' C Ay and Ax C
f~to f, we can also see that

gloRCSof — g loRof ' CSofofl —
giloRofflg,S'oAy - giloROfflgs
and
gloRof1CS — g loRoflofCSof —
g loRoAx CSof = g 'oRCSof.

Therefore, g7'oRC Sof <= g loRof~'C S, and thus the second halves
of assertions (2) and (3) are equivalent.
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Moreover, by using Theorem 15.2, we can also prove the following

THEOREM 17.2. If R and S are preorders, then the following assertions are
equivalent :

(1) f is increasingly g—normal;
(2) foRCSof and g C (Sof) '~ R¢o(Sof) L
PROOF. By Theorem 15.2, assertion (1) is equivalent to the statement that
(a) f isincreasing and g (y) € max(Ints(y)) forall y €Y.
Moreover, from Theorem 6.7, we can see that
(b) f is increasing if and only if fo RC So f.
1

Furthermore, from Theorem 7.5 and Remark 4.5, we can see that Inty = (So f)~
and

max (A) = ANub(4) = ANR°[A]°= AN R°[A]
forall AC X.
Therefore, for any y € Y, we have

g(y) € max(Ints(y)) <
g(y) € (Sof)"Hy)~ R[(Sof) " (y)]
gy e(Sof) )~ (R (Sof)™")(y)
g() € ((Sof) "N Ro(Sof) ') (y).

Thus, assertions (1) and (2) are equivalent.

—
<~

REMARK 17.1. From Theorems 17.1 and 17.2, by using Theorem 13.5, we can
immediately derive some useful characterizations of involution operations.

Moreover, from Theorem 17.1 we can easily derive the following
THEOREM 17.3. The following assertions are equivalent :

(1) f is increasingly normal;

(2) for each y €Y, there exists x € X such that f~1[S7'(y)] = R~ ().

HINT. If assertion (2) holds, then by the Axiom of Choice there exists a func-
tion k of Y to X such that

Hence, we can infer that
floST =R 1ok, and thus Sof=k 'oR.

Therefore, by Theorem 17.1, f is increasingly k—normal, and thus assertion (1)
also holds.
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Now, analogously to the above three theorems, we can also prove the following
three theorems.
THEOREM 17.4. The following assertions are equivalent :
(1) f is increasingly @-regular;
(2) o loR=f"loSof; (3) fop loRC Sof and pof toSof CR.
HINT. For any u, v € X, the following assertions are equivalent :
fW)S fv) <= uRe(v),
f) € S(f(u) <= ¢(v) € Ru),
ve fTHS(fw)] <= vep ! [R)],
FS(fW)] = o7 [R(w)]
(fflo Sof)(u) = (gpflo R)(u).
Therefore, by Definition 12.1, assertion (1) and (2) are equivalent.
REMARK 17.2. In addition to assertion (3), we can also prove that
foploRC Sof <« @ loRof'cCfeS.
THEOREM 17.5. The following assertions are equivalent :
(1) f is increasingly o—-regular;
(2) foRCSof and ¢ C (Sof)tof~R¢o(Sof)lof.

REMARK 17.3. From Theorems 17.4 and 17.5, by using Theorem 13.2, we can
immediately derive some useful characterizations of closure operations.

THEOREM 17.6. The following assertions are equivalent :
(1) f is increasingly regular;

(2) for each x € X, there exists uw € X such that f~'[S7(f(z))] = R (u).

REMARK 17.4. From the results of this section, by using some basic theorems
on the box product of relations [98], we can easily derive some further characteri-
zations of increasingly normal and reqular functions.

18. Increasingly normal and regular functions of power sets

NotATION 18.1. In this and the next two sections, we shall assume
that

(a) X and Y are sets;
(b) @ is a function of P(X) to itself;

(c) F is a function of P(X) to P(Y) and G is a function of P(Y)
to P(X).
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REMARK 18.1. Here, instead of corelations (functions of power sets to power
sets), it would also be more convenient to consider super relations (ordinary rela-
tions on power sets to sets) [1].

However, our former definitions and results on normal and regular functions
can be more directly applied to corelations. For instance, by specializing Definition
12.1, we may naturally use the following

DEFINITION 18.1. We say that the function F' is

(1) increasingly G-normal if for all AC X and BCY we have
F(A)CB <+ ACG(B);

(2) increasingly ®-regular if for all A;, A C X we have

Now, by identifying singletons with their elements, we may also introduce

DEFINITION 18.2. For the function F', we define a two functions Gr and ®p
such that
Gr(B)={zeX: F(z)C B}
forall BCY, and
@F(A):{xGX: F(x)QF(A)}
for all A C X.

REMARK 18.2. By the corresponding definitions, for any x € X and B C Y,
we have

r€Gp(B) < F({z})CB <= {2z} ecntp(B) < zcintp(B).

Thus, by the usual identification of relations with set-valued functions, we can
actually state that Grp = intp .

Moreover, for any A C X, we can also note that
®p(A)=Gp(F(A)) =intp(F(A)).

Therefore, we have ®r = G, and we can actually also state that ®p = intpoF'.

However, our present notation G is more convenient for

THEOREM 18.1. If F is increasingly G-normal, then G = Gp .

PRrROOF. By the corresponding definitios, for any x € X and B C Y, we have

r€Gp(B) < F({z})C B < {2} C G(B) < z<€G(B).
Therefore, Gp(B) = G(B) for all BCY, and thus Gp = G.

Thus, in particular, we can also state the following three corollaries.

COROLLARY 18.1. There exists at most one function G of P(Y) to P(X)
such that F is increasingly G-normal.
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COROLLARY 18.2. If F is increasingly normal, then G = Gp is the unique
function of P(Y) to P(X) such that F is increasingly G-normal.
COROLLARY 18.3. The following assertions are equivalent :

(1) F is increasingly normal ; (2) F is increasingly Gg—normal.

By using the definition of G, we can also easily prove the following
THEOREM 18.2. The function Gg 1is increasing.
Proor. If B; C B, CY, then
r€Gp(B)) = F@)CB = F(x)CB = z€Gp(By).
Therefore, Gr(B1) C Gp(DBs).

REMARK 18.3. Hence, we can infer that the inverse of the relation associated
with G is ascending valued.

However, it is now more important to note that, by identifying singletons with
their elements, we can also prove the following

THEOREM 18.3. If X is a goset, then the following assertions are equivalent :
(1) F|X is increasing; (2) Gp is descending valued.

PROOF. Suppose that B C Y, z € Gp(B) and u < z. Then, if assertion
(1) holds, then we also have F (u) C F'(z). Moreover, since z € Gg(B), we also

have F'(z) C B. Hence, we can infer that F'(u) C B, and thus u € Fg(B). This
shows that G (B) is a descending subset of X, and thus assertion (2) also holds.

To prove the converse implication, suppose now that xi, o € X such that
x1 < @2. Then, because of F (x3) C F (x2), we have x2 € Gp(F (x2)). Hence,
if assertion (2) holds, and thus Gp (F (z2)) is a descending subset of X , we can
infer that z; € Gp(F (22)), and thus F (21) C F (x2). Thus, assertion (1) also
holds.

19. Characterizations of increasingly normal set-functions
From Theorem 15.1, by using Corollary 18.1, we can immediately derive
THEOREM 19.1. The following assertions assertions are equivalent :
(1) F is increasingly normal ;

(2) Intp(B)=P(Gr(B)) forall BCY.

Proor. By Corollary 18.3 and Theorem 15.1, assertion (1) is equivalent to the
statement that :

(a) Intp(B)=1b(Gp(B)) forall BCY.

Moreover, by the corresponding definitions, for any A C X and B C Y, we have
A€lb(Gp(B)) < ACGp(B) < AcP(Gr(B),
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and thus 1b(Gr(y)) = P(Gr(y)).
Therefore, statement (a) is equivalent to assertion (2), and thus assertions (1)
and (2) are also equivalent.

From the above theorem, by using Theorems 13.3 and 7.4, we can easily derive
COROLLARY 19.1. The following assertions are equivalent :

(1) F is increasingly normal;

(2) F is increasing and Gp(B) € Intp(B) forall BCY.

PROOF. From Theorems 13.3 and 19.1, we can see that (1) = (2). Therefore,
we need actually prove the converse implication.

For this, note that if F' is increasing, then by Theorem 7.4 the relation Intp
is descending valued. Therefore, for any B C Y,

Gr(B) eIntp(B) = P(Gp(B))C Intp(B).
Moreover, if F is increasing, we can also see that
Aentp(B) = F(A)CB = VzeA: F(@x)CB =
VeeA: z€Gp(B) = ACGr(B) = AcP(Gr(B)).
and thus Intp(B) € P(Gp(B)). Therefore, if F is increasing, then
Gr(B)€lntp(B) = Intp(B)=P(Gr(B)).
Thus, Theorem 19.1 can be used to see that (2) = (1).

REMARK 19.1. Note that if B CY', then by Remark 18.2, we have G (B) =
intp (B) .
Therefore, for any x € X, we have
xr€Gp(B) <= zecintp(B) < {z}ecntp(B).
Thus, the inclusion Gp(B) C |J Intp(B) is always true.

However, it is now more important to note that, by using Theorems 15.2 and
16.2 and Corollary 18.3, we can also prove the following two theorems.

THEOREM 19.2. The the following assertions are equivalent :
1
2

F' is increasingly normal ;

F is increasing and max(IntF(B)) # 0 forall BCY;

4
5

F is increasing and Gp(B) € Intp(B) C P(Gr(B)) forall BCY;

(1)

(2)

(3) F is increasing and Gp(B) = max(Intp(B)) forall BCY,

(4)

(5) F is increasing and Gp(B) =] Intp(B) € Intp(B) forall BCY.
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HINT. To prove the equivalence of assertions (3)—(5), note that
Gp(B) = max(Intp(B)) <= Gp(B)€ntp(B), Gp(B) € ub(Intp(B)).
Moreover, we also have

GF(B)Eub(IntF(B)) <— Y AEIHtF(B)Z AQGF(B) <
Intp(B) - P(GF(B)) e U Intp(B) - GF(B) < U IntF(B) = GF(B)

THEOREM 19.3. The the following assertions are equivalent :
(1) F is increasingly normal ;
(2) F(UA)=U F[A] foral ACP(X);
(3) F is increasing and |J Intp(B) € Intp(B) for all BCY,
(4) F is increasing and F (|JA) e P (U F[A]) foral ACP(X);
(5) F isincreasing and F[P(JA)] € P (U F[A]) forall ACP(X).

HiNT. To derive this theorem from Theorem 16.2, note that if A C P (X),
then for any B C X, we have

Beu(Ad) << VAeA: ACB < |JACB,
and thus
ub(A) =P~ (U A) and Aub(A)=UA.
Moreover, for any C C X, we have
Celb(ub(A4)) < V Beub(4): CCB <+
CCNubA) <= CCcUA <= CceP(UA),

and thus
Ib(ub(A)) =P (U A).

Therefore,

sup (A) = max (ub (A)) = ub(A)NIb(ub(A) =P (UA)NP(UA) =UA.

Now, by using our former results, we can also easily prove the following
THEOREM 19.4. The following assertions are equivalent :
(1) F is increasingly normal ;
(2) F(A)=Ugeca F(x) forall ACX;
(3) there exists a relation R on X to Y such that, for all A C X, we have
F(A)=clg-1(4).
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PROOF. From Theorems 19.3 and [99, Theorem 3], we can see that
(1) <= Fis union-preserving <= (2).

Moreover, if assertion (3) holds and G (B) = intg(B) for all B C Y, then from
Corollary 10.1 we can see that F' is increasingly G-normal. Thus, in particular
assertion (1) also holds.

Furthermore, if assertion (2) holds, then defining a relation R on X to Y such
that R (z) = F (z) for all z € X, we can at once see that

F(A)=F(A) =Uzea F2) =Ugea R(z) = R[A] = clg-1(4)
for all A C X . Thus, assertion (3) also holds.
REMARK 19.2. If R is as in assertion (3), then we necessarily have
R(z) = R[{z}] = cdp-1 ({2}) = F ({z}) = F (2)
for all x € X. Therefore, the relation R is uniquely determined by F'.
20. Normality properties of complement and dual set-functions
DEFINITION 20.1. For the function F', the functions F¢ and F*, defined by
F°(A) = F(A)° and F*(A) = F(A%)°
for all A C X, will be called the complement and dual of F'.
REMARK 20.1. Hence, we can at once see that
F¢=CyoF and F*=F° Cx.

Thus, in contrast to ¢, the operation * not only involutive, but also increasing.
Moreover, to illustrate the appropriateness of Definition 20.1, we can state
ExampLE 20.1. If R is a relation on X to Y and

Fr(B) = clr(B)
for all B CY, then by Theorem 10.1 we can see that
F(B) = Fr(B°)® = clr(B°)° = intg(B)

forall BCY.
Now, by using Definition 20.1, we can also easily prove the following
THEOREM 20.1. The following assertions are equivalent :

(1) Fc© isincreasingly G°¢-normal;

(2) Go Cy is increasingly F o Cx-normal.

PROOF. By the corresponding definitions, the following assertions are equiva-
lent :

(a) F(A)C B < ACG®B) forall ACX and BCY,
(b) F(A)*C B < ACG(B)) foral ACX and BCY;



GALOIS CONNECTIONS 175

(¢c) BECF(A) < G(B)C A°¢ forall ACX and BCY;
(d) BCF(A°) <= G(B°)C A forall ACX and BCY,
() BC(FoCx)(Ad) < (Goly)B)C A forall ACX and BCY.

Moreover, by Definition 18.1, assertion (1) is equivalent to assertion (a), and as-
sertion (2) is equivalent to assertion (e). Thus, assertions (1) and (2) are also
equivalent.

From this theorem, by writing G¢ in place of G, we can immediately derive
COROLLARY 20.1. The following assertions are equivalent :
(1) F¢ isincreasingly G—normal; (2) G* isincreasingly FoCx-normal.

Moreover, from Theorem 20.1, by writing F'¢ and G¢ in place of F and G,
respectively, we can also derive the following

THEOREM 20.2. The following assertions are equivalent :
(1) F is increasingly G-normal; (2) G* is increasingly F*-normal.
PRrROOF. By using Theorem 20.1, we can see that
(1) <= (F°)° isincreasingly (G°¢)“mnormal <=
G¢o Cy isincreasingly F¢o Cx—normal <= (2).
From this theorem, by writing F'* in place of F', we can immediately derive
COROLLARY 20.2. The following assertions are equivalent :
(1) F* is increasingly G-normal ; (2) G* is increasingly F-normal.

Moreover, from Theorem 20.2, by writing F* and G* in place of F' and G,
respectively, we can also derive the following

THEOREM 20.3. The following assertions are equivalent :

(1) G is increasingly F-normal; (2) F* is increasingly G*—normal.
Hence, by writing F'* in place of F', we can immediately derive
COROLLARY 20.3. The following assertions are equivalent :

(1) G is F*-normal; (2) F is G*-normal.
Finally, we note that by using Theorem 20.1, we can also prove the following
THEOREM 20.4. The following assertions are equivalent :

(1) F is decreasingly G-normal;

(2) F°€ isincreasingly G o Cy-normal;

(3) G° is increasingly F o Cx—normal.
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PRrROOF. By the corresponding definitions, the following assertions are equiva-
lent :
(a) BCF(A) < ACG(B) forall ACX and BCY;
(b) F(A)*C B¢ «<— ACG(B) foral ACX and BCY;
(¢) F¢(A)CB® «<— AC(GoCy)(B°) forall ACX and BCY;
(d) FS(A)C B <= AC(GoCy)(B) forall ACX and BCY.
Hence, since assertion assertion (1) is to assertion (a), and assertion (d) is equivalent

assertion (2), we can see that assertions (1) and (2) are equivalent.

Moreover, from Theorem 20.1, by writing G* in place of G, we can see that
assertion (2) and (3) are also equivalent.

REMARK 20.2. To obtain some more instructive reformulations of the corres-
ponding results of this section, we can use that F'* = Cy o F and G°= Cx o G.
21. Increasingly normal and regular functions of two variables

NoTATION 21.1. In this section, we shall assume that
(a) X (R) and Y (S) are gosets;
(b) @ is a function of XxZ to X for some set 7 ;
(c) F is afunction of XxZ to Y; (d) G is a function of ZxY to X.

REMARK 21.1. An important case will be when
®(z,2)=G(z, F(x,2))
forall € X and z € Z.
Now, analogously to Definition 12.1, we may also naturally introduce
DEFINITION 21.1. We say that the function F' is
(1) increasingly G-normal if for all x € X, y €Y and z € Z we have
F(z,2)Sy <= zRG(z,9);
(2) increasingly ®-regular if for all u,ve€ X and z € Z we have
F(u,z)SF(u,z) <= uR®(v,z).

REMARK 21.2. Thus, the function F may, for instance, be naturally called
increasingly normal if it is increasingly G-—normal for some function G'.

And, the function F' may, for instance, be naturally called uniquely increa-
singly normal if there exists a unique function G, such that F' is increasingly
G —normal.

Moreover, the function F' may, for instance, be naturally called decreasingly
normal if it is increasing normal as a function of X (R) x Z to Y (S71).
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The study of increasingly normal and regular functions of two variables can be
easily traced back to that of those functions of one variable by using the following

DEFINITION 21.2. For any z € X, y €Y and z € Z, we define
f(x) = F(z, 2), 9:(y) = G (2, 9) and p=(z) = @ (z, 2).
REMARK 21.3. Thus, if ® is as in Remark 21.1, then we have
po(2) =@ (z,2) =G (2, F(x,2)) =G (2, f:(x)) = g:(f:(2)) = (g: 0 f-) (2)
forall z € X, ye€Y and z € Z. Therefore, o, =g,o0 f, forall z€ Z.
Now, as a useful consequence of our former definitions, we can easily establish
THEOREM 21.1. The following assertions are true :

(1) F is increasingly G-normal if and only if f. is increasingly g.-normal for
all z€ Z;

(2) F is increasingly ®-regular if and only if f, is increasingly . —regular for
all z € Z.

ProOOF. For instance, if F' is increasingly G-normal, then for any = € X,
y€Y and z € Z, we have
f2(2)Sy <= F(z,2)Sy < 2 RG(z,y) < 2 Rg.(y).
Therefore, for any z € Z, the function f, is increasingly g.—normal.
Now, by using this theorem, from our former results on increasingly normal

and regular functions of one variable we can easily derive several statements for
those functions of two variables.

THEOREM 21.2. If F is increasingly G-normal and ® is as in Remark 21.1,
then F' 1is increasingly ®-regular.

THEOREM 21.3. If F is increasingly ®-regular, ¥ = F[X x{z}] for all
z€Z, and ® is as in Remark 21.1, then F is increasingly G-normal.

ProOOF. By Theorem 21.1, for each z € Z, the function f, is ¢.,—regular
and onto Y. Moreover, by Remark 21.3, we have ¢, = g, o f,. Therefore, by
Theorem 12.2, the function f, is increasingly g.—normal. Thus, by Theorem 21.1,
the required assertion is also true.

THEOREM 21.4. If F is increasingly normal (regular) and R is reflexive and
antisymmetric, then F is uniquely increasingly normal (regular).

PRrROOF. For instance, if F' is increasingly G-—normal, then by Theorem 21.1,
for each z € Z, the function f, is increasingly g,—mormal. Thus, by Corollary
15.1 and Remark 15.1, we have

G (2, y) = g (y) = max (Inty, (y)) =
max ({ze€X: f.(x)Sy})=max({zeX: F(z,2)Sy})
forall x € X, y€Y and z € Z. Thus, G is uniquely determined by F'.
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REMARK 21.4. Because of the above theorems, to illustrate the appropriateness
of our present definitions, it is enough to provide some important examples only
for normal functions of two variables.

22. Illustrating examples for normal functions of two variables

NoTATION 22.1. In this section, we shall assume that U/ is a relator
on X to Y.

EXAMPLE 22.1. Forall ACX, BCY and U €U, define
F(A, U)=cly-1(A) and G(U, B)=1inty(B).
Then, F is a uniquely increasingly G-normal function of P(X)(C) x U to
PY)(C).
To prove this, note that, by Corollary 10.1, we have
F(A,U)CB <= cy-1(A)CB < ACinty(B) < ACG(U,B)

forall AC X, BCY and U € U. Therefore, the function F' is increasingly
G—normal. Moreover, by Theorem 21.4, it is also uniquely increasingly normal.

REMARK 22.1. The (cly-1, inty) increasing Galois connection can be used
to unify several particular theorems on relational inclusions [103].

REMARK 22.2. If in particular U is a function of X to Y, then by the usual
identification of singletons with their elements, for any * € X and B C Y, we
have

re€inty(B) <= U(x)€eB += zcU '[B] < zccy(B).
Therefore, in this very particular case, the equality
inty(B) =cly(B), and thus G(U, B) =cly(B)
also holds for all B CY.

Therefore, if U is a function of X to Y, then for any A C X and B CY,
we have not only

U[A]CB < ACU'[B°]°, butalso U[A]CB <= ACU '[B].

Of course, the latter equivalence can be more easily proved directly, without
using the induced closures and interiors. However, the use of these basic tools puts
this equivalence also a better perspective.

From Example 22.1, by using Theorems 21.1 and 20.2, we can also derive
EXAMPLE 22.2. Forall ACX, BCY and U € U, define
F(B,U)=cly(B) and G(U,A)=inty-1(A4).

Then, F is a uniquely increasingly G-normal function of P(Y)(C) x U to
P(X)(<S).

From Example 22.1, by Theorem 21.1, we can see that, for any U € U,
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(a) f,_, isincreasingly g __,-normal.

Hence, by using Theorem 20.2, we can infer that

(b) g _, isincreasingly f*  -—mormal.

Moreover, by using Definition 20.1 and Theorem 10.1, we can see that
g (B)=g, (B =inty(B°)° =cly(B) = f,(B)

Uu—1
and

f;,l (4) = fol (A9 =cly-1(A°)° = inty-1(A4) = g, (A)
forall BCY and A C X. Therefore,

g;71 = f, and I

-1

=3y,
and thus
(¢) f, isincreasingly g, —normal.

Therefore, by Theorem 21.1, we can also state that F' is increasingly G—normal.
Moreover, by Theorem 21.4, it is also uniquely increasingly normal.

However, it is now more important to note that we can also state the following
ExAMPLE 22.3. Forall AC X, BCY and U €U, define
F(A,U)=uby(A) and G(U,B)=1y(B).
Then, F is a uniquely decreasingly G-normal function of P(X)(C) x U to
PY)(S).
To prove this, note that, by Corollary 4.1, we have
F(A,U)D2B <= uwy(4A)2B < AClby(4) < ACG(U,B)

forall AC X, BCY and U € U. Thus, F is an increasingly G-normal
function of P(X)(C) to P(X)(2). Moreover, by Theorem 21.4, it is also uniquely
increasingly normal. Thus, the required assertion is also true.

REMARK 22.3. The (ub U, lbU) decreasing Galois connection can be used to
construct the Dedekind—-MacNeille completions of posets [22, 72].

REMARK 22.4. This decreasing Galois connection is not independent of the
former increasing one (clU71 , int U) .
Namely, by Theorems 4.1 and 10.4, we have
uby = 1by1 and Iby = clje = inty oCy .

From Example 22.2, by using Theorems 21.1 and 20.4, we can easily derive the
following two further examples.

EXAMPLE 22.4. Forall ACX, BCY and U €U, define
F(U, A)=uby(A)° and G(U, B) =1by(B°).

Then, F is a uniquely increasingly G-normal function of P(X)(C)x U to
PY)(S).
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EXAMPLE 22.5. Forall ACX, BCY and U €U, define
F (U, B) =1by(B)° and G(U, A)=uby(A°).

Then, F' is a uniquely increasingly G-normal function of P(Y)(C)x U to
PX)(C).

REMARK 22.5. However, it is now more important to note that if F and G
are as in Notation 21.1, then by using the plausible notations

zxz=F(z,2) and zey=G(z,v9),
the increasing G—normality of the function F' can be expressed in the form that
(xx2)Sy <= xR(zey)

forall z€e X, yeY and z€ 7.

Therefore, Definition 21.1 can be used to provide some reasonable generaliza-
tions of the residuated algebraic structures of Bonzio and Chajda [10], for instance.

23. An interesting, preordered bigroupoid
Because of Remark 22.5, we may naturally consider the following

NOTATION 23.1. In this and the next two sections, we shall assume
that

(a) X(X) is a proset;
(b) X(x) and X (e) are groupoids;
(¢) for all z,y, z € X, we have
Txz <Y <~ T z0y.

REMARK 23.1. In this case, we shall say that the structure X (*, e, <) is an
increasingly normal, preordered bigroupoid.

To provide a more direct motivation for the above assumptions, we shall show
that if in particular X (x, <) is a preordered group and z ey = y x 2z~ ! for all
y, z € X, then assumption (c) also holds.

Thus, our present notion of an increasingly normal, preordered bigroupoid is a
natural generalization of that of a preordered group.

REMARK 23.2. Under assumptions (a)—(c), by defining

f(x)=x %2 and g:(y) =zey
and

@z(‘r) = (gz o fz)(z) = gz(fz(z)) = gz(z*z) =ze (z*z)

for all z,y, z € X, we can see that f,, g, and ¢, are functions of X (<) to
itself, for each z € X, such that:

(1) f. is increasingly g,—normal; (2) f. is increasingly ¢,—regular.
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Therefore, by using our former results on regular and normal functions, we can
easily establish several basic properties of the structure X (*, o, <).

For instance, from the corresponding results of Sections 12-16, by using Remark
23.1, we can easily derive the following theorems, and also their certain duals.

THEOREM 23.1. For each x1, x2, 2 € X,
(1) 1 < a2 implies x1 %2z < xo% 2]
(2) 1 < x2 implies zexy < zeoxy;
(3) mi*z< ax2*xz ifand only if ze(x1%xz) < zeo(wax2).

PRrROOF. By Theorem 13.3, the functions f, and g, are is increasing. Thus,
assertions (1) and (2) are true.

Moreover, from Corollary 13.1, we can see that Ordy, = Ord,, . Therefore,
for any x1, 9 € X, we have

fo21) < fa(z2) = @u(x1) < pa(a2).
Thus, assertion (3) is also true.
THEOREM 23.2. For each x,y, z € X, we have
(1) z<zo(xx2); (2) (zey)*x2<y;
(3) (ze(zxz))x2<w*xz and zxz < (zo(w*z))*z.

PrOOF. By Theorem 13.3, we also have = < ¢, (),

fo(p:(2) < fu(x) and f(2) < fo(p:()).

Thus, assertions (1) and (3) are true. Assertion (2) also follows from Theorem 13.3.
Moreover, it is also immediate from the inequality z ey < z ey by property (c).

THEOREM 23.3. For each y,z € X, we have
(1) zeyemax ({ze€X: zxz<y});
2) {zeX: zxz2<y}={zeX: z<zoy}.

ProOF. By Theorems 15.2 and 15.1, we have

9:(y) € max (Inty_(y)) and Ints (y) = 1b (g:()) -

Hence, by using that
Ity (y) ={z€X: f(a)<y} and Ib(g.(y)={reX: z<g@}
we can see that assertions (1) and (2) are true.

REMARK 23.3. If in particular X (<) is a poset, then in assertion (1) the
equality also holds.

Therefore, in this particular case, the operation e is uniquely determined by
the operation *.



182 A. SZAZ

THEOREM 23.4. If X(<) is a poset, then for each z € X, the following
assertions are equivalent :

(1) X=zeX;
(2) z=ze(xx2z) foral xe€ X;
(3) zixz==x9%z dimplies x1=x2 forall 1,22 € X.
PRrROOF. By Theorem 14.2, the following assertions are equivalent :
(a) X =g:[X];
(b) x=p,(x) forall z € X,
(¢) fu(x1) = f.(z1) implies z1 = x4.
Hence, since
9:1A1={9:(v): yeA}={zey: ycA}l=ze4,
for all A C X, we can see that assertions (1)—(3) are also equivalent.
THEOREM 23.5. For each z € X, we have
(1) b(ub(A)*zClb (ub({z*xz: z€A})) forall ACX;
(2) max({xeX: Txz < y}) :sup({meX: Tk z < y}) forall ye X.
PrOOF. By Theorem 16.1 and its corollary, we have
(a) f. [lb(ub(A))] Clb (ub(fz [A])) forall AC X;
(b) max (Ints_ (y)) =sup (Inty, (y)) for all ye€ X.
Hence, by using that
Al ={f.(z): zcA}={azxz: zcA}=Axz

and Inty (y) ={x € X: xxz <y}, we can see that assertions (1) and (2) are
true.

REMARK 23.4. If X(<) is sup-complete, then by Theorem 16.2, we can see
that, for each z€ X and A C X,

sup(A)*z C sup(Axz).

If in particular X (<) is poset then the equality also holds.

24. Some further theorems on increasingly normal bigroupoids

THEOREM 24.1. If 1 is a left identity of X (%), then for any z,y € X we
have

rLy < 1<zeoy.
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PROOF. By the corresponding definitions, we have
Ly <= lxx<y < 1<K<xey.

COROLLARY 24.1. If 1 is a left identity of X (x), then for any x,y € X we
have

1 1

< rex;
(3) =<

)

lel; (1) 1<

1 << 1<zel; (4) 1<y <= 1<1ley.
THEOREM 24.2. If 1 is a left identity of X (x), then for any z,y, z € X

(1) 2€1 = z<yey = z*xy<y;

(2) 1<zey and z2<1 = zxz<y = xz<zey if x is commulative.
ProoOF. By Corollary 24.1, we have 1 < yey. Hence, if z < 1, then by using

the transitivity of <, we can mfer xr < yeoy. This implies x *y < y, and thus
assertion (1) is true.

Moreover, by Theorems 24.1 and 23.1,
1<zey = <y = zxxz2<yx*xz,

and
1 = zxy<lxy = z2zxy<y — yYyxz<yY

if % is commutative. Hence, by using the transitivity of <, we can infer that
z* 2z < y. This implies = < z ey, and thus assertion (2) is also true.

REMARK 24.1. If X (<) is a poset and 1 is a left identity of X (x) such that
< 1 for all z € X, then by Theorem 24.1, for any x, y € X, we have

Ly < zey=1.

THEOREM 24.3. If 1 is a right identity of X (x), then for any =,y € X we
have

r<y <= x<ley.
PROOF. By the corresponding definitions, we have
Ty <= zx1<y < x<ley.
COROLLARY 24.2. If 1 is a right identity of X (x), then for any z, y € X we
have
(2) 1

< lex;
(3) <

)

lel; (1) =<

1l < z<1el; (4) 1<y <= 1<1ley.
THEOREM 24.4. If 1 is a right identity of X (%), then for any z,y, z € X

(1) lex <1l = 1< z;

(2) z<1ley and 2<1 = xxz2<y = z<zey if * is commutative.
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PrOOF. By Corollary 24.2, we have x < 1 e x. Hence, if 1ex < 1, then by
using the transitivity of <, we can infer 1 < . Therefore, assertion (1) is true.
Moreover, by Theorems 24.3 and 23.1,

r<ley = <y = x*xz2<yY*z,

and

z2<1l = z*xy<lxy = y*xz<yxl = y*xz<y
if * is commutative. Hence, by using the transitivity of <, we can infer that
x#z < y. This implies that = < z ey, and thus assertion (2) is also true.

THEOREM 24.5. If 1, z, x=' € X such that x '+x =1, then for any y € X
we have
1<y <= z'<zey.
PROOF. By the corresponding assumptions, we have
1<y <= z'sxzx<y <= 27 '<zrey.
COROLLARY 24.3. Under the assumptions of Theorem 24.5, x ' < zeol.

COROLLARY 24.4. If X (K) is a poset, then under the assumptions of Theorem
24.5, forany y € X with y <1, wehave y=1 <= 2z '<zey.

THEOREM 24.6. If 1, x, 2=t € X such that xxx~' =1, then for any y € X
1<y <+ z<z ley.
PROOF. By the corresponding assumptions, we have
1<y <~ m*x_léy <= xéx_loy.
COROLLARY 24.5. Under the assumptions of Theorem 24.6, v <x 'e 1.

COROLLARY 24.6. If X (<) is a poset, then under the assumptions of Theorem
24.6, forany y € X with y <1, wehave y=1 <= <z ley.

THEOREM 24.7. If = is an idempotent of X (x), then for any y € X we have
Ty < zT<Tey.
PROOF. By the corresponding definitions, we have
T<LY &= TxTx LYy << T<TOY.
COROLLARY 24.7. If = is an idempotent of X (%), then x <z ex.
THEOREM 24.8. If 0 is a left zero of X (), then for any x,y € X we have
0y <= 0<zxeoy
PROOF. By the corresponding definitions, we have
0y <= Oxx<y <= 0<zeoy.
COROLLARY 24.8. If 0 is a left zero of X (x), then for any x, y € X we have
(1) 0<0e0; (2) 0<ze0; 3) 0<y <= 0<0ey.
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THEOREM 24.9. If 0 is a right zero of X (x), then for any x,y € X we have
0y <= 0<zxeoy

PROOF. By the corresponding definitions, we have
0y <= zx0<y <= < 0eoy.
COROLLARY 24.9. If 0 is a right zero of X (x), then for any =,y € X we
have
(1) 0<0e0; (2) 2<0e0; 3) 0Ky < 0<0ey.
REMARK 24.2. Note that only a very few statements needed the reflexivity and
the transitivity of the relation <.

25. Some consequences of the commutativity and associativity of x
THEOREM 25.1. If X (%) is commutative, then for any x, y € X we have
r<ye(y*xx).

ProOF. By the corresponding assumptions, it is clear that
rry=y*xr = xry<yxz = ax<ye(y*z),
and thus the required assertion is true.

THEOREM 25.2. If X (%) is a semigroup, then for any x,y,z, w € X we
have

(1) zxy<zoew <= z< (yxz)eow;
(2) zo(yez)<(xxy)ez; (3) (zxy)ez< xo(yez).
PROOF. By the corresponding assumptions, we have
rrxy< zow <= (rxy)rz<w <= rx(yxz)<w <= < (y*xz)eo w.

Thus, assertion (1) is true.
Because of the reflexivity of <, we have

vel(yez) <we(yez).
Hence, by using assumption (c) in Notation 23.1, we can infer that
(re(yez))xz<yez, andthusalso ((ze(yez))xz)*y< 2.
Hence, by using the corresponding assumptions, we can infer that
(ro(yez))x(xxy) <z, andthusalso ze(yez)< (zxy)ez.

Therefore, assertion (2) is also true.
On the other hand, by assertion (2) in Theorem 23.2 and the associativity of
*, we have

((m*y)oz)*(x*y)gz, and thus also (((x*y)oz)*gg)*ygz
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Hence, by using assumption (c) in Notation 23.1, we can infer that
((zxy)ez)xz <yez, andthusalso (zxy)ez<ze(yexz).

Therefore, assertion (3) is also true.

COROLLARY 25.1. If X (%) is a commutative semigroup, then for any x, y, z €
X we have
ze(yez)<ye(rez).
PROOF. By using assertion (2) in Theorem 25.2 and the commutativity of
we can see that
re(yez)<(vxy)ez=(yrr)ez<ye(rez).
Therefore, by the transitivity of <, the required inequality is also true.

THEOREM 25.3. If X(<) is a poset, then the following assertions are equiva-
lent :
(1) X (%) is a semigroup ;
(2) (zxy)ez==xe(yez) foral z,y,zeX.

PRrROOF. If assertion (1) holds, then by assertions (2) and (3) in Theorem 25.2

and the antisymmetry of <, we can at once see that assertion (2) also holds.
Therefore, we need only prove the converse implication.

For this, note that if assertion (2) holds, then by Remark 23.2 we have
Jary(2) = (zxy)ez=ze(yoz) =z0g,(2) = g2(9y(2)) = (92 © 9y) (2)
for all z, y, z € X, and thus
Gaxy = Gz © Gy
for all z,y € X.

Moreover, by Remark 23.2 and Theorem 12.3, we can see that, for any =z, y €
X,

(a) g, is increasingly f,~normal;
(b) gy is increasingly f,normal; (€) gwwy increasingly fa.,normal;

as functions of X (=) to itself.

On the other hand, from assertions (a) and (b), by using Theorem 12.4, we can
infer that

(d) gury = gz © gy is increasingly f, o fy—normal,

as a function of X (=) to itself;
Therefore, by Corollary 15.2, we necessarily have

fx*y = fy © fx
for all =,y € X, and thus also

Jory(2) = (fy o fo)(2) = fy(fa(2))
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for all z, y, z € X. Hence, by using Remark 23.1, we can infer that

2k (T *xyY) = fory(2) = fy(fx(z)) = fy(zxx)=(2xx)*y
for all x,y, z € X. Thus, assertion (1) also holds.

REMARK 25.1. Note that the implication (1) = (2) can also be proved by
using a similar argument.

However, it would now be more important to give a shorter direct proof for the
implication (2) = (1) too.

THEOREM 25.4. If X (X) is a poset and X (%) is a semigroup such that
(1) X (%) has a right identity 1;
(2) each x € X has a right inverse =1 in X (*);

then for any y, z € X we have

zZey =1yx* 271,
PROOF. By assertion (1) in Theorem 23.1 and the corresponding assumptions,
for any x, y, z € X,

rxz<y = (vxz)xz '<y*x27t

1

=

rx(zx2 ) <yxz7! = 2xl<yrz7t = w<y*x2zh

Moreover, by using that

2 ly = (z’l*z) 1= (271 %2)% (271* (271)71>
(7 (zex))n (=) = (2w D) () = s () T2
we can also see that
1

_1)*2' —

laz) = zrz<y*xl = zx2<y.

rLYy*xz T = x*zg(y*z
x*zgy*(z

Therefore, we actually have

rxz<y <= w<y*rz .

Hence, by using Remark 23.2 and Corollary 15.2, we can infer that zey = yxz~!.

REMARK 25.2. If X () is a semigroup such that assumptions (1) and (2) hold,
then X (x) is actually a group [76, p. 6].
Namely, if z € X, then addition to 27! * z = 1 we also have

-1

1*z:(z*z_1)*z:z*(z *z)zz*lzz.
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26. Illustrating examples for increasingly normal bigroupoids
In addition to Theorem 25.4, we can also easily establish the following

EXAMPLE 26.1. Suppose that X (<) is a goset and X () is a semigroup such
that
(1 X (%) has a right identity 1;
(2) each z € X has aright inverse 7! in X (x);

(3) 1 < zy implies 1 xy < xyxy forall zy, 29, y€ X.

For any y, z € Z, define
zey=y*xz .
Then, X (%, o, <) is an increasingly normal, generalized ordered bigroupoid.
Namely, by the above assumptios, for any x, y, z € X

1 -1

— x*(z*z_l)gy*z —

— az<y*xz L.

T*2z<y — (x*z)*z_lgy*z_

1

Txl<y*xz" = x<ze0y.

Moreover, by using the former observation that z=!* z = 1, we can also see that

= x*zg(y*z_l)*z =

x*zgy*(zfl*z) — T*xz2<yxl = xxz<y.

r<zey — T Y*2

Therefore, the equivalence z*z <y <= =z < zey also holds.

REMARK 26.1. The operation e has several useful additional properties. How-
ever, of course, it need not be either commutative or associative even if the operation
* is commutative.

To see this, for instance, take X = ]0, +oo[, with the usual multiplication
and inequality. Moreover, for all y, z € X, define

zoy:yuz*l.

Then, we have
zel=1-z"1=z"" and lez=z-1"'=z-1=2

for all z € X. Therefore, for instance, 21 = 27! and 1e2 = 2, and thus
2e1F+1e2.

Moreover, for instance, we have
2e0(3e1)=2e3"'=3"1.27"

and

(203)e1=(203)""=(3.271) ' =2.37",

and thus 2e(3el)# (2e3)el.
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EXAMPLE 26.2. Suppose that X (%) is a groupoid. For all A, B, C C X,
define

AxC={axc: acA, ceC} and CeB={zeX: zxCCB}.
Then, P(X)(*, e, C) is an increasingly normal, partially ordered bigroupoid.
To prove this, for all A, C C X, define
Fo(A)=AxC and Ge(B)=CeB
Then, for any A, C C X we have
Fo(A)=AxC =J,cq v+%C =U,ca Folz).

Thus, by Theorem 19.4 and Corollary 18.3, the function F¢ is increasingly Gr.—
normal.

Moreover, by Definition 18.2, for any B, C' C X, we have
Gr.(B)={z€X: Fc(x)CB}={zeX: axCCB}=Gc(B).

Therefore, Gr, = G¢, and thus F¢ is also increasingly G¢c—normal. That is, for
any A, B, C C X, we have

AxCCB < Fc(A)CB < ACGc(B) < ACCeB.
EXAMPLE 26.3. Suppose that X is a set. For all A, B, C' C X, define
AxC=ANnC and CeB=BUC".
Then, P(X)(*, e,C) is an increasingly normal, partially ordered bigroupoid.
To prove this, for all A, C' C X, define
Fo(A)=AxC and Ge(B)=CeB
Then, for any A, C' C X, we have
Fe(A)=ANC= (Uyea {z})NC=U,eca {23nC)=U,eca Folz).

Thus, by Theorem 19.4 and Corollary 18.3, the function F¢ is increasingly Gr.—
normal.

Moreover, by Definition 18.2, for any B, C' C X, we have
GFC(B):{xGX: Fc(x)gB}:
{zeX: {2}NCCB}=(CNB)UC*=BUC"=Gc(B).

Namely, we have B=XNB =(CUC°)NB=(CNB)U(C°N B), and thus
also BUC®=(CNB)U((C°NB)uC®)=(CNB)UC".

Therefore, Gr, = G¢, and thus F¢ is also increasingly G¢-—normal. That
is, for any A, B, C C X, we have

AxCCB < Fz(A)CB < ACGc(B) «— ACC(CeB.
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EXAMPLE 26.4. Suppose that X is a set. For all R, S, T C X2, define
R+«T=ToR and TOB:(SC*TA)C.
Then, P(X?2)(*,e,C) is an increasingly normal, partially ordered bigroupoid.
To prove this, by using Theorem 10.1 and Corollary 10.1, we can note that, for
any = € X,
(RxT)(z)CS(z) «—
clp-1 (R x

Therefore,
R+xTCS <= RC(S*T')° <= RCTeS.
Thus, the required assertion is also true.

REMARK 26.2. By taking T'C X? and defining
Fr(R)=R«+T and Gr=TeS
for all R, S C X?, we can note that
Gp.(S)={(z,y)€X?: Fr(z,y)CS}={(2,y)eX?: To{(z,y)} C S}
for all S C X2, and moreover Fr is increasingly G'p—normal.
Therefore, the equality

(S+T1) =TeS=Gr(S)=Gp(S)={(z,y) e X*: To{(z,y)}CS}
has to be true.
To prove it directly, by our former computations, it is enough to show only

that yecinty(S(x)) < T(y)CS(x) < To{(x,y)}CS
for all z,y € X.
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