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ON THE EXISTENCE OF PERIODIC SOLUTIONS FOR
NONLINEAR COUPLED INTEGRO-DIFFERENTIAL
SYSTEMS WITH TWO VARIABLE DELAYS

Bouzid Mansouri, Abdelouaheb Ardjouni, and Ahcene Djoudi

ABSTRACT. The purpose of this paper is to investigate the existence of periodic
solutions of a system of coupled nonlinear integro-differential equations with
variable delays. By applying the Krasnoselskii fixed point theorem and under
sufficient conditions we establish the existence of such solutions. An example
is given to illustrate our results.

1. Introduction

Existence of periodic solutions of differential equations have been investigated
extensively in recent times, we refer the interested reader to the references [1]-[8],
[10], [12], [14]-[16], [19]-[21] in this article and references therein for a wealth
of information on this subject. In 2019, in the paper [11] Gabsi, Ardjouni and
Djoudi use the Mawhin coincidence degree theory and the Krasnoselskii fixed point
theorem, to obtained the existence of positive periodic solutions of the neutral
nonlinear differential system

p'(t)=pz" t—7@)+fxt—7()+gu(t—0a(t))+p(),
W(t)=—at)u(t)+ LF (tu(t—o(t))
+c(t) Gtz (t—7(),u(t—o(t)).

In the paper [17] Raffoul investigate the existence of asymptotically periodic and
periodic solutions for the following coupled nonlinear Volterra integro-differential
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34 B. MANSOURI, A. ARDJOUNI, AND A. DJOUDI

system with infinite delay

a/(t) = hy (t) @ (>+h2 +f f(x(s),y(s))ds,
Y(t)=p )y ) +p2a )z () + [ g(z(s),y(s))ds.

The author use the Schauder fixed point theorem to obtained here results. Deham
[9] consider the second order nonlinear integro-differential equation

2 (1) +p (D)2 () +q(t) / Q(t,s) f (5,2 (s — g (s))) ds,

and by the Krasnoselskii-Burton fixed point theorem show that the existence of pe-
riodic solutions is concluded. In this paper and motivated by the papers [9], [11],
[17] and the references therein and by using fixed point technique, we study the ex-
istence of periodic solutions for the following coupled nonlinear integro-differential
system
(1.1)

a'(t) = h(t)x ()+91(t x() ()7 (t—m

+er () (t—m () + [ ) f1 (@ (s),y(s))ds

") + 20y () + a(t)y(t )= 92( z(t),y(t),x(t—m (t)) Y (t—72(1)))

+ea (Y (t =72 (1) + [1 o az (t,8) fo (2 (s) ,y () ds

where p and ¢ are positive continuous real-valued functions and the functions h,
¢iy @i, © = 1,2 are continuous functions. The functions g; (t,z,y,z,w), i = 1,2 are
continuous, periodic in ¢ and Lipschitz continuous in z, y, z and w, f; (z,y), i =
1,2 are continuous and Lipschitz continuous in = and y, and for some positive
constants 7;, uj, j = 1,4 we have

®):y (t —72(1)))

4
|gl (tayl7y27y37y4) — g1 (t,$1,$2,$37$4 ZT]] |y_] il
Jj=1

4
‘92 (taylayQay?)ayll) — g2 (t,$1,$27x3,$4)| g Z/’(‘J |y] - Z‘]| ’

and for some positive constants p;, &;, 7 = 1,2 we have

|f1 (v, 92) = f1 (21, 22)] ZP; ly; — 2,

and
f2 (1, y2) — fa (21, 22))| Zsj ly; —
We assume that g; (¢,0,0,0,0) = g2 (¢,0,0,0, 0) = f1(0,0) = f2(0,0) = 0.
We also suppose that there exists a positive real number T' such that

h(t+T /i ds #0, a;(t+T,s+T)=a;(t,s),
(12) {@@+ﬂ—a(%0(+ﬂ—n(%i=LZ

for t € R, with 7; being scalar functions, continuous and 7; (t) > 7 > 0, 7/ (t) # 1.
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To have a well behaved mapping we must assume that

T T
(1.3) pt+T)=p(t), ¢qt+T)=q(t), /0 p(s)ds > 0, /0 q(s)ds > 0.
Define

where ¢ and 1 are continuous functions on R. Then, Pr is a Banach space when
endowed with the maximum norm

= t t .
ol = oo { s (0] o 1y ()1}

t€[0,T)

LEMMA 1.1 ([13]). Assume that (1.2) and (1.3) hold and

(1.4) % (efOT p(u)du _ 1) 51,
where
R = max

t+T efts p(u)du J
t€[0,T] \/; e.foT p(u)du _ 1q (S) s

, Q= (1 + effp(u)d“fR?.
Then, there are continuous T-periodic functions a and b such that

T
b(t) >0, /O a(u)du > 0,
and
a(t)+b@t)=p@), V' t)+a()b(t)=q(t), forteR.

LEMMA 1.2 ([22]). Assume the conditions of Lemma 1.1 hold and ¢ € Pr.
Then, the equation

2 (&) ) () +a(t)z () =6 (t),

has a T-periodic solution. Moreover, the periodic solution can be expressed as

t+T
st)= [ Gltoo@ds
¢
where
S o J b(v)dv+ [2 a(v)dv T [ b(v)dot [2T7 a(v)dv
Jie du+ [ e du

(efoT a(u)du _ 1) (efoT b(u)du _ 1)

COROLLARY 1.1 ([22]). Green’s function G satisfies the following properties
Gitt+T)=G(t), Gt+T,s+T)=G(¢ts),
%G(t,s) =a(s)G(t,s) — H(t,s),

0 *
5,G (t5) = —b(t) G (t,5) + H" (t,5),

G(t,s) =
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where
ef;“ b(v)dv eff,s a(v)dv
— H"(t,8) = —(/———.
efoT b(v)dv __ 17 ( ’S) efoT a(v)dv _ 1
LEMMA 1.3. Assume (1.2)-(1.4). If x,y € Pr, then x and y is a solution of
(1.1) if and only if

_q@waum_/”Tdﬁ”W“ _
RN 71 (1) L 1ol has ! () (u = (u)) du

t+T [T h(s)ds

/ 17€f0 h(s )ds

ST h(s)ds  pu
/“aum@ﬁu@LM@mwm

1—ef0 h(s) 00

H(t,s) =

g1 (w2 (u),y (u) 2 (u =7 (u),y (u—72(u))du

and
t+T

y(t) = G (t,u) g2 (uw,x (u),y (u), 2 (u—71(w),y (u—T2(u))) du

—~

4T "
" -/t G(tu) / az (u, s) f2 (z (s),y (s)) dsdu

— 00

t+T
(1.6) + /t [ha (w) H (t,u) =72 (u) G (8, w)]y (u = 75 (u)) du,

where

(ch () = ex (u) b (w) (1 = 7{ () + 7' (u) 1 (u)
1.7 r1(u) = )
(1.7) (u) T
(18) b ) = 1200,

(au) ez (u) + ¢y (w) (1= 73 (w) + 74 (w) 2 (u)
(1.9) ro (u) = .

2
(1 =73 (u)
PROOF. Let x,y € Pr be a solution of (1.1). Next, we multiply both sides

of the first equation in (1.1) by e~ I3 (®)ds and then integrate from t to t + T, to
obtain

t+T . ,
/ [x(u)e_ Jo h(s)ds] du
! t+T “
:/ e I OB g (uyx (u) g (u) @ (u— 71 (u)) ,y (u— 72 (u))) du
t
t+T “
+ / e~ o MOds ey (u) o (u— 7 (u)) du
t

t+T u
—|—/ " e o h(s)ds/ ay (u, s) f1 (z(s),y(s)) dsdu.

— 00
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Consequently, we have

z(t+T)e” Jo " hs)ds _ z(t)e” Jo hls)ds
T
B / e 0 Mgy (ua (), y (u) @ (w =71 (u),y (u— 72 (u)) du
t

T
+ / e Jo M) s e (w) 2! (u— 7 (u)) du
t

T u
+ /tH— e~ do h(s)ds/ a1 (u,s) f1 (z(s),y (s)) dsdu.

—00

Multiply both sides with efd " 2()4s and using the fact that z(t+T) = z(t) and
eftH—T h(s)ds _ efoT h(s)ds’ we obtain

t+T ef£+T h(s)ds
o) = [ e (e )y )@ (0= 7 (). (0 7 )
t — e’o °

/t+T eﬁ*T h(s)ds
t

1— efoT h(s)ds ¢

+

1(w) 2’ (u—71 (u)du

T [HT h(s)ds u
(1.10) + /t 167 / ay (u,s) f1 (z(s),y(s)) dsdu.

_ o hs)ds f_
Letting

=T
/ elu s e (u) ! (u— 7 (u)) du
t

(1 =7 (u) ' (u— 71 (u))du,

_ / BT ST RS ey ()
t 1—7{(u)

performing an integration by parts, we get

=T
/ efu Mo (u) 2! (u— 7y (u)) du
t

— T T HT
_ |:Cl (u)lx('i{ (1:)1 (u))efu+ h(s)ds:| t _ /t efqu h(s)ds,r1 (w)z (u— 71 () du

(1.11)

et —m(t T HT
_al )136_(7{ (;1( ) (1 —elo h(s)ds) f/t el S (u) 3 (u — 7y (u)) du,
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where 71 (u) is given by (1.7). Substituting (1.11) into (1.10), we obtain

z(t) =

2@ n@) _ | BT L (o
t

=7 () s (W7 =T W) du

t+T eLj+T h(s)ds
+/t ng (u,z (u),y(u),z(u—m"(u),y(u—"s(u)))du

t+T eLj+T h(s)ds u
w0 o [ @) fie () () dsdu
t —00

1— efoT h(s)ds
For the second equation in (1.1). From Lemma 1.2, we get
t+T
y(t) = /t G (tu) g2 (w, @ (u),y (u), @ (u—71(u)),y (u—T72(u)))du
t+T
+ / G(t,u)ca (t)y (t — 12 (t)) du
¢
t+T u
)t [ G [ e fale ()0 () dsdu

— 00

Letting

t+T
/t G (t,u)ca (u)y (u— T2 (u))du

- /t+T G (t,u) 2 (u)

177_5 (’U,) (1_7-2/ (u))y/ (U_TQ (u)) du7

performing an integration by parts, we get

[G (t,u) ca (u)y (u—72 (w) ]

4T
/t G (t,u)co (u)y (u— 72 (u)) du = T2 ()

t

t+T
- / [ra () G (t,w) — s (u) H (£, )]y (1 — 75 (1)) .

Since

{G (t,u) ea (u) y (u — 72 (u))]t+T

=0
1— 75 (u) ’

t

we obtain
+T
/ G(t,u)ex (u)y (u— 72 (u))du
t

t+T
(1.13) = /75 [ho (u) H (t,u) —ro (u) G (t,u)] y (u — 72 (u)) du.
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where hs (u) and 9 (u) are given by (1.8) and (1.9). Substituting (1.13) into (1.12),
we obtain

t+T
y(t)zft G () g2 (s () () 2 (u — 71 (w)) 3y (u— 72 () s

t+T "
+/t G(t,u)/ as (u,s) fo (z (s),y (s)) dsdu

t+T -
+ /t lho (w) H (£, 1) — 2 (u) G (b )]y (u — 2 (u)) du.

O

LEMMA 1.4 ([22]). Let T = [ p(u)du, A = T?et Jo ma)du [ T2 > 4p,
then we have

min{/oTa(u)du, /OTb(u)du} > % (]f‘_,/]j2_4A) =1,
max{/OTa(u)du, /OTb(u)du} < % (F+~/F2—4A) — m.

COROLLARY 1.2 ([22]). Functions G and H satisfy

T TGIOT p(v)dv em
L <Gty < T H () <
(em — 1) (e~ 1) -1
To simplify notation, we introduce the constants
TefoT p(v)dv em
@12 e = e e O
= ], A= t)|, 6 = b(t)|.
f= max 2 ()], max, la (8)], tg[13>;,]\ ®)]

2. Periodic solutions

LEMMA 2.1 ([18]). Let M be a bounded closed convex mnonempty subset of a
Banach space (S, || - ||). Assume that A and B map M into S such that

(i) x,y € M, implies Az + By € M,

(ii) A is continuous and compact,

(#ii) B is a contraction mapping.

Then, there exists z € M with z = Az + Bz.

Let a1 (t) = 1flT(,t()t), we assume that sup,s, |a1 (t)| = 81 < 1. Let V;, i = 1,2
1 =

be a positive constants such that 0 < V; + 87 < 1. Moreover, assume the existence
of positive constants M;, K;, L;, i = 1,2 and o such that

(2.1) 1 (z,y)| < My,
(2.2) |f2 (z,y)| < Ma,

(23) |gl (t7$>yasz)| < K17 |92 (tax7yazaw)| < K27
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(2.4) /t -

t+T
(2.5) / / lag (u, s)| dsdu < Lo,

ST h(s)ds
(2.6) /
t

1— €f0T (s)ds

efiJrT h(s)ds

1— efoT h(s)ds

u
/ lay (u, )| dsdu < Ly,

[r1 (w)du < VA,

ef7f+T h(s)ds

t+T
2. ———|du < Vs,
( 7) /t 1,ef0T h(s)ds u ‘/2
and

u

(2.8) / la1 (u,s)|ds < o
Set

‘/2K1+L1M1 (TKQ""LQMQ)OL}
2.9 M = , ,
. " { 1-Vi—B 1-T(07+ fa)

with 0 < T (6y + fa) < 1.
We define subset €2, , of Pr as follows
Quy ={(z,y) : (z,y) € Pr with ||(z,y)|| < M}.

Then Q, , is a bounded, closed and convex subset of Pr. Now for (z,y) € Q, , we
can define an operator I : €}, , — Pr by

E(z,y) (t) = (BE1(z,y) (1), E2(x,y) (1)),
where

ci(t)x(t—m1 HT i hls)ds
B (o) () = LR [ (e (u - (1) du

t+T f;'*'T h(s)ds
[ e (e )y () = 7 (@) (0= 2 ()

(2.10)
T [iFT h(s)ds u
+/t W[ ay (u,s) fi(z (s),y(s))dsdu,

and



ON THE EXISTENCE OF PERIODIC SOLUTIONS 41

To apply Lemma 2.1, we need to construct two mappings, one is a contraction
and the other is compact. Therefore, we state (2.10) as

El (x,y) (t) = Bl (x,y) (t) + Al ($7y) (t) ’
where By, A1 : Q4 — Pr are given by

a )z 7))

Bi(ry) (1) =

and

HT [T h(s)d
Ay (z,y) (t) = —/t T ! (u)z (u—71 (u)) du

t+T effrT h(s)d
[ e (e )y () (a = 7 () (0= 7 ()

t+T [T h(s)ds u
+/ 4————f/ a1 (u, ) 1 (2 (5) ,y (s)) dsdu.
t

1— efoT h(s)ds J_
And we state (2.11) as
By (2,y) (t) = Bz (z,y) (t) + A2 (2,9) (1),
where Ba, A : Q0 4, — Pr are given by

t+T
By (z,y) (t) = /t G (t,u) g2 (u, 2 (u),y (w), @ (u =71 (u),y (u—72(u))) du,

and

t+T u
As (z,y) () = /t G (t, u)/ as (u, s) fa (z(s),y(s))dsdu

T
+ / [ho (u) H (t,u) —re (u) G (t,u)] y (u — 72 (u)) du.
t
Now for (x,y) € Q, we can define the operators B, A : Q,, — Pr by
B (z,y) (t) = (By (2,9) (t), B2(x,y) (1)),

A(z,y) (1) = (A1 (z,y) (1), A2 (z,y) ().

Observe that, since the functions g;(t, z1, 22, x3,24), @ = 1,2 is Lipschitz con-
tinuous in 1, x2, x3, x4 and f;(x1,z2), i = 1,2 is Lipschitz continuous in z1, zo we
have

|gl (t,l’l,l'g,xg,.’ﬂ4)|
= ‘gl (t,$1,$27$3,$4) — g1 (t70707 Oa 0) + g1 (t707 03 070)|
g ‘gl (t,$1,$2,.%‘3,l‘4) — g1 (t7070a070)| + |gl (t70a0a070)|

4
< an |x]| )
j=1
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lg2 (t, 71, 2, 3, 4)|
= ‘92 (t,$1,$27l‘3,x4) — g2 (t7070a0?0) + g2 (t70a0a070)|
< ‘92 (t,$1,$27l’3,$4) — 92 (t70707030)| + |92 (t70303070)|

N

2% |$]‘ )
1

J

|f1 (@1, x2)]
= |f1 (z1,22) — f1(0,0) + f1 (0,0)]

2
< |f1 (21, 22) — f1(0,0)] 4 [ f1 (0,0)] < ij |,
=

and

| f2 (w1, 72)]
= [f2 (x1,22) — f2(0,0) + f2(0,0)]

< | fa (@1, m2) = f2 (0,0)] + |f2(0,0)] <D &l -

j=1

THEOREM 2.1. Suppose (1.2)-(1.4) and (2.1)-(2.8) hold. Suppose that

4 2 2
Vit Ve i+ L1y pj <1and Lya Y & +T (0 + fa) < 1,
j=1 j=1

j=1

and TaV < 1, where V. = max (u1 + ps, pto + pa). Then (1.1) has a T-periodic
solution.

PROOF. In order to prove that (1.1) has a T-periodic solution, we shall make
sure that A and B satisfy the conditions of Lemma 2.1. For all (z,y) € € ,, we have
(x,y) t+T) = (z,y) () and ||(z,y)|| < M. Tt is easy to show that E(x,y)(t+T) =
E(x,y)(t). For any (z,y) € Q,,, we will show that |E (z,y) (t)] < M. In view of
the above estimates, we have

C1 (t)

T |z (t =7 ()| < B M,

1B, (23) (8)] < '
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and

t+
A1 (2,) ()] < /

t+T
+ /
t
efu h(s)ds

t+T
T /t 1— efOT h(s)ds

<ViM + VoK + Ly M.

6qu+T h(s)ds

1 — T h(s)ds Ir1 (W] |z (u — 71 (u))] du

ef,iJrT h(s)ds

T s |l e ),y ()@ (w = () y (0= 72 (w)] du

/u lax (u, 8)| | f1 (2 (s),y (s))| dsdu

— 00

As a consequence of (2.9),

K+ LM
Voly £ LMy < M, we have VoKy + L1M; < (1 - Vi — ) M
1-Vi—5
This implies that
| By (z,y)(1)] M+ ViM+ VoK + LMy

< B
gﬁ M+V1M+(].—V1—ﬁ1)M:M
On the other hand

1By (2.) ()]
t+T
s/t G (t,) g2 (2 () () 2 (u— 7 () 1y (s — 7 (1)) e
< TKsa,
and
A2 @) (0] < | / las (u, )| |2 (2 (5) , (5))] dsclu

+ \hz )HH (8 w) + [r2 (w)] G (¢ w)] [y (u — 72 (w)] du
t
< LoMaa + T (0 + Ba) M
As a consequence of (2.9),

(TK2 + LQMQ) «

< M, we have (TKs+ LoMo)a < (1 =T (0 + Ba)) M

— T (v + Ba)
This implies that
B2 (2, y)(t)] < TKza + LoyMyar + T (67 + o) M
<SA-TOy+Ba)) M +T (6y+ Ba) M = M.

Thus, E maps Q, , into itself, i.e. E(Qgy) C Qu,. We will now show that A is
continuous. Let {(xn,y,)} be a sequence in £, , such that

'nh~>nolo ”(l'n;yn) - (zvy)” =0.
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Since €, is closed, we get (x,y) € €0, . Then by the definition of A, we obtain

14 = A )] = ma { e 14 (0000) () = A1 (20) 0]

. [As () (£) — A (2,1) <t>|} ,

te[0,T
in which

[Ax (wn,yn)( ) — Ax(z,y) ()]
ft+T h(s)ds
r1 (W)l e (u =71 (v) — 2 (u— 71 (u))| du

fT h(s)ds

1— €f0 h(s)ds

t+T ef7:+T h(s)ds
/ g (1 (1) sy (10) 2 (1 — 71 (1)) s (= 72 (1))
g (uy (), ()2 (0 — 74 () oy (= 72 ()] s

T | o fit T h(s)ds | pu
+/t 7T/ lax (u, s)| [ f1 (@n (s)  yn () — f1 (2 (s) ¥ (s))] dsdu,

1— €f0 h(s)ds oo

the continuity of g; and f; along with the Lebesgue dominated convergence theorem
implies that

lim max |41 (zn,yn) (t) — A1 (x,y) (t)] = 0.

n—00 t€[0,7)

And on the other hand
| Az wmyn)( ) — Az (z,y) (1)

/ G (t,u) / 0z (1, )] |2 (20n (5) 9 (5)) — fo (& (5) ,y ()] dsdlu
+/t e ()| [ (8, 0)] + [r2 ()] G (£, )] g (1 — 7 () — 3 (tt — 2 ()| s

The continuity of fo along with the Lebesgue dominated convergence theorem im-
plies that

1 A ny Yn t)—A ’ t)] = 0.
L B e (o) (0= A2 (220 (0

Thus

nh—>néo [A (@, yn) — A (z,y)[| = 0.

This result proves that A is continuous.
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We now have to show that A is compact. For n € N, let (2,,y,) € Q2
have

x,yy W€

A (l“m yn) (8)]

ftJrT h(s)ds
/ | a1 )
t+T ejt+T h(s)ds
+ / f h(s)ds ‘gl (u’xn (u) »Yn (U) y In (u —T1 (U)) y Un (U —T9 (u)))| du
t — eJo
t+T eft+T h(s)ds u
+/t' ef() h(é)db /;Oo ‘a’l (U‘?S)‘ |f1 (l'n (S) 7y’n (S))l deu

( +VQZnJ+LIZpJ M<M

And
42 o) )
/ G (t,u) / a2 (,8)| |2 (n (5) , 3 (5))] dsdu
+/t [hz (@) [H (£,10)] + 2 ()] G (£ )] |y (1 — 72 ()] du
2
< | Lead & +T(0v+Ba) | M <M.
j=1
Thus

A (xnayn)” < M.
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If we calculate (A (x,,yn)) (), then

(Al (wnvyn))l< )
=91 (60 (1) ,yn (8) 20 (E = 71 (£) s yn (E — 72 (£))) — 71 () 2 (t — 71 (2))

[ 09) 1 o 6) s () s+ (1)

BT [5T h(s)ds
g [/t WQI (u, Tn (u) y Yn (U‘) y Ty (’LL -7 (U)) yYn (u — T2 (u))) du

t+T ff+T h(s)ds
/t' m 1(U)1’n (U*Tl (U))du
— eJo

t+T f‘*Th( Yds u
/t efo ¥R /_Oo a1 (u,s) f1(z(s),y(s))dsdu

=91 (620 (8 yn (8) s 20 (E =71 (8)),yn (8 =72 (2))) =71 () 2 (£ = 71 (2))

4 / (t,8) f1 (n (8),yn (8)) ds + h(t) A1 (xn, yn) (),

o0

_|_

hence, for some positive constant D, we obtain

| (A1 (@, yn)) (1)]
< g1tz () yn (8) 20 (=70 () yn (8 = 72 ()] + [r1 ()] |2 (€ — 71 (2))]

+ /_ lav (, 8)] [f1 (2 (s) , yn (5)] ds + [h(E)| [Ar (2, yn) (2)]

4 2
< [an—l—Jij—l—Ql—i—&Q] M < Dy,

j=1 j=1
where sup,,,, [r1 (t)| = 01, sup;>,, |h(t)| = 62. On the other hand

(A2 (l‘n, yn))l (t)

t+T
:j [%wwa+HWmm/ a2 (u, ) fo (2n (3) , g (5)) dsdu

t+T -
+ha(t)yn (t — 12 () — /t [b(t) (ho (w) H (t,u) —r2 (u) G (t, u))
+ro (u) H* (t,u)] yn (u — 72 (u)) du,
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hence, for some positive constant D5, we obtain

’(A2 (Tn, yn))/ (t)‘

t+T u
s[ ﬂumcww+WWMm/’mwth@mw%wmww

oo

t+T
+ [h2 ()] |y (t — 72 (1)) +/t (1o @)] (|h2 (W) [H (&, w)| + [r2 (w)| G (¢, w))

+ |r2 (W H™ (£, )] [yn (v — 72 (u))| du
2
< (Ba+9)LaM > & +0M + T [5 (6 + Ba) + ] M < Ds.
j=1

Thus
| (A (2, y0))'|| < D,

where D = max (D1, D2). Thus, the sequence (A (2n,yr)) is uniformly bounded
and equi-continuous. The Arzela-Ascoli theorem implies that there exists a subse-
quence (A (@, Yn,)) of (A (zn,yn)) converges uniformly to a continuous T-periodic
function. Thus, A is compact.

For all (z1,y1), (22, y2) € Qa y,

|B1 (71, y1) (t) — B1 (w2, y2) (1)]
a@)zi(t—m(t) c@)z(t—7())

1—7'{ (t) 1—7{(t)

L | o =T 0) =2 (= ()
1

1\96‘1(15—71())—Sﬂz(t—ﬁ(t))|a
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hence Bj is contraction because 87 < 1. And

|Ba (z1,91) (t) — Ba (22, y2) (t)]

t+T
< / G (1) g2 (1 (u) 91 () 01 (u — 71 (), 1 (ot — 75 (1))

—g2 (u, 22 (u) ,y2 (u) , 22 (u — 71 (u)), Y2 (u — T2 (u)))| du
STa(p |z (t) —z2 ()] +ps | (-7 (1) —22 (=71 (1))
iz [y1 (1) —y2 (O] + pafyr (E =72 (1) —y2 (t — 72 (1))])

<T - _ o (f—
a(ultg}%lxl (t) xz(t)|+u3tgﬁ§]\x1 (t=7(t) —x2(t—71(1))

+ 112 max, [y () — v ()] + pa ax, [y (t =72 (1) —y2 (t — T2 (t))>

< Ta (ml T ps) max [en () — @ (6] + (2 + 1a) max lyn () — v <t>)
te[0,T) te[0,T

gT V t - t 3 t - t I
v o () — 22 (0] o o 0) 32 0]

hence Bs is contraction because TaV < 1. Then
|B (z1,51) (t) — B (22,2) (t)]
= max {|B1 (z1,51) (t) = B1 (x2,y2) ()], [B2 (x1,31) (t) — B2 (22, 2) ()]},
this implies that
1B (z1,91) — B (22, 52) ||

< . TaV t) — o ()], ) —ye (1)) .

o (5, TV ) mae e o1 0) = (0] mas. b (6) = e 0]

Hence B is contraction. Thus, the conditions of Lemma 2.1 are satisfied and there

is a (z,y) € Qs 4, such that (z,y) = A (z,y) + B (z,y). O
In the next theorem, we relax condition (2.2).

THEOREM 2.2. Assume (1.2)-(1.4), (2.1) and (2.3)-(2.8) hold. Suppose that

4 2 2
Vit Vo mj+Liy pj <1, and Lyay &+ T (67 +fa) <1,
j=1 j=1

j=1

and TaV < 1, where V. = max (u1 + ps, pio + pa). In addition, we assume the
existence of continuous nondecreasing function Wo such that

[f2 (z,y)] < fa (], y) < N2Wa (Jz])
for some positive constant Na, and for u > 0 we ask that
Walu) _ 1T (6y+Ba) - Tl

u = LQNQOC ’
Then, (1.1) has a T-periodic solution.

(2.12)
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PROOF. Set

‘/2K1+L1M1 (TK2+L2N2W2(M))CX}
1—V1—51 ’ 1—T(9’7+BO&)

Note that due to (2.12) we get

(2.13) M = max {

(TK2 + L2N2W2 (M)) (6%

1—-T(6v+ Ba)
and hence (2.12) is well defined. For any (z,y) € Q. ,, we obtain by the proof of
the previous theorem that

M >

|Ey (2, y) ()] < M.

Then

1By (,) (0)

t+T

</t G (t,u) |92 (w2 () (u) , & (u — 7 (1)) sy s — 2 ()|

gTKZOlv
and

t+T u
Az (2,) (8)] < / G (t,u) / las (u, )| f2 (12 ()], y (s)) dsdu

t+T
+/t [he ()| [H (&, w)] + [r2 (w)| G (¢, w)l [y (u = 72 ()| du

u

t+T
< Ny W (M) / G (tu) / las (u, s)| dsdu
t

t+T -
+M/t [lhe (W) [H (¢, u)| + |r2 (u)| G (¢, u)] du

As a consequence of (2.13),

(TKQ + L2N2W2 (M)) (&%
1—T (67 + Ba)

<M,
we have

(TKy + LaNoWo (M) oo < (1 =T (07 + o)) M.
This implies that

|Ea(z,y)(t)| < TKaa + LaNoaWs (M) + T (0 + Ba) M
SA=T(0y+Ba)) M +T(0y+ Ba) M = M.

The rest of the proof follows along the lines of the proof of Theorem 2.1. O

In the next theorem, we relax condition (2.1).
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THEOREM 2.3. Assume (1.2)-(1.4) and (2.2)-(2.8) hold. Suppose that
4 2 2
Vi+Vad mi+L1Y pj<1andLyad & +T(0y+ Ba) <1
— — =
and TaV < 1, where V. = max (u1 + us, pio + pa). In addition, we suppose the
existence of continuous nondecreasing function W1 such that

[f1 (@ )] < fo (e yl) < MW (Jyl)

for some positive constant N1, and for u > 0 we ask that
Wy(u)  1-V—p— %5

2.14 <
( ) U L1N1
Then, (1.1) has a T-periodic solution.
PROOF. Set
V2K1 + L1N1W1 (M) (TK2 + LQMQ) (0%
2.15 M =
(&19) max{ I=Vi—B1 ' 1-T(0y+ fBa)

Note that due to (2.14) we have
VoK + LiN Wy (M)
1-=Vi—5 ’
and hence (2.14) is well defined. For any (z,y) € Q,,, we get by the proof of the
previous theorem that

M >

|Es (z,y) (t)] < M.

Thus
31 o) (01 < |20 o= 0)] < i
and
|41 (x,y 8l
et h(s)ds
/ | I () (= ()
j“rT h(s)ds
b el e 000 7 ) 7 )

ef;JrT h(s)ds
eJu T h(s)ds
1— fT (s)ds

/_|a1(u78)|f1(x(S),\y(s)\)dsdu

t+T
|r1 (w)] du + K3 /
t

6f1f+T h(s)ds

t+T
o
t
t+T
< |
t

t+T
+ N W1 (M)/
t

<VAIM + VoK + Li N, W, (M).

effrT h(s)ds

—|d
1— Bft;r h(s)ds u

¢
/ lat (u, s)| dsdu

— 00

1— e-foT h(s)ds
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As a consequence of (2.15),

VoK1 + LiN\W1 (M)

S M, we have ‘/QK:[ +L1N1W1 (M) < (1 —Vl —51)M

1-Vi -5
This implies that
|Ei(z,y)(t)| < 1M+ ViM + Vo Ky + LN W, (M)
<BHM+ViIM +(1—Vi — B) M = M.
The rest of the proof follows along the lines of the proof of Theorem 2.1. O
ExampPLE 2.1. Consider the coupled nonlinear integro-differential system
(2.16)
a'(t) =h(t)x ()+91(t a;() ()733( —7(t),y(t—72(1)))
—|—cl(t)x’(t—7'1 N+ [ s) fi(z(s),y(s))ds,
y'(t) +p)y'(t) + q(t)y(tt) = 92 (t,ﬂﬁ ),y@#),zt—7(),y(t—7())
+02 )y t—72(t)+ [ az(t,s) f2(x(s),y(s))ds,
where
1 1 2 3 .
p(t) = = q(t) = 1087 @ (t) = 108 5™ (t), ca(t) = 108 SIm (t),
1 —t+s 1 —t+s
71 (t) = 2w, 7o (t) = 4w, a1 (t,s) = T8¢ , as(t,s) = 109¢ ,
f1(z1,20) = isim(gc )—I—icos(x ), h(t)= 1
1 1,42) — 102 1 103 2), - 1027
7 5
fo (z1,22) = 108 cos (x1) + 102 sin (z9), T = 2m,
(t, 21,22, 23,24) = — sin (x )+icos(a: )+ —= sin (z3 + x4)
g1 (1, 1, T2,T3,T4) = 105 1 105 2 105 3 4),
(t ) = o sin (1 +2) + o cos (a) + 1o sin ()
g2 (1, T1,%2,X3,T4) = 105 sin (r1 + X2 105 cos (3 105 sin (x4) .

The conditions of Theorem 2.1 are satisfied, then (2.16) has a 27-periodic solution.

3. Conclusion

In the current paper, we have studied the existence of periodic solutions for a
system of coupled nonlinear integro-differential equations with variable delays. We
have presented the existence theorems for the problem (1.1) under some sufficient
conditions due to the Krasnoselskii fixed point theorem. The main results have
been well illustrated with the help of an example.
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