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EXISTENCE OF POSITIVE SOLUTIONS FOR
FRACTIONAL ORDER BOUNDARY VALUE PROBLEMS

Serife Miige Ege and Fatma Serap Topal

ABSTRACT. Solution of fractional differential equations is an emerging area of
present day research because such equations arise in various applied fields. In
this paper, by using fixed point theorems in a cone, we discuss the existence and
multiplicity of positive solutions to nonlinear fractional differential equations
with an integral boundary condition. Finally, we also give an example to
illustrate our main results.

1. Introduction

The study of fractional calculus has been used to model physical, engineering
and economic processes, notions and phenomena. Fractional differential equations
with boundary value problems, which emerge as a branch of differential equations
are encouraged by the widespread applicability of fractional derivatives. Recently,
fractional boundary value problems have attracted much more attention since there
is extensive use in the fields of physics, chemistry, aerodynamics, polymer rheol-
ogy, etc. Many papers and books on fractional calculus and fractional differential
equations have appeared [6, 10, 11].

Many people pay attention to the existence and multiplicity of solutions or pos-
itive solutions for boundary value problems of nonlinear fractional differential equa-
tions by means of some fixed-point theorems [13, 2, 5] (such as the Schauder fixed-
point theorem, the Guo-Krasnosel’skii fixed-point theorem,the Leggett-Williams
fixed-point theorem). As far as we know, there are some papers devoted to the
study of fractional differential equations with integral boundary conditions [3, 4, 1].
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146 EGE AND TOPAL

Since the Riemann-Stieltjes integral is more general than the classical Riemann
integral, it is a very useful tool in many research areas. In the study of differen-
tial equations, boundary value problems contain not only the classical Riemann
integral boundary values, but also the Riemann-Stieltjes integral boundary values.
Riemann-Stieltjes integral fo t)dA(t) become more significant when A is not dif-
ferentiable or A is discontinuous. However, the best of our knowledge, the study of
Riemann-Stieltjes integral boundary value problems of fractional differential equa-
tions is relatively scarce. Few researchers have studied on this class of problems.

Ahmad and Nieto [7] considered the fractional differential equation with inte-
gral boundary conditions

Di,x(t) = f(th(t)aSXaﬂ(t))v te(0,1)
az(0) + B2'(0) = / q1(s)ds,
0

az(l) + B2'(1) = /0 q2(s)ds.

In [5], He, Jia, Liu and Chen studied the existence results for a class of high
order fractional differential equation with integral boundary condition

DS u(t) + )\f(t u( )) 0, te(0,1)
u(0) = u'(0) = u"2(0) = 0,
0+u (1) = /) D0+U Alt),

wheren >3, n—1<a<n 0<f8<

Inspired by above works, we will consider the following fractional boundary
value problem

DEu(t) + f(tu(t) =0, e (0,1)
UH(O) _ UW(O) _ _ u(n 1)(0) =0,

(1.1) au(0) + Bu' (0 / I (s)u(s)dA(s),
(1) — 8ul (1) = / 2 (s)u(s)dA(s),

wheren >3, n—1<qg< fo ) denotes the Riemann- Stieltjes integrals
with respect to A, in which A( ) is monotone increasing function. f : [0,1] x RT —
R* continuous function and Dj, is the Caputo fractional derivative.

Throughout this paper, we assume the following conditions hold:
)
(H1) — > B > 1 such that «, 8,7v,6 > 0,
@

Y
(H2)f € C(]0,1] x [0, 0], [0, oc]),
(H3) hq,he € C([0,1],]0,00]), 0 < yvi+avy < a D:=1—v4—v;+vi04—v203 > 0,
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where
o =g [ 0= s ()aAG),
vy = % /O las — Blha (s)dA(s),
o= g [ 10 1= s ()aAG),

1
vy = Z/o [as — Blha(s)dA(s) and A = ary — ad — yf5.

The paper is organized as follows. In Section 2, present some background mate-
rials and preliminaries. In Section 3, we give some existence and multiplicity results
for the boundary value problem (1.1) and also an example is given to illustrate main
results.

2. Preliminaries

In this section, we introduce notations, definitions and preliminary facts which
are used throughout this paper. Firstly, for convenience of the reader, we give some
definitions and fundamental results of fractional calculus theory.

DEFINITION 2.1. For a function f given on the interval [a,b], the Caputo de-
rivative of fractional order r is defined as

T - t — )" (Yds, n=]r
D7F0) = s [ = s, = (41

where [r] denotes the integer part of .

DEFINITION 2.2. The Riemann-Liouville fractional integral of order r for a
function f is defined as

I"f(t) = % /Ot(t —8)" " f(s)ds, >0,
where [r] denotes the integer part of .
LEMMA 2.3. Letr > 0. Then the differential equation D"xz(t) = 0 has solutions
xz(t) =co 4+ 1t + eat? o Fepqt" L,
where ¢; €R, i =0,1,2,...,n, n=[r] + 1.
LEMMA 2.4. Letr > 0. Then
I"(D"2)(t) = x(t) + co + 1t + cot® + ... + e t" 1,

where ¢; €R, i =0,1,2,...,n, n = [r] + 1.
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For finding a solution of the problem (1.1), we first consider the following
fractional differential equation

Di u(t) = —y(t), te(0,1)
u”(0) =u""(0) = e = u™ D (0) =0,

(2.1) au(0) + Bu’(0) = ; hi(s)u(s)dA(s),
/w41)—5u%1)=lé ho(5)u(s)dA(s).

LEMMA 2.5. Letn >3 andn—1< g < n. Assume y € C[0,1] and (H1) holds,
then the problem (2.1) has a unique solution u(t) given by

1 1 1
u(t) = / G(t, s)y(s)ds + / H(t, s) / G(s, () dndA(s),

where
H(t.9) = 55 (B = 00 = 1) = 5+ (a1 = BJualin o)
(1~ t)v — 6+ (ot — B)(1 - v1>]h2<s>)
and
Glt,s) = ~— (at = B)(v(1 =)  =d(g =11 =9)T) = At —5)"", s<t
PITAT@) ) (ot - B)(r(1— 5T — 5(g — 1)1 — 57, r<s.

PROOF. According to Lemma 2.1, the general solution of fractional differential
equation (2.1) can be given as

1 t
u(t) = —=—— / (t — )7 ly(s)ds + co + crt + ... + cp1t" 1,
I'(q) Jo

where ¢; e R, i =1,2,....,.n — 1.

Since u”(0) = w”'(0) = ... = u =D (0) = 0, we have ¢c3 = ¢35 = ... = ¢,_1 = 0,
S0
I 1
=——— [ (t—s)T t
u(t) ) /0 (t =) y(s)ds + co + et
and
t
u'(t) = —#/ (t —5)7 2y(s)ds + c;.
(g —1) Jo

From the boundary conditions, we get
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1
aco + P = /Ohl(s)u(s)dA(s)

Yoo+ (v —d)er = ﬁ/o (1—s)"y(s)ds — 11(6)/0 (1= )1 %y(s)ds

q—1
+ /0 ha(s)u(s)dA(s).

1)
Defining A = ary (1 - — = B), we obtain
v

1 1
g = i <I?£§)/O (1- s)qfly(sﬂls + F(q(sé 1) A (1-— 5)q72y(5)d5
1 1
+ (7*5)/0 ha(s)u(s)dA(s) *5/0 hz(S)U(S)dA(S))

and

o ! o '

a = i(m%/o (1s)q1y<s>dsr<qi1>/o (1— 5)72y(s)ds
1 1

- v /0 I (s)u(s)dA(s) + o /0 h2<s>u(s>dA(s>)-

Thus, we have

- _L ! — 9)7 Ly(s)ds V(Oét—ﬁ) ! — 9)1y(s)ds
ut) =~ [ =0ty L5 [ -9ty

_ Z(I?‘(’;__ﬁl)) /O (1—s)q_2y(s)ds+w /0 T (s)u(s)dA(s)

+ “tﬂ [ ha(put)ia(s),

Therefore, we have the form of u(t) as

1 o 1 af — 1
u(t):/o G(t,s)y(s)derW/O hi(s)u(s)dA(s) + tA 6/0 ha(s)u(s)dA(s),

where

Glt,s) = 1 (at = B)(y(1—8)T ' =d5(g—1)(1—s)T2) = At —s)?", s<t
TAT(g) | (at = B)(v(1 =)t = b(g - 1)(1—5)77?), < s,

Using the form of u(t), we get
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i (s)u(s)dA(s) = / ha (s / (s, m)y(n)dndA(s)

0

o [ s )ﬁf () u(dA()IA()

+/Oh1 O‘s’ﬁ/h2 dA(s)

and

1
ha(s)u(s)dA(s) = /h2 /Gsn n)dndA(s)

0

N té h2<>————5119 /'h1<> (n)dA()dA(s)
+lA@ a“ﬁ/hg dA(s).

Defining v; :— i/ (1= 8) = 8)h1 (s)dA(s), va = i/ s — B)hy (s)dA(s),

v3 1= A/ (1—38) —d)ha(s)dA(s) and vy ——/ (as — B)ha(s)dA(s), we have

1 1 1 1
AM®WWW):AM®AQMMWWMHMAM®MM@

1
+ 1}2/ ha(s)u(s)dA(

/ ha(s / G(s,n)y(n)dndA(s) + vs /01 hi(s)u(s)dA(s)

/ ha(s)u(s)dA(s)
0

+ h2( Ju(s)dA(s).

0

So, we can get the exact form of u(t) by solving following equation set:

1 1 1 1
<kmAM@mwwf@£Mwww>/mU/mmnmww

—vg/olhl(s)u(s)dA(s)+(1—v4)/01h2(s)u( /hg /Gsn n)dndA(s).
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Defining D :=1 — vq4 — v1 + v1v4 — vov3, We get

/ ha(s)u(s)dAs) = [1)<<1_v4) / i s) / ! s, mly(n)dndA(s)

o o) / 1 Glomuli)dndAs))

[ tsmans) = 5 (0w [ nats) [ Glomutmanac

1 1
b ou / hn(s) / G(s,my(n)y(n)dndA(s)).
Finally, we obtain

u(t) = / G(t, s)y(s)ds + / H(t, 5) / G, m)y(m)dndA(s),

where

H(t,s) = ﬁ <[*y(1 —t)(1 —wvs) — 5+ (at — B)vs)hi(s)

+v(A —t)va — 5+ (at — B)(1 — vl)]hg(s)).
]

LEMMA 26. Letn > 3 and n — 1 < ¢ < n. Assume (H1) holds, then the
Green’s function for the problem (2.1) satisfies

(2.2) (1 - gt) G(0,5) < G(t, s) < G(0, 5).
PROOF. When 0 <t < s <1, we have
G(ts) _ Alat—B)(1—s)* —5(g — 1)(at — B)(1 - )72
G(0,s) 6(g—1)B(1—s)172 —yB(l—s)r!

(at — ) [y(1 = )11 = 6(q — 1)(1 — 5)7 2]
—By(1 =)t —0(g —1)(1 — 5)972]
- 1- %t <1,

so G(t,s) < G(0,s) and G(t,s) = (1 - gt) G(0,s).
When 0 < s <t <1, we have

Gt,s) _ y(at—=B)A—s)""" —d(g—1)(at = B)(1—5)T"2 — A(t —s5)"""
G(0,s) 0(g—1)B(1 —5)972—~v6(1—s)2t
_ At —s)r ! b1
6(g—1)B(L—s)172 —yB(1 —s)2~! B
> 1- %,
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so we can easily see that G(¢,s) > (1 - gt) G(0,s).

When differentiate twice G(¢, s) with respect to first variable, we get

2 s
Z(E0D) o Al DE- ) B0, st
G(t, s) . _ _
So G0.5) has maximum value at t = s or t = 1 as follows
G(s,s)
G5 1B Sh

GLs) _ Ha—BA—-s)""—dg-1)(a— B -5 - Al -5
G(0,s) 6(g—1)B(L—s)172 —yB(1 —s)a~!

_ e=p)(1—s)—6(g—-1)(a—pB) - Al —5)

6(g—1)B —~B(1 —s)
_ B=a)h(=s)=dg=1] [a(y=08)—v6(1=5)
Bly(1—s)—6d(g—1)] 6(g—1)B—~B(1—s)

_1_@ aly=0) =18 s

= U EBG-D—a-at Y

_ Bo(g—1)—ad(qg—1)+ ad(l —s)

Blo(g—1) — (1 —s)]
(B—a)d(g—1)+ad(l —s)
Bé(g—1) — By(1—s)
. (B-a)i(g—1)+adé(l—s) s
Pro:?gl t Bolg— 1) = Ay(1—s) < 1, we assume that this is not true. In other

(B—a)d(g—1)+ad(l—s)
Bé(g—1) = Bv(1—s)
Since0<1—-s<1,¢g—1>1,d=>vyand d(g—1)=~v(1—s), we get

> 1.

—~

(B=a)ilg—1)+adé(l—s) > Bog—1-pv(1-s)),
(=1 [0(B—a)—=pB0] > —(ad+py)(1-s)
—(g—Dad > —(ad+py)(1-29)
g—1 < <1+ig)(l—s)
1—-s > 1
s < 0,
which is a contradiction.
Thus we get
G(t,s)

N
—_
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so the result that G(0,s) > G(t, s) > (1 - 51&) G(0, s) also holds while s <t. O

1
LEMMA 2.7. Let £ € [O, 2} , we have

in H(t,s) > H(t,s).
(e g H o) > € oy o)

PrOOF. From the definition of H(t,s), we know that

Ht,s) = 5 (1=6+7(1— )1~ w) + (af — Buslin (s)

+ [0+ (1 = t)vg + (=B + at)(1 — v1)]ha(s))

= ﬁ([ava —y(1 —va)ha(s) + [a(1l — v1) —yva] ha(s)) t
+ xp ((F0+7)(L = va) = Bus] ha(s) + [=6 + vz = B(1 —v1)] ha(s)) -
If we denote p(s) := L ([avs — (1 — v4)] h1(s) + [a(1 — v1) — yva] ha(s)) and

AD
q(s) = AlD ([(v = ) (1 = va) = Buz] ha1(s) + [0 + yva — B(L — v1)] ha(s)), we get
H(t,s) = p(s)t +q(s).

When p(s) < 0 with 0 < [avs — (1 —vg)] h1(8) < [yv2 — a(l —v1)] ha(s),
due to monotonicity of H(t,s), maximum value of H(t,s) is H(0,s) = ¢(s) and
minimum value is H(1,s) = p(s) + g(s).

Since
(=d+7) <1—/ as — B)ha(s)dA( ))

2 [ ot - o)

[(=0 +)(1 = va) = Bug]

1

— _5+7_% [—das + 03 + ays —yB —of
+ vﬁ—vBS]hQ( )dA(s)

1
- _5+7—% [a(y — 8)s — 7Bs] ha(s)dA(s) < 0

we get ¢(s) > 0 and

s ([aws = (1 = a) + (=5 +7)(1 = ) = Bus] Fu(s)

+  la(l —v1) =y + yvayva — 6 — B(1 — v1)] ha(s))
ﬁ ([(a = B)vs = 0(1 = va)l ha(s) + [(a@ = B)(1 = v1) — 0] ha(s))
> 0.

p(s) +q(s)
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So,
minte[g,lfﬁ]H(tvs) _ H(l —5,8)

maXe[o,1] H(ta S) H(Ov S)

>

When p(s) < 0 with [avs — (1 — vg)]hi(s) < 0 < [yve — a(l — v1)]ha(s),
minimum value of H(t,s) is H(1,s) and

H(ls) = 5o (o —5(1 = i) + (v = )1 = va) = fol ()
+ Ja(l—v) —qva+ (ava — 6 — B(1 —v1))]) .
1
= xp Ha=Bvs =81 —va)] hu(s)
+ [(a=B8)(1 —v1) = ha(s))
> 0.
Therefore, E<Igl<i{17£H(t, s) > 50@% H(t,s).

On the other hand, when p(s) > 0, that is

[avs —y(1 —v4)] ha(s) = [yv2 — a(l —v1)] ha(s) = 0,
then mingg;<1 H(t,s) = H(0,s) > 0. So, we have
minecic1-¢ H(t,s)  H(Es) _ &p(s) +q(s)

maxoge<i H(t,S) - H(l,s) B p(s)+q(s) 25

d

The following fixed point theorems are fundamental and important to the proof
of our main results.

THEOREM 2.8. [12] Let E = (E,|| . ||) be a Banach space, A be a closed convex
subset of E and T be a continuous map of A into a compact subset of A. Then T
has a fized point.

THEOREM 2.9. [8] Let E = (E,|| . ||) be a Banach space, P C E be a cone
in E. Suppose that Qy and Qo are open subsets of E with 0 € Q1 and Q; C Qs.
Suppose further that T : PN (Qy \ Q1) — P is a completely continuous operator
such that either
(1) |Tu|| < |lul| for w e PNoQ, || Tul| = ||u|| for w e PN, or
(2) |Tu|| = ||lu|| for we PNoQy, || Tul| < ||u|| for we PN IQs holds.

Then T has a fized point in PN (Qa \ Q).
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Define the sets P. := {u € P :|| u ||[< ¢} and P(a,a,b) := {u € P :a <
a(u), || u||<b} where a,b,c >0 and « on P is a nonnegative functional.

THEOREM 2.10. [9] Let E = (E,|| . ||) be a Banach space, P C E a cone of E
and ¢ > 0 a constant. Suppose that there exists a nonnegative continuous concave
functional o on P with a(u) <|| u || foru € P. and let T : P. — P.. be a completely
continuous map. Assume that there exist a,b,c,d with 0 < a < b < d < ¢ such that
(S1) {u € P(a,b,d) : a(u) > b} # 0 and a(Tu) > b for all u € P(a,b,d);

(S2) || Tu ||< a for all u € Py;
(S3) a(Tw) > b for all w € P(o,b,c) with || Tu ||> d.

Then T has at least three fized points ui,us,ug € P such that | w1 ||<
a,a(uz) > b, | us ||> a and aug) < b.

3. Existence of positive solutions

Let us define M := max{|H(¢,s)| : t,s € [0,1]}. Let the Banach space B =
C[0, 1] be equipped with the norm ||u|| = maxo<i<1 |u(t)| for w € B. We now define
a mapping T : C[0,1] — CJ0, 1] by

Tu(t) ::/O G(t,s)f(s,u(s))der/O H(t,s)/o G(s,n)f(n,u(n))dndA(s).

THEOREM 3.1. Let (H1)-(H3) hold. If R > 0 satisfies

QB —v)(1 + M (A1) — A(0)))
D(g+1)(v8 + ad — a)

<R

where Q@ > 0 satisfies Q > max|, < |f(t,u(t))|, for t € [0,1] then the problem
(1.1) has a solution u(t).

PrOOF. Let P, = {u € B : ||u|| < R}. We still apply Schauder’s fixed point
theorem. The solutions of problem (1.1) are the fixed points of the operator T.

A standard argument guarantees that 7' : P| — B is continuous. Next we show
T(Pl) Cc P.
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For uw € P, we obtain

Tu(t) = | / G(t, 5)f (s, u(s))ds + / H(t,5) / G(s, 1) f(n, u(n))dndA(s)|

< / IG(t, 5)]1f (s, u(s))|ds + / H(t,5)| / (G, )1y (i) dd A(s)
1 1 1
< /0 G(0,s)Qds Jr/o M/o G(0,1m)QdndA(s)
! 1 qg—1 _ —s q—2 s
= O e -9 8= 1B - 92 d
1

M (%Q‘i‘(a(s — Oé'Y 0()q) ~/0 q 1 N 5((1 a 1)5(1 B n)q72] dn
_ - (1- S)q71 1
B (754—0«5—@7 (75 —d(q l)ﬂiq_l |0>

MQ (A( (1—n) !,
* (75+a6—a7 (75 —6(q— 1)B7q_ . |o>
_ Q ﬁ(éq— ) MQ (A(1) — A(0)) B(Sq—)

(v8 + ad — ay)T'(q) (76 +ad —ay)T(q) q

QB(6q — )

- F(q+ 1)(’Yﬁ+0¢5 _ a,y) (1 JrM(A(l) - A(O))) <R,

for all t € [0,1].

This implies that ||Tu|| < R. A standard argument, by Arzela-Ascoli theorem,
guarantees that T : P| — P; is a compact operator. Hence T has a fixed point
u € P; by Theorem 2.1. O

t,u
We also assume throughout this section that fy := lim, o f(t,u) and [ :=
U

L )

imy oo exist uniformly in the extended reals. The case fy = 0, foo = ©

U
is called the superlinear and the case fy = 00, foo = 0 is called sublinear case. To
prove our result, we will use the Theorem 2.2. O

THEOREM 3.2. Let (H1)-(H3) hold. If either the superlinear case or the sub-
linear case holds, the problem (1.1) has a positive solution.

PROOF. Let we define a cone P in B by

Po={ueB:u(t)>20 and min u(t) > E|ul}.
tefg,1-¢]

It is easy to check that P, is a cone of nonnegative functions in C[0,1]. We
now show that T': P, — P». First note that u € P, implies Tu(t) > 0 on [0, 1] and
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£<t<I—¢€ e<t<1—¢

1
min Tu(t) = /0 min  G(t, s)f(s,u(s))ds

. / min Hts/Gsn (1, uln))dnd A(s)

e<t<1—¢

. 552?5(1_0 / G(0,5) (s, u(s))ds

+ /01 maths/GSU (n, u(n))dndA(s)

0g<t<1

WV

max G(t,s)f(s,u(s))ds

0<t<1
+ 5/ OIEaths / G(s,m)f(n,u(n))dndA(s)

> gorgax |Tu(t)| = &||Tull.

Hence Tu € P, and so T : P, — P, which is what we want. Therefore T is com-
pletely continuous.

Assume now that we are in the superlinear case fy = 0 and f,, = oo.

Since lim M

= 0 uniformly on [0, 1], we may choose r > 0 such that
u—0t u

ftu)<tu, 0<u<r, 0<t<1
B(og —v)(1 + M (A(1) — (0)))]
(v + ad —ay)T(g+ 1)

Then if Q; is the ball in B centered at the origin with radius r and if u € P, ()9
then we have

where 7 := [

Tu(t)

1 1 1
/0 G(t, 5)f (s, u(s))ds + / H(t, s) / G(s,m) f (n, u(n))dndA(s)

N

/G(O’S)f(S»U(S))dSﬂL/ M/ G(0,7) f(n, u(n))dndA(s)
0 0 0
— 1 1
= +Bofgq_ O;))F(q)q ( /0 Tu(s)ds + M (A(1) — A(0)) /0 Tu(n)d77>

p(9g =) e
BT as—anigrn) "+ MAW) = A0) =r = lull

and so || Tul| < ||u|| for all u € Py () 0.
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t,u
Next we use the assumption lim ftw)

ix L = uniformly on [0,1]. Let ¢y €
[€,1—¢&] and let

1—¢ 1—¢ -1

G(to, s)ds (1 + H(to, s)dA(s)>

poi= l&
3

Then there is 7 such that f(¢t,u) > pu, u > 7. If we define 7 := max{2r, i} and

3

Qg :={u € B : |lu| <7} for u € P08, we have minggici—¢ u(t) = E|lul| =
Er>T.

Therefore, for all t € [£,1—&] we have f(t,u(t)) > pu(t) > pér = plju||. Hence
we get

Tu(ty) = / Gto, )/ (s, u(s))ds + / Hi(to, 5) / G(s,m) f (7, u(n))dndA(s)
1-¢

> A G(to, s)f(s,u(s))ds
1-¢ 1-¢
+ H(to, s) / G(s,m) (7, u(n))dndA(s)
£ £
1-¢ 1-¢ 1-¢
> uaun(5 Glto. s+ [ (o) | G(to,mdndA(s))

1-¢ 1-¢
pé [l G(to, s)ds (1 + H(to,S)dA(8)>
3 3

= Jull =7,

and so [|[Tul| > ||ul| for all u € Py () 0.
Consequently, by part (i) of Theorem 2.2, it follows that T has a fixed point
in P,N(Q2\;) and this implies that the problem (1.1) has a positive solution.
The sublinear case can be proven similarly. O

THEOREM 3.3. Let (H1)-(H3) hold. Also assume
t t
(H5) lim,, o+ ftw) = 400, lim, 4+ f(tw) = +o0 fort € [0,1],

(HG) There exists constant p such that f(?, u) < Np fort € [0,1], where N < 7
and T is given as in the proof of Theorem 3.2.

Then the problem (1.1) has at least two positive solutions uy and us such that
0 < lurll < p < Jug]-

t
PROOF. Since lim M
u—0t u

pww for 0 < uw < pr and 0 < ¢t < 1, where gy > p, here p is given in the proof
Theorem 3.2

= 400, there exists p,. € (0, p1) such that f(t,u) >
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Set O = {u € B: ||u|| < p+}. For u e P00 and tg € [,1 — ], we have

Tu(to)

1 1 1
/ G(to, $)f (s, u(s))ds + / H(t, s) / G5, ) (n, u(n))dndA(s)
0 0 0

1-¢

WV

. G(to,s)f(s,u(s))ds
1-¢ 1-¢

+ i H(to, s) A G(s,n) f(n,u(n))dndA(s)

1-¢ 1-¢ 1-¢
p1pn ( / Glto.s)ds+ [ Hito,s) / Glto, n)dndA<s>>
3 £ 3

WV

1-¢ 1-¢
= ,ulp*/ G(to, s)ds <1+ H(to,s)dA(s)>
3 3

WV

Px ==HUH7

and so [|[Tul| = ||ul], for all u € Py () 0€;.

Since lim M
U—r 00 u

where po > p > p€, here p is given in the proof Theorem 3.2.
Set Oy = {u € B: ||u|]| < p*}. For any u € P[] 982, we get

*

= 400, there exists p* > p such that f(¢,u) > pou for u > p

Tulty) / G(to, 5) (s, u(s))ds + / H(t, s) / G(s, ) f (. u(n))dndA(s)
1-¢

WV

. G(to, s)f(s,u(s))ds
1-¢ 1—¢
b [ s [ Gl s utn)dndAs)
13 13
1-¢ 1-¢ 1-¢
fop” ( : G(to, s)ds + i H{(to,s) : G(to,n),dndA(s)>

WV

1—¢ 1—¢
= #2/?*/ G(to, s)ds <1+ H(to,s)dA(s)>
3 3

*

p ZZHUH7

WV
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which yields ||Tu|| > ||u|| for all u € Py () 0s. Let Q3 = {u € B : ||u| < p}.
For y € P> (083 from (H6), we obtain

Tu(t)

/ G(t, 5) (s, u(s))ds + / H(t,5) / G(s,m) f (. u(n))dndA(s)
0 0 0

N

; G(t,s)dis—!—/H(t,s)/O G(s,m)NpdndA(s)

Np ( /0 G0, 5)ds + /0 Y /0 1G(0,n)d77dA(s))

NpB(6g — ) -
B+ as—aygr LT M AL - 40)
Tprfl

p = |lull,

N

N

N

which yields || Tu|| < ||ul for all u € Py() 09s5.

Hence, since p. < p < p*, it follows from Theorem 2.2 that T" has a fixed point
up in Py ((Q3 \ Q1) and a fixed point uz in P> (22~ Q3). Note both are positive
solutions of the problem (1.1) satisfying 0 < ||u1]] < p < [Juz]]. O

We also assume

a(u) = MiNgele,1—¢] |u(t)].

THEOREM 3.4. Let (H1)-(H3) hold and also there exist constants A, B,C, D
with 0 < A < B < C = D such that the following conditions hold:
(H7) f(t,u) < KA for all (t,u) € [0,1] x [0, 4],
(H8) f(t,u) = LB for all (t,u)) € [(,1 —&] x [B,C],
(H9) f(t,u) < KC for all (t,u) € [0,1] x [0,C],

where K < 7, L > p such that 7 and p are numbers given as in the proof of
Theorem 3.2.
Then the problem (1.1) has at least three positive solutions uy, us and ug such

that
max |u(t)] < A, B < min |uz(t)] < max |uz(t| < C, A< max |us(t)] <C
0<i<1 tel¢,1-¢] t€[0,1] 0<t<1

i B.
and (i lus(t)| <
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PROOF. Let y € Po = {u € P : |lu| < C}, then ||y|| < C. If (H9) hold, then
we get

T = T
ITull = max. [Tu(t)

= max|/Gts (s,u(s ds—i—/Hts/th (n,u(n))dndA(s)|

o<1
< /O G(0, S)chH/ M/ (0, ) K CdndA(s)|
! M7C (A(1) — A(0))
Tc(vﬁ+a6—ay)r(q+1)5<5q_7)+ YB+ab —an B(0g — )
_ 1CB0a=7) B _
= Btas a0t MMM -A0) =C

In the same way, we can show that if (H7) hold, then TPy C P4. Hence condition
(S2) of Theorem 2.3 is satisfied.
To show the condition (S1) of Theorem 2.3, we choose ug(t) = fort €

B B
[0,1]. Tt is easy to see that ug € P, |Juo|| = +C < C and a(u) = +C < B.

That is ug € P(«, B, D) and we have B < u(t) < C for t € [{,1 — £]. By (H8) and
Lemma 2.4, we have

+C

a(Tu) = §<It11<1{17§|Tu(t)\

/O min  G(t, )£ (s, y(s))ds

e<t<1—¢

WV

. /0 min Hts/GSn (n, uln))dndA(s)

e<t<1—¢

> [ (1) 0.0t

v/ lgog%ﬂu 9/ Gl 1), un))indAGs)

> 5( OlorgtaglG(t s)f(s,y(s))ds

b [ s 0 [ e G ot as))
> ¢ ( /6 o max, G(t,5)LBds

1-¢ 1
+ /5 [nax H(t,s) ; [nax G(s,n)LBdndA(s ))
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1-¢ 1-¢
>
> §MB/§ [nax G(t,s)ds (1—|—/5 OrggéclH(t,s)dA(s)>

= B.

Hence condition (S1) of Theorem 2.3 is satisfied. Since D = C, then condition (S1)
implies condition (S3) of Theorem 2.3.

To sum up, all the hypothesis of Theorem 2.3 are satisfied. The proof is com-
pleted. O

To illustrate our main results, we give the following example.

ExXaMPLE 3.5. We consider the fractional boundary value problem

DE,u(t) + f(t,u(t)) =
’LLN(O) u///( ) lw(O

(3.1) u(0) 4 2u/( s*u(s
Vo
u(l) — 3u/(1) = /0 su(s)dA(s),

where A(s) = 52 + 1.

€(0,1)

By direct calculation, we have A = —4,v; = %71)2 = 23—0,1)3 = ;—i,m = % M =
2,32 and 7 = 2,43. So, we can easily see that 0 < ~yv; + vy = % < 1,

D =1-wv4y— v +vivg — vy = 0,32 > 0 and also % > g > 1. Thus the
hypotheses (H1) and (H3) are hold.

1. Consider f(t,u) = %% for t € [0,1]. The condition (H2) is satisfied for the

function f. Since f(t,u) < u for t € [0,1], we get max |, <rl|f(t,u(t))] < R and
also we choose Q = R. Thus the inequality,
9 _ —
Q2 (3% —1)(1+2,32(2—1)) .
r(§+1)4

is satisfied for R = 1. Then the problem (3.1) has a solution u(t) by Theorem 3.1.

2. Consider f(t,u) =u2 + \/:%4-1 for t € [0,1]. The condition (H2) is satisfied
for the function f. Since fy = 0 and f = o0, we see that the superlinear case
holds. Thus the problem (3.1) has a positive solution by Theorem 3.2.

3. Consider f(t,u) = \/u + u* for t € [0,1]. The condition (H2) is satisfied
for the function f. Since lim,_,q @ = oo and lim,_, @ = 00, then the
condition (H5) holds. Also, choosing p = 1, we can easily see that the inequality

flt,u) = Vu+u* < p+p*=2<1IN

is satisfied with N = 2 < 7 = 2,43, where u < p, then the problem (3.1) has at
least two solutions such that 0 < ||u1|| < 1 < |lug||, by Theorem 3.3.
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