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A STUDY ON MATRIX SEQUENCE OF
ADJUSTED TRIBONACCI-LUCAS NUMBERS

Yiiksel Soykan, Erkan Tagdemir, and Vedat irge

ABSTRACT. In this paper, we define adjusted Tribonacci-Lucas matrix se-
quence and investigate its properties. We present the generating functions, the
Binet’s formula and summation formulas of this new matrix sequence. Also,
we give the relationship between matrix sequences of Tribonacci, Tribonacci-
Lucas and adjusted Tribonacci-Lucas numbers and matrix sequences.

1. Introduction and Preliminaries

Recently, there have been so many studies of the sequences of numbers in
the literature that concern about subsequences of the Horadam (generalized Fi-
bonacci) numbers and generalized Tribonacci numbers such as Fibonacci, Lucas,
Pell and Jacobsthal numbers; third-order Pell, third-order Pell-Lucas, Padovan,
Perrin, Padovan-Perrin, Narayana, third order Jacobsthal and third order Jacob-
sthal - Lucas numbers. The sequences of numbers were widely used in many re-
search areas, such as physics, engineering, architecture, nature and art. On the
other hand, the matrix sequences have taken so much interest for different type
of numbers. We present some works on matrix sequences of the numbers in the
following Table 1.

Table 1. A few special study on the matrix sequences of the numbers.

Name of sequence work on the matrix sequences of the numbers
Generalized Fibonacci 2, 3,4, 9, 10, 11, 12, 13, 16]
Generalized Tribonacci [1, 7, 6, 14, 15]

Generalized Tetranacci [5]
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Tribonacci-Lucas matrix sequence.
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In this paper, the matrix sequences of adjusted Tribonacci-Lucas numbers will
be defined. Then, by giving the generating functions, the Binet formulas, and sum-
mation formulas over this new matrix sequence, we will obtain some fundamental
properties on adjusted Tribonacci-Lucas numbers. Also, we will present the rela-
tionship between matrix sequences of Tribonacci, Tribonacci-Lucas and adjusted
Tribonacci-Lucas numbers.

Tribonacci sequence {T),},>0, Tribonacci-Lucas sequence {K,},>0 and ad-
justed Tribonacci-Lucas sequence {H,,},>0 are defined, respectively, by the third-
order recurrence relations

(1.1) Thiz = Thio+Thyr +Th, To=0,T1=1,T5 =1,
(1.2) Kz = Kppa+ Kppr + Ky, Ko=3, K1 =1, Ky =3,
(13) H,,s = Hy, s+ H,1+H,, Hy=4,H =2, H, =0.

The sequences {1y, }n>0, {Kntn>0 and {H, }n>0 can be extended to negative sub-
scripts by defining

(14) T, = 7T—(n—1) - T—(n—?) + T—(n—S)a
(1.5) K., = —K (n1)— K _(n2)+ K_(n_3),
(1.6) H., = -H 1—H (no+H_(n3),

forn =1,2,3, ... respectively. Therefore, recurrences (1.1)-(1.3) hold for all integers
n. Basic properties of Tribonacci, Tribonacci-Lucas and adjusted Tribonacci-Lucas
sequences are given in [8].

Next, we present the first few values of the Tribonacci, Tribonacci-Lucas and
adjusted Tribonacci-Lucas numbers with positive and negative subscripts:

Table 2. The first few values of the special third-order numbers with positive
and negative subscripts.

n 0 1 2 3
T, 0 1 1 2
T, 0 1 -1

6 7 8 9 10 11 12
13 24 44 81 149 274 504
2 -3 1 4 -8 5 7 =20

O |~
| Ut

K, 3 1 3 7 11 21 39 71 131 241 443 815 1499
K_, -1 -1 5 -5 -1 11 =15 3 23 —-41 21 43

H, 4 2 0 6 8 14 28 50 92 170 312 574 1056
H_, -6 4 6 -—-16 14 8 -—-38 4 2 -84 126 —40

For all integers n, Tribonacci, Tribonacci-Lucas and adjusted Tribonacci-Lucas
numbers can be expressed using Binet’s formulas as

L7 T Cun-i—l ﬁn—rl ,yn-&-l

e e R CED (R MR R
18 K. = o+ 8"+,

L9)  H, = (o— 1%+ (8- 128"+ (- 14",

respectively. Here, a, 8 and ~y are the roots of the cubic equation

22—z —1=0.
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Moreover,
L 1+ V19+3V33+ V19 -3V33
— ; ,
5 - 1+wv/19+3v33 4+ w?v/19 — 3v/33
— 5 ,
1+ w?V19+3v33 +w/19 - 3v/33
T 3
where
—1 )
w= %\/3 = exp(27i/3).
It follows that
atft+y = 1
af+oy+py = -1,
afy = 1.

Note that the Binet’s form of a sequence satisfying (1.7) and (1.9) for non-negative
integers is valid for all integers n. The generating functions for the adjusted Tri-
bonacci - Lucas sequence {Hp, },>0 is

> 4 — 2z — 622
1.1 Hom — 2% .
(1.10) 7;) v l—x—a2—23

Tribonacci and Tribonacci-Lucas matrix sequences are defined as follows (see
[7)-

DEeFINITION 1.1. For any integer n > 0, the Tribonacci matrix (7,) and
Tribonacci-Lucas matrix (K,,) are defined by

(1.11) Tn = Tn-1+Tn—2+ Ta-s,
(112) lcn = ’Cn—l + lcn—Q + IC’rL—37
respectively, with initial conditions
1 00 1 11 2 21
To=10 1 0 |, =10 0 |, 2=|1 11
0 0 1 01 0 1 0 0
and
1 2 3 3 4 1 7 4 3
Ko = 3 -2 -1 |,Kiy=11 2 3 JKe=1 3 4 1
-1 4 -1 3 =2 -1 1 2 3

The sequences {7, }n>0 and {K,},>0 can be extended to negative subscripts
by defining
Ton = =T-(-1) = T=(n-2) + T-(n-3)
and
Ken=—K_tn-1) = K-(n-2) + K-(n-3)
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for n = 1,2,3, ... respectively. Therefore, recurrences (1.11) and (1.12) hold for all
integers n.

The following theorem gives the nth general terms of the Tribonacci and
Tribonacci-Lucas matrix sequences.

THEOREM 1.1. For any integer n > 0, we have the following formulas of the
matriz sequences:

Tori TodTos T

(1.13) T = T Tha+Th2 Tha
Tho1 Tho+Thz Thoo
Kot Ko+ K, K,

(1.14) Ko = | Kn Kot Kio Ko
Kn1 Kno+Kniz Ky

PROOF. It is given in [7]. O

We now give the Binet formulas for the Tribonacci and Tribonacci-Lucas matrix
sequences.

THEOREM 1.2. For every integer n, the Binet formulas of the Tribonacci and
Tribonacci-Lucas matriz sequences are given by

(1.15) Tn = A"+ B1g" + Ciy",
(1.16) Kn = A"+ Byf" + Coy"
where
4 _ 9Titala-DTi+T
ala=7)(a=p)
5 _ ORABE-DTi+T
BB-=7(B-a) ’
o - 1Rt -DTi+T
T(y=8)(v—a)
Ay = akly + a(a — 1)IC1 + Ko
al@=7y)(a=B)
B, — By + B(B —1)K1 + Ko
BB=7)(B—a)
o, Yo +y(y = 1)Ky + /Co.
T(y=8)(v—a)
PROOF. It is given in [7]. O

2. The Matrix Sequences of adjusted Tribonacci-Lucas Numbers

In this section, we define adjusted Tribonacci-Lucas matrix sequence and in-
vestigate its properties.
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DEFINITION 2.1. For any integer n > 0, the adjusted Tribonacci-Lucas matrix
(H,,) is defined by

(21) Hn - Hn—l + HTL—Q + HTL—-?)?

with initial conditions

2 -2 4 0 6 2 6 2 0
Ho = 4 -2 -6 | Hi=|2 -2 4 yHo=| 0 6 2
-6 10 4 4 -2 —6 2 -2 4

The sequence {H,, }n>0 can be extended to negative subscripts by defining
H_p= _Hf(nfl) - Hf(n72) + Hf(n73)

for n =1,2,3,... . Therefore, recurrences (2.1) holds for all integers n.
The following theorem gives the nth general terms of the adjusted Tribonacci-
Lucas matrix sequence.

THEOREM 2.1. For any integer n > 0, we have the following formula of the
matriz sequence:

Hn-‘rl Hn + Hn—l Hn
(2'2) Hn = H, H,y 1+ Hn—2 Hn—l
anl Hn72 + Hn73 Hn72

PROOF. We prove (2.2) by strong mathematical induction on n. If n = 0 then,
since H_.3 =6, H o =4, H 1 = —6, Hy=4,H; =2, Hs = 0, we have

H, Hy+ H_ 4 H, 2 -2 4
Ho = Hy H,+H, H_, = 4 -2 -6
H, Hos+H_ 3 H_, —6 10 4
which is true and
Hy H, + Hy H, 0 6 2
Hl - Hl HO +H_1 HQ = 2 =2 4

Hy H1+H o, H_, 4 -2 -6
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which is true. Assume that the equality holds for n < k. For n = k + 1, we have
Hir1 = Hi+Hir—1+Hi—2

Hyiw Hip+Hi Hy,
= Hy, Hp1+Hy o Hp,
Hy 1 Hp o+ Hp—3 Hjpo

Hy Hp 1+ Hg 2 Hp
+ | Hig—r Hp2+Hp 3 Hp o
Hy_ o Hp 3+Hp_y Hp 3
Hy1 Hp o+ Hi3 Hp o
+| Hi2 Hp 3+ Hip 4 Hps
Hy 3 Hp_4+Hp 5 Hpa

Hiyo Hip+Hipy1  Hi

= Hyy1 Hp+ Hp Hy,
Hy, Hy1+Hp o Hp,

Thus, by strong induction on n, this proves (2.2). O

We now give the Binet formula for the adjusted Tribonacci-Lucas matrix se-
quence.

THEOREM 2.2. For every integer n, the Binet formula of the adjusted Tribonacci
-Lucas matriz sequence is given by

(2.3) Hp = Aga” + BgB" + Ce™
where
Ay — aHs + ala— 1)Hy + Ho
al@=7y)(a=p)
By BHa + B(B—1)H1 +Ho
BB-=7B—a)
Cs = YH2 + (v — DH1 + Ho
Yy =8)(v—a)
PROOF. We prove the theorem only for n > 0. By the assumption, the char-

acteristic equation of (2.1) is 2 — 22 — 2 — 1 = 0 and the roots of it are a, 3 and

~. So, it’s general solution is given by
Hn = Aga" + BGB” + 06,yn

Using initial condition which is given in Definition 2.1, and also applying lineer
algebra operations, we obtain the matrices As, Bs,C5 as desired. This gives the
formula for H,,. O

The well known Binet formulas for adjusted Tribonacci-Lucas is given in (1.7).
But, we will obtain this function in terms of adjusted Tribonacci-Lucas matrix
sequence as a consequence of Theorems 2.1 and 2.2. To do this, we will give the
formulas for these numbers by means of the related matrix sequences. In fact, in
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the proof of next corollary, we will just compare the linear combination of the 2nd
row and 1st column entries of the matrices.

COROLLARY 2.1. For every integers n, the Binet’s formulas for adjusted Tri-
bonacci -Lucas numbers is given as

Hy = (a—1)2a" + (8 -1)%8" + (v = 1)*"

ProoF. From Theorem 2.1, we have

Hn = Aga” + Bgf" 4 Csy"
047'[24-04((1—1)7'[1 +Ho , ﬂH2+ﬂ(ﬁ—1)H1 +Ho ,,
= a™ + B
aa—7)(a—p) B(B—7)(8—a)
+’7H2 + 7(7 - 1)H1 + Ho,yn
Yy =08)(v—a)
o1 6a + 2 6a? — 4o — 2 202 — 2+ 4
= — 202 —2a+4 —2a%2+48x—2 402 — 200 — 6
(@=M(@=P)\ 402-20-6 10-2a2 —6a2+10a+4
gn-1 653+ 2 682 —48—2 282 -28+4
| 282-28+4 -282+88-2 4B2-2B-6
B=MB=)\ 452 95 -6 10-282  —682+105+4
n—1 6y + 2 672 — 4y —2 272 — 2y 44
[ 292-2y+4 —22487-2 492276
=B\ 422y -6  10-22 62 4107+4

By Theorem 2.2, we know that
Hn+1 Hn + anl Hn
Hn = Hn Hn—l + Hn—2 Hn—l
Hn—l Hn—2 + Hn—3 Hn—Q
Now, if we compare the 2nd row and 1st column entries with the matrices in the
above two equations, then we obtain

B anfl a2_ N 57171 .
B = e "2t gy @
e AP N
G T

= (a=1)%a"+(B-1)°"+(y—1)*y". O
O

Now, we present summation formulas for adjusted Tribonacci-Lucas matrix
sequences.

THEOREM 2.3. For all integers m and j, we have

Hmn+m+j + Hmn7m+j +((1 - Kfsn)/}'lanr]
n —Hm+j — Hj_m + (K, — 1 Hj
2.4 —
( ) kZ:O/Hmk+J K, —K_,,
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PRrROOF. Note that

n n—1
Z Hmk+j - Hmn+j + Z 7_[karj - Hanrj
k=0 k=0
n—1
+ Z(A5amk+] + B5ﬂmk+] + O5’Ymk+])
k=0
o™ — 1 . an -1
= I Acd [ ———— 2255 A R —
H ,+]+ 5 <O¢m—1>+ 5[3 (Bm—l)
) ,.)/mn -1
+0s? (L—=).
=1

Simplifying the last equalities in the last expression imply (2.4) as required. ]

As in Corollary 2.1, in the proof of next Corollary, we just compare the linear
combination of the 2nd row and 1st column entries of the relevant matrices.

COROLLARY 2.2. For all integers m and j, we have
Hmn+m+j + Hmnfm+j + (1 - Kfm)Hmn+j

n ~Hopsj — Hj—p + (K — 1) H;
(25) k:z::OHmk+J - K’m - K—T}'L

Note that using the above Corollary we obtain the following well known for-
mulas (taking m = 1,7 = 0 and m = —1,j = 0 respectively):

- 1
> Hi =5 (Hygr +2Hy, + Hy oy +4)
k=0

and
n

1
D Hop =5 (~Honpr — Hopoy +4).
k=0

or

" 1
D H k= G(—Honp = Hopy —4).
k=1

Note that the last Corollary can be written in the following form:

Hmn+m+j + Hmn—m+j + (1 - K—m)Hmn+j - Hm-‘rj - Hj—m

= +(K_p — 1)H;
ZH7rLk+j - K. _ K
k‘:l m —m

We now give generating functions of H.



A STUDY ON MATRIX SEQUENCE OF ADJUSTED TRIBONACCI-LUCAS NUMBER 93

THEOREM 2.4. The generating function for the adjusted Tribonacci-Lucas ma-
trixz sequence is given as

= 1
Hpy" = —mo——————
7;) “ 1l—x—a2—2a3
422 — 22 4+ 2 —222 48z — 2 622 —2x+4
—62%2 -2z +4 1022 — 2 422 +10x — 6

422 + 10z — 6 —10z2 — 122+ 10 622 — 10z +4

PROOF. Suppose that G(z) = >~ H,a™ is the generating function for the
sequence {Hy, }n>0. Then, using Definition 2.1, we obtain

G(z) = Y Hpa"=Ho+Hix+Haz® + > Hpa"

n=0 n=3

= Ho+Hizw+ Hoa® + ) (Hno1 + Hnz + Hps)az"

n=3

= Ho+Hiw+Hoa® + Y Hpa" + > Hyoz" + Y Hnza"

n=3 n=3 n=3

= Ho+ Hiz + Hoz? — Hox — Hix? — Hoz? + z Z Hpz™ + 2 Z H,x"

n=0 n=0
+a° Z H,x"
n=0
= Ho+Hiz + Hoa® — Hox — Hi2? — Hox? + xH(x) + 2?H(z)
+a23 H(z).

Rearranging the above equation, we get

_ Ho+ (H1 — Ho)x + (Ha — Hy — Ho)a?

1—az—a?—2a3

G(z)
which equals the Zzozo H,z™ in the Theorem. This completes the proof. O

The well known generating functions for adjusted Tribonacci-Lucas numbers
is as in (1.10). However, we will obtain these functions in terms of adjusted
Tribonacci-Lucas matrix sequence as a consequence of Theorem 2.4. To do this,
we will again compare the the 2nd row and 1st column entries with the matrices
in Theorem 2.4. Thus, we have the following corollary.

COROLLARY 2.3. The generating functions for the adjusted Tribonacci-Lucas
sequence {Hy }n>0 s given as

o0
—62% — 22 +4
E an":—x Tt .
1l—az—22—2a3
n=0
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3. Relation Between Tribonacci, Tribonacci-Lucas and adjusted
Tribonacci-Lucas Matrix Sequences

The following theorem shows that there always exist interrelation between Tri-
bonacci and adjusted Tribonacci-Lucas matrix sequences.

THEOREM 3.1. For the matriz sequences {T,} and {H,}, we have the following

identities.

(a): 447, = —3Hpta +4Hnt3 + IHopo.

(b): 447, = Hny3 + 6Hpi2 — 3Hnt-

(c): 447, = THps2 — 2Hp41 + Hi

(d): 447, = 5Hpy1 +8Hp + THp—1.

(e): 447, = 13H,, + 12H,,—1 + 5Hp—o.

(£): Hy =6Tnga — 2T543 — 16T 010

(8): Hn=4Tny3 — 10742 + 6Ty

(h): Hp = —6Tni2+ 107011 + 4T

(1): Hp =4Tn+1 —2Tn — 6Tp—1.

G): Hn=2T, —2Tp—1 +4T0—2.

PRrROOF. The proof follows from the following equalities.

44T, = —3Hpia+4Hpi3+9H, 0,
44T, = Hpi3+6H, 1o —3H, 11,
44T, = THpyo—2H,1 + H,,
44T, = OSHpy1 +8H, +TH,_1,
44T, = 13H,+12H, 1+ 5H, o,
and
(3.1) H, = 6T,44—2T,4+3— 16T} 42,
(3.2) H, = 4T,435— 10T 42 + 6T} 41,
(3.3) H, = —6T,12+ 107,11 + 47T,
(3.4) H, = 47,41 —2T, —6T,_1,
(3.5) H, 2T, — 2T, _1 + 4T}, _>.

d

The following theorem shows that there always exist interrelation between
Tribonacci-Lucas and adjusted Tribonacci-Lucas matrix sequences.

THEOREM 3.2. For the matriz sequences {IC,,} and {H.,,}, we have the following
identities.
(a): QICn = Hn+3 - Hn+2.
(b): 2]Cn = Hn+1 + Hn
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(C): 2, =2H,, + Hpo1 + Hip—o.

(d): Hp = —3Knta +4K013 + 3K 12
(€): Hp = Knys — 3Kn41.

(£): Hp = Knyo — 2Kp41 + Kir.

(g): Hpn=—-Knp1+2K, +Kpoq.
(h): H, =K, — Kp—2.

PROOF. The proof follows from the following equalities:

2KTL = Hn+3 - Hn+2»
2Kn = Hn+1 + Hn;
2K, = 2H,+H, 1+ Hp 2,

and

= 3Kpia + 4Ky + 3Knio,
Kpy3 —3Knq1,

= Knio - 2Kpsq + Ky,
—Kpp1 + 2K, + K1,

K, — K, .

3

3

3

TR R E R
|

3
|

O

LEMMA 3.1. For all non-negative integers m and n, we have the following
identities.

(a): HoTn = ToHo = Ha.

Proor. Identities can be established easily. Note that to show (a) we need to
use the relations (3.1)-(3.5). O

We need the following Theorem.

THEOREM 3.3. For all non-negative integers m and n, we have the following
identities.

Tm7;L == Tm+n - 7’-/LT’ITL7
’Cm+n = TmICn = ’CnTm

PROOF. It is given in [7]. O
The following Theorem gives relations between the matrices 7, and H.,.

THEOREM 3.4. For all non-negative integers m and n, we have the following
identity.
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Proor. By Lemma 3.1, we have

Now from Theorem 3.3 and again by Lemma 3.1 we obtain T, H,, = Tm+nHo =

Homin-
Similarly, it can be shown that H,, T = Hmin. O

Comparing matrix entries and using Theorem 1.1, Theorem 2.1 and Theorem
3.4, we have next result.

COROLLARY 3.1. For Tribonacci and adjusted Tribonacci-Lucas numbers, we
have the following identity:

Hm+n = Hn+1Tm + Hn (Tm—l + Tm—2) + Hn—le—1~
Next Theorem gives some relations between the matrices 7,, and H,,.

THEOREM 3.5. For all non-negative integers m and n, we have the following
identities.

(a): Himsn = 37(=3Hmpa + 4z + IHomgo) Ha
(b): Hinsn = 15 Hm+s + 6Himgo — 3Hpg1)Ha.
(©): Himin = 15 (THm+2 — 2Hms1 + Him) Ha.

(d): Honin = 35 OHmr1 + 8Hm + THum—1)Han.
(€): Hinin = 25 (13Hp + 12Hm—1 + 5Hpp—2) M.

(f): HpHy, = HoHon = 36Tmants — 24T man+7 — 188Tman+6 + 64 Tman+s +
256 T 1n44-

(g): HmHn = HnHm = 16Tm+n+6_80Tm+n+5+1487-m+n+4_120Tm+n+3+
36T nto-

(h): HoHn = HoHm = 36Tm+n+4 - 1207-m+n+3 + 527-m+n+2 + 807-m+n+1 +
16T

(i): HinHn = HonHm = 167-m+n+2 — 16Tm+n+1 — 44Tm+n + 24Tm+n—1 -+
36751 n_o.

G): HoHe = HoHm = ATrin — 8Tmin-1 + 20Tmin—2 — 16Tmin_3 +
16T5ma.

ProOOF. Note that from Theorem 3.4, we have
(a): Using Theorem 3.4 and Theorem 3.1 (a) we obtain

IS

'S

1
Hm+n = ﬂ(*37‘lm+4 + 4Hm+3 + 9Hm+2)'Hn
(b): Using Theorem 3.4 and Theorem 3.1 (b) we obtain

1
7'l7n+n = (Hm+3 + 6Hm+2 - 3Hm+1)Hn

44
Similarly, the remaining of identities can be proved by considering
again using Theorem 3.3 and Theorem 3.1.
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O

Comparing matrix entries and using Theorem 1.1 and Theorem 2.1 we have
next result.

COROLLARY 3.2. For Tribonacci and adjusted Tribonacci-Lucas numbers, we
have the following identities:

(a): Hm+n = ﬁ(HnJrl(_3Hm+4+4Hm+3+9Hm+2)+Hn(_3Hm+3+Hm+2+
13Hq1 +9Hy) + Hy 1 (=3H g3 + 4Hpyo + 9Hy41)).

(b): Hern = ﬁ(Hn+1(Hm+3 + 6Hm+2 - 3Hm+1) + Hn(Hm+2 + 7Hm+1 +
3Hy, — 3Hom—1) + Ho1(Hpmso + 6Hpsr — 3Hy)).

(C): H’m+n = ﬁ(H'rH»l(7Hm+2_2Hm+1+Hm)+Hn(7Hm+1+5Hm_Hmfl+
Hm*Q) + Hn*1(7Hm+1 - 2Hm + Hmfl))'

(d): Hiin = 25(Ho1(5Hmy1 + 8Hpy + THyo—1) + Hy (5Hy, + 13H,,—q +
15H,,—2 + THy—3) + Hy—1(5H, + 8Hpy—1 + TH,—2)).

(€): Huin = 25 (Hns1(13H,+12H,,_1+5H 5 —2)+Hy, (13H -1 +25H o+
17Hp—3+5Hy—4) + Hy,—1(13H,,,—1 + 12H,;, 9 + 5H,p,—3))

(f): Hn+1Hm +H, (Hm—l + Hm—2)+Hn—1Hm—l = 36Tm+n+8*24Tm+n+7
88T+ 64T st + 256 T msd.

(g): Hn+1Hm+Hn (Hm—l + Hm—2)+Hn—1Hm—1 = 16Tm+n+6*80Tm+n+5
+ 1487y nya — 12005 4 g3 + 36104 nyo.

(h): HnJrle +H, (Hmfl + Hm72) +H, 1 Hy 1= 36Tm+n+4
- 120Tm+n+3 + 52Tm+n+2 + 80Tm+n+l + 16Tm+n

(i): Hn+1Hm+Hn (Hmfl + Hm72)+Hn71Hm71 = 16Tm+n+2_16Tm+n+1_
A4T i + 24T ri1 + 36T sro.

(J): Hn+1Hm + Hn (Hmfl + Hm72) + anlefl = 4Tm+n - 8Tm+n71 +
20T 4m—2 — 16T p—3 + 16T, 4 n—4.

PRrROOF. (a) From Theorem 3.5 (a), we have
1
Hotn = ﬂ(_37-lm+4 +AH i3 + 9Hm+2)7'ln
Using Theorem 1.1 and Theorem 2.1, we can write this result as
Hm—i—n—i—l Hm+n + Hm+n—1 Hm+n

Hm+n Hm+n—1 + Hm+n—2 Hm+n—1 = a21
Hm+n—1 Hm+n—2 + Hm+n—3 Hm+n—2

where
9 1 3
a1 = anl(ﬂHerl + ﬁHm+2 - ﬂquLS)
9 1 3
+Hn+1(ﬂHm+2 + ﬁHm+3 - ﬂHm+4)
13 1 3 9

+Hn(ﬂHm+l + ﬂHm+2 - ﬂHm+3 + ﬂHm)
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Now, by comparing the 2nd rows and 1st columns entries, we get the required
identity in (a).

Similarly, the remaining of identities can be proved by considering again The-
orems 3.5, 1.1 and 2.1. O

The next two theorems provide us the convenience to obtain the powers of
Tribonacci and adjusted Tribonacci-Lucas matrix sequences.

THEOREM 3.6. For non-negative integers m,n and r with n > r, the following
identities hold:
(@): T" = Ton,
(b): T2y =T T,
(©): TorTogr = 7;;2 =75
PROOF. The proof is given in [7]. d

To prove the following theorem we need the next lemma.

LEMMA 3.2. Let Ag, Bg,Cs as in Theorem 2.2. Then the following relations
hold:
AsBs = BsAg = A¢Cs = CsAg = CsBs = BsCs = (0) .

PrROOF. Using a+ 8 +v =1, af + ay+ By = —1 and afvy = 1, required
equalities can be established by matrix calculations. O

We have analogues results for the matrix sequence H,,.
THEOREM 3.7. For non-negative integers m,n and r with n = r, the following
identities hold:
(a): anrﬂnJrr = H?La
(b): H = Hi" Tmn.-

PROOF. (a): We use Binet’s formula of adjusted Tribonacci-Lucas ma-
trix sequence which is given in Theorem 2.2. So,

Hor Hoper — H2
= (46" "+ Bsf" " + Cey" ") (Aga™ " + BT + Cey™ )
—(Aga™ + BgfB" + Cev")?
= AgBsa™ "B (a" — )% + AeCoa Ty (" —A")?
FBoCo" (=)’
= 0
since AgBg = AgCs = CsBg (see Lemma 3.2). Now, we get the result as
required.
(b): By Theorem 3.6, we have
H Ton = HoHow Ho T T T

m times m times
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When we apply Lemma 3.1 (a) iteratively, it follows that

= M Huo M = H.

This completes the proof.

4. Conclusion

There have been so many studies of the sequences of numbers in the literature
and the sequences of numbers were widely used in many research areas. Many
authors use matrix methods in their work. On the other hand, the matrix sequences
have taken so much interest for different type of numbers. See, for example, [5, 11,
12, 14]. In this paper, we defined the matrix sequence of adjusted Tribonacci-Lucas
numbers. It is our intention to continue the study and explore some properties of
some type of matrix sequences of special numbers, such as matrix sequences of
Hexanacci and Hexanacci-Lucas numbers.

In this paper, we obtain some fundamental properties on matrix sequence of
adjusted Tribonacci-Lucas numbers. Because of the integer sequence, the article
has originality.

We can summarize the sections as follows:

e In section 1, we have presented some background about Tribonacci, Tri-
bonacci -Lucas and adjusted Tribonacci-Lucas numbers, and Tribonacci
and Tribonacci -Lucas matrix sequences.

e In section 2, we have defined adjusted Tribonacci-Lucas matrix sequence
and then the generating functions, the Binet formulas, and summation
formulas over these new matrix sequence have been presented.

e In section 3, we have given some relationship between matrix sequences
of Tribonacci, Tribonacci-Lucas and adjusted Tribonacci-Lucas numbers
and matrix sequences
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