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ON THE FIRST BANHATTI-SOMBOR INDEX

Zhen Lin, Ting Zhou, V. R. Kulli, and Lianying Miao

ABSTRACT. Let d, be the degree of the vertex v in a connected graph G. The

first Banhatti-Sombor index of G is defined as
1 1

BSO(G)= > =t

weE(G) w v

which is a new vertex-degree-based topological index introduced by Kulli. In

this paper, the mathematical relations between the first Banhatti-Sombor in-

dex and some other well-known vertex-degree-based topological indices are

established. In addition, the trees extremal with respect to the first Banhatti-
Sombor index on trees and chemical trees are characterized, respectively.

1. Introduction

Let G be a simple undirected connected graph with vertex set V(G) and edge set
E(G). The number of vertices and edges of G is called order and size, respectively.
Denote by G the complement of G. For v € V(G), d, denotes the degree of vertex
v in G. The minimum and the maximum degree of G are denoted by §(G) and
A(G), or simply § and A, respectively. A pendant vertex of G is a vertex of degree
one. A graph G is called (A, d)-semiregular if {d,,d,} = {A,d} holds for all edges
wv € E(G). Denote by K,,, Cy,, P, and K; ,_1 the complete graph, cycle, path
and star with n vertices, respectively.

The study of topological indices of various graph structures has been of interest
to chemists, mathematicians, and scientists from related fields due to the fact that
the topological indices play a significant role in mathematical chemistry especially
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in the QSPR/QSAR modeling. In 1975, the Randi¢ index of a graph G introduced
by Randié [16] is the most important and widely applied. It is defined as

RG) = % dld.

uwveE(G) v

The modified second Zagreb index of a graph G, introduced by Nikoli¢ et al.
[15], is defined as

M;(G)= ) duldv.

uweE(G)

The harmonic index and the inverse degree index of a graph G proposed by
Fajtlowicz [6] are two the older vertex-degree-based topological indices. They are
respectively defined as

2 1 1
H(G) = E —, ID(G) = E ——t+t=]
dy + dy dz  dy
weEB(G) w€E(G)

The symmetric division deg index, inverse sum indeg index and geometric-
arithmetic index of a graph G, introduced by Vukicevié¢ [20, 21, 22], GaSperov
[22] and Furtula [21], are respectively defined as

42+ d? dud,
SDD(G) = Z T ISI(G) = T
weE(G) w weE(G) v Y
o0/d,d,
GA(G) = )
dy + dy
w€EE(G)

The forgotten topological index, introduced by Furtula and Gutman [7], is defined
as

F(G)= > (dZ+d).

weEE(Q)
In 2021, the Sombor index of a graph G is defined as

SOG)= > d+d2

weEE(G)

which is a novel vertex-degree-based molecular structure descriptor proposed by
Gutman [8]. The investigation of the Sombor index of graphs has quickly received
much attention. In particular, Redzepovié¢ [18] showed that the Sombor index may
be used successfully on modeling thermodynamic properties of compounds due to
the fact that the Sombor index has satisfactory prediction potential in modeling
entropy and enthalpy of vaporization of alkanes. Das et al. [3], Milovanovié¢ et
al. [14] and Wang et al. [23] gave the mathematical relations between the Sombor
index and some other well-known vertex-degree-based topological indices. For other
related results, one may refer to [1, 5, 10, 13, 19] and the references therein.
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Inspired by work on Sombor index, the first Banhatti-Sombor index of a con-
nected graph G was introduced by Kulli [9] very recently and is defined as

1
pso@)= ¥ Lk

weE(G) u

We find that the new index has close contact with numerous well-known vertex-
degree-based topological indices. Moreover, the trees with the maximum and mini-
mum first Banhatti-Sombor index among the set of trees with n vertices are deter-
mined, respectively. In particular, the extremal values of the first Banhatti-Sombor
index for chemical trees are characterized.

2. Preliminaries

LEMMA 2.1. For any edge uv € E(G), d? +d? or d2 + d2 is a constant if and

only if G is a regular graph (when G is non-bipartite) or G is a (A, d)-semiregular
bipartite graph (when G is bipartite).

LEMMA 2.2. For any positive real number a and b, we have

2v/2(a? + b? + ab) V2(a? + b?)
< 2 b2 < I S
3(a+0) Ve + atb

with equality if and only if a = b.
LemMA 2.3. ([17]) If a; >0, b; >0, p>0,i=1,2,...,n, then the following
inequality holds:

n pt+l

n p+1 <¥ ai)
Z e

5 (s

i=1

with equality if and only zf U = sz =...=

TE

LEMMA 2.4. ([4]) Let ay,as,...,a, and by, ba, ..., b, be real numbers such that
q < ‘Z—l <Qanda; #0 fori=1,2,....,n. Then there holds

Zb2+Qan (Q@+4q) ZG”

with equality if and only if b; = qa; or b; = Qa; for at least one i, 1 =1,2,....n
LemMA 2.5. ([2]) If a = (a1,a2,...,a4), b = (b1,ba,...,b,) are sequences of

real numbers and ¢ = (¢1,¢a,...,¢n), d = (d1,da,...,d,) are nonnegative, then
n n n n n n
Zdl Zcia? + Zci Z dlblz > 2Zciai Z d;b;
i=1 =1 i=1  i=1 i=1 i=1
with equality if and only if a =b= (k,k,... k) is a constant sequence for positive

c andd;, 1=1,2,...,n
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LEMMA 2.6. ([12]) Let ay,as,...,a, and by, ba,...,b, be real numbers such
thata < a; <A andb<b; < B fori=1,2,...,n. Then there holds

Zalbl——Zal Zb HJ( —iV;J)(A—a)(B—b),

where LIJ denotes the integer part of x.

3. On relations between the first Banhatti-Sombor index and other
degree-based indices

3.1. Bounds in terms of order, size and degree.

THEOREM 3.1. Let G be a connected graph of order n and size m with the
minimum degree 6. Then

V2m

< BSO(G) < -

s>

with equality if and only if G is a regular graph.
PRrROOF. Note that
11 1 f 2m
BSOG) = Y (mrm< Y \ntme-
weE(G) u v w€eE(G)

with equality if and only if d,, = § for any vertex u, that is, G is a regular graph.
By the Cauchy-Schwarz inequality, we have

1 1 1 1
Bso@ = Y Jiils ¥ (+):n
a2 2
weE(Q) dy d” weE(Q) V2 \du V2
with equality if and only if d,, = d,, for any edge uv, that is, G is a regular graph. [

COROLLARY 3.1. Let G be a regular connected graph with n vertices. Then
n
BSO(G) = —.
(@) 7
REMARK 3.1. This implies that BSO(G) does not increase with the increase
of the number of edges of G. Clearly, BSO(K,,) = BSO(C,,).

COROLLARY 3.2. Let U, be a unicyclic graph with n vertices. Then

n
BSOU,) > —
(Un) 7
with equality if and only if G =2 C,,.
COROLLARY 3.3. Let G be a connected graph of order n and size m with the
maximum degree A and the minimum degree §. Then
— m  nn—1)—2m
< < ST S A
V2n < BSO(G) + BSO(G) < ﬁ(a + 2 1A )

with equality if and only if G is a regular graph.
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COROLLARY 3.4. Let G be a connected graph of order n and size m with the
mazimum degree A and the minimum degree §. Then

n n/A
— < BSOG) < —
V2 (@) V26

with equality if and only if G is a regular graph.
PROOF. Since 2m < nA, we have the proof. O

THEOREM 3.2. Let G be a connected graph of order n and size m with the
maximum degree A. Then

1
BSO(G) <n—m(2— ﬁ)K
with equality if and only if G is a regular graph.

PrOOF. Without loss of generality, we suppose that d, > d,. Then we have

B50G) = ¥ \mipe ¥ (;+0E-ng)

weE(G) v uwv€E(G)
1 1
< —2) = =n—m(2-V2)~
) Qg¢)+mJ>A m(2—V2)5
weE(G)
with equality if and only if G is a regular graph. O

COROLLARY 3.5. Let G be a connected graph of order n and size m with the
mazimum degree A and the minimum degree §. Then

Van < BSO(G) + BSO(G) < 2n.— (2 — V3) <7Z N W)

with equality if and only if G is a regular graph.

3.2. Bounds in terms of the Randi¢ index, the modified second Za-
greb index and the inverse degree index.

THEOREM 3.3. Let G be a connected graph with the mazimum degree A. Then
V2R(G) < BSO(G) < V2AM; (G)
with equality if and only if G is a regular graph.
PROOF. By the arithmetic geometric inequality, we have

BSO@) = Y \fmtmz Y

uwweE(G) u 'U wveE(G)

=V2R(G)

with equality if and only if d,, = d, for any edge uv, that is, G is a regular graph.
It is easy to see that

1 1 V2A
BSOG) = St <) = V2AM;(G)
weE(Q) dy U weE(Q) udy
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with equality if and only if d, = d, = A for any edge uv, that is, G is a regular
graph. O

THEOREM 3.4. Let G be a connected graph with the maximum degree A and
the minimum degree §. Then

BSO(G) < \/mID(G)

with equality if and only if G is a regular graph (when G is non-bipartite) or G is
a (A, d)-semiregular bipartite graph (when G is bipartite).

PrOOF. By the Cauchy-Schwarz inequality, we have

1 1
BSO(G) = > 1 =t

weE(G)
S ey (za)
wEE(G) weEE(G) u

= mID(QG)

N

with equality if and only if d% + d2 is a constant for any edge uv in a connected

graph G. By Lemma 2.1, G is a regular graph (when G is non-bipartite) or G is a
(A, §)-semiregular blpartlte graph (when G is bipartite). O

3.3. Bounds in terms of the harmonic index, the symmetric division
deg index and the modified second Zagreb index.

THEOREM 3.5. Let G be a connected graph with the maximum degree A and
the minimum degree §. Then

V2H(G) < BSO(G) < \% (? + Z) H(G)

with equality if and only if G is a regular graph.

Proor. By Lemma 2.2, we have

wow - ¥ [Tie y )

weE(G) uwveE(G)
L (A S\ 2 N
< — (2 (24
EZE:(G)\/i(6+A>du+dv \/§<5+A> (@)

with equality if and only if d,, = d,, for any edge uv, that is, G is a regular graph.
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By Lemma 2.2, we have

1 2v2 (% + % +1)
BSO@) = 2 NEpD 3(du + do)
wveE(G) weE(G)
2v/2(2+1)
> =
> 2 Faga) = VO
weE(G)

with equality if and only if d,, = d,, for any edge uv, that is, G is a regular graph. O

THEOREM 3.6. Let G be a connected graph with the maximum degree A and
the minimum degree §. Then

£SDD(G) + gH(G) < BSO(G) € ?SDD(G)

with equality if and only if G is a regular graph.

PrOOF. By Lemma 2.2, we have

dy | du
11 ( T, )
BSO(G) = Z 7 7 Z N\t T/
w€EE(G) u v wEE(G)
VE( i) v
< — 2 = “2SDD(G
Z 0+46 1) (@)
wveE(G)
with equality if and only if d,, = d, = J for any edge wv, that is, G is a regular
graph.
By Lemma 2.2, we have

1
BSO(G) = > =+
w€EE(G) u
.y 2V2 ( Qo et )
uweE(G) 3(du + dv)
d'u,
_ Z 2\[( du dT> n Z 2v/2
w€EE(G) (d +dy ) weEE(Q) d +dy )
2V2 V2
= —SDD G)+ —H(G
~2sDD(G) + L2 H(G)
with equality if and only if d, = d, = A for any edge uv, that is, G is a regular
graph. U

THEOREM 3.7. Let G be a connected graph with n vertices. Then

BSO(G) < /2M;3(G)SDD(G)
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with equality if and only if G is a regular graph (when G is non-bipartite) or G is
a (A, d)-semiregular bipartite graph (when G is bipartite).

PROOF. Let p =1, a; = ,/d% + d% and b; = ﬁ in Lemma 2.3. Then we
have

m"_‘

<

2
s VETE) .
weE(@) ¥ ¢ ztz dy dy
s Y B Ee y (2e)
WweE(G) doydy wEE(G) dydy w€EE(G) u v

that is,

BSO(G) < \/2M;(G)SDD(G)

with equality if and only if \/d2 + d2 is a constant for any edge uv in G, by Lemma
2.1, G is a regular graph (when G is non-bipartite) or G is a (A, d)-semiregular
bipartite graph (when G is bipartite). O

COROLLARY 3.6. Let G be a connected graph of order n and size m with the
mazximum degree A and the minimum degree 6. Then

A6
BSO(G) < |mM;(G) | =+ —
o A
with equality if and only if G is a regular graph or a (A,d)-semiregular bipartite
graph.

ProoOF. Without loss of generality, we assume that d,, > d,. By the proof of
Theorem 3.7, we have

2
> JeEtz
<uveE<G> I <du du> <A 5)
< Y (F+)<(5++)m

d, dy o A

Z 1
uwweE(G) ducly weER(G)
with equality if and only if d, = A and d, = § for any edge wv. This implies
that G is a regular graph or a (A, §)-semiregular bipartite graph. Conversely, it is
easy to check that equality holds in Corollary 3.6 when G is a regular graph or a
(A, §)-semiregular bipartite graph. O

3.4. Bounds in terms of the forgotten index.

THEOREM 3.8. Let G be a connected graph of order n and size m with the
mazimum degree A and the minimum degree §. Then

V2 moé® F
> Y=
BSO(G) > 1553 < >

with equality if and only if G is a regular graph.

N
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PROOF. Let a; = \/d2 + d2 and b; = ﬁ in Lemma 2.4. Then ¢ = ﬁ and

Q= \/5163' By Lemma 2.4, we have

L 1 2 2 1 1 1 1 1

wEE(G) w€EE(G) w€EE(G)
that is,
m 1 1 1 1
— 4+ —=F(G) < —= =+ = | BSO(G),
A1 T opaget (@) \/§<A3+63> ()
that is,
V2 moéd F
B = |+ =
50(@) A3+53(A +2)
with equality if and only if d, = d, = A for any edge uv, that is, G is a regular
graph. O

THEOREM 3.9. Let G be a connected graph of order n and size m with the
mazimum degree A and the minimum degree §. Then
2mSDD(G) + M5 (G)F(G)
250(G)
with equality if and only if G is a regular graph (when G is non-bipartite) or G is
a (A, 0)-semiregular bipartite graph (when G is bipartite).

BSO(G) <

PROOF. Let a; = b; = \/d2 +d2, ¢; = ﬁ and d; = 1 in Lemma 2.5. Then

we have
d? +d? 1 5 o
moy Tt > T > (d+dd)
uwweE(G) uwweE(G) wweE(G)
>2 Yy Vit & >V +d2
dudv u v
wweE(G) wveE(G)
that is,
2mSDD(G) + M (G)F(G) > 2BSO(G)SO(G),
that is,

2mSDD(G) + M5 (G)F(QG)

250(G)
with equality if and only if a; = b; = /d2 + d2 for any edge wv in G, that is,
d?> + d? is a constant for any edge uv in G, by Lemma 2.1, G is a regular graph
(when G is non-bipartite) or G is a (A, d)-semiregular bipartite graph (when G is
bipartite). O

BSO(G) <

COROLLARY 3.7. Let G be a connected graph of size m with the maximum
degree A and the minimum degree §. Then
m(A26 + 6%) + AF(G)

BSO(G) <
@) 2v/2A63
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with equality if and only if G is a regular graph.

COROLLARY 3.8. Let G be a connected graph of size m with the mazimum
degree A and the minimum degree 6. Then
m?(2A3 + A?5 4 63)

2A0%250(G)

BSO(G) <

with equality if and only if G is a regular graph.

3.5. Bounds in terms of the inverse sum indeg index and geometric-
arithmetic index.

THEOREM 3.10. Let G be a connected graph of order n and size m with the
maximum degree A and the minimum degree §. Then
H(G)SDD(G) +2M5(G)ISI(G)
V2GA(Q)

BSO(G) <

with equality if and only if G is a regular graph.

PROOF. Let a; = \/d2 + d2, b; = \/2d,d,, ¢; = — and d; = —— in Lemma

dud, dutd
2.5. Then we have
1 d2 + d? 1 2dyd.
2 avd X aa T X aa o + d
weE(G) uweE(G) weE(G) weE(G)
\d2 +d? V2dyd,
> 2 U v ,
Z dyd, Z dy +d,
weE(G) weEE(Q)
that is,
H(G)SDD(G) + 2M;(G)ISI(G) > vV2BSO(G)GA(G),
that is,
H DD 2M3(G)ISI
Bs0(G) < HOSDD(G) + 215 (G)ISI(G)
V2GA(G)
with equality if and only if \/d2 + d2 = v/2d,d, for any edge uv, that is, G is a
regular graph. O

COROLLARY 3.9. Let G be a connected graph of size m with the maximum
degree A and the minimum degree §. Then
m2A? + m?62 + 4mAISI(G)
2v2A62GA(G)

BSO(G) <

with equality if and only if G is a regular graph.
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3.6. Bounds in terms of the Sombor index and the modified second
Zagreb index.

THEOREM 3.11. Let G be a connected graph of size m with the mazimum degree
A and the minimum degree 6. Then
2m?
SO(G)
with equality if and only if G is a regular graph.

1
< BSO(G) < 550(G)

PRrROOF. It is easy to see that

BSO(G)= Y d2 <5 Y, VE+d<

weE(G) quE(G)

with equality if and only if d, = d, = A for any edge uv, that is, G is a regular
graph.

Let a; = b; = ﬁ and ¢; = d; = /d2 + d2 in Lemma 2.5. Then
2
2 > JaZ+a > 1>2 > Gtdi) g
v = dudv = ’
weE(G) wweE(G) wveE(G)
that is,
2S50(G)BSO(G) > 4m?,
that is,
2m?
BSO(G
(@) = SO(@G)
with equality if and only if G is a regular graph. O

THEOREM 3.12. Let G be a connected graph of order n and size m with the
mazimum degree A and the minimum degree §. Then

LBSO(G) ~ —350(G)M5(G)| < £(m) va(a 2?;? =L,
where +1
) = (1- )

PROOF. Let a; = /d2 +d2 and b; = ﬁ in Lemma 2.6. Then a = /26,
A=+V2A,b= 45 and B = ;. By Lemma 2.6, we have

1 1
EZ a2 deZvd2+d2Z

weEE(G) weEE(G) weEE(G)

<5l (- nl5]) vea oG -5

uv



64 Z. LIN, T. ZHOU, V. R. KULLI, AND L. MIAO

that is,

V2(A + 6)(A - 6)?
A252 ’

=4 2] (-4 21) -5 (-G

4. The first Banhatti-Sombor index of trees

‘;BSO(G) — T;SO(G)MS(G)’ <&(m)

where

In this section, we determine the trees with the maximum and minimum first
Banhatti-Sombor index among the set of trees of order n, respectively. For a tree
T, of order n with maximum degree A, denote by n; the number of vertices with
degree i in T}, for 1 < ¢ < A, and m; ; the number of edges of T}, connecting vertices
of degree ¢ and j, where 1 < ¢ < j < A. Note that T;, is connected, so m;; =0
forn > 3. Let N = {(4,j) e Nx N:1<i<j<A}. Then clearly the following
relations hold:

A

(4.1) V(T =n=> ni,
i=1

(4.2) E(T)|=n-1= > mi,
(i,5)EN

and

2my g +mi2+ ... +myaA =ng,

mi,2 + 2Wl272 4+ ...+ mao. A = 2712,
(4.3)

mi A +maa+...+2ma s =Ana.
It follows easily from (4.1) and (4.3) that
147
4.4 = RIS
(44 s X T
(i,5)EN
And the definition of the first Banhatti-Sombor index is equivalent to
1 1
(4.5) SO(T,) = Y ’/72 + g
(i,J)EN
THEOREM 4.1. Let T,, be a tree with n-vertex. Then

VAT 4 VB < BSOT,) < VT =T

The equality in the left-hand side holds if and only if T,, = P,, and the equality in
the right-hand side holds if and only if T,, = K1 p_1.
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PROOF. First, we consider the inequality in the left-hand side. Let

M= {09 € N < 0,) # (11),6,4) # (1,2), (.5) # (2.2)}.
By equation (4.4), we have
9i + i
3m172 + 2m272 =2n — Z Mmi,j,

< v

(Z7J)€N1
and by equation (4.2), we have

mia+mea=n-—1-— Z M-
(i,5)€EN1

Then we obtain the following expression for m; 2 and mo o:

z—i—
my2 =2+ Z [— ]):|mi,j7

(i,4)ENy
Mmoo =n—3+ Z [ (i+7) 3j|mi,j.
e - Y

According to the expression (4.5), we have

BSOm) = mayftetemanfiete 3 T

(4,5)€N1
- Al (-5 Ji{
(4,J)EN1 Y
1 +] /

Jr(zv])ZENl [ :| (z,g)ZeN

V2 i +]
N ETRAN (% + =+ (V2 VB

5 (n=3)+V5+ (WEE:N
+V5 — 3\f]mi7j.

Let

fo) =+ VB VBE g5 B2

65

where (z,y) € N, it is easy to see that f(1,2) =0, f(2,2) =0 and f(z,y) > 0 for
(z,y) € Ny. Therefore, BSO(T},,) = g(n —3) + /5 if and only if m; ; = 0 for all
(i,7) € Ny. And this occurs if and only if T,, & P,. Conversely, if T,, & P,, by

(4.5), we obtain

1 1 1 2
BSO(P,) :2\/Z+1+(n—3) iti= i(n73)+\/5.
Thus, we have BSO(T,,) > BSO(P,) with equality if and only if T;, & P,.
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Now, we consider the inequality in the right-hand side. Let

Na = {(0,3) € N+ (1,9) # (1,1), (i.5) # (1,A), (i) # (A, 8)}.
Similar to the proof of the above, by equation (4.4), we have
(A4 1)mya+2man =An— Z Awmim
- 1]
(Z=J)€N2

and by equation (4.2), we have

mia+mana=n—1-— E My, 5.
(,5)EN2

Then we obtain the following expression for mi A and ma a:

(A-Dmia=@A-2n+2- 3 (Aﬁ,] —Z)mm»,
(4,J)EN2 Y
(A —1)man=n—(A+1)+ —(A+ ))mi,j.
(4,5)EN2

According to the expression (4.5), we have

BSO(T,) = mlM/A2+1+mAM/ A2 + > ,/ + mm

(,7)EN2
VAZ +1 i4J
= — " |(A-2n+2— A —2)m,
A(A—l)[( n+ (ige:Nz( ij )m’f}
V14 A2 143
yoT= A A y
+A(A—1){ —(A+1) (7,;‘521\72( ij —(A+ )>m’j}
+ > ,/ + m”
(,7)EN2
(A —Z)n\/A2+1+\/§(n—A—1)+2\/A2+1
B A(A —1)
V2 VAT ¥ 10+
> [\/*+7+ A1 ij
(7])€N2

2VAZ +1—2(A+ 1)} N
Ao -

Let

T 1T V2-VA2fila+y 2V/A2+1-V2(A+1)
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where (x,y) € N, it is easy to see that f(1,A) =0, f(A,A) =0 and f(z,y) <0
for (x,y) € Na. Therefore,

(A =2)nVAZ +1+V2(n—A—1)+2V/A2 +1

B T,) =
SO(T) A(A-1)
if and only if m; ; = 0 for all (i, ) € Na. And this occurs if and only if ny = ng =
o =NA1 = 0.
Let
hz) (zr—2)nVe2 +1+V2(n—x—1)+2vV2Z +1
z) = )

r(x—1
By derivative, we know that h(x) is an inireasin)g function for [2,+00). Thus
hA) <h(n—1) =1+ (n— 1)
Conversely, BSO(Ki ,—1) = y/1+ (n — 1)2. Thus, we have
BSO(T,) < BSO(K1,n-1)
with equality if and only if T, = Kq 1. O

Similar to the method used in Theorem 4.1, we now give an upper bound on
chemical trees without its proof.

THEOREM 4.2. Let T, be a chemical tree with n vertices. If n —2 = 0(mod 3),

then
2v1 1 2(n —
BSO(T,) < V1T(n + )1;- V2(n —5)
with equality if and only if no = ng = 0.
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