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ABSTRACT. Let X be an S-metric space and F': X X X — X be a mapping.
We introduce (v, ¢)-weakly cyclic coupled contraction mapping and Kannan
type (v, ¢)-weakly cyclic coupled contraction mapping in S-metric spaces. If
F : X x X — X then we prove the existence and uniqueness of strong coupled
fixed point of F' in complete S-metric spaces where F is of (1, p)-weakly cyclic
coupled contraction mapping and Kannan type (1, ¢)-weakly cyclic coupled
contraction mapping. Examples are provided to support our results.

1. Introduction and Preliminaries

Generalization of contraction conditions in proving the existence and unique-
ness of fixed points play an important role in nonlinear analysis. In 1969, Kannan
[20] proved the existence of fixed points of certain type of contraction mappings
which are not continuous and different from contraction mappings. Later Kannan
type mappings in various spaces have been considered in large number of works,
some of which are in [4], [7], [9], [10], [11]. In 1997, Alber and Guerre-Delabriere
[2] introduced the concept of weakly contractive mapping as a generalization of
contractive mapping and proved the existence of fixed points for such mappings
in Hilbert spaces. Rhoades [30] extended this study to metric space setting. On
the other hand, in 2003, Kirk, Srinivasan and Veeramani [22] introduced cyclic
contractions in metric spaces and proved the existence and uniqueness of cyclic
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contractions in complete metric spaces. In 2006, Gnana Bhaskar and Lakshmikan-
tham [15] introduced and developed coupled fixed point theory for mixed monotone
operators. For more works involving cyclic contractions and coupled fixed points,
we refer [1], (2], [3], [5], [8],[13], [16], (23], [24], [25], [26], [27], (28], [29], [33]. In
2013, Chandok [7], introduced Kannan type cyclic weakly contraction mapping and
proved the existence of fixed points for such mappings in complete metric spaces.
For more works on cyclic weakly contraction mappings, we refer [3], [8], [19], [21],
[28]. In 2014, Choudhury and Maity [11] introduced cyclic coupled Kannan type
mapping and in 2017, Choudhury, Maity and Konar [12], introduced Banach type
coupling (cyclic coupled Banach type mapping) and proved the existence of strong
coupled fixed point theorems for such mappings.

We use the following propositions in proving our results.

ProPOSITION 1.1. Let {ay,} and {b,} be two sequences of real numbers. Then

lim sup max{an,, b, } = max{limsup a,, limsup b, }.
n—oo n—o0o n—o00

PROPOSITION 1.2. The following holds

(i) Let {cn}, {dn}, {en} and {f.} be real sequences then
max{cy, + dn, en + fn} < max{cy,e,} + max{d,, fn}.

(i) Let {an}, {bn} be two real sequences, {b,} be bounded. Then

liminf(a, + b,) < liminf a,, + limsup b,,.
n—oo n—oo n—o00
ProPOSITION 1.3. Let {an}, {bn}, {cn}, {dn}, {en} and {fn} be nonnegative
sequences satisfying

max{ay, b, } < max{c, + dy, e, + fn} with limsupec, =0 and limsupe, = 0.
n—oo n—oo

Then

hgr_l}gf max{an,, by} < hnrgloréf max{dy, fn}.

DEFINITION 1.1. ([22]) Let A and B be two nonempty subsets of X. A mapping
f: X — X is cyclic with respect to A and B if f(A) C B and f(B) C A.

Choudhury and Maity [11] extended the above notion of cyclic mapping to the
case of mappings defined on X x X in the following.

DEFINITION 1.2. [11] Let A and B be two nonempty subsets of X. A mapping
F:X x X — X is said to be cyclic with respect to A and B if F(A, B) C B and
F(B,A) C A.

DEFINITION 1.3. ([15]) Let X be a nonempty set. Let F': X x X — X be a
mapping. An element (z,y) € X x X is said to be a coupled fized point of F if
F(z,y) =« and F(y,z) = y.

DEFINITION 1.4. ([11]) Let X be a nonempty set. Let F: X x X — X be a
mapping. An element (x,2) € X x X is said to be a strong coupled fized point of
Fif F(z,z) = x.
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DEFINITION 1.5. ([20]) Let (X,d) be a metric space. A mapping f: X — X
is called a Kannan type mapping if f satisfies the following inequality: there exists
k € (0, 3) such that
(1.1) d(fz, fy) < kld(z, fz) +d(y, fy)]

for all z,y € X.
DEFINITION 1.6. ([12]) Let A and B be two nonempty subsets of a metric
space (X,d). A mapping F': X x X — X is called a cyclic coupled Banach type

mapping with respect to A and B if F is cyclic with respect to A and B satisfying
the inequality
(1.2) d(F(z,y), F(u,v)) < Sld(z,u) + d(y, v)],

where z,v € A and y,u € B for some k € (0,1).

N |

DEFINITION 1.7. ([11]) Let A and B be two nonempty subsets of a metric
space (X,d). We call a mapping F : X x X — X a cyclic coupled Kannan type
mapping with respect to A and B if F is cyclic with respect to A and B satisfying
the inequality
(1.3) d(F(z,y), F(u,v)) < k[d(z, F(z,y)) + d(u, F(u,v))],
where z,v € A and y,u € B for some k € (0, %)

THEOREM 1.1 ([12]). Let A and B be two nonempty closed subsets of a complete
metric space (X,d). Let F: X x X — X be a cyclic coupled Banach type mapping
with respect to A and B and AN B # (). Then F has a unique strong coupled fized
point in AN B.

THEOREM 1.2 ([11]). Let A and B be two nonempty closed subsets of a complete
metric space (X,d). Let F: X x X — X be a cyclic coupled Kannan type mapping
with respect to A and B and AN B # (. Then F has a strong coupled fized point
m AN B.

In this paper, we denote
U = {9 :]0,00) = [0,00) such that: (i) 9 is continuous (ii) ) is non-decreasing,

and (iil) ¥(¢) = 0 if and only if ¢ = 0}.

DEFINITION 1.8. ([22]) Let X be a nonempty set and 7' : X — X be a mapping.
If X;,i=1,2,..m are nonempty subsets of X with X = |J X satisfying

i=1

T(Xl) C Xo, .y T(Xm—l) C X, T(Xrn) C Xy
is called a cyclic representation of X with respect to 7.

DEFINITION 1.9. ([7]) Let (X,d) be a metric space, m be a natural number,

Ay, As,..., Ay, be nonempty subsets of X and Y = |J A;. A mappingT:Y — Y is
i=1

m
called a Kannan type cyclic weakly contraction if |J A; is a cyclic representation of
i=1
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Y with respect to T and if there exist ¢ € ¥ and a function ¢ : [0,00)% — [0, 00)
with ¢ is lower semi continuous, ¢(t,t) > 0 for t € (0,00) and ¢(0,0) = 0 such that

1
(1.4) (d(Tz,Ty)) < y(5ld(e, Tz) + d(y, Ty)]) — e(d(z, Tz), d(y, Ty)),
forany z € A;, y € A1, 1 =1,2,...,m, where A,,11 = A;.
THEOREM 1.3 ([7]). Let (X,d) be a metric space, m be a natural number,

Ay, Ay, ...y Ay, be nonempty subsets of X and Y = |J A;. Suppose that T is a
i=1

m
Kannan type cyclic weakly contraction. Then, T has a fized point z € () A;.
i=1

=

DEFINITION 1.10. ([31]) Let X be a nonempty set. An S-metric on X is a
function S : X3 — [0, 00) that satisfies the following conditions:
for each z,y,2,a € X

(51) S(z,y,2) 20,
(S2) S(z,y,z) =0if and only if z =y = z and
(S3) S(z,y,2) < S(z,2,a) + S(y,y,a) + S(2,2,a).
The pair (X, S) is called an S-metric space.
ExaMpPLE 1.1. ([31]) Let (X, d) be a metric space. Define S : X3 — [0, 00) by

S(z,y,2) = d(z,y) + d(x, z) + d(y, 2) for all z,y,z € X. Then S is an S-metric on
X and S is called the S-metric induced by the metric d.

EXAMPLE 1.2. ([14]) Let X = R, the set of all real numbers and let S(z,y, z) =
ly + 2z —2z|+ |y — 2| for all z,y,z € X. Then (X, S) is an S-metric space.

ExAMPLE 1.3. ([32]) Let R be the real line. Then S(z,y,z2) = | — 2|+ |y — 2|
for all x,y, z € R is an S-metric on R. This S-metric is called the usual S-metric.

LEMMA 1.1 ([31]). In an S-metric space, we have S(z,xz,y) = S(y,y,x).
LEMMA 1.2 ([14]). Let (X,S) be an S-metric space. Then
S(x,2,2) <28(w,2,y) + S(y,y, 2)-

DEFINITION 1.11. ([31]) Let (X,S) be an S-metric space.

(i) A sequence {z,} € X converges to a point z € X if S(z,,zp,x) — 0 as
n — oo. That is, for each € > 0, there exists ng € N such that for all
n = ng, S(xn,Tn,x) < € and we denote it by lim z, = x.
n—roo
(ii) A sequence {z,} € X is called a Cauchy sequence if for each € > 0, there
exists ng € N such that S(z,, z,, ) < € for all n,m = ng.
(iii) An S-metric space (X,.S) is said to be complete if each Cauchy sequence

in X is convergent in X.

LEMMA 1.3 ([31]). Let (X,S) be an S-metric space. If the sequence {x,} in
X converges to x, then x is unique.
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LEMMA 1.4 ([31]). Let (X,S) be an S-metric space. If there exist sequences
{zn} and {yn} in X such that lim z, =z and lim y, =y, then
n— oo n—roo

lim S($n7xnyyn) = S(xaxay)

n—oo

LEMMA 1.5 ([6]). Let (X,S) be an S-metric space. Suppose that {z,} and
{yn} are sequences in X such that

lim S(xpn, Tn, Tnt1) =0 and lim S(yn, Yn, Ynt1) = 0.
n—oo n—oo

If either {z,} or {yn} is not Cauchy, then there exist an € > 0 and sequences of

positive integers {my} and {ni} with my > ny > k such that

(15) maX{S(xmk7xmk7xnk)7S(ymk7ymk?ynk)} 2 €.

We choose my, as the smallest integer with my > ny, satisfying (1.5) i.e.,

max{S(Tmy s Tmys Tny,)s S(Ymp > Ymy > Yny )} = € with

maX{S(Imk—h Tmp—1, Ink), S(ymk—la Ymyp—1, ynk)} <€

Also, the following limits hold.

(i) kh—)ngo max{S(xmk » Tmy znk)a S(ymk y Ymy s y”k)} =€
(i) kh—{go max{S(Tm,, Ty Tng—1)s S (Ymy s Ymy s Yny—1)} = € and
(lll) kli)ngo maX{S(l'nk 9 xnk 9 Imk—l)v S(ynk ) ynk I yMk—l)} = €.

In this paper, we introduce (¢, ¢)-weakly cyclic coupled contraction mapping
and Kannan type (¢, )-weakly cyclic coupled contraction mapping in S-metric
space setting. We prove the existence and uniqueness of strong coupled fixed points
of such mappings in complete S-metric spaces. Also, we present illustrative exam-
ples to examine the validity of our results.

2. (¢, p)-weakly cyclic coupled contractions

We denote

@ = {p:[0,00)%> = [0,00) such that (i) ¢ is continuous in each of its variables
and (ii) ¢(t1,t2) = 0 if and only if t; = 0 and ¢ = 0}.

In the following, we define (¢, p)-weakly cyclic coupled contraction mapping.

DEFINITION 2.1. Let (X,S) be an S-metric space. Let A and B be two
nonempty subsets of X. Let F': X x X — X be a mapping. If (i) F' is cyclic
with respect to A and B and (ii) there exist ¢ € ¥ and ¢ € & such that

Y(S(F(x,y), F(u,v), F(w, z))) < w(%[max{S(x,x,w),S(u,u,w)}

(2.1) + max{S(y,y, z), S(v,v,2)}])
—p(max{S(z,z,w),S(u,u,w)},
max{S(y,y, z), S(v,v,2)})

where z,u,z € A and y,v,w € B, then we say that F' is a (¢, ¢)-weakly cyclic
coupled contraction mapping with respect to A and B.
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THEOREM 2.1. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X x X — X be a (¢, p)-weakly cyclic coupled
contraction mapping with respect to A and B. Then ANB # () and F has a unique
strong coupled fized point in AN B.

PROOF. Let zp € A and yo € B be arbitrary. We define sequences {z,} and
{yn} by
(2.2) Tnt1 = F(Yn,Zn)y Ynt1 = F(Tn,yn), n=0,1,2,... .
If S(znt1,ZTnt1,Yn) = 0 and S(Yn+1,Ynt1,Tn) = 0 for some n, then x,41 = yn
and y,411 = x, for some n so that (z,,y,) is a strong coupled fixed point of F.

Therefore we assume that S(zp4+1, nt1,Yn) 7 0 08 S(Ynt1,Ynt1, n) # 0 for all n.
We consider

w(s(xn-‘rla Tn41, yn+2)) = w(yn—i-?a Yn+2, xn—o—l)
= Y(F(Tnt1, Yn+1), F(@nt1, Ynt1), F(Yn, Tn))

< 77[]( [S($n+17xn+17yn) + S(yn+17yn+17xn)])

1
2
7@(S(xn+1v Tn+1, yn)a S(ynJrl, Yn+1, xn))

(2.3)

< 1/1(% [S(xn-l-lv Tn+1, yn) + S(yn—Ha Yn+1, xn)])
< Y(max{S(Tnt1,Tnt1,Yn)s S(Ynt1,Yn+1, Tn)})-
Similarly, we have

w(s(ynﬁ-l’yn-ﬁ-l?xn-ﬁﬂ)) = ¢(S(F(xn7yn)’F(xnayn)7F(yn-l-lvxn-i-l)))

1
< w(i[s(xnv‘rnvyn+l) + S(ynayn»xn+1)])
7@(S(xnvxn7yn+l)aS(ynyynaxn+1))
< w(%[s(xnamnayn-i-l) +S(ynaynaxn+1)])

< z/J(max{S(acn, Tn, yn+1)u S(yn7 Yn, xn+1)})'
From (2.3) and (2.4), we have

max{y(S(Znt1, Tnt1:Ynt2))s V(S Yn+1, Unt1, Tnt2)) }
< ’(/J(HlaX{S(LL‘n, L, yn+1)a S(y’ru Yn,y xn-l—l)})-

(2.4)

That is
Y(max{S(Tni1, Tni1, Ynt2)s S(Ynt1; Ynt1, Tny2)})
< ¢(max{s(xm Ty Ynt1) S Yns Yn, anrl)})'
That is Y(max{S(z,, Tn, Yn+1), S(YUn, Yn, Tn+1)}) is a decreasing sequence and
therefore there exists r > 0 such that

nh—{r;o max{1/J(S(xm Tn, yn+1)), 7/1(5(%, Yn, anrl))} =T
We now show that » = 0. Suppose, if possible > 0. Then from (2.3) and (2.4),

we have
max{¢(5(xn+1, LTn+1, yn+2)> S(yn-l-h Yn+1, xn+2))})
< ¢(max{5($n, Ly yn+1); S(y'ru Yn, :L'nJrl)})
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- mln{go(S(xn, Tn, yn+1); S(ym Yn, xn+1))7
@(S(ynvymxn+l)aS(xn7xnvyn+1))}o
On letting n — oo, we have

r<r— mln{nh_{go @(S(xna L, yn+1)S(yna Yns xn-i—l))v
nhanc}o O(S(WYn> Yns Tnt1), S (Tn, Ty Yng1))}
which implies that lim ©(S(2n, Zn, Yn+1)s S(Yn,s Yns Tnt1)) = 0. That is
n—oo

‘P( lim 5($n,$n,yn+1)7 hm S(ymynaxn+1)) =0

n—roo

so that lim S(xy,Zn,ynt1) =0 and hm S(Yn, Yn, Tnt1) = 0. Then we have

n—oo

¢( lim S(xna xnayn-i-l)) =0 and w(nh_fgo S(ynvynaxn-i-l)) =0

n—oo

which gives that
max{¢( im S(zn, Tn, Yn1)), (B S(Yn, Yn, Tni1))} = 0.
That is » = 0, a contradiction. Thus r = 0. Therefore

nlggo max{y(S(zn, Tn, Yn+1)), V(S (Yn, Yn, Tnt1))} = 0.

Then we have

lim ¢(S($n,$n,yn+1)) =0 and nh_)néo w(s(ynvymanrl)) =0

n—oo

which gives

w( lim S(l‘n, mnaynJrl)) =0 and 1#(7}1_{{.10 S(ynvynaanrl)) =0

n— oo
so that
(2.5) h_>m S(Zny Tn,y Ynt1) = 0 and hm S(Yny Yny Tnt1) = 0.

If z,, = y,, for some n then x; = y; for all £ > n which implies that

lim S(xg,zk, yr) = 0.
k—o0

Now suppose that x,, # y, for any n. By using the inequality (2.1), we have
V(S (@nt1, Tnt1s Ynt1)) = V(S (Unt1, Ynt1, Tnt1))
Y(S(F(n, Yn), (@, Yn), F'(Yns Tn)))
<Y [S(@n, T Yn) + S (Yns Y 20)])
— @(S(@n, T, Yn), S(Yn, Yn, Tn))
(2.6) = (S(zn, Ty yn)) — ©(S(@n, oy Yn ), S(Yn, Yn, Tn))
< P(S(@n, Tny Yn))-

That is {S(zn, Tn,yn)} is a decreasing sequence and therefore there exists s > 0
such that lim S(zy,,Tn,yn) = s.
n— oo
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On letting n — oo in (2.6) we have

P(s) < U(s) — (s, s)
which implies that s = 0 Therefore
(2.7) lim S(xn, Tn,yn) = 0.

n—oo
We now consider
S(@ns Tny Tnt1) + S(Yns Yns Yn+1) < 28(Tn, Ty Yn) + S(Yns Yns Tnt1)
+25(Yns Yns Tn) + S(Tn, Ty Ynt1)
=45(xn, TnyYn) + S(@n, Ty Ynt1)
+ S Yns Yn, Tny1)-

On taking limits as n — oo, we get

lim [S(xnvxnvxn—ﬁ—l) + S(y’m y'myn-ﬁ-l)} =0

n—oo

which implies that

lim S(zp,Zn, Tpt1) =0 and lim S(Yn,Yn, Ynt+1) = 0.
n—oo

n— oo

We now prove that {x,,} and {y,} are Cauchy sequences. Suppose that either {x,,}
or {yn} is not Cauchy. Then there exist € > 0 and subsequences {my} and {ny}
with my > ng > k such that

(2.8) max{S(Tm, , Ty Tny )s S Ui s Ymps Yny ) = €-

We choose my, as the smallest integer with my > ny satisfying (2.8). That is

max{S(Tmy, Ty, Tng )y S (Y s Ymys Yny )} = €
with
max{S(Tm, -1, Tmp—1>Tny )s S(Ymp—1, Ymp—1,Yny, )} < €
We now prove the following.
(2.9) klggo max{S(Tmy s Ty Yng )y S Y » Y Ty ) } = €
We consider
S(Trme—15Tmp—1>Yne—1) = SUnp—1, Yni—1, Tmy—1)
< 25Ynp—1sYnp—15Tny, ) + S (Xny s Trgys Tngo—1)-
Also, we have
SWYmy—1> Ymy—15 Tn—1) < 28 (Tny—1, Ty—1, Yny,) + S Yni» Yni» Ymp—1)-
Thus we have
max{S(Tmy,—1, Trmyp—1, Ynp—1)s S Ymp—15 Ymp—1, Tny—1) }
< max{25(Yn, — 1, Ynp—15 Tny ) + S (Try Tnyys Ty —1),
28(Tny—1, Trg—15Yny,) + S Ynys Ynges Ymy—1) -
On taking limit supremum as k — oo, and using Proposition 1.1,
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llmsup maX{S<xmk71axmkflaynkfl)> S(ymkf].?ymkfl?mnk*l)}
k—o0

< limsup max{S(zn,, Tny, Tmr—1)s S Ynp> Yng> Ymr—1)}
k—o00

= ¢ (by (iil) of Lemma 1.5).
We consider
S(xmkvxmkvynk) < QS(xmmxmkvxmk—l) + S(xmk—17xmk—1?ynk)
S(:cmk,xmk,xmk,l) + S(ynmynkvxmkfl)
S(xmkvxmkvxmkfl) + QS(ynkvynkaynkfl)
+ S(ynkflﬂ y’ﬂkflﬂ xmkfl)~

2
2

N

Similarly, we have

S (Y > Ymir Tny,) < 28 Y > Ymis Ymi—1) + S Ymp—15 Ymp—15 Tny,)
= 28 (Ymus Ymy» Ymy—1) + S(Tny, Try, Ymy—1)
< 25 Yy Ymp s Ymp—1) + 25 (T, Ty s Tnp—1)

+ S(ymk*hymkfhxnkfl)-
We have

maX{S(Cka y Ty s ynk)a S(ymk y Ymy mnk)}

< ma‘X{QS(xmk’ xmk 9 xmkfl) + QS(yTLk ) y’nk ) ynkfl) + S(ynkflv ynk717 l’mkfl))

2S(ymk s Ymy s ymk—1)+2‘9($7lk y Ly s m"k_1)+s(ymk—17 Ymy—1, xnk—l)}'
On taking limit infimum as k£ — oo, we get
€< likrgiorolf max{S(Tm,, Tmy» Tny )y S Ymps Ymy> Yny )}
< likm inf max{SYnys Yny> Tmg)s S(Tnys Tng, Ym, )} (by Proposition 1.3).

— 00

From the above we have

e < liminf max{S(@m,, Tm: Yni): S Wi s Yy, Tni ) }
k—o0

< lecn sup max{S(Tm,; Tmy Yny), S Ymis Y, Ty )} < €.
—00

Hence thgLrolf maX{S(ﬂjmk b) xmk ) ynk)7 S(ymk b) y’mk ) mnk)}
= limsup max{S(Tm,, Tmy>Yni)s S Ume> Ymp» Tny )} = €
k—o0
Therefore klim max{S(Tm, , Tmy» Yny )y S (Ymy, s Ymy» Ty, ) } €Xists and
— 00

lerlgo max{S(Tm,, T Yni )s S Ui s Ymp» Tny ) f = €-
Hence (2.9) is proved.
We consider
S(Zrme—15Tmp—1,Yne—1) = SUnp—1, Yny—1, Tmy—1)
< 25 Ynp—15 Ynp—1,Tny ) + S(Tngr Ty Trmg—1)-
Also, we have

S(ymkflvymkfhxnkfl) < 2S(xnk717xnk717ynk) + S(ynwynk,ymkfl)

Thus we have

max{s(xmkflaxmkflﬂ ynk71)7 S(ymk717ymk717$nk71)}
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< maX{QS(ynkflﬂ y’ﬂkflﬂ xnk) + S(xnk b xnk b xmkfl)a
25(1'7%71: Tnyp—1, ynk) + S(yn;C y Ynges ymkfl)}
On taking limit supremum as k — oo, and using Proposition 1.1,

h}zn sup maX{S(xmk—lv Tmy—15 ynk—1)7 S(ymk—la Ymy—1, xnk—l)}
—00

g h}in Sup maX{S('xnkvxnkvxmk—l)’ S(ynk7ynk ) ymk_l)} =€
—00

(by (iii) of Lemma 1.5).
We consider
S(xmk7xmk’ynk) < 2S(xmk’$mk’xmk*1> + S(xmkflvxmkflvynk)
= 25(Zmy, s Ty Tmg—1) + S (Ynis Ynps Tmp—1)
< 25(@mps Tmgs Timg—1) + 25 (Ung > Yng> Yne—1)

+ S(ynk—17 Ynyp—1, xmk—l)'
Similarly, we have

SYmis Ymi> Try) < 28 Y s Ymes Ymi—1) + S(Ymp—15 Ymi—15 Tny,)
SYmy> Ymy> Ymy—1) + S(Tny Tog s Yy —1)
S(Ymp s Ymos Ymp—1) T 25(Tnyr Tngr Tng—1)

+ S(Ymi—15Ymy—1, Tng—1)-

2
2

N

We have
max{S (T, , Ty Yng ) S Ymis Y Tny )}
< max{25(Tmy s Ty, Tmy—1) + 28 Unys Yngs Yng—1) + S (Ung—15 Yng—15 Tmy—1),
25(ym;C y Ymy ymkfl) + 2S($nk y Lny s xnkfl) + S(ymkfl» Ymyp—1 xnkfl)}
On taking limit infimum as k — oo, by using Proposition 1.2 (ii) and (2.9), we get

€< hkn_ljol.}fmax{s(xmk—l)xmk—lvynk—l)’ S(ymk—lvymk—hxnk—l)}

< h’?lsupmax{s(xmk—lammk—laynk—1)7S(ymk—lvymk—lv$nk—1)} <e
—00

Therefore
€< hkn_ljolgfmax{s(xmk—h Tmy—15 ynk—l)’ S(ymk—lv Ymy—1, xnk—l)}

< h’?lsupmax{s(xmk—lammk—laynk—1)7S(ymk—lvymk—lv$nk—1)} <e
—00

Thus len;O max{S(Tm,—1, Tmp—1,Ynp—1)s O (Ymp—1s Ymp—1, Tny—1) } = €.

We consider

V(S @ms Trms Yni)) = V(S Yo Ynyor Ty )

V(S (F(Tng—1,Yny—1)s F(@ny—1, Yni—1)s F (Ymp—1, Tmy—1)))
V(319 (@n—1, Trg—1, Ymu—1) T SWnp—15 Ynp—1, Tmy—1)])

- W(S(xnk717mnk717ymk71)ﬂ S(y’ﬂkflﬂ ynkflu (Emkfl))'

N

Similarly, we have
w(S(ymwymkaxnk)) = ¢(S(F($mk71,ymk71),F(wmrl,ymkq),F(@/nrhxnkq)))
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< w(%[s(xmkflvxmkflaynkfl) + S(ymkfla Ymy—1, xnkfl)])

- @(S(xmkflvxmkflaynkfl)aS(ymkflaymkflaxnkfl))
We now consider

Y(max{S(Tmy Ty s Yng )y S Ymys Ymys Tny, ) })
= max{y(S(@my, Tmy, Ynr ), VS (Y Y Ty )) }
< max{Y(5[S(Tny -1, Tnp—15 Ymp—1) + S Ynj =15 Ynp—15 Tmy—1)]);
¢(%[S(xmk—17xmk—lvynk—l) + S(Ymp—1 Ymy—1, Tny—1)]) }
= min{(S(Tn,—1, Tng—15 Ymp—1)5 SUng 1, Yny—1, Ty —1)),
‘P(S(mmk—lvxmk—lﬂynk—l)’S(ymk—l;ymk—laxnk—l))}'
On letting & — oo,
P(e) <P(e) — min{klgglo P(S(Tng—15 Tny—1, Ymy—1)s S (Yng—15 Yng —15 Tmy—1)),
A o(S (@ -1, Toe—15 Yne—1)s S Yrmi—15 Ymse—1, Tnic—1)) }

which implies that

lim S(xnkflax’nk717ym;9*1) - 0 a‘nd hm S(ymkflaymkflaxnkfl) - 0'
k— o0 k—o0

Therefore
hm maX{S(xnk—lawnk—laymk—l)a S(ymk—laymk—laxnk—l)} = 07
k—oc0

i.e., e = 0, a contradiction. Hence {x,} and {y,} are Cauchy. Since A and B are
closed subsets of X and {x,} C A, {y,} C B, there exist x € A and y € B such
that

(2.10) Tp —> T, Yp — Y a8 N — 0O.
From (2.7), we have S(x,x,y) = 0. Therefore x = y.

We consider

w(5($n+1,$n+1,F(IE,$))) = ’L/J(S(F(IE,l’),F(Z’,$),F(ymxn)))

< U(5[S(z, m,yn) + S(x, 7, 2,)])
- QD(S(‘T? xz, yn)a S(Ia z, l’n))

On taking limits as n — oo, we have

(S(z, 2, Fz,2))) < P(5[S(z, 2,y) + Sz, 2,2)]) — ¢(S(z,2,y), S(z, ,2))
That is ¢¥(S(z,z, F(x,x))) = 0 so that S(z,z, F(z,z)) = 0. Thus © = F(z,x).
Therefore (z,z) is a strong coupled fixed point of F.

We now prove the uniqueness of strong coupled fixed point of F'. Suppose (z, x)
and (y,y) are two strong coupled fixed points of F. We consider

P(S(x, 2, y)) < Y(S(F(x, x), F(x, x), Fy,y)))
< 1/1(%[5(56,37,34) + S(m7$?y)]) - (p(S(x,ac,y),S(x,x,y))

= ’(/J(S(.’E, x,y)) - go(S(x,:r,y), S({E,imy))
This implies that ¢(S(x,z,y), S(z,z,y)) = 0 which shows that x = y. O
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By choosing ¢ (t) = t in Theorem 2.1, we have the following,.

COROLLARY 2.1. Let (X, S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be cyclic with respect to A and
B satisfying the following the inequality:

S(F(x,y), F(u,v), F(w, z)) < %[maX{S(ﬂc, x,w), S(u,u, w)}

(2.11) +max{S(y,y,2),S(v,v, 2)}]
—p(max{S(z,z,w), S(u,u,w)},

max{S(y,y, z),S(v,v,2)})

where x,u,z € A and y,v,w € B and ¢ € . Then ANB # 0 and F has a unique
strong coupled fized point in AN B.

By choosing ¢(t1,t2) = (2 — k)(t1 +t2) in Corollary 2.1, where k € (0, 1), then
we have the following.

COROLLARY 2.2. Let (X, S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be cyclic with respect to A and
B satisfying the following the inequality: there exists k € (0, %) such that

S(F(x,y), F(u,v), F(w, z)) < k[max{S(x, z,w), S(u, u, w)}
+ max{S(y,y, 2), S(v,v, 2)}]

where x,u,z € A and y,v,w € B. Then AN B # 0 and F has a unique strong
coupled fized point in AN B.

(2.12)

The following example is in support of Theorem 2.1.

EXAMPLE 2.1. Let X = [0,2]. We define S : X3 — [0,00) by

0 ifr=y==z

S(w,y,2) = { max{z,y,z} otherwise.

Then clearly (X,S) is an S-metric space. To show (X, S) is complete, let {z,} be
a Cauchy sequence in X = [0,2]. Let € > 0 be given. Then there exists N3 € N
such that S(2y,z,,rn) < § for all n > Ny, m > Ni. Hence it follows that {z,}
is a bounded sequence in [0,2] with respect to the S-metric. So there exists a
subsequence {z,, } of {z,} such that z,, — x, x € [0,2] as k — oco. Hence there
exists No € N such that S(zy,,2n,,2) < § for all k> N. Let N = max{Ny, Na}.
Then for n > N, we have

S(In; 'Tna IE) g 2S(xn7 xvu x’nk) + S(xnkvxnkvx)7 nk 2 N
<2(§)+5=¢
so that {z,} converges to z in X. This shows that (X, S) is a complete S-metric

space.
Let A=[1,2] and B = [0,1]. We define F': X x X — X by

=¥ ifreAandyeB
— 1
Fw,y) { 0 otherwise.
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Then F(A, B) = [0, 4] C B and F(B, A) = {0} C A so that F is cyclic with respect
toAandB.Wedeﬁnez/) [0,00)% = [0,00) by #(t) = £ and ¢ : [0,00)? — [0,00)
by ¢(t1,t2) = 1=(t1 + t2).
We now verify the inequality (2.1). Let x,u,z € A and y,v,w € B. Then
S(z, z,w) = z; S(u,u,w) = u; S(y,y,2) = z and S(v,v,z) = z. We consider
Y(S(F(z,y), F(u,v), F(w,2))) = ¥(S(3F, “7%,0))
— % max{w UZU}
= L max{z — y,u — v}
$ max{z,u}
max{z, w}, max{u, w}]
L max{S(z,z, w), S(u,u,w)}
2 max{S(z,z,w), S(u,u,w)}
+ max{S(y,y, 2), S(v,v, 2)}]
=1t +1t2) — (1 +t2)
= (5t +t2)) — p(t1,t2)
where t; = max{S(z, z,w), S(u,u,w)} and t2 = max{S(y,y, 2), S(v,v, z)}. There-
fore F'is a (¢, p)-weakly cyclic coupled contraction mapping with respect to A and
B and F satisfies all the hypotheses of Theorem 2.1 and (0,0) is a unique strong
coupled fixed point of F. O

NN

//\

3. Kannan Type (¢, p)-weakly cyclic Coupled Contraction

In the following, we define Kannan type (¢, p)-weakly cyclic coupled contrac-
tion mapping.

DEeFINITION 3.1. Let (X,S) be an S-metric space. Let A and B be two
nonempty subsets of X. Let F : X x X — X be a mapping. If (i) F is cyclic
with respect to A and B and (ii) there exist ¢ € ¥ and ¢ € @ such that

V(S(F(z,y), F(u,v), F(w, 2))) < 1/1(%[5(%%17(%1/)) + S(u, u, F(u,v))

(3.1) +S(w,w, F(w, 2))])
—p(max{S(z,z, F(z,y)), S(u,u, F(u,v))},

S(w,w, F(w, z)))

where z,u,z € A and y,v,w € B, then we say that F' is a Kannan type (¢, ¢)-
weakly cyclic coupled contraction with respect to A and B.

THEOREM 3.1. Let (X, S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be Kannan type (¢, ¢)-weakly
cyclic coupled contraction mapping with respect to A and B. Then AN B # 0 and
F has a unique strong coupled fixed point in AN B.
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PROOF. Let 2y € A and yg € B be arbitrary. We define sequences {z,} and
{yn} by Tpni1 = F(Yn,Tn), Ynt1 = F(@n,yn), n=0,1,2,... . We now show that
the following inequalities hold by using induction on n.

(3.2) V(S (T2n+1, T2nt1, Yon+2)) < Y(S(Yo, Yo, 21))
and

(3:3) V(S (W2n+1, Y2n+1, T2nt2)) < P(S(wo, To, Y1)
(3.4) V(S(@2n, Tan, Yon+1)) < ¥(S(@o, 20, y1))
and

(3.5) (S (Y2ns Yon, Tan+1)) < Y(S(Yo, vo, 1))

If y, = 41 and z,, = Y41 for some n, then

V(S (@0, Tny Yn)) = V(S (Ynt1, Yn+1, Tnt1))
= Y(S(F(@nsYn), F(@nsYn), F'(Yn, n)))
< 1/1(%[25(%7%»1’(%7%)) + SYns Yns F(Yn, n))])
= @(S(@n, Tny F (@0, Yn))s SYny Yns F(Yns Tn)))
= w(%[QS(xn, L, yn-i—l) + S(ynv Yns -Tn-i-l)D
- ‘P(S(mmxmyn+1)>S(ynvymxn+1))
= w(%ps(ﬂﬂm%»xn) + S(Yn» Yn>Yn)])
= @(S(@n, Tny Tn)y S(Yny Ynr Yn))-
That is ¥ (S(Zn, Tn, yn) = 0 so that S(zy, Tn,yn) = 0. Thus z, = y,. Therefore
(zn,xn) is a strong coupled fixed point of F' and we are through.

Here we note that if either y,, # x,11 or z,, # y,41 for all n, then some of the
inequalities (3.2)-(3.5) may fail to hold.

For example, for the case y, # Tn+1 and x, = yn41 for all n, the inequality
(3.3) is not possible to hold. For, by choosing n = 2m, m is a positive integer, we
have

Y(S(Yama1, Yam+1, Tama2) = Y(S(F(T2m, Yom), F(T2m, Y2m)s F(Y2m+1, T2ms1)))
$(525(@2m, Tams Y2mr1) + SYom41, Yamt1, Tam2)])
—o(S(z2m, Tams Y2m+1): S(Y2m+1, Y2m+1, T2am+2))
(S (Yom+1, Y2mt1, Tam2))
— (0, S(Y2m+1:Y2m+1, T2m+2))

N

N

which implies that

©(0, S(Y2m+1, Y2m+1, Tam+2)) = 0.
Therefore S(Y2m-+1, Y2m+1, Lam+2) = 0. Thus Yo, 11 = Tamo which is a contradic-
tion. Hence (3.3) fails to hold so that this case does not arise.

Now for the case y,, = p41 and x, # yn41 for all n, the inequality (3.2) is not
possible to hold. For, by choosing n = 2m, m is a positive integer, we have

(S (T2m+1, Tam+1, Yom+2)) = V(S (Y2m+2, Y2m+2, Tam+1))
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= Y(S(F(zam+1,Y2m+1), F(Tamt1, Y2m+1), F(Y2m, T2m)))
< 1/’(%(25(952m+17 Tomi1, F(Tami1, Yom11))
+ S(y2m; Y2m, F(Y2m, T2m)))
— 0(S(T2m+1s T2m+1, F(T2mt1, Y2m+1)),
S(Y2ms Y2ms F(Y2m, T2m)))

= (3 (25(T2m+1; Tamt1, Yam+2) + SY2m Y2m, Tam+1)))

— o(S(@T2m+1: T2m+1, Y2m+2), S(Y2ms Y2ms Tam+1))
< P(S(T2mt1; Tam+1, Yam+2)) — @(S(T2m+1, T2mt1, Y2m+2), 0)

which implies that
o(S(z2m+1; Tam+1, Y2m+2), 0) = 0.

Therefore S(z2m+1,T2m+1,Y2m+2) = 0. Thus xom+1 = Yame2 which is a contra-
diction. Hence (3.2) fails to hold so that this case also does not arise.

Hence, we assume that y,, # x,+1 and x,, # y,+1 for all n. Now by using (3.1),
we have

¢(5(1‘1’$17y2) V(S (Y2, Y2, 71)) = Y(S(F(z1,91), F(w1,91), F (Y0, 70)))

)=
<Y(3[25 (21, 21, F(z1,11)) + S0, vo, F(yo, 0))])
— p(S(w1, 71, F(21,91)), S (Y0, Yo, F' (Y0, T0)))

= ¢(5[25(x1, 21, 92) + S(yo, Yo, 1)) — ©(S(x1, 21, 42), S (Yo, yo, 1))
< (max{S(z1,21,92), S(Yo, Yo, 21)}) — @(S(w1,21,92), S(Y0, Yo, 1))
< p(max{S(z1,z1,¥2), S(yo, Yo, 21)})-
That is

(3.6) Y(S(z1, 21, 92)) < ¥(S (Yo, Yo, 1))
Similarly, by (3.1), we have
¢(5(Z/17y1a332)) = Y(S(F (0, y0), F(20,¥0), F'(y1, 1))
< (325 (w0, zo, F (20, 90)) + S(y1,y1, F(y1,21))])
— o(S(z0, zo, F(x0,%0)), S(y1,y1, F(y1,71)))
= ¢(5[25(w0, w0, y1) + S(y1, Y1, 32)]) — ©(S(w0, w0, y1), S(y1, 91, 72))
< P(max{S(zo, xo,y1), S(y1, Y1, 72)}) — ©(S(@0, 0, Y1), S(y1,y1,22))

< (max{S(zo,x0,y1),S(Y1,1,72)}).
That is

(3.7) Y(S(y1,y1,22)) < P(S(wo,20,¥1))-
Again by (3.1), we have
Y(S(z2,22,y3)) = Y(S(ys, y3, 22)) = V(S (F(22,92), F(22,y2), F(y1,21)))
< Y(3[28 (w2, w2, F(22,92)) + S(y1, v1, F(y1,21))])
— (S(x2, 22, F(22,92)), S(y1, 91, F (y1,21)))
= ¢(%[2S(w27$2,y3) + Sy, y1,72)]) — 0(S(22,22,93), S(Y1,Y1,72))
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< Y(max{S(22, x2,y3), S(y1,y1,22)}) — ©(S(@2, 22, ¥3), S(y1, Y1, 22))
< (max{S(z2, x2,y3), S(y1,y1,22)}).
That is
(3.8) PY(S(z2,72,y3)) < Y(S(y1,y1,72)) < P(S(20,70,91)) (by (3.7)).
Similarly, we have
V(S(y2, Y2, 3)) = V(S(F(21,31), F(1,91), F(y2, 22)))
< P(3[25(x1, 21, F(x1,91)) + S(y2, y2, F(y2, 22))])
—o(S(z1, 21, F(21,91)), S (Y2, Y2, F (Y2, 72)))
= (3[25 (21, 21, y2) + S(y2, Y2, ®3)]) — ©(S(x1, 21, 2), S(y2, Y2, T3))
= Y(max{S(21,z1,2), S(y2,y2, 23)}) — p(S(21, 21, 92), S(y2, Y2, ¥3))
< (max{S(z1,x1,y2), S(y2, Y2, 23)}).
That is
(3.9)  ¥(S(y2,y2,23)) <¥(S(x1,21,92)) < ¥(S(yo,90,21)) (by (3.6)).

We assume that (3.2), (3.3) and (3.4), (3.5) are true for n = m. We first show
that (3.2) and (3.3) are true for n = m + 1 when m is even. Now, let m be even.
In this case, we consider ¥(S(Tm+t1, Tm+1,Ym+2)) = V(S (Ym+2, Ym+2, Tm+1))

= Y(S(F(@m+1,Ym+1)s F(@ms1, Yms1)s F(Ym, Tm)))
< w(%[QS(;Um+1,xm+1, F (@11, Ym+1)) + S Yms Yms F(Yms Tm))])
= @(S(@mt1, Tt 1, F(Tma1, Ym+1))s S(Yms Y F (Y Trm)))
= ¢(%[2S($m+1,xm+1, Ym+2) + S(Ym, Ym, Tm+1)])
= @(S(Tmt1, Trmt1, Ymt2)s S(Yms Yy Tmt1))
which implies that
V(S (@mt1, Tmt1, Ym+2)) < Y(Max{S (Tm41, Tt 1, Ym+2)s S (Y Ym Tmt1)})
(3.10)
= o(S(@m+1, Tmt1, Ymt2)s S(Yms Y, Tm+1))
< Y(max{S(Ym, Yms Tm+1)s S(Tm+1, Tm+1, Ym+2) })-
By using (3.5), we have
(3.11) V(S (Tmt1, Tmt1, Ymt2)) < V(S Yms Yms> Tmr1)) < V(S (Yo, Y0, 1))
Similarly, we have
V(S (Ym+1, Ym+1, Tmt2)) = Y(SE (@ Ym)s F( @iy Ym)s F(Ymt1, Tmt1)))
< ¢(%[25($m7 Ty F (T Ym)) + S W1 Ymr1 F(Yma1, Tma1))])
= o(S@m, Ty F(Tms Ym))s SYm+1, Ymt 15 F(Ymt1, Tmt1))
which implies that
¢(S(ym+1’ Ym+1, m771-&-2)) < w(maX{S(xm, Tm s ym-i-l)a S(ym+1a Ym+1, xm+2)})
(3.12)
= o(S(@ms Ty Ym+1)s SUmt 15 Ym+1, Tm+2))-
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< P(max{S(zm, Tm, Ym+1)s SYm+1, Ym+1, Tm+2)}).-
By using (3.4), we have

(313) /‘/)(S(ym+1aym+l7xm+2)) < 1p(s(l'ma xmvym+1)) < ¢(5($07$07y1))-

Hence, when m is even, we have (3.2) and (3.3) hold for n = m + 1.

We now show that (3.4) and (3.5) are true for n = m+ 1 when m is odd. Now,
let m be odd. In this case,

V(S (@m+1, Tmt15 Ym+2)) = V(S Ym+2, Ym+2: Tm+1))
= Y(S(F(@m+1, Ymt1), F(@m+1, Ym+1)s F(Ym, Tm)))
< ¢(%[25($m+1,$m+17F($m+1, Ym+1)) + SYms Yms F(Ym, Tm))])
= @(S(@Tmt1, Tt 1, F(Tma1, Ym+1))s SUms Yy F (Y Tm)))
= w(%[25(xm+lvxm+1a Ym+2) + SYm, Yms Tmt1)])

- @(S(xm+la Tm+15 ym+2)a S(ymv Ym, xm+1))
which implies that

V(S (Tms1s Tmt1, Ymy2)) < Y(Max{S(Tmi1, Tmi1s Ymt2)s S Yms Ymy Tmi1)})
(3.14)
- QD(S(‘Tm-‘rlv Lm+1, ym+2)7 S(ym7 Ym, $m+1))

< Y(max{S(Ym, Ym, Tm+1), S(Tm+1, Tm+1, Ym+2)})-
That is
V(S (@m+1, Tmt1s Ym+2)) < Y(SWms Ym, Tm+1)) < P(S(@o, o, 41)),
(by our assumption on (3.3)).
Similarly, we have
V(S (Ym+1: Ym+1, Tm2)) = Y(S(EF(Tms Ym)s F(Tms Ym)s F(Ymt1; Tmt1)))
< w(%[QS(xm,xm,F(xm,ym)) + S(Ymt1, Ym+1s F(Ym+1, Tmr1))])
= o(S@m, Ty F(Tms Ym))s SUm+1, Ymt15 F(Ymt1: Tmt1)))
= (3[25(@m, Zms, Ymt1) + SWms 15 Yms1; Tms2)))
= @(S(@Tms Ty Ym+1))s S(Ym+15 Ymt1, Tms2)
which implies that

¢(S(ym+1a Ym+1, $m+2)) < d}(max{s(xmv Ty ym+1)7 S(ym+17 Ym+1, mm+2)})
(3.15)
- QD(S(‘Tma LTm s ym+1); S(ym+17 Ym+1, $m+2))
< w(max{S(xm, Lm ym+1)7 S(merla Ym+1, $m+2)})~
That is

V(S (Ym+1: Ym+1, Tm+2)) < Y(S(@m, Tims Ym+1)) < (S (Yo, Yo, 1)),
(by our induction assumption on (3.2)).
Hence, when m is odd, we have (3.4) and (3.5) hold for n = m+1. Thus (3.2)-(3.5)
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hold for n = m 4 1. Hence by mathematical induction, the inequalities (3.2)-(3.5)
hold for all n.

Now, we observe that

{¢(S($2m$2my2n+1))}a {T/’(S(Z/Qn—l,yzn—hmn))}

are decreasing and converges to r > 0. Also,

{¥(S(Y2n, Y2n, Tant1)) b, {Y(S (@201, T2n-1,Y20)) }
are decreasing and converges to s > 0. On letting n — oo in (3.14), we get
r<r—@(im S(yn, Yo, Tarr), I S(@ni1s Tt Yora)
which implies that
P i S(yn, Yn, Tnt1), B S(Tni1, Tnt1, Ynta)) = 0.
Thus nl;rr;o S(Yn, Yns Tnt1) = 0 and nlgigo S(Tn+1; Tnt1,Ynt2) = 0. Therefore r = 0.
On letting n — oo in (3.15), we get
5< 85— <P(nli_>ngo S(Yns Yns Tnt1), Jim. S(Tnt1; Tnt1, Ynt2))
which implies that
¢ im S(yn, Yn, Tntr), B S(Zni1, Tnt1, Yny2)) = 0.
Thus nhﬁn;(} S(Yn, Yn, Tnt1) = 0 and nl;rréo S(Tpt1;Tnt1,Ynt2) = 0. Therefore s = 0.
Hence we have the following:

n— oo

nlglgo V(S (an+1, Toant1, Yonte)) =0 = lim S(zan+1, Tant1, Yont2) = 0;

lim (S(Yan+1, Yont1, Tant2)) =0 = lim S(yant1,Y2n+1, Tant2) = 0;
n— 00 n—0o00

and

n—roo

nILH;O Y(S(x2n, Ton, Yon+1)) =0 = lim S(xon, Ton, Yont1) = 0;
—

lim S(%2n, T2n, Yont1) = 0.
n—o0

Jim. Y (S(y2n; Y2n, Tant1)) = 0
Let n be a positive integer. We consider
V(S(@Tn+1, Tnt1,Yn+1)) = V(S (Yn+1; Ynt1, Tni1))
= Y(S(F(n, yn), F (@0, yn), F(Yn, Tn)))
< 1/}(%[25(.%“,.%‘”7F(mn,yn)) + SWYn> Yn> F(Yn, v0))])
— (ST, T, F (@0, Yn))s SYns Yy F(Yns Tn)))
< Y(max{S(zn, Tn, Yn+1), S(Yn, Yns Tnt1)})
= @(S(Tn, Tn, Ynt1)s S(Yns Yn, Tnt1))
< P(max{S(Yn, Yn, Tnt1); S(Tns Tns Ynt1)})-
On taking limits as n — oo, we get nl;rr;o V(S(Tnt1s Trnt1,Ynt+1)) < 0 which implies

that w(nlLIgo S(Tnt1, Tnt1,Ynt1)) = 0. Thus nhﬁngo S(Tnt1s Tnt1sYnt1) = 0.
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We now consider
S(l’n, Tn, anrl) + S(ynv Yn, yn+1) < 2S(xn7 T, yn) + S(yn7 Yn s xn+1)
+ 2S(yn7 Yn, xn) + S(.In, Tn, yn+1)
= 45(Tp, Tn, Yn) + S(Yns Yns Tnt1) + S (Tn, Ty Ynt1)-
On letting n — oo, lUm [S(zn,Zn, Tnt1) + S Yn, Yn, Yn+1)] = 0.
n—o0

We now prove that {z,} and {y,} are Cauchy sequences. Suppose that either
{z,} or {y,} is not Cauchy. Then there exist ¢ > 0 and subsequences {my} and
{ng} with my > ng > k such that
(3'16) maX{S(xmk ? xmk ’ xnk )’ S(ymk I’ ymk i ynk )} 2 €.

We choose my, as the smallest integer with my > ny, satisfying (1.5). That is
max{S(Tmy, Tmys Tny.)s S(Ymi > Y > Yny )} = € with

maX{S(zmk—hxmk—la[Enk)a S(ymk—layMk—laynk)} <€

On the similar lines as in the proof of Theorem 2.1, we have

lim max{S(m, , Tmy > Yny)s S Umps Ymys Tny, )} = €.
n— oo

We consider
¢(S($mmxmkvynk)) = ¢(S(ynkvynk»xmk))
= P(S(F(@ny—1,Ynp—1)s F(@ny—15Ynp—1), F(Ymi—1, Tmy—1)))
<YP(32S(@ng—1, Tnp—15 F (#ny—1,Ynj—1))
+ SWmi—1,Ym—15 F Ymi—1, Tmy—1))])
— (ST, —1,Tny,—1, F(Tny—1,Ynp—1))s
SYmi—1 Ymi—15 F Ymi—15 Tmp—1)))
= w(%[25<xnk*17 Ty —15Yny) + SWUmy—1, Ymi—1> Tmy,)])
— (S (T —1, Tr—1, Yni )s S(Ymi—15 Ymi—1, Ty, ))-
Similarly, we have
V(S Y Ymi> Tny,)) = VS (F(@mp—15 Ymi—1)s F(@Tmp—15 Ymi—1)s F(Yny—1, Ty —1)))
< Y(3[25(@mp—1, Trmp—1, F (T =1, Ymp—1))
+ S (Yni—1,Yny—15 F'(Yny—1, Tny—1))])
= (S (@my—1, Ty —15 F(Timg—1, Ymg—1))s
SYne—1>Ynp—1, F (Uny—1,Tny—1)))
= ¢(%[2S(1‘mk71’xmk*17ymk) + S(ynk:*:l?ynk*l?xnk)])

- QO(S(xmk—lvxmk—laymk)aS(ynk—hynk—lvxnk))-
We now consider

¢(maX{S(Imka$mmynk)7S(ymk,ymk,l’nk)})
= max{w(s(xmk?xmk7ynk))7 ¢(S(ymk7ymk7xnk))}
< max{w(%ps(‘xnk*l»xnk*lvynk) + S(ymk—hymrhwmk)]),
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w(%[25<xmk*1’xmk717ymk)+5(ynk*17ynkflﬂxnk)])}
— min{@(S(Tn,—1 Tny—15 Yny)s S Ymp—15 Ymy—15 Ty, )
O(S(@mp—15 T =1, Ymp )y S (Yny—15 Yng—15 Tny ) -
On letting & — oo,
Y( lim max{S(Tmy, Tmys Yny)» S Umy> Ymy> Tny ) })

nes00
< max{ im (525 (@, 1, @n—1 i) + SGmi—1, Y -1, Ty 1),
Jm (5291 By -1 Y)W =15 Y1, 20 )])}
—min{ im o(S(@n, -1 Cn—1 Ynn ) S (Ymi—15 Ymi—15 i)
(S (@1, Trm—15 Y )y S(Ynic—15 Y -1, T )) -

That is () < 0 so that ¥(e) = 0 which implies that ¢ = 0, a contradiction.
Therefore {z,} and {y,} are Cauchy. On the similar lines as in Theorem 2.1, we
can show that F' has a unique strong coupled fixed point in A N B. (]

By choosing ¢(t) = ¢ in Theorem 3.1, we have the following,.

COROLLARY 3.1. Let (X, S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be cyclic with respect to A and
Bsatisfying the following inequality:

S(F(x,y), F(u,v), F(w, 2)) < =[S(z,z, F(z,y)) + S(u, u, F(u,v))

W =

)
(3.17) +S(w,w, F(w, 2))]
—p(max{S(z,z, F(z,y)), S(u,u, F(u,v))},

S(w, w, F(w, 2)))

where x,u,z € A and y,v,w € B, ¢ € ®. Then ANB # () and F has a unique
strong coupled fized point in AN B.

By choosing ¢(t1,t2) = (3 — k)(t1 + t2) in Corollary 3.1, where k € (0, 1), we
have the following.

COROLLARY 3.2. Let (X, S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F' : X x X — X be cyclic with respect to A and
B satisfying the following inequality: there exists k € (0, %) such that
S(F(z,y), F(u,v), F(w,2)) < k[S(z,z, F(z,y)) + S(u,u, F(u,v))

+S(w, w, F(w, 2))]
where x,u,z € A and y,v,w € B. Then AN B # 0 and F has a unique strong
coupled fized point in AN B.

(3.18)

The following example is in support of Theorem 3.1.

EXAMPLE 3.1. Let X = [0,4]. We define S : X3 — [0,00) by
S(w,y7z):{0 ifr=y==z

max{z,y,z} otherwise.
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Then (X, S) is a complete S-metric space, which follows as in Example 2.1. Let
A=10,4] and B =[0,1]. We define F': X x X — X by

¥ ifrcAandycB
otherwise.

F(w,y)={

o

Then F(A, B) = [0,1] C B and F(B, A) = {0} C A so that F is cyclic with respect
to A and B. We define 1 : [0,00)% — [0,00) by 9(t) = £ and ¢ : [0,00)? — [0, 0)

2
by @(t1,t2) = 15(t1 + t2).
We now verify the inequality (3.1). Let z,u,z € A and y,v,w € B.

Case (i): Let z,u,z € [0,1] and y,v,w € [0,1]. We have
S,z Fz,y)) = Sz, 2, ) = x5 S(u, u, Fu,v)) = S(u,u, ') = u;
S(w,w, F(w, 2)) = S(w,w, %) = w.

78
We consider
w(S(F(x,y),F(u,v),F(w7z))) = ,(/)(S(a%y, %’ %))
= 3S(. 2. %)
= (2 %)
< fglr +u+ ]

61S(x, z, F(2,y)) + S(u, u, F(u,v))

+ S(w,w, F(w, 2))
Lltr 4ty + 1] — [ty + b2 + t3]
%[tl + t2 —+ tg} — %[max{tl,tg} + tg]

= (1[t1 + t2 + t3]) — p(max{t1,t2},t3)
where t, = S(x, z, F(z,u)), to = S(u,u, F(u,v)) and t3 = S(w,w, F(w, z)).
Case (ii): Let x,u, z € (1,4] and y,v,w € [0,1]. We have
S(x,z, F(x,y)) = z; S(u,u, F(u,v)) = u; S(w,w, F(w,z)) = S(w,w,0) = w.

We consider

N

8

NN

11—6[5(36, z, F(z,y)) + S(u,u, F(u,v))
+ S(w,w, F(w, 2))
Flt1 +ta +t3] — 5[t +ta + t3]
Ft1 + to + t3] — ;5 [max{ty, t2} + t3]
= (5[t + b2 + t3]) — p(max{t1, t2}, t3)
where t; = S(z,z, F(z,u)), ta = S(u,u, F(u,v)) and t3 = S(w,w, F(w, 2)).

N
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Therefore F is a Kannan type (1, ¢)-weakly cyclic coupled contraction mapping

with respect to A and B. Hence F satisfies all the hypotheses of Theorem 3.1 and
(0,0) is a unique strong coupled fixed point of F'.
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