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FIXED POINTS OF (ψ, φ)-WEAKLY CYCLIC COUPLED

CONTRACTIONS IN S-METRIC SPACES

Venkata Ravindranadh Babu Gutti, Durga Sailaja Pericherla,
and Srichandana Gadhavajjala

Abstract. Let X be an S-metric space and F : X ×X → X be a mapping.
We introduce (ψ,φ)-weakly cyclic coupled contraction mapping and Kannan

type (ψ,φ)-weakly cyclic coupled contraction mapping in S-metric spaces. If
F : X×X → X then we prove the existence and uniqueness of strong coupled
fixed point of F in complete S-metric spaces where F is of (ψ,φ)-weakly cyclic
coupled contraction mapping and Kannan type (ψ,φ)-weakly cyclic coupled

contraction mapping. Examples are provided to support our results.

1. Introduction and Preliminaries

Generalization of contraction conditions in proving the existence and unique-
ness of fixed points play an important role in nonlinear analysis. In 1969, Kannan
[20] proved the existence of fixed points of certain type of contraction mappings
which are not continuous and different from contraction mappings. Later Kannan
type mappings in various spaces have been considered in large number of works,
some of which are in [4], [7], [9], [10], [11]. In 1997, Alber and Guerre-Delabriere
[2] introduced the concept of weakly contractive mapping as a generalization of
contractive mapping and proved the existence of fixed points for such mappings
in Hilbert spaces. Rhoades [30] extended this study to metric space setting. On
the other hand, in 2003, Kirk, Srinivasan and Veeramani [22] introduced cyclic
contractions in metric spaces and proved the existence and uniqueness of cyclic
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contractions in complete metric spaces. In 2006, Gnana Bhaskar and Lakshmikan-
tham [15] introduced and developed coupled fixed point theory for mixed monotone
operators. For more works involving cyclic contractions and coupled fixed points,
we refer [1], [2], [3], [5], [8],[13], [16], [23], [24], [25], [26], [27], [28], [29], [33]. In
2013, Chandok [7], introduced Kannan type cyclic weakly contraction mapping and
proved the existence of fixed points for such mappings in complete metric spaces.
For more works on cyclic weakly contraction mappings, we refer [3], [8], [19], [21],
[28]. In 2014, Choudhury and Maity [11] introduced cyclic coupled Kannan type
mapping and in 2017, Choudhury, Maity and Konar [12], introduced Banach type
coupling (cyclic coupled Banach type mapping) and proved the existence of strong
coupled fixed point theorems for such mappings.

We use the following propositions in proving our results.

Proposition 1.1. Let {an} and {bn} be two sequences of real numbers. Then

lim sup
n→∞

max{an, bn} = max{lim sup
n→∞

an, lim sup
n→∞

bn}.

Proposition 1.2. The following holds

(i) Let {cn}, {dn}, {en} and {fn} be real sequences then

max{cn + dn, en + fn} 6 max{cn, en}+max{dn, fn}.
(ii) Let {an}, {bn} be two real sequences, {bn} be bounded. Then

lim inf
n→∞

(an + bn) 6 lim inf
n→∞

an + lim sup
n→∞

bn.

Proposition 1.3. Let {an}, {bn}, {cn}, {dn}, {en} and {fn} be nonnegative
sequences satisfying

max{an, bn} 6 max{cn + dn, en + fn} with lim sup
n→∞

cn = 0 and lim sup
n→∞

en = 0.

Then
lim inf
n→∞

max{an, bn} 6 lim inf
n→∞

max{dn, fn}.

Definition 1.1. ([22]) Let A and B be two nonempty subsets ofX. A mapping
f : X → X is cyclic with respect to A and B if f(A) ⊆ B and f(B) ⊆ A.

Choudhury and Maity [11] extended the above notion of cyclic mapping to the
case of mappings defined on X ×X in the following.

Definition 1.2. [11] Let A and B be two nonempty subsets of X. A mapping
F : X ×X → X is said to be cyclic with respect to A and B if F (A,B) ⊆ B and
F (B,A) ⊆ A.

Definition 1.3. ([15]) Let X be a nonempty set. Let F : X ×X → X be a
mapping. An element (x, y) ∈ X × X is said to be a coupled fixed point of F if
F (x, y) = x and F (y, x) = y.

Definition 1.4. ([11]) Let X be a nonempty set. Let F : X ×X → X be a
mapping. An element (x, x) ∈ X ×X is said to be a strong coupled fixed point of
F if F (x, x) = x.
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Definition 1.5. ([20]) Let (X, d) be a metric space. A mapping f : X → X
is called a Kannan type mapping if f satisfies the following inequality: there exists
k ∈ (0, 12 ) such that

(1.1) d(fx, fy) 6 k[d(x, fx) + d(y, fy)]

for all x, y ∈ X.

Definition 1.6. ([12]) Let A and B be two nonempty subsets of a metric
space (X, d). A mapping F : X × X → X is called a cyclic coupled Banach type
mapping with respect to A and B if F is cyclic with respect to A and B satisfying
the inequality

(1.2) d(F (x, y), F (u, v)) 6 k

2
[d(x, u) + d(y, v)],

where x, v ∈ A and y, u ∈ B for some k ∈ (0, 1).

Definition 1.7. ([11]) Let A and B be two nonempty subsets of a metric
space (X, d). We call a mapping F : X × X → X a cyclic coupled Kannan type
mapping with respect to A and B if F is cyclic with respect to A and B satisfying
the inequality

(1.3) d(F (x, y), F (u, v)) 6 k[d(x, F (x, y)) + d(u, F (u, v))],

where x, v ∈ A and y, u ∈ B for some k ∈ (0, 12 ).

Theorem 1.1 ([12]). Let A and B be two nonempty closed subsets of a complete
metric space (X, d). Let F : X ×X → X be a cyclic coupled Banach type mapping
with respect to A and B and A ∩B ̸= ∅. Then F has a unique strong coupled fixed
point in A ∩B.

Theorem 1.2 ([11]). Let A and B be two nonempty closed subsets of a complete
metric space (X, d). Let F : X ×X → X be a cyclic coupled Kannan type mapping
with respect to A and B and A ∩ B ̸= ∅. Then F has a strong coupled fixed point
in A ∩B.

In this paper, we denote

Ψ = {ψ : [0,∞) → [0,∞) such that: (i) ψ is continuous (ii) ψ is non-decreasing,

and (iii) ψ(t) = 0 if and only if t = 0}.

Definition 1.8. ([22]) LetX be a nonempty set and T : X → X be a mapping.

If Xi, i = 1, 2, ...m are nonempty subsets of X with X =
m∪
i=1

Xi satisfying

T (X1) ⊂ X2, ..., T (Xm−1) ⊂ Xm, T (Xm) ⊂ X1

is called a cyclic representation of X with respect to T .

Definition 1.9. ([7]) Let (X, d) be a metric space, m be a natural number,

A1, A2,..., Am be nonempty subsets of X and Y =
m∪
i=1

Ai. A mapping T : Y → Y is

called a Kannan type cyclic weakly contraction if
m∪
i=1

Ai is a cyclic representation of
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Y with respect to T and if there exist ψ ∈ Ψ and a function φ : [0,∞)2 → [0,∞)
with φ is lower semi continuous, φ(t, t) > 0 for t ∈ (0,∞) and φ(0, 0) = 0 such that

(1.4) ψ(d(Tx, Ty)) 6 ψ(
1

2
[d(x, Tx) + d(y, Ty)])− φ(d(x, Tx), d(y, Ty)),

for any x ∈ Ai, y ∈ Ai+1, i = 1, 2, ...,m, where Am+1 = A1.

Theorem 1.3 ([7]). Let (X, d) be a metric space, m be a natural number,

A1, A2, ..., Am be nonempty subsets of X and Y =
m∪
i=1

Ai. Suppose that T is a

Kannan type cyclic weakly contraction. Then, T has a fixed point z ∈
m∩
i=1

Ai.

Definition 1.10. ([31]) Let X be a nonempty set. An S-metric on X is a
function S : X3 → [0,∞) that satisfies the following conditions:
for each x, y, z, a ∈ X

(S1) S(x, y, z) > 0,

(S2) S(x, y, z) = 0 if and only if x = y = z and

(S3) S(x, y, z) 6 S(x, x, a) + S(y, y, a) + S(z, z, a).

The pair (X,S) is called an S-metric space.

Example 1.1. ([31]) Let (X, d) be a metric space. Define S : X3 → [0,∞) by
S(x, y, z) = d(x, y) + d(x, z) + d(y, z) for all x, y, z ∈ X. Then S is an S-metric on
X and S is called the S-metric induced by the metric d.

Example 1.2. ([14]) Let X = R, the set of all real numbers and let S(x, y, z) =
|y + z − 2x|+ |y − z| for all x, y, z ∈ X. Then (X,S) is an S-metric space.

Example 1.3. ([32]) Let R be the real line. Then S(x, y, z) = |x− z|+ |y− z|
for all x, y, z ∈ R is an S-metric on R. This S-metric is called the usual S-metric.

Lemma 1.1 ([31]). In an S-metric space, we have S(x, x, y) = S(y, y, x).

Lemma 1.2 ([14]). Let (X,S) be an S-metric space. Then

S(x, x, z) 6 2S(x, x, y) + S(y, y, z).

Definition 1.11. ([31]) Let (X,S) be an S-metric space.

(i) A sequence {xn} ∈ X converges to a point x ∈ X if S(xn, xn, x) → 0 as
n → ∞. That is, for each ϵ > 0, there exists n0 ∈ N such that for all
n > n0, S(xn, xn, x) < ϵ and we denote it by lim

n→∞
xn = x.

(ii) A sequence {xn} ∈ X is called a Cauchy sequence if for each ϵ > 0, there
exists n0 ∈ N such that S(xn, xn, xm) < ϵ for all n,m > n0.

(iii) An S-metric space (X,S) is said to be complete if each Cauchy sequence
in X is convergent in X.

Lemma 1.3 ([31]). Let (X,S) be an S-metric space. If the sequence {xn} in
X converges to x, then x is unique.
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Lemma 1.4 ([31]). Let (X,S) be an S-metric space. If there exist sequences
{xn} and {yn} in X such that lim

n→∞
xn = x and lim

n→∞
yn = y, then

lim
n→∞

S(xn, xn, yn) = S(x, x, y).

Lemma 1.5 ([6]). Let (X,S) be an S-metric space. Suppose that {xn} and
{yn} are sequences in X such that

lim
n→∞

S(xn, xn, xn+1) = 0 and lim
n→∞

S(yn, yn, yn+1) = 0.

If either {xn} or {yn} is not Cauchy, then there exist an ϵ > 0 and sequences of
positive integers {mk} and {nk} with mk > nk > k such that

(1.5) max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} > ϵ.

We choose mk as the smallest integer with mk > nk satisfying (1.5) i.e.,

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} > ϵ with

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} < ϵ.

Also, the following limits hold.

(i) lim
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} = ϵ

(ii) lim
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)} = ϵ and

(iii) lim
k→∞

max{S(xnk
, xnk

, xmk−1), S(ynk
, ynk

, ymk−1)} = ϵ.

In this paper, we introduce (ψ,φ)-weakly cyclic coupled contraction mapping
and Kannan type (ψ,φ)-weakly cyclic coupled contraction mapping in S-metric
space setting. We prove the existence and uniqueness of strong coupled fixed points
of such mappings in complete S-metric spaces. Also, we present illustrative exam-
ples to examine the validity of our results.

2. (ψ,φ)-weakly cyclic coupled contractions

We denote

Φ = {φ : [0,∞)2 → [0,∞) such that (i) φ is continuous in each of its variables
and (ii) φ(t1, t2) = 0 if and only if t1 = 0 and t2 = 0}.

In the following, we define (ψ,φ)-weakly cyclic coupled contraction mapping.

Definition 2.1. Let (X,S) be an S-metric space. Let A and B be two
nonempty subsets of X. Let F : X × X → X be a mapping. If (i) F is cyclic
with respect to A and B and (ii) there exist ψ ∈ Ψ and φ ∈ Φ such that

ψ(S(F (x, y), F (u, v), F (w, z))) 6 ψ(
1

2
[max{S(x, x, w), S(u, u, w)}

+max{S(y, y, z), S(v, v, z)}])
−φ(max{S(x, x, w), S(u, u, w)},

max{S(y, y, z), S(v, v, z)})

(2.1)

where x, u, z ∈ A and y, v, w ∈ B, then we say that F is a (ψ,φ)-weakly cyclic
coupled contraction mapping with respect to A and B.



142 G. V. R. BABU, P. D. SAILAJA, AND G. SRICHANDANA

Theorem 2.1. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X×X → X be a (ψ,φ)-weakly cyclic coupled
contraction mapping with respect to A and B. Then A∩B ̸= ∅ and F has a unique
strong coupled fixed point in A ∩B.

Proof. Let x0 ∈ A and y0 ∈ B be arbitrary. We define sequences {xn} and
{yn} by

(2.2) xn+1 = F (yn, xn), yn+1 = F (xn, yn), n = 0, 1, 2, ... .

If S(xn+1, xn+1, yn) = 0 and S(yn+1, yn+1, xn) = 0 for some n, then xn+1 = yn
and yn+1 = xn for some n so that (xn, yn) is a strong coupled fixed point of F .
Therefore we assume that S(xn+1, xn+1, yn) ̸= 0 or S(yn+1, yn+1, xn) ̸= 0 for all n.

We consider
ψ(S(xn+1, xn+1, yn+2)) = ψ(yn+2, yn+2, xn+1)

= ψ(F (xn+1, yn+1), F (xn+1, yn+1), F (yn, xn))

6 ψ(
1

2
[S(xn+1, xn+1, yn) + S(yn+1, yn+1, xn)])

−φ(S(xn+1, xn+1, yn), S(yn+1, yn+1, xn))
(2.3)

< ψ( 12 [S(xn+1, xn+1, yn) + S(yn+1, yn+1, xn)])
6 ψ(max{S(xn+1, xn+1, yn), S(yn+1, yn+1, xn)}).

Similarly, we have

ψ(S(yn+1, yn+1, xn+2)) = ψ(S(F (xn, yn), F (xn, yn), F (yn+1, xn+1)))

6 ψ(
1

2
[S(xn, xn, yn+1) + S(yn, yn, xn+1)])

−φ(S(xn, xn, yn+1), S(yn, yn, xn+1))
(2.4)

< ψ( 12 [S(xn, xn, yn+1) + S(yn, yn, xn+1)])

6 ψ(max{S(xn, xn, yn+1), S(yn, yn, xn+1)}).
From (2.3) and (2.4), we have

max{ψ(S(xn+1, xn+1, yn+2)), ψ(S(yn+1, yn+1, xn+2))}
< ψ(max{S(xn, xn, yn+1), S(yn, yn, xn+1)}).

That is

ψ(max{S(xn+1, xn+1, yn+2), S(yn+1, yn+1, xn+2)})
< ψ(max{S(xn, xn, yn+1), S(yn, yn, xn+1)}).

That is ψ(max{S(xn, xn, yn+1), S(yn, yn, xn+1)}) is a decreasing sequence and
therefore there exists r > 0 such that

lim
n→∞

max{ψ(S(xn, xn, yn+1)), ψ(S(yn, yn, xn+1))} = r.

We now show that r = 0. Suppose, if possible r > 0. Then from (2.3) and (2.4),
we have

max{ψ(S(xn+1, xn+1, yn+2), S(yn+1, yn+1, xn+2))})
6 ψ(max{S(xn, xn, yn+1), S(yn, yn, xn+1)})
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−min{φ(S(xn, xn, yn+1), S(yn, yn, xn+1)),

φ(S(yn, yn, xn+1), S(xn, xn, yn+1))}.
On letting n→ ∞, we have

r 6 r −min{ lim
n→∞

φ(S(xn, xn, yn+1)S(yn, yn, xn+1)),

lim
n→∞

φ(S(yn, yn, xn+1), S(xn, xn, yn+1))}

which implies that lim
n→∞

φ(S(xn, xn, yn+1), S(yn, yn, xn+1)) = 0. That is

φ( lim
n→∞

S(xn, xn, yn+1), lim
n→∞

S(yn, yn, xn+1)) = 0

so that lim
n→∞

S(xn, xn, yn+1) = 0 and lim
n→∞

S(yn, yn, xn+1) = 0. Then we have

ψ( lim
n→∞

S(xn, xn, yn+1)) = 0 and ψ( lim
n→∞

S(yn, yn, xn+1)) = 0

which gives that

max{ψ( lim
n→∞

S(xn, xn, yn+1)), ψ( lim
n→∞

S(yn, yn, xn+1))} = 0.

That is r = 0, a contradiction. Thus r = 0. Therefore

lim
n→∞

max{ψ(S(xn, xn, yn+1)), ψ(S(yn, yn, xn+1))} = 0.

Then we have

lim
n→∞

ψ(S(xn, xn, yn+1)) = 0 and lim
n→∞

ψ(S(yn, yn, xn+1)) = 0

which gives

ψ( lim
n→∞

S(xn, xn, yn+1)) = 0 and ψ( lim
n→∞

S(yn, yn, xn+1)) = 0

so that

lim
n→∞

S(xn, xn, yn+1) = 0 and lim
n→∞

S(yn, yn, xn+1) = 0.(2.5)

If xn = yn for some n then xk = yk for all k > n which implies that

lim
k→∞

S(xk, xk, yk) = 0.

Now suppose that xn ̸= yn for any n. By using the inequality (2.1), we have

ψ(S(xn+1, xn+1, yn+1)) = ψ(S(yn+1, yn+1, xn+1))

= ψ(S(F (xn, yn), F (xn, yn), F (yn, xn)))

6 ψ( 12 [S(xn, xn, yn) + S(yn, yn, xn)])

− φ(S(xn, xn, yn), S(yn, yn, xn))

(2.6) = ψ(S(xn, xn, yn))− φ(S(xn, xn, yn), S(yn, yn, xn))

< ψ(S(xn, xn, yn)).

That is {S(xn, xn, yn)} is a decreasing sequence and therefore there exists s > 0
such that lim

n→∞
S(xn, xn, yn) = s.
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On letting n→ ∞ in (2.6) we have

ψ(s) 6 ψ(s)− φ(s, s)

which implies that s = 0 Therefore

lim
n→∞

S(xn, xn, yn) = 0.(2.7)

We now consider

S(xn, xn, xn+1) + S(yn, yn, yn+1) 6 2S(xn, xn, yn) + S(yn, yn, xn+1)

+ 2S(yn, yn, xn) + S(xn, xn, yn+1)

= 4S(xn, xn, yn) + S(xn, xn, yn+1)

+ S(yn, yn, xn+1).

On taking limits as n→ ∞, we get

lim
n→∞

[S(xn, xn, xn+1) + S(yn, yn, yn+1)] = 0

which implies that

lim
n→∞

S(xn, xn, xn+1) = 0 and lim
n→∞

S(yn, yn, yn+1) = 0.

We now prove that {xn} and {yn} are Cauchy sequences. Suppose that either {xn}
or {yn} is not Cauchy. Then there exist ϵ > 0 and subsequences {mk} and {nk}
with mk > nk > k such that

(2.8) max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} > ϵ.

We choose mk as the smallest integer with mk > nk satisfying (2.8). That is

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} > ϵ

with

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} < ϵ.

We now prove the following.

(2.9) lim
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} = ϵ.

We consider

S(xmk−1, xmk−1, ynk−1) = S(ynk−1, ynk−1, xmk−1)

6 2S(ynk−1, ynk−1, xnk
) + S(xnk

, xnk
, xmk−1).

Also, we have

S(ymk−1, ymk−1, xnk−1) 6 2S(xnk−1, xnk−1, ynk
) + S(ynk

, ynk
, ymk−1).

Thus we have

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)}
6 max{2S(ynk−1, ynk−1, xnk

) + S(xnk
, xnk

, xmk−1),

2S(xnk−1, xnk−1, ynk
) + S(ynk

, ynk
, ymk−1)}.

On taking limit supremum as k → ∞, and using Proposition 1.1,
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lim sup
k→∞

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)}

6 lim sup
k→∞

max{S(xnk
, xnk

, xmk−1), S(ynk
, ynk

, ymk−1)}

= ϵ (by (iii) of Lemma 1.5).
We consider
S(xmk

, xmk
, ynk

) 6 2S(xmk
, xmk

, xmk−1) + S(xmk−1, xmk−1, ynk
)

= 2S(xmk
, xmk

, xmk−1) + S(ynk
, ynk

, xmk−1)

6 2S(xmk
, xmk

, xmk−1) + 2S(ynk
, ynk

, ynk−1)
+ S(ynk−1, ynk−1, xmk−1).

Similarly, we have

S(ymk
, ymk

, xnk
) 6 2S(ymk

, ymk
, ymk−1) + S(ymk−1, ymk−1, xnk

)

= 2S(ymk
, ymk

, ymk−1) + S(xnk
, xnk

, ymk−1)

6 2S(ymk
, ymk

, ymk−1) + 2S(xnk
, xnk

, xnk−1)

+ S(ymk−1, ymk−1, xnk−1).
We have

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)}
6 max{2S(xmk

, xmk
, xmk−1)+2S(ynk

, ynk
, ynk−1)+S(ynk−1, ynk−1, xmk−1),

2S(ymk
, ymk

, ymk−1)+2S(xnk
, xnk

, xnk−1)+S(ymk−1, ymk−1, xnk−1)}.
On taking limit infimum as k → ∞, we get

ϵ 6 lim inf
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)}

6 lim inf
k→∞

max{S(ynk
, ynk

, xmk
), S(xnk

, xnk
, ymk

)} (by Proposition 1.3).

From the above we have

ϵ 6 lim inf
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)}

6 lim sup
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} 6 ϵ.

Hence lim inf
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)}
= lim sup

k→∞
max{S(xmk

, xmk
, ynk

), S(ymk
, ymk

, xnk
)} = ϵ.

Therefore lim
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} exists and

lim
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} = ϵ.

Hence (2.9) is proved.

We consider

S(xmk−1, xmk−1, ynk−1) = S(ynk−1, ynk−1, xmk−1)

6 2S(ynk−1, ynk−1, xnk
) + S(xnk

, xnk
, xmk−1).

Also, we have

S(ymk−1, ymk−1, xnk−1) 6 2S(xnk−1, xnk−1, ynk
) + S(ynk

, ynk
, ymk−1).

Thus we have

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)}
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6 max{2S(ynk−1, ynk−1, xnk
) + S(xnk

, xnk
, xmk−1),

2S(xnk−1, xnk−1, ynk
) + S(ynk

, ynk
, ymk−1)}.

On taking limit supremum as k → ∞, and using Proposition 1.1,

lim sup
k→∞

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)}

6 lim sup
k→∞

max{S(xnk
, xnk

, xmk−1), S(ynk
, ynk

, ymk−1)} = ϵ

(by (iii) of Lemma 1.5).
We consider

S(xmk
, xmk

, ynk
) 6 2S(xmk

, xmk
, xmk−1) + S(xmk−1, xmk−1, ynk

)

= 2S(xmk
, xmk

, xmk−1) + S(ynk
, ynk

, xmk−1)

6 2S(xmk
, xmk

, xmk−1) + 2S(ynk
, ynk

, ynk−1)

+ S(ynk−1, ynk−1, xmk−1).
Similarly, we have

S(ymk
, ymk

, xnk
) 6 2S(ymk

, ymk
, ymk−1) + S(ymk−1, ymk−1, xnk

)

= 2S(ymk
, ymk

, ymk−1) + S(xnk
, xnk

, ymk−1)

6 2S(ymk
, ymk

, ymk−1) + 2S(xnk
, xnk

, xnk−1)

+ S(ymk−1, ymk−1, xnk−1).
We have

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)}
6 max{2S(xmk

, xmk
, xmk−1) + 2S(ynk

, ynk
, ynk−1) + S(ynk−1, ynk−1, xmk−1),

2S(ymk
, ymk

, ymk−1) + 2S(xnk
, xnk

, xnk−1) + S(ymk−1, ymk−1, xnk−1)}.
On taking limit infimum as k → ∞, by using Proposition 1.2 (ii) and (2.9), we get

ϵ 6 lim inf
k→∞

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)}

6 lim sup
k→∞

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)} 6 ϵ.

Therefore

ϵ 6 lim inf
k→∞

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)}

6 lim sup
k→∞

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)} 6 ϵ.

Thus lim
k→∞

max{S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)} = ϵ.

We consider

ψ(S(xmk
, xmk

, ynk
)) = ψ(S(ynk

, ynk
, xmk

))

= ψ(S(F (xnk−1, ynk−1), F (xnk−1, ynk−1), F (ymk−1, xmk−1)))

6 ψ( 12 [S(xnk−1, xnk−1, ymk−1) + S(ynk−1, ynk−1, xmk−1)])

− φ(S(xnk−1, xnk−1, ymk−1), S(ynk−1, ynk−1, xmk−1)).
Similarly, we have

ψ(S(ymk
, ymk

, xnk
)) = ψ(S(F (xmk−1, ymk−1), F (xmk−1, ymk−1), F (ynk−1, xnk−1)))
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6 ψ( 12 [S(xmk−1, xmk−1, ynk−1) + S(ymk−1, ymk−1, xnk−1)])

− φ(S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1)).
We now consider

ψ(max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)})
= max{ψ(S(xmk

, xmk
, ynk

)), ψ(S(ymk
, ymk

, xnk
))}

6 max{ψ( 12 [S(xnk−1, xnk−1, ymk−1) + S(ynk−1, ynk−1, xmk−1)]),

ψ( 12 [S(xmk−1, xmk−1, ynk−1) + S(ymk−1, ymk−1, xnk−1)])}
−min{φ(S(xnk−1, xnk−1, ymk−1), S(ynk−1, ynk−1, xmk−1)),

φ(S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1))}.
On letting k → ∞,
ψ(ϵ) 6 ψ(ϵ)−min{ lim

k→∞
φ(S(xnk−1, xnk−1, ymk−1), S(ynk−1, ynk−1, xmk−1)),

lim
k→∞

φ(S(xmk−1, xmk−1, ynk−1), S(ymk−1, ymk−1, xnk−1))}
which implies that

lim
k→∞

S(xnk−1, xnk−1, ymk−1) = 0 and lim
k→∞

S(ymk−1, ymk−1, xnk−1) = 0.

Therefore

lim
k→∞

max{S(xnk−1, xnk−1, ymk−1), S(ymk−1, ymk−1, xnk−1)} = 0,

i.e., ϵ = 0, a contradiction. Hence {xn} and {yn} are Cauchy. Since A and B are
closed subsets of X and {xn} ⊆ A, {yn} ⊆ B, there exist x ∈ A and y ∈ B such
that

(2.10) xn → x, yn → y as n→ ∞.

From (2.7), we have S(x, x, y) = 0. Therefore x = y.

We consider

ψ(S(xn+1, xn+1, F (x, x))) = ψ(S(F (x, x), F (x, x), F (yn, xn)))

6 ψ( 12 [S(x, x, yn) + S(x, x, xn)])
− φ(S(x, x, yn), S(x, x, xn)).

On taking limits as n→ ∞, we have

ψ(S(x, x, F (x, x))) 6 ψ( 12 [S(x, x, y) + S(x, x, x)])− φ(S(x, x, y), S(x, x, x))

= ψ(0)− φ(0, 0).

That is ψ(S(x, x, F (x, x))) = 0 so that S(x, x, F (x, x)) = 0. Thus x = F (x, x).
Therefore (x, x) is a strong coupled fixed point of F .

We now prove the uniqueness of strong coupled fixed point of F . Suppose (x, x)
and (y, y) are two strong coupled fixed points of F . We consider

ψ(S(x, x, y)) 6 ψ(S(F (x, x), F (x, x), F (y, y)))

6 ψ( 12 [S(x, x, y) + S(x, x, y)])− φ(S(x, x, y), S(x, x, y))

= ψ(S(x, x, y))− φ(S(x, x, y), S(x, x, y)).
This implies that φ(S(x, x, y), S(x, x, y)) = 0 which shows that x = y. �
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By choosing ψ(t) = t in Theorem 2.1, we have the following.

Corollary 2.1. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X ×X → X be cyclic with respect to A and
B satisfying the following the inequality:

S(F (x, y), F (u, v), F (w, z)) 6 1

2
[max{S(x, x, w), S(u, u, w)}

+max{S(y, y, z), S(v, v, z)}]
−φ(max{S(x, x, w), S(u, u, w)},

max{S(y, y, z), S(v, v, z)})

(2.11)

where x, u, z ∈ A and y, v, w ∈ B and φ ∈ Φ. Then A ∩B ̸= ∅ and F has a unique
strong coupled fixed point in A ∩B.

By choosing φ(t1, t2) = ( 12 − k)(t1+ t2) in Corollary 2.1, where k ∈ (0, 12 ), then
we have the following.

Corollary 2.2. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X ×X → X be cyclic with respect to A and
B satisfying the following the inequality: there exists k ∈ (0, 12 ) such that

S(F (x, y), F (u, v), F (w, z)) 6 k[max{S(x, x, w), S(u, u, w)}
+max{S(y, y, z), S(v, v, z)}]

(2.12)

where x, u, z ∈ A and y, v, w ∈ B. Then A ∩ B ̸= ∅ and F has a unique strong
coupled fixed point in A ∩B.

The following example is in support of Theorem 2.1.

Example 2.1. Let X = [0, 2]. We define S : X3 → [0,∞) by

S(x, y, z) =

{
0 if x = y = z
max{x, y, z} otherwise.

Then clearly (X,S) is an S-metric space. To show (X,S) is complete, let {xn} be
a Cauchy sequence in X = [0, 2]. Let ϵ > 0 be given. Then there exists N1 ∈ N
such that S(xn, xn, xm) < ϵ

4 for all n > N1, m > N1. Hence it follows that {xn}
is a bounded sequence in [0,2] with respect to the S-metric. So there exists a
subsequence {xnk

} of {xn} such that xnk
→ x, x ∈ [0, 2] as k → ∞. Hence there

exists N2 ∈ N such that S(xnk
, xnk

, x) < ϵ
2 for all k > N2. Let N = max{N1, N2}.

Then for n > N , we have

S(xn, xn, x) 6 2S(xn, xn, xnk
) + S(xnk

, xnk
, x), nk > N

< 2( ϵ4 ) +
ϵ
2 = ϵ,

so that {xn} converges to x in X. This shows that (X,S) is a complete S-metric
space.

Let A = [1, 2] and B = [0, 1]. We define F : X ×X → X by

F (x, y) =

{
x−y
4 if x ∈ A and y ∈ B

0 otherwise.



FIXED POINTS OF (ψ, φ)-WEAKLY CYCLIC COUPLED CONTRACTIONS... 149

Then F (A,B) = [0, 12 ] ⊂ B and F (B,A) = {0} ⊂ A so that F is cyclic with respect

to A and B. We define ψ : [0,∞)2 → [0,∞) by ψ(t) = t
2 and φ : [0,∞)2 → [0,∞)

by φ(t1, t2) =
1
16 (t1 + t2).

We now verify the inequality (2.1). Let x, u, z ∈ A and y, v, w ∈ B. Then
S(x, x, w) = x; S(u, u, w) = u; S(y, y, z) = z and S(v, v, z) = z. We consider

ψ(S(F (x, y), F (u, v), F (w, z))) = ψ(S(x−y4 , u−v4 , 0))

= 1
2 max{x−y4 , u−v4 }

= 1
8 max{x− y, u− v}

6 1
8 max{x, u}

6 1
8 [max{x,w},max{u,w}]

= 1
8 max{S(x, x, w), S(u, u, w)}

6 3
16 [max{S(x, x, w), S(u, u, w)}

+max{S(y, y, z), S(v, v, z)}]
= 1

4 (t1 + t2)− 1
16 (t1 + t2)

= ψ( 12 (t1 + t2))− φ(t1, t2)

where t1 = max{S(x, x, w), S(u, u, w)} and t2 = max{S(y, y, z), S(v, v, z)}. There-
fore F is a (ψ,φ)-weakly cyclic coupled contraction mapping with respect to A and
B and F satisfies all the hypotheses of Theorem 2.1 and (0, 0) is a unique strong
coupled fixed point of F . �

3. Kannan Type (ψ,φ)-weakly cyclic Coupled Contraction

In the following, we define Kannan type (ψ,φ)-weakly cyclic coupled contrac-
tion mapping.

Definition 3.1. Let (X,S) be an S-metric space. Let A and B be two
nonempty subsets of X. Let F : X × X → X be a mapping. If (i) F is cyclic
with respect to A and B and (ii) there exist ψ ∈ Ψ and φ ∈ Φ such that

ψ(S(F (x, y), F (u, v), F (w, z))) 6 ψ(
1

3
[S(x, x, F (x, y)) + S(u, u, F (u, v))

+S(w,w, F (w, z))])

−φ(max{S(x, x, F (x, y)), S(u, u, F (u, v))},
S(w,w, F (w, z)))

(3.1)

where x, u, z ∈ A and y, v, w ∈ B, then we say that F is a Kannan type (ψ,φ)-
weakly cyclic coupled contraction with respect to A and B.

Theorem 3.1. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X ×X → X be Kannan type (ψ,φ)-weakly
cyclic coupled contraction mapping with respect to A and B. Then A ∩B ̸= ∅ and
F has a unique strong coupled fixed point in A ∩B.
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Proof. Let x0 ∈ A and y0 ∈ B be arbitrary. We define sequences {xn} and
{yn} by xn+1 = F (yn, xn), yn+1 = F (xn, yn), n = 0, 1, 2, ... . We now show that
the following inequalities hold by using induction on n.

(3.2) ψ(S(x2n+1, x2n+1, y2n+2)) < ψ(S(y0, y0, x1))

and

(3.3) ψ(S(y2n+1, y2n+1, x2n+2)) < ψ(S(x0, x0, y1))

(3.4) ψ(S(x2n, x2n, y2n+1)) < ψ(S(x0, x0, y1))

and

(3.5) ψ(S(y2n, y2n, x2n+1)) < ψ(S(y0, y0, x1)).

If yn = xn+1 and xn = yn+1 for some n, then

ψ(S(xn, xn, yn)) = ψ(S(yn+1, yn+1, xn+1))

= ψ(S(F (xn, yn), F (xn, yn), F (yn, xn)))

6 ψ( 13 [2S(xn, xn, F (xn, yn)) + S(yn, yn, F (yn, xn))])

− φ(S(xn, xn, F (xn, yn)), S(yn, yn, F (yn, xn)))

= ψ( 13 [2S(xn, xn, yn+1) + S(yn, yn, xn+1)])

− φ(S(xn, xn, yn+1), S(yn, yn, xn+1))

= ψ( 13 [2S(xn, xn, xn) + S(yn, yn, yn)])

− φ(S(xn, xn, xn), S(yn, yn, yn)).

That is ψ(S(xn, xn, yn) = 0 so that S(xn, xn, yn) = 0. Thus xn = yn. Therefore
(xn, xn) is a strong coupled fixed point of F and we are through.

Here we note that if either yn ̸= xn+1 or xn ̸= yn+1 for all n, then some of the
inequalities (3.2)-(3.5) may fail to hold.

For example, for the case yn ̸= xn+1 and xn = yn+1 for all n, the inequality
(3.3) is not possible to hold. For, by choosing n = 2m, m is a positive integer, we
have

ψ(S(y2m+1, y2m+1, x2m+2) = ψ(S(F (x2m, y2m), F (x2m, y2m), F (y2m+1, x2m+1)))

6 ψ( 13 [2S(x2m, x2m, y2m+1) + S(y2m+1, y2m+1, x2m+2)])

−φ(S(x2m, x2m, y2m+1), S(y2m+1, y2m+1, x2m+2))

6 ψ(S(y2m+1, y2m+1, x2m+2))

− φ(0, S(y2m+1, y2m+1, x2m+2))

which implies that
φ(0, S(y2m+1, y2m+1, x2m+2)) = 0.

Therefore S(y2m+1, y2m+1, x2m+2) = 0. Thus y2m+1 = x2m+2 which is a contradic-
tion. Hence (3.3) fails to hold so that this case does not arise.

Now for the case yn = xn+1 and xn ̸= yn+1 for all n, the inequality (3.2) is not
possible to hold. For, by choosing n = 2m, m is a positive integer, we have

ψ(S(x2m+1, x2m+1, y2m+2)) = ψ(S(y2m+2, y2m+2, x2m+1))



FIXED POINTS OF (ψ, φ)-WEAKLY CYCLIC COUPLED CONTRACTIONS... 151

= ψ(S(F (x2m+1, y2m+1), F (x2m+1, y2m+1), F (y2m, x2m)))

6 ψ( 13 (2S(x2m+1, x2m+1, F (x2m+1, y2m+1))

+ S(y2m, y2m, F (y2m, x2m)))

− φ(S(x2m+1, x2m+1, F (x2m+1, y2m+1)),

S(y2m, y2m, F (y2m, x2m)))

= ψ( 13 (2S(x2m+1, x2m+1, y2m+2) + S(y2m, y2m, x2m+1)))

− φ(S(x2m+1, x2m+1, y2m+2), S(y2m, y2m, x2m+1))

6 ψ(S(x2m+1, x2m+1, y2m+2))− φ(S(x2m+1, x2m+1, y2m+2), 0)

which implies that

φ(S(x2m+1, x2m+1, y2m+2), 0) = 0.

Therefore S(x2m+1, x2m+1, y2m+2) = 0. Thus x2m+1 = y2m+2 which is a contra-
diction. Hence (3.2) fails to hold so that this case also does not arise.

Hence, we assume that yn ̸= xn+1 and xn ̸= yn+1 for all n. Now by using (3.1),
we have

ψ(S(x1, x1, y2)) = ψ(S(y2, y2, x1)) = ψ(S(F (x1, y1), F (x1, y1), F (y0, x0)))

6 ψ( 13 [2S(x1, x1, F (x1, y1)) + S(y0, y0, F (y0, x0))])
− φ(S(x1, x1, F (x1, y1)), S(y0, y0, F (y0, x0)))

= ψ( 13 [2S(x1, x1, y2) + S(y0, y0, x1))− φ(S(x1, x1, y2), S(y0, y0, x1))

6 ψ(max{S(x1, x1, y2), S(y0, y0, x1)})− φ(S(x1, x1, y2), S(y0, y0, x1))

< ψ(max{S(x1, x1, y2), S(y0, y0, x1)}).
That is

(3.6) ψ(S(x1, x1, y2)) < ψ(S(y0, y0, x1)).

Similarly, by (3.1), we have

ψ(S(y1, y1, x2)) = ψ(S(F (x0, y0), F (x0, y0), F (y1, x1)))

6 ψ( 13 [2S(x0, x0, F (x0, y0)) + S(y1, y1, F (y1, x1))])

− φ(S(x0, x0, F (x0, y0)), S(y1, y1, F (y1, x1)))

= ψ( 13 [2S(x0, x0, y1) + S(y1, y1, x2)])− φ(S(x0, x0, y1), S(y1, y1, x2))

6 ψ(max{S(x0, x0, y1), S(y1, y1, x2)})− φ(S(x0, x0, y1), S(y1, y1, x2))

< ψ(max{S(x0, x0, y1), S(y1, y1, x2)}).
That is

(3.7) ψ(S(y1, y1, x2)) < ψ(S(x0, x0, y1)).

Again by (3.1), we have

ψ(S(x2, x2, y3)) = ψ(S(y3, y3, x2)) = ψ(S(F (x2, y2), F (x2, y2), F (y1, x1)))

6 ψ( 13 [2S(x2, x2, F (x2, y2)) + S(y1, y1, F (y1, x1))])

− φ(S(x2, x2, F (x2, y2)), S(y1, y1, F (y1, x1)))

= ψ( 13 [2S(x2, x2, y3) + S(y1, y1, x2)])− φ(S(x2, x2, y3), S(y1, y1, x2))
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6 ψ(max{S(x2, x2, y3), S(y1, y1, x2)})− φ(S(x2, x2, y3), S(y1, y1, x2))

< ψ(max{S(x2, x2, y3), S(y1, y1, x2)}).
That is

(3.8) ψ(S(x2, x2, y3)) < ψ(S(y1, y1, x2)) < ψ(S(x0, x0, y1)) (by (3.7)).

Similarly, we have

ψ(S(y2, y2, x3)) = ψ(S(F (x1, y1), F (x1, y1), F (y2, x2)))

6 ψ( 13 [2S(x1, x1, F (x1, y1)) + S(y2, y2, F (y2, x2))])

− φ(S(x1, x1, F (x1, y1)), S(y2, y2, F (y2, x2)))

= ψ( 13 [2S(x1, x1, y2) + S(y2, y2, x3)])− φ(S(x1, x1, y2), S(y2, y2, x3))

= ψ(max{S(x1, x1, y2), S(y2, y2, x3)})− φ(S(x1, x1, y2), S(y2, y2, x3))

< ψ(max{S(x1, x1, y2), S(y2, y2, x3)}).
That is

(3.9) ψ(S(y2, y2, x3)) < ψ(S(x1, x1, y2)) < ψ(S(y0, y0, x1)) (by (3.6)).

We assume that (3.2), (3.3) and (3.4), (3.5) are true for n = m. We first show
that (3.2) and (3.3) are true for n = m + 1 when m is even. Now, let m be even.
In this case, we consider ψ(S(xm+1, xm+1, ym+2)) = ψ(S(ym+2, ym+2, xm+1))

= ψ(S(F (xm+1, ym+1), F (xm+1, ym+1), F (ym, xm)))

6 ψ( 13 [2S(xm+1, xm+1, F (xm+1, ym+1)) + S(ym, ym, F (ym, xm))])

− φ(S(xm+1, xm+1, F (xm+1, ym+1)), S(ym, ym, F (ym, xm)))

= ψ( 13 [2S(xm+1, xm+1, ym+2) + S(ym, ym, xm+1)])

− φ(S(xm+1, xm+1, ym+2), S(ym, ym, xm+1))

which implies that

ψ(S(xm+1, xm+1, ym+2)) 6 ψ(max{S(xm+1, xm+1, ym+2), S(ym, ym, xm+1)})
(3.10)

− φ(S(xm+1, xm+1, ym+2), S(ym, ym, xm+1))

< ψ(max{S(ym, ym, xm+1), S(xm+1, xm+1, ym+2)}).
By using (3.5), we have

ψ(S(xm+1, xm+1, ym+2)) < ψ(S(ym, ym, xm+1)) < ψ(S(y0, y0, x1)).(3.11)

Similarly, we have

ψ(S(ym+1, ym+1, xm+2)) = ψ(S(F (xm, ym), F (xm, ym), F (ym+1, xm+1)))

6 ψ( 13 [2S(xm, xm, F (xm, ym)) + S(ym+1, ym+1, F (ym+1, xm+1))])

− φ(S(xm, xm, F (xm, ym)), S(ym+1, ym+1, F (ym+1, xm+1))

which implies that

ψ(S(ym+1, ym+1, xm+2)) 6 ψ(max{S(xm, xm, ym+1), S(ym+1, ym+1, xm+2)})
(3.12)

− φ(S(xm, xm, ym+1), S(ym+1, ym+1, xm+2)).
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< ψ(max{S(xm, xm, ym+1), S(ym+1, ym+1, xm+2)}).
By using (3.4), we have

(3.13) ψ(S(ym+1, ym+1, xm+2)) < ψ(S(xm, xm, ym+1)) < ψ(S(x0, x0, y1)).

Hence, when m is even, we have (3.2) and (3.3) hold for n = m+ 1.

We now show that (3.4) and (3.5) are true for n = m+1 when m is odd. Now,
let m be odd. In this case,

ψ(S(xm+1, xm+1, ym+2)) = ψ(S(ym+2, ym+2, xm+1))

= ψ(S(F (xm+1, ym+1), F (xm+1, ym+1), F (ym, xm)))

6 ψ( 13 [2S(xm+1, xm+1, F (xm+1, ym+1)) + S(ym, ym, F (ym, xm))])

− φ(S(xm+1, xm+1, F (xm+1, ym+1)), S(ym, ym, F (ym, xm)))

= ψ( 13 [2S(xm+1, xm+1, ym+2) + S(ym, ym, xm+1)])

− φ(S(xm+1, xm+1, ym+2), S(ym, ym, xm+1))

which implies that

ψ(S(xm+1, xm+1, ym+2)) 6 ψ(max{S(xm+1, xm+1, ym+2), S(ym, ym, xm+1)})

(3.14)
− φ(S(xm+1, xm+1, ym+2), S(ym, ym, xm+1))

< ψ(max{S(ym, ym, xm+1), S(xm+1, xm+1, ym+2)}).
That is

ψ(S(xm+1, xm+1, ym+2)) < ψ(S(ym, ym, xm+1)) < ψ(S(x0, x0, y1)),

(by our assumption on (3.3)).

Similarly, we have

ψ(S(ym+1, ym+1, xm+2)) = ψ(S(F (xm, ym), F (xm, ym), F (ym+1, xm+1)))

6 ψ( 13 [2S(xm, xm, F (xm, ym)) + S(ym+1, ym+1, F (ym+1, xm+1))])

− φ(S(xm, xm, F (xm, ym)), S(ym+1, ym+1, F (ym+1, xm+1)))

= ψ( 13 [2S(xm, xm, , ym+1) + S(ym+1, ym+1, xm+2)])

− φ(S(xm, xm, ym+1)), S(ym+1, ym+1, xm+2)

which implies that

ψ(S(ym+1, ym+1, xm+2)) 6 ψ(max{S(xm, xm, ym+1), S(ym+1, ym+1, xm+2)})

(3.15)
− φ(S(xm, xm, ym+1), S(ym+1, ym+1, xm+2))

< ψ(max{S(xm, xm, ym+1), S(ym+1, ym+1, xm+2)}).
That is

ψ(S(ym+1, ym+1, xm+2)) < ψ(S(xm, xm, ym+1)) < ψ(S(y0, y0, x1)),

(by our induction assumption on (3.2)).

Hence, when m is odd, we have (3.4) and (3.5) hold for n = m+1. Thus (3.2)-(3.5)
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hold for n = m+ 1. Hence by mathematical induction, the inequalities (3.2)-(3.5)
hold for all n.

Now, we observe that

{ψ(S(x2n, x2n, y2n+1))}, {ψ(S(y2n−1, y2n−1, x2n))}

are decreasing and converges to r > 0. Also,

{ψ(S(y2n, y2n, x2n+1))}, {ψ(S(x2n−1, x2n−1, y2n))}

are decreasing and converges to s > 0. On letting n→ ∞ in (3.14), we get

r 6 r − φ( lim
n→∞

S(yn, yn, xn+1), lim
n→∞

S(xn+1, xn+1, yn+2))

which implies that

φ( lim
n→∞

S(yn, yn, xn+1), lim
n→∞

S(xn+1, xn+1, yn+2)) = 0.

Thus lim
n→∞

S(yn, yn, xn+1) = 0 and lim
n→∞

S(xn+1, xn+1, yn+2) = 0. Therefore r = 0.

On letting n→ ∞ in (3.15), we get

s 6 s− φ( lim
n→∞

S(yn, yn, xn+1), lim
n→∞

S(xn+1, xn+1, yn+2))

which implies that

φ( lim
n→∞

S(yn, yn, xn+1), lim
n→∞

S(xn+1, xn+1, yn+2)) = 0.

Thus lim
n→∞

S(yn, yn, xn+1) = 0 and lim
n→∞

S(xn+1, xn+1, yn+2) = 0. Therefore s = 0.

Hence we have the following:

lim
n→∞

ψ(S(x2n+1, x2n+1, y2n+2)) = 0 =⇒ lim
n→∞

S(x2n+1, x2n+1, y2n+2) = 0;

lim
n→∞

ψ(S(y2n+1, y2n+1, x2n+2)) = 0 =⇒ lim
n→∞

S(y2n+1, y2n+1, x2n+2) = 0;

and

lim
n→∞

ψ(S(x2n, x2n, y2n+1)) = 0 =⇒ lim
n→∞

S(x2n, x2n, y2n+1) = 0;

lim
n→∞

ψ(S(y2n, y2n, x2n+1)) = 0 =⇒ lim
n→∞

S(x2n, x2n, y2n+1) = 0.

Let n be a positive integer. We consider

ψ(S(xn+1, xn+1, yn+1)) = ψ(S(yn+1, yn+1, xn+1))

= ψ(S(F (xn, yn), F (xn, yn), F (yn, xn)))

6 ψ( 13 [2S(xn, xn, F (xn, yn)) + S(yn, yn, F (yn, xn))])

− φ(S(xn, xn, F (xn, yn)), S(yn, yn, F (yn, xn)))

6 ψ(max{S(xn, xn, yn+1), S(yn, yn, xn+1)})
− φ(S(xn, xn, yn+1), S(yn, yn, xn+1))

< ψ(max{S(yn, yn, xn+1), S(xn, xn, yn+1)}).
On taking limits as n→ ∞, we get lim

n→∞
ψ(S(xn+1, xn+1, yn+1)) 6 0 which implies

that ψ( lim
n→∞

S(xn+1, xn+1, yn+1)) = 0. Thus lim
n→∞

S(xn+1, xn+1, yn+1) = 0.
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We now consider

S(xn, xn, xn+1) + S(yn, yn, yn+1) 6 2S(xn, xn, yn) + S(yn, yn, xn+1)

+ 2S(yn, yn, xn) + S(xn, xn, yn+1)

= 4S(xn, xn, yn) +S(yn, yn, xn+1) +S(xn, xn, yn+1).

On letting n→ ∞, lim
n→∞

[S(xn, xn, xn+1) + S(yn, yn, yn+1)] = 0.

We now prove that {xn} and {yn} are Cauchy sequences. Suppose that either
{xn} or {yn} is not Cauchy. Then there exist ϵ > 0 and subsequences {mk} and
{nk} with mk > nk > k such that

(3.16) max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} > ϵ.

We choose mk as the smallest integer with mk > nk satisfying (1.5). That is

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} > ϵ with

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} < ϵ.

On the similar lines as in the proof of Theorem 2.1, we have

lim
n→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} = ϵ.

We consider

ψ(S(xmk
, xmk

, ynk
)) = ψ(S(ynk

, ynk
, xmk

))

= ψ(S(F (xnk−1, ynk−1), F (xnk−1, ynk−1), F (ymk−1, xmk−1)))

6 ψ( 13 [2S(xnk−1, xnk−1, F (xnk−1, ynk−1))

+ S(ymk−1, ymk−1, F (ymk−1, xmk−1))])

− φ(S(xnk−1, xnk−1, F (xnk−1, ynk−1)),

S(ymk−1, ymk−1, F (ymk−1, xmk−1)))

= ψ( 13 [2S(xnk−1, xnk−1, ynk
) + S(ymk−1, ymk−1, xmk

)])

− φ(S(xnk−1, xnk−1, ynk
), S(ymk−1, ymk−1, xmk

)).

Similarly, we have

ψ(S(ymk
, ymk

, xnk
)) = ψ(S(F (xmk−1, ymk−1), F (xmk−1, ymk−1), F (ynk−1, xnk−1)))

6 ψ( 12 [2S(xmk−1, xmk−1, F (xmk−1, ymk−1))

+ S(ynk−1, ynk−1, F (ynk−1, xnk−1))])

− φ(S(xmk−1, xmk−1, F (xmk−1, ymk−1)),

S(ynk−1, ynk−1, F (ynk−1, xnk−1)))

= ψ( 13 [2S(xmk−1, xmk−1, ymk
) + S(ynk−1, ynk−1, xnk

)])

− φ(S(xmk−1, xmk−1, ymk
), S(ynk−1, ynk−1, xnk

)).
We now consider

ψ(max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)})
= max{ψ(S(xmk

, xmk
, ynk

)), ψ(S(ymk
, ymk

, xnk
))}

6 max{ψ( 13 [2S(xnk−1, xnk−1, ynk
) + S(ymk−1, ymk−1, xmk

)]),
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ψ( 13 [2S(xmk−1, xmk−1, ymk
)+S(ynk−1, ynk−1, xnk

)])}
−min{φ(S(xnk−1, xnk−1, ynk

), S(ymk−1, ymk−1, xmk
)),

φ(S(xmk−1, xmk−1, ymk
), S(ynk−1, ynk−1, xnk

))}.
On letting k → ∞,

ψ( lim
n→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)})

6 max{ lim
k→∞

ψ( 13 [2S(xnk−1, xnk−1, ynk
) + S(ymk−1, ymk−1, xmk

)]),

lim
k→∞

ψ( 13 [2S(xmk−1, xmk−1, ymk
) + S(ynk−1, ynk−1, xnk

)])}

−min{ lim
k→∞

φ(S(xnk−1, xnk−1, ynk
), S(ymk−1, ymk−1, xmk

)),

lim
k→∞

φ(S(xmk−1, xmk−1, ymk
), S(ynk−1, ynk−1, xnk

))}.

That is ψ(ϵ) 6 0 so that ψ(ϵ) = 0 which implies that ϵ = 0, a contradiction.
Therefore {xn} and {yn} are Cauchy. On the similar lines as in Theorem 2.1, we
can show that F has a unique strong coupled fixed point in A ∩B. �

By choosing ψ(t) = t in Theorem 3.1, we have the following.

Corollary 3.1. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X ×X → X be cyclic with respect to A and
Bsatisfying the following inequality:

S(F (x, y), F (u, v), F (w, z)) 6 1

3
[S(x, x, F (x, y)) + S(u, u, F (u, v))

+S(w,w, F (w, z))]

−φ(max{S(x, x, F (x, y)), S(u, u, F (u, v))},
S(w,w, F (w, z)))

(3.17)

where x, u, z ∈ A and y, v, w ∈ B, φ ∈ Φ. Then A ∩ B ̸= ∅ and F has a unique
strong coupled fixed point in A ∩B.

By choosing φ(t1, t2) = ( 13 − k)(t1 + t2) in Corollary 3.1, where k ∈ (0, 13 ), we
have the following.

Corollary 3.2. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X ×X → X be cyclic with respect to A and
B satisfying the following inequality: there exists k ∈ (0, 13 ) such that

S(F (x, y), F (u, v), F (w, z)) 6 k[S(x, x, F (x, y)) + S(u, u, F (u, v))

+S(w,w, F (w, z))]
(3.18)

where x, u, z ∈ A and y, v, w ∈ B. Then A ∩ B ̸= ∅ and F has a unique strong
coupled fixed point in A ∩B.

The following example is in support of Theorem 3.1.

Example 3.1. Let X = [0, 4]. We define S : X3 → [0,∞) by

S(x, y, z) =

{
0 if x = y = z
max{x, y, z} otherwise.
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Then (X,S) is a complete S-metric space, which follows as in Example 2.1. Let
A = [0, 4] and B = [0, 1]. We define F : X ×X → X by

F (x, y) =

{
xy
8 if x ∈ A and y ∈ B
0 otherwise.

Then F (A,B) = [0, 12 ] ⊂ B and F (B,A) = {0} ⊂ A so that F is cyclic with respect

to A and B. We define ψ : [0,∞)2 → [0,∞) by ψ(t) = t
2 and φ : [0,∞)2 → [0,∞)

by φ(t1, t2) =
5
48 (t1 + t2).

We now verify the inequality (3.1). Let x, u, z ∈ A and y, v, w ∈ B.

Case (i): Let x, u, z ∈ [0, 1] and y, v, w ∈ [0, 1]. We have

S(x, x, F (x, y)) = S(x, x, xy8 ) = x; S(u, u, F (u, v)) = S(u, u, uv8 ) = u;

S(w,w, F (w, z)) = S(w,w, wz8 ) = w.

We consider

ψ(S(F (x, y), F (u, v), F (w, z))) = ψ(S(xy8 ,
uv
8 ,

wz
8 ))

= 1
2S(

xy
8 ,

uv
8 ,

wz
8 )

= 1
2 [max{xy8 ,

uv
8 ,

wz
8 }]

6 1
16 [x+ u+ w]

= 1
16 [S(x, x, F (x, y)) + S(u, u, F (u, v))

+ S(w,w, F (w, z))

= 1
6 [t1 + t2 + t3]− 5

48 [t1 + t2 + t3]

6 1
6 [t1 + t2 + t3]− 5

48 [max{t1, t2}+ t3]

= ψ( 13 [t1 + t2 + t3])− φ(max{t1, t2}, t3)
where t1 = S(x, x, F (x, u)), t2 = S(u, u, F (u, v)) and t3 = S(w,w, F (w, z)).

Case (ii): Let x, u, z ∈ (1, 4] and y, v, w ∈ [0, 1]. We have

S(x, x, F (x, y)) = x; S(u, u, F (u, v)) = u; S(w,w, F (w, z)) = S(w,w, 0) = w.

We consider

ψ(S(F (x, y), F (u, v), F (w, z))) = ψ(S(xy8 ,
uv
8 , 0))

= 1
2S(

xy
8 ,

uv
8 , 0)

= 1
2 [max{xy8 ,

uv
8 }]

6 1
16 [x+ u]

6 1
16 [S(x, x, F (x, y)) + S(u, u, F (u, v))

+ S(w,w, F (w, z))

= 1
6 [t1 + t2 + t3]− 5

48 [t1 + t2 + t3]

6 1
6 [t1 + t2 + t3]− 5

48 [max{t1, t2}+ t3]

= ψ( 13 [t1 + t2 + t3])− φ(max{t1, t2}, t3)
where t1 = S(x, x, F (x, u)), t2 = S(u, u, F (u, v)) and t3 = S(w,w, F (w, z)).
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Therefore F is a Kannan type (ψ,φ)-weakly cyclic coupled contraction mapping
with respect to A and B. Hence F satisfies all the hypotheses of Theorem 3.1 and
(0, 0) is a unique strong coupled fixed point of F .
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Informatică, 55(2)(2017), 3–15.
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Jaradat. Some fixed point results for Fα −Wϕ- generalized cyclic contractions on metric
like space with applications to graphs and integral equations. J. Math. Anal., 8(1)(2017),
28–45.
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