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SOME FIXED POINT THEOREMS ON
PARTIAL METRIC SPACES SATISFYING
AN IMPLICIT CONTRACTIVE CONDITION
WITH APPLICATIONS

Gurucharan Singh Saluja

ABSTRACT. In this paper, we establish a unique fixed point, a unique common
fixed point and a coincidence point theorems satisfying an implicit contrac-
tive condition on partial metric spaces. The results presented in this paper
extend, generalize and unify several results from the existing literature. We
also present one of the possible applications of our result to well-posed and
limit shadowing property of fixed point problems.

1. Introduction

The Banach contraction mappings principle is one of the most useful theorems
in nonlinear analysis. Many authors generalized this famous result in different ways.
Subsequently, several authors have concentrated on expanding and improving this
theory (see, e.g., [12, 18, 27, 37] and many others).

The notion of partial metric space was originally developed by Matthews ([24,
25]) to provide a mechanism generalizing metric space theories. A partial metric
space is a extension of metric by replacing the condition d(z,x) = 0 of the (usual)
metric with the inequality d(z,z) < d(x,y) for all ,y. Also, this concept provide
the basis to study denotational semantics of dataflow networks [24, 25, 40, 43]. In
partial metric spaces the distance of a point in the self may not be zero. Introducing
partial metric space, Matthews extended the Banach contraction principle [9] and
proved the fixed point theorem in this space.
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102 G. S. SALUJA

Matthews gave some basic definitions and properties on partial metric space
such as Cauchy sequence, convergent sequence etc. Due to importance of the fixed
point theory it is very interesting to study fixed point theorems on different con-
cepts.

Many authors studied the fixed points for mappings satisfying contractive con-
ditions in complete partial metric spaces. More recently, in [1], [5], [6], [8], [13],
[14], [17], [20], [41] some fixed point theorems under various contractive conditions
in complete partial metric spaces are proved.

On the other hand, Popa [30] and [31] considered an implicit contraction type
condition instead of the usual explicit condition. This direction of research pro-
duced a consistent literature on fixed point, common fixed point and coincidence
point theorems in various ambient spaces. For more details see [4, 10, 11, 16, 32,
35].

In 2013, Vetro and Vetro [42] initiated the study of fixed points of self mappings
in partial metric spaces satisfying an implicit relation. In [7], Altun and Turkoglu
launched a new type of implicit relation satisfying ¢-map.

Very recently, Popa and Patriciu [36] have studied a new type of ¢-implicit
relation and established a unique point of coincidence and unique common fixed
point results and also as application of results they obtained fixed point theorem
for a sequence of mappings in partial metric spaces.

The purpose of this paper is to study Altun and Turkoglu [7] type implicit
relation and establish a unique fixed point, a unique common fixed point and a
coincidence point theorems in partial metric spaces. Our results extend, generalize
and unify several results from the existing literature.

2. Preliminaries

Now, we give some basic properties and results on the concept of partial metric
space (PMS).

DEFINITION 2.1. ([25]) Let X be a nonempty set and p: X x X — R™ be such
that for all z,y, 2z € X the followings are satisfied:

(P1) z =y < p(z,z) = p(z,y) = p(y,¥),
(P2) p(z, z) < p(z,y),
(P3) p(z,y) = ply, ©),
(P4) p(z,y) < p(w, 2) + p(z,y) — (2, 2).
Then p is called partial metric on X and the pair (X,p) is called partial metric
space.

REMARK 2.1. It is clear that if p(xz,2) = 0, then = y. But, on the contrary
p(x, x) need not be zero.

ExaMpPLE 2.1. ([8]) Let X = RT and p: X x X — R™T given by p(z,y) =
max{z,y} for all z,y € RT. Then (R, p) is a partial metric space.

EXAMPLE 2.2. ([8]) Let X = {[a,b] : a,b € R,a < b}. Then p([a,b], e, d]) =

max{b,d} — min{a, c} defines a partial metric p on X.
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Various applications of this space has been extensively investigated by many
authors (see [21], [41] for details).
REMARK 2.2. ([19]) Let (X, p) be a partial metric space.

(al) The function d™: X x X — Rt defined as d™ (z,y) = 2p(x,y) — p(z,z) —
p(y,y) is a (usual) metric on X and (X,dM) is a (usual) metric space.

(a2) The function d°: X x X — R* defined as d°(z,y) = max{p(x,y) —
p(z,x),p(x,y) — ply,y)} is a (usual) metric on X and (X,d”) is a (usual) metric
space.

Note also that each partial metric p on X generates a Tj topology 7, on
X, whose base is a family of open p-balls {B,(x,¢) : © € X,e > 0}, where
By(z,e) ={y € X : p(z,y) < p(z,z) +¢c} forall z € X and ¢ > 0.

On a partial metric space the notions of convergence, the Cauchy sequence,
completeness and continuity are defined as follows [24].

DEFINITION 2.2. ([24]) Let (X, p) be a partial metric space. Then:

(b1) a sequence {x,} in (X, p) is said to be convergent to a point z € X if and
only if p(x, x) = limy,— 00 p(zp, x),

(b2) a sequence {x,,} is called a Cauchy sequence if limy, 1,00 P(@m, T ) exists
and finite,

(b3) (X, p) is said to be complete if every Cauchy sequence {x,,} in X converges
to a point « € X with respect to 7,. Furthermore,

m}grgoop(wm, ) = lim p(zn,z) = p(z, ).

(b4) A mapping f: X — X is said to be continuous at xg € X if for every
g > 0, there exists 6 > 0 such that f(Bp(:vo, 6)) C B, (f(xo),s).

DEFINITION 2.3. ([26]) Let (X,p) be a partial metric space. Then:

(c1) a sequence {z,} in (X, p) is called 0-Cauchy if lim, — 00 P(Tm, zn) =0,

(c2) (X,p) is said to be O-complete if every 0-Cauchy sequence {z,} in X
converges to a point € X, such that p(z,x) = 0.

DEFINITION 2.4. A point x in X is called a coincidence point of f and T if
f(z) =T(z) for each x € X.
LEMMA 2.1 ([24, 25]). Let (X,p) be a partial metric space. Then:

(d1) a sequence {x,} in (X, p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (X,dM),

(d2) (X,p) is complete if and only if the metric space (X,dM) is complete,

(d3) a subset E of a partial metric space (X, p) is closed if a sequence {x,} in
E such that {x,} converges to some x € X, then x € E.

LEMMA 2.2 ([1]). Assume that x, — u as n — oo in a partial metric space
(X, p) such that p(u,u) = 0. Then lim, oo p(xn,y) = p(u,y) for every y € X.
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3. Implicit relation

Now, an implicit relation has been introduced to investigate a unique fixed
point, a unique common fixed point and a coincidence point theorems in partial
metric spaces.

DEFINITION 3.1. A function ¢: [0,00) — [0,00) is a ¢-function, @ € ¢, if 1 is
nondecreasing function such that 52 ;4™ () < 400 for all ¢ > 0 and ¥(0) = 0.

REMARK 3.1. Since £ ,9™(t) < +o0, then lim,_,o ¥™(t) = 0. Then as in
[23], ¥(t) <t for ¢t > 0 and ¢(0) = 0.

DEFINITION 3.2. Let Fy be the set of all continuous functions
F(tl,...,tg,)i Ri_ — R
such that:

(Fy) : F is nonincreasing in variables to, .. ., s,
(Fy) : There exists a function ¢ € ¢ such that

(F2a) : F(U,U,U—i—v,v, %(u—kv)) <0,
(Fap) : F(u,v,v,u—i—u %(u—i—v)) <0,
implies u < ¥(v).

The proof of property (F}) is easy, in the following examples. We shall only
verify the property (F3).

EXAMPLE 3.1. Let
F(ty,...,t5) = t1 — h max{ta,...,t5},
where h € [0, 3).
(Fy) : Let u,v > 0 and

1
F(u,v,u+v,v,§(u+v)) =u—h(utv) <0,

which implies u < (ﬁ)v and (Fy,) is satisfied for ¢(t) = (%)t

Similarly, F(u, v,v,u+ v, 3(u+ v)) =u—h(u+ v) < 0 which implies v <
(ﬁ)v and (Fyp) is satisfied for 9 (t) = (ﬁ)t

EXAMPLE 3.2. Let
ty -+ 2ty ty -+ 2s

F(tl,...,t5):t1—kmax{tg,t3,t4, 3 y 3 },
where k € [0, 3).
(Fy) : Let u,v > 0 and
1 u+3v u+2v
F(u,uu—i—v,v,i(u—i—v)):u—kmax{u,u—i—v,v, 3 3 1 <0,
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which implies u < (ﬁ)v and (Fy,) is satisfied for ¢ (t) = (ﬁ)t

Similarly, F<u7v,v7u + v, %(u + v)) < 0 which implies u < ¥(v).
EXAMPLE 3.3. Let
F(tl, e ,t5) = tl — max{atg, b(tg —+ 2t4), b(t4 —+ 2t5)},
where a € (0,1) and b € (0, 1).
(Fy) : Let u,v > 0 and
1
F(u, v, U+ 0,7, i(u + 11)) = u — max{av, b(u + 3v), b(u + 2v)}.

If u > v, then u(l — max{a, 2b}> < 0, a contradiction. Hence u < v, which implies
u < max{a, 2b}v and (Fy,) is satisfied for ¢(t) = max{a, 2b}t.
Similarly, F<u7v,v7u + v, %(u + v)) < 0 which implies u < ¥(v).
EXAMPLE 3.4. Let
F(ty,... ts) =t — k max{ta, t5 + t4, 2ts},
where k € (0, 1).
(Fy) : Let u,v > 0 and

1
F(u,v,u+v,v,§(u+v)> =u — k max{v,u + 2v,u + v} <0,

which implies u < (%)v and (Fb,) is satisfied for ¢ (t) = (%)t

Similarly, F(u,vm,u + v, %(u + v)) < 0 which implies u < ¥(v).
EXAMPLE 3.5. Let
F(ty,... t5) = t2 — a max{t3,t2,t3} — 2bt,ts,
where a,b > 0 with 4a 4+ 2b < 1.

(Fy) : Let u,v > 0 and F(u, v, u+v, v, %(u—i—v)) = u?—a max{v?, (u+v)?,v?} -
bo(u+v).If u > v, then u? (1 - (4a—|—2b)> < 0, a contradiction. Hence u < v, which
implies u < /(4a + 2b)v and (Fy,) is satisfied for 1(t) = /(4a + 2b)t.

Similarly, F(u,v,v,u +v,i(u+ v)) < 0 which implies u < ¥(v).

EXAMPLE 3.6. Let

F(t1,...,t5) =t3 — atity — btits — ctotsty — 2dtityts,
where a,b,c,d > 0 with a + b+ 2c+ 2d < 1.
(Fy) : Let u,v > 0 and

1
F<u7v7u+v,v,§(u+v)) =u’ —av?v —buww? — cv?(u+v) — duv(u+v) <O0.
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If u > v, then u? (1—(a—|—b—|— 2¢c+ 2d)) < 0, a contradiction. Hence u < v, which im-
plies u < {/(a + b+ 2¢ + 2d)v and (Fy,) is satisfied for ¥(t) = /(a + b+ 2¢ + 2d)t.
Similarly, F(u,v,v,u + v, %(u + v)) < 0 which implies u < ¥(v).

EXAMPLE 3.7. Let F(t1,...,t5) = tl—w(at2+bt3+ct4+2dt5), where a,b,c,d >
0 with a +2b+ ¢+ 2d < 1.

(Fy) : Let u,v > 0 and
1
F(u,v,u+v,v,§(u+v)> =u—1(av + b(u +v) + cv + d(u +v)) <O0.
If u > v, then u — ¥ ((a + 2b+ ¢ + 2d)u) < 0, which implies
u < z/J((a—i-Zb—I—c—i-Zd)u) < ¢Y(u) < u,
a contradiction. Hence u < v, which implies u < 9 (v).
Similarly, F(u,v,v,u + v, %(u + v)) < 0 which implies u < ¥(v).
EXAMPLE 3.8. Let
F(ty,...,ts) = t1 — ¢ (aty + bts + cmax{ts, 2t5}),
where a,b,c > 0 with a + 2b+ 2¢ < 1.
(Fy) : Let u,v > 0 and
1
F(u,v,u + v, v, i(u + v)) =u— ¢(av + b(u + v) + cmax{v, (u + U)}) <0.
If u > v, then u — 9 ((a + 2b+ 2c)u) < 0, which implies
u < P((a+2b+2c)u) < Y(u) <u,
a contradiction. Hence u < v, which implies u < 9 (v).
Similarly, F(u,v,v,u + v, %(u + v)) < 0 which implies u < ¥(v).

The purpose of this paper is to study ¥-implicit contractive condition on partial
metric space and establish a unique fixed point, a unique common fixed point and
a coincidence point theorems in the said space. The results of findings extend and
generalize several results from the existing literature.

4. Main Results

In this section, we shall prove a unique fixed point, a unique common fixed
point and a coincidence point theorems for implicit contractive condition defined
in definition 3.2 in the framework of partial metric spaces.

THEOREM 4.1. Let (X,p) be a complete partial metric space and T: X — X
be a mapping satisfying the condition:

F(p(Ta. Ty),p(w.y), p(2. Ty),p(y, T),

(11) 2 [be. To) + 9w, Ty)] ) <0,
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forallz,y € X, where F' € Fy. Then T has a unique fized point.

PROOF. Let xg € X. We construct the iterative sequence {z,} which is defined
as T, = Txp_1 for n=1,2,3,..., then x,, = T"zg. If x,, = x,4+1 for some n € N,
then z,, is a fixed point of 7. So, we assume that z,, # x,1 for all n € N. From
(4.1) for x = 1 and y = z,, we have successively

F<p(Tq"77z—17 T'Tn)ap('rn—la xn)7p(xn—17 qu‘n)7p(xn) Tmn—l)’

1

5 I:p(l'nflvTxnfl) +p($n,T:En)]> < 0.

F(p(xna xn—l—l)ap(xn—la xn)ap(xn—h I'n+1),p(1'n, xn)a

(4.2) 1 [p(zn-1,2n) —I—p(xn,an)D <0.

2
Since by (P4),

p(xnfh xn) + p('rny anrl) - p(‘rny xn)

P(Tn_1,Tny1) <
< p(xn—laxn)+p(xnaxn+l)a

and by (P2),

p($n7xn) < p(xn—laxn)-
By (4.2) and (F}), we obtain

F(p(xnvIn-i-l)vp(‘rn—laxn)ap(xn—l; .Tn) +p(1'na zn—&-l)a

1
(43) p(mnfla xn)v 5 [p(xnfh xn) + p($n7 anrl)]) < 0.
By (Fbq), we obtain
(44) p(xna anrl) < 1/)(]9(%717 xn))
By (4.1) for x = x,, and y = x,,41, we obtain

F (p(Txn, TZpt1), D(Tns Trg1)s D(@n, Tpg1), P(Tng1, Tn),
1

5 [p(xn,'Txn) +p(xn+17TJCn+1)}> < 0.

F<p(xn+17 $7L+2),p($7u xn—&—l)ap(mna xn+2)7p(xn+17 xn+1)7

(4.5) %[p(xmxvﬂrl) +p(mn+17$n+2)]) < 0.
Since by (P4),
(T, Tnt2) < P(Tns Tnt1) + P(Tnt1; Tny2) — P(Tnt1s Tni1)
< p(@n, Tp1) + P(Tnt1, Tni2),
and by (P2),

P(ZTnt1, Tnt1) < P(Tn, Tps1)-
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By (4.5) and (F}), we obtain

F(p($n+1; (En+2);p(mn7 $n+1)7p($na anrl) + p(anrla Z’n+2),

1
(46) p(xnaxn+1)a o [p(xn7$n+1) +p(mn+173777,-‘,—2)]) < 0.

2
By (Faq), we obtain
p(xn-‘rla xn-&-?) < ¢(p($n7 xn+1))7
which implies
p(xna anrl) < 1/J(P(len—17 xn)) < 1/12 (p(mnf% $n,1)) < e < wn (p(an .’L']))
For n,m € N with m > n, by repeated use of (P4), we have that
P(Tn, Tm) < P(Tn, Tog1) + P(Tng1, Tny2) + o+ P(Tm1, Tm)
_p(zn—&-la xn+1) - p($n+2a xn+2) - p(xm—lv JL‘m—l)
< p(@n, Tt1) + P(Tns1, Tnt2) + oo+ P(Tm-1, Tm)

= z_: P (p(3307$1))-
k=n

Since Y7 o ¥* (p(zo, 21)) < oo, then

lim;, 0o ZZ’;HI Wk (p(sco, xl)) = 0 and limy, ;m—o00 P(Tn, Tm) =0
and so
(4.7) dM(xn,xm) = 2p(xp, Tm) — 0 as n,m — oo.

This implies that {x,, } is a Cauchy sequence in X. Thus by Lemma 2.1 this sequence
will also Cauchy in (X,d). In addition, since (X,p) is complete, (X, d™) is also
complete. Thus there exists u € X such that z, — u as n — oco. Moreover by
Lemma 2.2,

(4.8) p(u,u) = lim p(u,x,) = lim p(a,,z,) =0,
n—00 n,Mm—00
implies
. M -
(4.9) nlgrgod (u, zp) =0.

Now, we show that z is a fixed point of 7. Notice that due to (4.8), we have
p(u,u) = 0. By (4.1) with = v and y = z,,, we have

F(p(Tu, Tan),p(w, @), plt, Twn), plan, Tu),

% [p(u, Tu) + p(ﬂ?n, Txn)]) < 0.

F(p(TU,, xn+1)ap(u7 xn)ap(u7 xn-‘rl)ap(xna TU),

(4.10) %[p(u,Tu) +p(mn,xn+1)]) <0.
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Letting n — oo in (4.10), we obtain by Lemma 2.2 and using (P3) that

F(p(Tw,u),0,0,p(Tu,w), Zp(Tu,u)) <0,

which implies by (Fsp) that p(Tu,u) < 1(0) = 0, that is, Tu = u. This shows that
u is a fixed point of 7.

Now we show that the fixed point of 7 is unique. Assume that v is another
fixed point of 7 such that v = Tv with v # u. Then form (4.1), (4.8) and using
(P3), we have

F(p(Tu, To). plu, v). plu, Tv),p(v, Tu),

2 (. Tw) + (0, T0)]) <0

F (p(Tu, Tv),p(u,v), p(u, Tv), pv, Tu),

(. Tw) 4 p(o, Tv)] ) < 0.

[p(u, ) +p<v,v>]) <0.

DO =

F(plu,v), plu,v), plu,v), plo, w),

F(p(u,v), plu,v), plu,v), plu,0),0) < 0.
By (F1) and (Fs,), we obtain
plu,v) < 1/)(p(u,v)) < p(u,v),

if p(u,v) # 0, a contradiction. Hence p(u,v) = 0, which implies « = v. This shows
that the fixed point of T is unique. This completes the proof. O

THEOREM 4.2. Let T and f be two self-maps on a complete partial metric space
(X, p) satisfying the condition:

F(p(Ta, Ty)p(fe, fy),p(f2, Ty) p(Fy, T),

(411) 5 [, To) + p(Fy, T)]) <0,

for allz,y € X, where F € F,. If the range of f contains the range of T and f(X)
is a complete subspace of X, then T and f have a coincidence fized point.

PROOF. Let zg € X and choose a point 7 in X such that
Txo= fr1,... . Txn = fTnt1 = Ynt1-

Then from (4.11) for = x,,_1 and y = x,, we have successively

F(p(T w1, Twn) p(fon-1, f20), p(fn 1, Twn), o, Ton-1),

%[p(fxn—h’fwnfl) +o(fn, T:vn)]) <0.
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F(p(yn, Ynt1), PUn—1,Yn)s PUn—1, Yn+1)s P(Yns Yn),

1
(4.12) 3 [P(Yn—1,Yn) +p(yn,yn+1)]) < 0.
Since by (P4),
PWUn—1,Ynt1) < PWUn—1,Yn) +PWnsYnt1) = P(Yn, Yn)
< PWn—1,Yn) + PYns Ynt1),

and by (P2),

p(yn7 yn) < p(ynq, yn)
By (4.12) and (F}), we obtain

F(p(ym yn+1)>p(yn717 yn>7p(yn717 yn) + p(ym yn+1)7

1

= [P(Yn—1,yn) +p(yn,yn+1)]) <0.

(4.13) P(Yn—1,Yn), 5

By (F»,), we obtain
p(@/n, yn+1) < w(p(ynfla yn))7

which implies
p(yna yn-'rl) < w(p(yn—la yn)) < ¢2 (p(yn—27 yn—l)) <...< ,wn (p(y07 yl))
For n,m € N with m > n, by repeated use of (P4), we have that

PWnsYm) < PYns Ynt1) + PUnt1, Ynt2) + - + D(Ym—1,Ym)
*p(yn+1;yn+1) *P(yn+2,yn+2) — p(ym—hym—l)
p(yna yn-i-l) + p(yn—i-l) yn+2) + - +p(ym—1; ym)

= Z_: ¥’ (p(yo, y1)).

Since Z;io ¥ (p(yo,y1)) < 0o, then

N

hmn—)oo Z;nzinl 7/)] (p(y()a yl)) =0 and hmn,m—n)o p(yna ym) =0
and so
(414) dM(yn7ym) = 2p(yna ym) — 0asn,m — oc.

This implies that {y,} = {fx,} is a Cauchy sequence in X. Thus by Lemma 2.1
this sequence will also Cauchy in (X,d™). In addition, since (X,p) is complete,
(X,d™) is also complete. Thus there exists v € X such that x,, — v = fr, — fv
as n — oo, since f(X) is a complete subspace of X. Moreover by Lemma 2.2,

(415) p(fv, f’l)) = nh—{%op(fv’ fxn) = n,}rilrgoop(fxna fxm) = 07
implies

(4.16) lim dM(fv, fr,) = 0.
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Now, we show that v is a coincidence point of 7 and f. Notice that due to (4.15),
we have p(fv, fv) = 0. By (4.11) with x = » and y = z,,, we have

F(p(To, Tan), p(fo, fa), p(F0, Tan), p(fn, To),
1
3

[p(f0, ) + plfn, Tan)] ) <0.

F(p(To, fon), p(o, fn),p(f0, Fonsn),plfn, To),
1

2 [p(fU7TU) +p(fxn7 fxn—&-l)]) < 0.

Letting n — oo in (4.17) and using (P3), we obtain by Lemma 2.2 that

(4.17)

(4.18) F(p(To, £0),0.0.p(Tv, o), $p(Tv, f2)) <0,

which implies by (Fyp) that p(Tv, fv) < (0) = 0, that is, Tv = fv. This shows
that v is a coincidence point of 7 and f. This completes the proof. O

THEOREM 4.3. Let T1 and T2 be two self-maps on a complete partial metric
space (X, p) satisfying the condition:

F(p(Tiz, Toy). p(.y). p(x, Toy). p(y, Tic),
1
(4.19) 5 [P, Tiz) + ply. Tay)] ) <0,
forall z,y € X, where F' € Fy. Then T and Ty have a unique common fized point
in X.

ProOOF. For each xy € X. Put Topy1 = 71562” = Yan and Topto = E$2n+1 =
Yon+1 for n = 0,1,2,.... We prove that {y,} is a Cauchy sequence in (X,p). It
follows from (4.19) for & = x9,, and y = x2,4+1 that

F(p(ﬂz2n77éx2n+1);p(z27L7x2n+1)ap(m2n7Ex2n+1)ap(z2n+l7ﬂx2n)a
1
3 [p(2n, Tizon) + P(T2n41, 75$2n+1)]) <0.
F(p(yzn, Y2n+1), P(Y2n—1,Y2n), P(Y2n—15 Y2n+1), D(Y2n, Y2n )5
1
(4.20) 3 [p(y2n—1,y20) + D(Y2n, y2n+1)]) < 0.

Since by (P4),

P(Yon—1,Y2n+1) < P(Y2n—1,Y2n) + P(Y2ns Y2n+1) — P(Y2n, Yon)
< p(Wan—1:Y2n) + P(Y2n, Y2n+1)s
and by (P2),

P(Y2n, Yon) < P(Y2n—1,Y2n)-
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By (4.20) and (F}), we obtain

F(p(yzm Yon+1), P(Y2n—1,Y2n), P(Y2n—1,Y2n) + D(Y2n, Y2n+1),
1
(4.21) P(Yan-1,Y20); 5 [p(y2n—1,y2n) + D(Y2n, y2n+1)]) <0.
By (Fbq), we obtain
p(ana y2n+1) g w(p(an—l, an))a

By (4.19) for = x9y,42 and y = 29,41, we obtain

F(p(TlIzn+2775$2n+1),p($2n+2,932n+1),17(172n+2775$2n+1),p(I2n+1771$2n+2),
1
3 [p(z2n12, Titont2) +p($2n+1,7§$2n+1)]) <0.
F (p(yzn+2, Yon+1), P(Y2n+1,Y2n), P(W2n+1, Y2nt1), P(Y2n, Y2nt2),

1
(4.22) 9 [P(y2n+17 Yan+2) + P(Y2n, 92n+1)]> <O

2
Since by (P4),

p(yzm y2n+1) + p(92n+17 y2n+2) - p(y2n+1, y2n+1)
P(Y2ns Y2nt1) + P(Y2n+1, Yant2),

P(Yon, Yont2) <
<

and by (P2),

P(Y2n+1, Y2n+1) < P(Y2n, Y2n+1)-
By (4.22), (F}) and using (P3), we obtain

F (p(y2n+21 Y2n+1)s P(Y2n+15Y2n)s P(Y2n+1: Y2n ), P(Y2nt15 Y2n)
1

(4.23)  +p(yant2, Yont1), 3 [P(Y2n+2: Y2nt1) + P(Y2n+t1, y2n)]> <0.

By (Fap), we obtain
P(W2n+2, Yon+1) < U (p(Y2nt1,Y2n)),
which implies
P(Yns Ynt1) < O(PYn-1,9n)) < V* (P(Yn—2,9n-1)) <. <" (p(y0,11))-
For n,m € N with m > n, by repeated use of (P4), we have that

PWnsYm) < PWnsYns1) F PWUns1:Yns2) + -+ P(Ym—1,Ym)
—D(Yn+1, Yn+1) — P(Un+2:Ynt2) — - — D(Ym—1, Ym—1)
< PWYny Unt1) FPWnt1,Yni2) + o+ P(Ym—1, Ym)

= z_: ¢ (p(yo, v1))-

Since Y07 (¥ (p(yo, y1)) < oo, then
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lim, o0 om0 (D(yo, y1)) = 0 and limy, o0 P(Yn, Ym) = 0
and so
(4.24) A (Y Ym) = 20(Yn, Ym) — 0 as n,m — oc.

This implies that {y, } is a Cauchy sequence in X. Thus by Lemma 2.1 this sequence
will also Cauchy in (X,d*). In addition, since (X,p) is complete, (X, d™) is also
complete. Thus there exists z € X such that x, — z as n — oo. Moreover by
Lemma 2.2,

(4.25) p(z,2) = lim p(z,y0) = Lm_ p(yn,ym) =0,
implies
(4.26) lim d™(z,y,) = 0.

n—oo

Now, we show that z is a common fixed point of 77 and 75. Notice that due to
(4.25), we have p(z,z) = 0. By (4.19) with = 2 and y = z9,+1 and using (4.25),
we have

F(p(’TlZ; 7—2x2n+1)ap(z7x2n+1)7p(z77—2x2n+1)7p(x2n+177—1z)7

1
3 [p(2, T12) + p(z2nt1, 7'2$2n+1)]) <0.

F(p(7—127902n+2),p(27$2n+1),p(27$2n+2),p($2n+177—12)7
1
(4.27) 5 [p(2, T12) +P($2n+17$2n+2)]) <0.
Letting n — oo in (4.27) and using (P3), we obtain by Lemma 2.2 that

1
F(p(Ti2,2),0,0,p(Tiz,2), 5p(Tiz.2) ) <0,

which implies by (Fy) that p(Tiz,2) < ¢(0) = 0, that is, T3z = z. This shows that
z is a fixed point of 7. Similarly, we can show that 72z = z. Thus z is a common
fixed point of 77 and 7s.

Now, we have to show that the common fixed point of 77 and 73 is unique.
Assume that 2’ is another common fixed point of 77 and 75 such that 772’ = 2/ =
Toz' with z # 2. Now using (4.19), (4.25) and (P3) with z = z and y = 2/, we
have

F(p(Tiz To2'),p(z, ), plz To ), (2, T2),
1
5Pz Ti2) + (= )] ) <.

[p(z,2) +p(7, z’)]) <0.

DN =

F(p(2, ). p(e, ) p(z ), Dl 2),

F(p(z2),p(22),p(2, ), p(z:2),0) <.
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By (F1) and (Fy,), we obtain

p(z,2') <9 (p(2,2)) < p(2,2"),
if p(z,2') # 0, a contradiction. Hence p(z,2’) = 0, which implies z = 2’. This
shows that the common fixed point of 7; and 75 is unique. This completes the
proof. O

REMARK 4.1. If we take f = I, the identity map and 7T is the single valued
mapping in Theorem 4.2, then we obtain Theorem 4.1 of this paper.

REMARK 4.2. If we take 71 = 75 = 7 in Theorem 4.3, then we obtain Theorem
4.1 of this paper.

5. Application to well-posedness and limit shadowing of fixed point
problem

The notion of well posedness of a fixed point problem has generated much
interest to several mathematicians, for example, Akkouchi [2], Akkouchi and Popa
[3], De Blasi and Myjak [15], Lahiri and Das [22], Popa [33, 34], Reich and
Zaslawski [38] and many others. Here, we study well posedness and limit shadowing
of a fixed point problem of mappings in Theorem 4.1.

DEFINITION 5.1. ([15]) Let (X,d) be a metric space and 7: X — X be a
mapping. The fixed point problem of 7T is said to be well-posed if

(i) T has a unique fixed point u in X;

(ii) for any sequence {z,} of points in X such that lim, . d(Tx,,z,) = 0,
we have lim,, o d(z,,u) = 0.

The limit shadowing property of fixed point problems has been discussed in
the articles [28, 29, 39] and others.

DEFINITION 5.2. ([31]) Let (X,d) be a metric space and 7: X — X be a
mapping. The fixed point problem of 7 is said to have limit shadowing property
in X if assuming that sequence {z,} in X satisfies d(Tx,,z,) = 0 as n — oo it
follows that there exists € X such that d(7T"x,2,) =0 as n — co.

We can give similar definitions in partial metric spaces.

Concerning the well-posedness and limit shadowing of the fixed point problem
for a mapping in a partial metric space satisfying the conditions of Theorem 4.1,
we have the following results.

THEOREM 5.1. Let T: X — X be a self mapping as in Theorem 4.1. Then the
fized point problem for T is well posed.

PrOOF. Owing to Theorem 4.1, we know that 7 has a unique fixed point u =
Tu € X, such that p(u, Tu) = 0. Let {z,,} C X be such that lim,,_, oo p(Tn, T2n) =
0. Then taking x = x,_; and y = u in inequality (4.1), we have

F(p(Txn—la Tu)vp(xn—lv u),p(mn_l, Tu),p(u, Txn—1)7

1
5 [p(xnﬂ, Txp-1+ plu, Tu)]) <0.
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or

[P(@n1,@0 +p(u, Tu)] ) <0,

DN | =

F(p(mn, u)vp(xnfla u)ap(xnflv u)ap(u’ (En),

or

F(p(xnvu)ap(xnflau)vp(xnflau)vp(uvxn)v % [p(xnflau) +p(u7xn)}> < Oa

by (P3), we have

[P(-1,u) + plen.w)] ) <0,

N =

F(p(mnau)ap(xnfhu)ap(xnflau»p(xn?u%
which implies by (Fyp) that
p(xnvu) < w(P(xnth))

Hence, we have

p(xn; U) < 1/1(17(5%71, U)) < ¢2 (p(xnf% u)) <... < wn (p(an u))
Taking the limit as n — oo in the above inequality and by Remark 3.1, we get that

p(zn,u) — 0 as n — oo which is equivalent to saying that z,, — u as n — oo. This
completes the proof. O

THEOREM 5.2. Let T: X — X be a self mapping as in Theorem 4.1. Then T
has the limit shadowing property.

PRrROOF. Owing to Theorem 4.1, we know that 7 has a unique fixed point u =
Tu € X, such that p(u, Tu) = 0. Let {x,} C X be such that lim, oo p(xn, Tx,) =
0. Then, as in the previous proof,

p(@n, u) <Y (p(rn-1,1)) <Y*(p(Tn-2,1)) < ... < V" (p(z0,u)).
Passing to the limit as n — oo in the above inequality and by Remark 3.1, it follows
that p(x,, T"u) = p(xn,u) — 0 as n — oo. This completes the proof. O

6. Conclusion

In this paper, we study Popa and Patriciu [36] type implicit relation and es-
tablish a unique fixed point, a coincidence point and a unique common fixed point
theorems in the framework of partial metric spaces. The results presented in this
paper extend, unify and generalize several results from the existing literature re-
garding various ambient spaces and contraction condition. We also present one of
the possible applications of our result to well-posed and limit shadowing property
of fixed point problems.
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