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GRAPH THEORY FOR BIG DATA ANALYTICS

Aysun AYTAC and Hanife AKSU OZTURK

ABSTRACT. Big data is a thriving term at the present moment, and it offers
researchers numerous opportunities. Big data is a groundbreaking concept
in many areas to achieve detailed results and research on human beings’ in-
terests. Applications such as the Internet of Things, science research, health
care, finance, and e-commerce are applications where tremendous data is gen-
erated, and information needs to be obtained properly. Data analysis of big
data enables humanity to make more accurate and better decisions for many
problems. Analysis of social networks is an implementation of graph theory
to explain and identify relationships on social networks. Social media produce
vast volumes of data every day that is impossible to manage with conventional
data analytics algorithms and methods such as data mining and deep learning.
Social network data is helpful for finding interaction between people, analysis
of confidence, analysis of effect, the suggestion of any item or place, predic-
tion of connections, identification of crime, etc. In this study, a mathematical
graph model of a social network was devised, and edge betweenness centrality,
one of the graph-theoretical measurements for social network analytics, was
studied.

1. Introduction

Big Data is a term for large data sets having a large, more diverse and com-
plex structure with the difficulties of storing, analyzing, and visualizing for more
processes or results [22]. Following [18], Big data means “data which is too big,
too fast, or too hard for existing tools to process.” Therefore, it means not only
the volumetric size but also means that these data are formed and stored at an
increasing speed beside the volume and type; that is, the speed of data generation
and data diversity are also emphasized. Big Data has various definitions in the
literature, see [21].
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Social media posts, photos and videos are collected from many sources in diverse
ways. In order to obtain meaningful and valuable information from the collected
large, fast, and diverse data collections, the data must be processed. The term big
data analysis is used for the methods developed for this purpose. In addition to
data mining, computer science, machine learning, database management, especially
mathematical models and algorithms, and statistics science come to the fore in big
data analysis. There are plenty of papers and books on big data [20, 12, 22, 17,
10]. Much of big data is available in the form of point clouds in arbitrarily high
dimensions. Thus, the science of networks can be of great help. Since networks can
be modeled by graphs, this enables us to use the benefits of graph theory.

Graph theory has very intuitive and simple characteristics, which make it
widely used in modern science. When solving some practical problems, graph the-
ory can transform the problem into an equivalent graph theory problem. Graphs
are significant in computer science due to the ability to abstract a vast class of prob-
lems. Graph theory has many application areas for studying and modeling numer-
ous problems such as software plagiarism detection, web search engines, molecular
bonds to modeling of social networks like Facebook, LinkedIn and Twitter [19].

The management and efficient processing of big data are among the urgent
needs to enable research communities to leverage different existing services through
interconnected complex networks properly. Modeling of such networks is among
the discussed needs to appropriately represent their contents and the interaction
between their different components in harmony with their characteristics and con-
straints. Therefore, there is an essential need to model such networks before focus-
ing on processing and managing big data. Since a graph models complex networks,
this helps manage them and question their contents. Thus, graphs have been used
to represent data sets, then existing theories and tools for graphs can be applied.
Vertices in graphs usually represent real-world objects, and edges show relationships
between objects. Some examples of data modeled as graphs are social networks,
biological networks, and dynamic network traffic graphs. In big data applications,
graphs are very large, having a vast number of vertices and edges. It is almost
impossible to understand the information hidden in large graphs by visual inspec-
tion alone. To make the big data graph manageable using available tools, relevant
graph theoretical concepts and measures such as graph centrality can be used.

For the concept of network-based big data, the concept of decentralized network
- based big data structures can be used. According to this concept, the entire
network is divided into n multiple logical big data subnetworks [12].

The graph we are dealing with here corresponds to any of the n subnetworks
described above. In this study, to solve the problems in large graphs, the problem
was investigated in known small graphs. In this way, it will provide to make an
interpretation for the large graphs containing the small graph structures. This
study also aims to determine which vertex or edge in the graph is more important or
more robust when a mathematical graph model is obtained for many social networks
such as Facebook and Twitter. To do this, there are some measurements defined
in graph theory, such as vertex and edge betweenness centrality [13, 3, 4, 15],
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closeness centrality [6], residual closeness [2, 5]. The field of graph shortest paths
has been of significant importance and has wide-spread applications. Thus, in this
study, the average edge betweenness centrality measurement [1] is discussed in some
wheel-related graphs such as friendship, gear, helm, and sunflower. The notion of
edge betweenness centrality is based on the number of shortest paths that pass
through a certain edge.

In this paper, we consider simple finite undirected graph that has no self-loops
and no more than one edge between any two different vertices. Let G = (V| E) be a
graph with a vertex set V' = V(G) and an edge set E = E(G). The distance (length
of a shortest path) between the vertices u; and u; of G in denoted by d(u;, v,|G).
The sum of the distances between all pairs of vertices of G is the distance of the
graph G and is denoted by d(G). The distance d(u, v) between two vertices u and
v in G is the length of a shortest path between them. If u and v are not connected,
then d(u,v) = oo , and for u = v, d(u,v) = 0. In addition, the distance between
the vertices 4 and v in G can be denoted by d(u, v|G). The diameter of G, denoted
by diam(G) is the largest distance between two vertices in V(G) [9, 8|.

2. Average Edge Betweenness Centrality

Social networks are an important source of data for big data applications and
big data analysis. Therefore, social networks have attracted great attention in re-
cent years and today. Researchers have proposed different graph theory approaches
to grasp and use the knowledge in large networks.

Centrality is one of these metrics. Centrality, the importance of a vertex in a
graph, is defined relative to how well the graph is connected. For example, it can
be extremely important in a social network to know to what extent a person is
connected with others. In a graph, more linked individuals are more important for
that network. Because they are located in the more centers of the network, they
have more impact in the social group that this network represents. In the course
of the years, various kinds of centrality measure concepts have been introduced in
the literature. The average edge betweenness centrality is one of them.

The called the shortest path betweenness, betweenness is defined as the ratio of
the number of shortest paths in which a vertex is located to the number of shortest
paths that exist between any pair of vertices in the network.

Average edge betweenness of the graph G is defined as b(G) = ﬁ > be,
ecE

where |E| is the number of the edges, and b, is the edge betweenness of the edge

e, defined as b = Y be(i,j) where be(i,j) = ni;(e)/nij, nij(e) is the number of
i#]

geodesics (shortest paths) from vertex i to vertex j that contain the edge e, and

n;; is the total number of shortest paths [11, 7, 13, 15].

Let be compare two graphs G; and Gs. If b(G1) < b(Gs), then G is more
stability than Go. A complete graph is a simple graph in which every pair of
distinct vertices is connected by an edge. The complete graph on n vertices has
n(n —1)/2 edges. For a complete graph, we have b(Geompiete) = 1. A path graph
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is a particularly simple example of a tree, namely on which is not branched at
all, that is, contains only vertices of degree two and one. In particular, two of its
vertices have degree 1 and all others (if any) have degree 2. For a path graph with
n vertices, |E| =n — 1, and therefore:

b(Gpatn) =n(n+1)/6.

It is easy to see that
b(Gcomplete) < b(G) < b(Gpath)~

The following lemma provides some basic properties for the betweenness related
parameters. Let us recall that for a graph G, b, is the betweenness of edge e, b(G)
is the average edge betweenness of G.

LEMMA 2.1. [11] Let G be a connected graph and let e € E be an edge with end
vertices i,j € V , then
i) be(ivj) =1= be(j,i).
ii) 2 < b, <n?/2 if n is even and 2 < b, < (n— 1)%/2 if n is odd.
iii) be = 2(n — 1) if one of the end vertices of e has degree 1.

LEMMA 2.2. [11] Let G be a graph of order n, then
i) If e is an edge-bridge of the graph G connecting G1 with G — Gy where
|[V(G1)| = nq, then b, = 2n1(n — ny).
i) If Cis a cut-set of edges of the graph G, connecting two sets of vertices

X and V(G) — X and | X| =ny , then Y be = 2n,(n — ny).
ecC

3. Average edge betweenness centrality of some graphs

In this section, some general results about the average edge betweennesses
centrality measurement and calculated values for some wheel related graphs such
as gear, helm, sunflower and friendship graphs are given.

THEOREM 3.1. Let G be a graph with n vertices and m edges. The average edge
betweenness of G is

b(G) = d(G)/m.

PROOF. The edge betweenness of a given edge is the fraction of shortest paths,
counted over all pairs of vertices that pass through that edge. The average edge
betweenness of a graph G is the fraction of edges, the sum of edge betweenness of
all edges. Let 7 and j be the vertices and ey, is the edge of G(k = 1,m,i # j). It is
obvious that

S b, (i) = d(i, )-
k=1

So the sum of edge betweenness of all edges

Zbe = ZZZ = bek(i,j) :d(G)

=) i=1j=1k=1
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Thus
b(G) =Y be/m=d(G)/m.

eclE
The proof is completed. O

THEOREM 3.2. If a graph G has n vertices, m edges and diam(G) is diameter
of G, then the average edge betweenness of G is

b(G) < 1+ diam(G)(n(n —1)/2m — 1).

PROOF. Let u and v be vertices of G, and let |E| = m. So we have m pairs
of vertices with d(u,v|G) = 1. There are (n(n — 1)/2) — m pairs of vertices with
d(u,v|G) < diam(G). Thus the distance of G is

d(G) < m+ diam(G)(n(n — 1)/2m — 1).
Let we divide m both sides of inequality
d(G)/m < (m + diam(G)(n(n —1)/2m — 1)) /m.
From Theorem 3.1 we have
b(G) < 1+ diam(G)(n(n —1)/2m — 1).
The proof is completed. O

COROLLARY 3.1. Let G be a graph and e is an edge of G. The average edge
betweenness of (G-e) is

b(G—e) = (d(G)+1)/(m —1).

3.1. Gear Graph (G,). Gear graph is a wheel graph with a vertex added
between each pair adjacent vertices of the outer cycle. Gear graph G,, has 2n + 1-
vertices and 3n-edges. Gear graph G,, includes an even cycle Cs,. The vertices
of Cy, in G,, are of two kinds: vertices of degree two and three, respectively. The
vertices of degree two will be referred to as minor vertices and vertices of degree
three to as major vertices [14].

Let the central vertex of gear graph G, be ¢. The central vertex ¢ has a vertex
degree of n. The edges between ¢ central vertex and i the other vertices will be
referred to e.; and edges on cycle will be referred to e;(;;1) where i + 1 is taken
modulo 2n (i = 1,2n).

THEOREM 3.3. The average edge betweenness of the gear graph G, for n > 3
18

b(Gp) =2(n—1).
PrROOF. We have five cases for the shortest paths.
Case 1. Let we consider the paths between center vertex ¢ and the major

vertices. There is only one path with 1 length e.; (i = 1,3,...,2n — 1). Thus
b(e.;) = 1. Hence, for n pairs of vertices, we have

> d(e,i) = be,(c,i) =n.

=1 1=
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Case 2. Let we consider the paths between center vertex ¢ and the minor
vertices. There are two paths with 2 length e.;_1ye—1); and eqip1)€i(it1) (1 =
2,4,...,2n). Thus

b(ec(i_l)) = 1/2,[)(60(2‘_’_1)) = 1/2, b(e(i_l)i) = 1/2, b(ei(i+1)) = 1/2

Hence, for n pairs of vertices, we have

2n 2n 2n 2n
Z bec(ifl) (Cr 7’) + Z bec(i+1) (Cv Z) + Z be(i—l)i (C, Z) + Z bei(i+1) (Cv Z) =2n.
=2 =2 =2 =2

Case 3. Let we consider the paths between major vertices. We have two cases
for the distance of major vertices between them on the cycle.

Subcase 3.1. If d(i,i + 2) = 2 on cycle then there are two paths with 2
length between i and i + 2. These paths are ecieq;12) and e;11)€(iq1)(i+2) Where
i=1,3,...,2n — 1, and where i + 1 and 7 + 2 are taken modulo 2n. Thus

bleci) = 1/2,b(ec(ir2)) = 1/2,b(eiir1)) = 1/2,b(eqir1yi+2)) = 1/2.
Hence, for n pairs of vertices, we have

2n—1 2n—1
D b i (4 2)) Y besy (0 (42) +
i=1 i=1

2n—1 2n—1

Z bei(7,+1) (7’7 (Z + 2)) + Z b8(71+1)(71+2) (7’7 (7’ + 2)) = 2’]1
i=1 =1

Subcase 3.2. If d(i,j) > 2 on cycle then there is only one path with 2 length
between ¢ and j. This path is ecieq; (4,5 =1,3,...,2n —1). Thus b(e;;) = 1 and
b(ecj) = 1. Hence, for n(n — 3)/2 pairs of vertices, we have

2n—12n—1 2n—12n—1
DD bealtd)+ D D ey, (i§) = nn —3).
i=1 j=1 i=1 j=1

Case 4. Let we consider the paths between minor vertices. We have three
cases for the distance of minor vertices between them on the cycle.

Subcase 4.1. If d(i,i + 2) = 2 on cycle then there is only one path with 2
length between i and i + 2. This path is e;i;11)e@+1)+2) (0 = 2,4,...,2n), where
i+ 1 and i + 2 are taken modulo 2n. Thus b(e;;4+1)) = 1 and b(e(iy1)(i+2)) = 1.
Hence, for n pairs of vertices, we have

2n 2n
D ey (G +2)) + > ey opa (i (i +2)) = 2.
1=2 =2

Subcase 4.2. If d(i,7+4) = 4 on cycle then there are five paths with 4 length
between ¢ and ¢ + 4. These paths are

€i(i+1)C(i+1) (i42) €(i4-2) (14+3) € (i+3) (i+4) 3 €(1—1)i€c(i—1)Cc(i+5)C(i+4)(i+5)3
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€(i—1)i€c(i—1)Cc(i+3)€(i+3)(i+4) 3 Ci(i+1)Cc(i+1)Cc(i+5)C(i+4)(i+5))
€i(i+1)Cc(i+1)Cc(i+3) € (3+3) (i+4) s
where i € {2,4,,2n} and i+ 1,7+ 2, i+ 3, i +4, i + 5 are taken modulo 2n. Thus,
we get

bleiir)) = 3/5,bleirs)ira)) = 3/5,b(eqityire)) = 1/5,b(e(iv2)@iv3)) = 1/5
ble(i—1)i) = 2/5,b(e(i+a)(i+5)) = 2/5,b(ec(i-1)) = 2/5,b(ec(i+1)) = 2/5,
b(ec(i+3)) = 2/5,b(ec(i+s)) = 2/5.

Hence, for n pairs of vertices, we have

2n 2n
Z be 1(1+1> Z + 4 + Z b5<1+3><z+4>( (Z + 4 + Z be(z+1)(z+2>( (Z + 4))
1=2 =2
2n 2n
+ Z be(iyayipm (1 (1 +4)) + Z beg, vy, (15 (i +4)) + Z beiay(ivs) (1 (0 +4))
1=2 =2
2n
+me (0 D)+ be ) (G, (i +4))
1=2
2n
+Zb c(1+3) Z+4 +Zb C(Z+u) (Z+4)) 4 n.
=2

Subcase 4.3. If d(i,j) > 4 on cycle then there are four paths with 4 length
between ¢ and j. These paths are

€(i-1)i€e(i—1)Cc(i+1)€i(i+1)>
€(i=1)i€c(i-1)€c(i—1)€(j~1)j’
€i(i+1)€c(i+1)€c(j+1)€5(i+1)>
€i(i+1)Ce(i4+1)Ce(j—1)€(G—1)4»
where 4,7 € {2,4,...2n} and i+ 1, j + 1 are taken modulo 2n. Thus, we get
b(e(z 1)2) = 2/4 b(e](]Jrl)) = 2/4 b(el zJrl)) = 2/4 b(e(] 1) ) = 2/4
b(ec(z—l)) = 2/4a b(ec(j—l)) - 2/4,17(60(24-1)) - 2/4’ b( C(J-‘rl)) - 2/4'
Hence, for n(n — 5)/2 pairs of vertices, we have

2n 2n 2n 2n 2n 2n
DO e i3) DD besiin (1 3) DD beyn, (6,5) +
=2 j=2 =2 j=2 =2 j=2
2n 2n 2n 2n 2n 2n
)DIIINIEIED 3) SNINIEIED 95 SUNE)
=2 j=2 =2 j=2 =2 j=2
2n 2n 2n 2n

+ Z Z b€c<i+1) (laj) + Z Z bec(j+1) (17]) = 2n(n — 5).

i=2 j=2 i=2 j=2
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Case 5. Let we consider the paths between minor and major vertices. We
have three cases for the distance of minor and major vertices between them on the
cycle.

Subcase 5.1. If d(i,i + 1) = 1 on cycle then there is only one path with 1
length between 7 and 7 + 1. This path is e;;41), where i = 1,2n and i + 1 is taken
modulo 2n. Thus b(e;(;41)) = 1. Hence, for 2n pairs of vertices, we have

Zb%m (i +1)) = 2n.

Subcase 5.2. If d(i,i + 3) = 3 on cycle then there are three paths with 3
length between ¢ and 7 + 3. These paths are

Ci(i+1)C(i4+1)(i42)€(i4+2) (i+3)7 €ciCc(i+2)€(i+2)(i+3)5 €ciCe(i44)C(i43)(i+4)>
where i = 1,2n and i + 1, i + 2, i + 3, i + 4 are taken modulo 2n. Thus we get
bleiirny) = 1/3, bleira)ira)) = 1/3, bleryire)) = 1/3,
bleci) = 2/3, blecit2)) = 1/3 and b(eciyay) = 1/3.
[3pt]Hence, for 2n pairs of vertices, we have

2n 2n
Z be, i) (6 (1 +3)) + Z beiiayien (6 (i 43)) + Z be(iy1yira (B (i 1 3))
2n - - 2n
+ Z Doy iea (0 (i 4 3)) + Z be s rayaa (6 (04 3)) + Z be.; (i, (i + 3))
i=1 N
+Zb eetiva (6 (1 +3) +Zb eeqiva (15 (1 +3)) = 6n
i=1

Subcase 5.3. If d(i,j) > 3 on cycle then there are two paths with 3 length
between ¢ and j. These paths are ec;ec(j+1)€(j+1); €ciCe(j—1)€(j—1);, Wherei = 1,2n
and j + 1 are taken modulo 2n. Thus, we get

ble (J+1)) =1/2, b(e ](]+1)) =1/2, bleci) = 2/2, b( c(j— 1)) =1/2

and b(e(;_1y;) = 1/2. Hence, for n(n — 4) pairs of vertices, we have

2n 2n 2n 2n 2n 2n
Z Z bec(jJrl) (Z’ J) + Z Z bej(j+1) (17]) + Z Z bem‘, (7'7-])
i=1 j=1 i=1 j=1 i=1 j=1
2n 2n 2n  2n
+ Z Zbecu—l)(i’j) + ZZ be(; 1y, (i,7) = 3n(n —4).
i=1j=1 i=1 j=1

As a consequence by Case 1 - Case 5, the average edge betweenness of G, is
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b(G,) = (1/3n)(n+2n+2n+n(n—3)+2n+4n+2n(n—>5)+2n+6n+3n(n—4))
=2(n—1).
The proof is completed. 0

3.2. Helm Graph (H,,). Helm H, is a graph obtained from a wheel W,, with
cycle C), having a pendant edge attached to each vertex of the cycle. Helm graph
H,, consists of the vertex set

V(H,) ={i|l <i<n}Uu{i'|]l <i<n}u{c}

and the edge set
E(H,) ={e;+1)[1 <i<n}U{ew|l <i<n}U{eq|l <i<n}.

The vertices of H, — {c} are of two kinds: vertices of degree four and one,
respectively. The vertices of degree one will be referred to as minor denoted by ¢’
and vertices of degree four to as major vertices denoted by ¢ [14, 16].

THEOREM 3.4. The average edge betweenness of the helm graph H, forn >3
18
b(H,) =2(n-1).

PrROOF. We have four cases for the shortest paths.

Case 1. Let we consider the paths between center vertex ¢ and the major
vertices. Also we consider the paths between major vertices. It is the same as
wheel graph W,, so we have (¢,j = 1,n and @ # j)

Z eu+22be” = n(n—1).

= i=1 j=1

Case 2. Let we consider the paths between center vertex ¢ and the minor
vertices. There is only one path with 2 length e;e;r, (¢ = 1,n). Thus b(ey) = 1
and b(e;») = 1. Hence, for n pairs of vertices we have

Zb c, i —&—Zbe,C@)—Qn
=1

Case 3. Let we consider the paths between minor vertices. We have three
cases for the distance of major vertices between them on the cycle. Let ¢ and j be
the major vertices of H, (i =1,n, i # j and i < j).

Subcase 3.1. If d(i,j) = 1 on cycle then there is one path between i’ and
j'. This path is e;ie;je;5 . Thus, we have b(e;i) = 1, b(e;;) = 1 and b(ej;) = 1.
Hence, for n pairs of vertices, we obtain

n n n

ZZbC/ 7,5 +Zzbeu i’ 5") ZZb..,( '4") = 3n.

i=1 j=1 =1 j=1 i=1 j=1

Subcase 3.2. If d(i,5) = 2 on cycle then there are two paths between ¢’ and

J'. These paths are ejire;(;i11)€(it1);€55 and ejpeciecjejjr. Thus, ble;ir1y) = 1/2,
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ble(i+1);) = 1/2, b(eci) = 1/2, b(ec;) = 1/2, b(esr) = 1 and b(ej;7) = 1 are obtained.
Hence, for n pairs of vertices, we obtain

n n
b€z<z+1> Z:z_: e(1+1>7 i’ +Zzbeu i',5")

i=1 j=1

- WM:
M:

3 <.
Il
—

n n

Zew i".) ZZE/ 10+ b, (17 = dn.

i=1 j=1

||M

Subcase 3.3. If d(i,7) > 2 on cycle then there is one path between i’ and j'.
This path is e;ieciecje;;r. Thus, we have b(e;r) = 1, bes;) = 1, bleq;) = 1 and
b(e;j) = 1. Hence, for n(n — 5)/2 pairs of vertices, we obtain

Dimt 2jmt bey (11557) + 200y 2oy bee, (,57) + 20001 201 e, (i,57)
+>0, Z?:l be, . (i',5') = 2n(n - 5).
Case 4. Let we consider the paths between minor and major vertices. Let ¢

be a major vertex and j' be a minor vertex (i,5 = 1,n). d(i,j’) is the distance
between i and j' vertices on cycle. We have four cases.

Subcase 4.1. If d(i,5’) = 1 then there is one path between i and j’. This
path is e; and b(e;;») = 1. Hence, for n pairs of vertices, we obtain
n
Z beii’ (i’j/) =n.
i=1
Subcase 4.2. If d(i,j') = 2 then there is one path between i and j’. This
path is e;;e;;» and we get b(e;;) = 1, b(ej;7) = 1. Hence, for 2n pairs of vertices,
we obtain

DD bey, (65) + > be,,, (6,57) = 2(2n) = 4n.
i=1 j=1 i=1 j=1
Subcase 4.3. If d(i,j') = 3 then there are two paths between ¢ and j'. These
paths are e;(i11)€(i+1)j¢550 and ececiej;. Thus we have b(ej; ) = 1, be;i41)) =
1/2, b(e(i+1);) = 1/2, b(ee;) = 1/2 and b(e;) = 1/2. Hence, for 2n pairs of vertices,
we obtain

YD) IUMEIES 3D SINNNIRIRS $) SIMN(E)
i=1 j=1 =1 j=1 i=1 j=1
A0 ben (1) + DD e, (6,5') = 3(2n) = 6n.
i=1 j=1 i=1 j=1

Subcase 4.4. If d(i,j’) > 4 then there is one path between i and j’. This
path is eciecjej;.. Thus we have b(e;;7) =1, b(ec;) = 1 and b(e.;) = 1.
Hence, for n(n — 5) pairs of vertices, we obtain
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n n n n

SO e (i 3) DD bey, (15 + DD b, (i.57) = 3n(n —5).

i=1j=1 i=1j=1 i=1j=1

As a consequence by Case 1 - Case 4 the average edge betweenness of H,, is

b(H,) =

(1/3n)(n(n — 1) +2n+ 3n+4n+ 2n(2n — 5) + n+ 4n + 6n + 3n(n — 5))
=2(n—1).

The proof is completed. O

3.3. Sunflower graph (SF,). Sunflower graph SF, is defined as follows:
consider a wheel with central vertex ¢ and an n-cycle 1,2,...,n and additional n
vertices 1/,2',...,n/, where ¢’ is joined by i, (i + 1) for i = 1,2,...,n where (i + 1)
is taken modulo n. SF), has order 2n+1 and size 4n. The vertices of SF,, —{c} are
two kinds: vertices of degree five and two, respectively. The vertices of degree two
will be referred to as minor vertices and vertices of degree five to as major vertices.
The edges between ¢ and ¢ can be labeled as e.; . The edges on cycle can be labeled
as e;(j+1) where (i 4 1) is taken modulo n and the edges between ¢ major and j’
minor vertices can be labeled as e;; [14, 16].

THEOREM 3.5. The average edge betweenness of the sunflower graph SF, for
n=>51s

b(SF,) = (3n — 5)/2.

PROOF. We have four cases for the shortest paths.
Case 1. Let we consider the paths between center vertex ¢ and the major

vertices. Also we consider the paths between major vertices. It is the same as
wheel graph W,, so we have (i,j = 1,n and i # j)

n

Z be,, + Z Z be,; = n(n —1).

i=1 i=1 j=1

Case 2. Let we consider the paths between center vertex ¢ and the minor
vertex i’. There are two paths with 2 length eciesir, and eqi11y€eqy1yi, (4= 1,n
where i + 1 is taken modulo n). Thus b(e.;) = 1/2, b(eiir) = 1/2, b(eciv1)) = 1/2
and b(e(i11)ir) = 1/2. Hence, for n pairs of vertices we have

n n

D be () FD e (€d) Y beuiy (1) D bey, ) (c,i) = 2n.
=1

i=1 i=1 =1

Case 3. Let we consider the paths between minor vertices. We have four cases
for the distance of minor vertices between them on the cycle. Let <" and j’ be the
minor vertices of SF,, (i,j = 1,n, where j, i + 1 are taken modulo n).
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Subcase 3.1. If d(i/,j') = 2 on cycle then there is one path between i’ and
j'. This path is e;ye;;». Thus b(e;) = 1 and b(ej;s) = 1. Hence, for n pairs of
vertices, we obtain

Subcase 3.2. If d(i’, j') = 3 on cycle then there is one path between ¢’ and j'.
This path is €(i+1)i’ €(i+1)5€55" - Thus b(e(i+1)i/) = 1, b(e(i—i-l)j) =1 and b(ejj/) =1
Hence, for n pairs of vertices, we obtain

n n

Z Z be(i+l)i’ (&) + Z Z Degiry; (@', 5) + Z Z bejj' (i",4') = 3n.

i=1 j=1 =1 j5=1 =1 j=1

Subcase 3.3. If d(i’, j') = 4 on cycle then there are five paths between i’ and
j' from Subcase 4.2 of Case 4 in Theorem 3.3. and also there is one path on cycle
with four length. Hence, for n pairs of vertices, we obtain 4n.

Subcase 3.4. If d(i,j’) > 4 on cycle then there are four paths with four
length between i’ and j' from Subcase 4. 2 of Case 4 in Theorem 3.3. Hence, for
n(n — 7)/2 pairs of vertices, we obtain the total value 4n(n — 7)/2 = 2n(n — 7).

Case 4. Let we consider the paths between minor and major vertices. Let 4
be a major vertex and j' be a minor vertex (i,5 = 1,n). d(i,j’) is the distance
between i and j' vertices on cycle. We have four cases.

Subcase 4.1. If d(i,j’) = 1 then there are two pairs of vertices. One path is
es and the other one is e(;11) s0 b(e;r) = 1 and b(e(;41)#) = 1. Hence, for 2n
pairs of vertices, we obtain

n n

Z Z ben‘/ (ihj/) + Z Z be(i+1)i’ (i’j/) =2n.

i=1j=1 i=1 j=1

Subcase 4.2. If d(i,j’) = 2 then there is one path between i and j’. This
path is e;je;; and b(e;;) = 1, b(ej;7) = 1. Hence, for 2n pairs of vertices, we obtain

SO Tbey, (5 + > be,, (4,57) = 2(2n) = 4n.

i=1j=1 i=1 j=1

Subcase 4.3. If d(i,j') = 3 then there are two paths between ¢ and j'. These
paths are e;(;41)€(i+1);€5j° and eciecje;;r. Thus we have b(ej;r) = 1,b(e;i41)) = 1/2,
b(e(i+1);) = 1/2, b(ees) = 1/2 and b(e.;) = 1/2. Hence, for 2n pairs of vertices, we
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obtain
Z Z bejj’ (i’j/) + Z Z be'i(i+1) (@ j/) + Z Z be(iﬂ)j (i’j/)
i=1 j=1 i=1 j=1 i=1 j=1
AN ben (63 DD be,,(i,5") = 3(2n) = 6n.
=1 j=1 i=1 j=1

Subcase 4.4. If d(i,j’) > 4 then there is one path between i and j’. This
path is ec;ecjej;.. Thus we have b(e;;7) =1, b(ec;) = 1 and b(e.;) = 1.
Hence, for n(n — 6) pairs of vertices, we obtain

DN b (63N DD be (63 DD be,, (,5) = 3n(n —6).

i=1 j=1 i=1 j=1 i=1 j=1

As a consequence by Case 1 - Case 4 the average edge betweenness of SF), is

b(SF,) = (1/4n)(n(n—1)+2n+2n+3n+4n+2n(n—7)+2n+4n+6n+3n(n—6))
= (3n—15)/2.

The proof is completed.
O

3.4. Friendship graph (f,). Friendship graph f,, is collection of n triangles
with a common point. The friendship graph f,, has two kinds of vertex. It has
2n vertices of degree 2 called minor vertex and 1 vertex of degree 2n called center
vertex. Label the minor vertices as 1,2,...,2n and the center vertex as c. Label
the edges which are between ¢ and i as e.; (i = 1,2n) and which are between 4 and
i+1 (i is odd) as e;;41) [14, 16].

THEOREM 3.6. The average edge betweenness of the friendship graph f, is
b(fn) =1+4(n—1)/3.
PrOOF. We have three cases in order to find the shortest paths.

Case 1. Let we consider the paths between center vertex ¢ and minor vertices
i. There is one path e.; between ¢ and i. Thus b(e.;) = 1. Hence, for 2n pairs of
vertices, we obtain

2n
Z be.,; (c,1) = 2n.
i=1

Case 2. Let we consider the paths between minor vertex ¢ and minor vertex
(i41) (i is odd). There is one path e;(; 1) between 7 and (i+1). Thus b(e;(;41)) = 1.
Hence, for n pairs of vertices, we obtain

2n—1

Z bei(i+1)(i7i +1) =n.
i=1
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Case 3. Let we consider the paths between minor vertex ¢ and minor vertex

Jj. There is one path ece.; between ¢ and j (1 <4, j < 2n and if i(j) is odd then
j#i+1(i#j54+1)). Thus bey;) = 1 and b(e;) = 1. Hence, for 2n(2n — 2)/2
pairs of vertices, we obtain

DD ben (05) + D> be,, (i, 5) = 2n(2n — 2).

i=1 j=1 i=1 j=1

As a consequence by Case 1 - Case 3 the average edge betweenness of f,, is

b(fn) = (1/3n)2n+n+2n(2n—2)) =1+ 4(n—1)/3.

The proof is completed. U

4. Conclusion

In this paper we consider the concept of average edge betweenness of some G

graphs because when computing b(G), we can gather information on which edge
carries the most of the graph vulnerability. The average edge betweenness value
is calculated for four kinds of wheel related graphs: gear, helm, sunflower and
friendship. Let we put in order to these values as follow:

b(fn) < b(SF,) <b(Gp) =b(Hp)(n > 13).

We see that the f, graph is more vulnerable then the others. Therefore, for using
fn graph or the graphs which have f,, as a subgraph is more suitable for network
design.
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