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A DECOMPOSITION OF CONTINUITY AND
CONTRA CONTINUITY IN
IDEAL NANO TOPOLOGICAL SPACES

Carlos Granados

ABSTRACT. In this paper, we introduce the concepts of continuity and contra
continuity on nlk-set, x-nla-set, x-nly-set and x-nlc-set. Besides, show some
of their properties, as well as, we find some relations between them.

1. Introduction and preliminaries

The notion of contra continuity was introduced by Dontchev [1] in a topological
space, this concept has been growing in several sub-areas of general topology such
that soft topological space, fuzzy topological space, bitopological space, tritopo-
logical space, etc. On the other hand, many mathematicians have been interested
in studying the behaviour of open and closed sets in ideal spaces, Premkumar.
and Rameshpali [3] introduced the concepts of nlk-set, x-nla-set, x-nl,-set and
*nlo-set. Besides, they showed and proved some properties.

In this paper, we use the notions of continuity, contra continuity and ideal
spaces to define and study the nif-continuous, ni’-irresolute, contra nlg-continu-
ous, contra nlg-irresolute, x-nf-continuous, x-nl4-irresolute, contra *-nl4-conti-
nuous, contra x-nla-irresolute, *-nl,-continuous, *-nl,-irresolute, contra *-nl,-
continuous, contra x-nl-irresolute, x-nlc-continuous, x-nlc-irresolute, contra -
nlc-continuous and contra x-nlg-irresolute functions. Furthermore, we show some
of their properties, as well as, we find some relations between them.
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272 GRANADOS

DEFINITION 1.1. ([7]) An ideal I on a topological space (X, 7) is a non-empty
collection of subsets of X which satisfies the following conditions:
(1) 0el.
(2) AeTI and B C A, then Be I.
(3) f A,Bel,then AUB€ .

DEFINITION 1.2. ([5]) A nano topological space (U, N') with an ideal I is called
an ideal nano topological space and is denoted by (U,N,I). Gp(z) = {G, : z €
G, G, € N}, denotes the family of nano open sets containing x.

DEFINITION 1.3. ([4]) A subset A of a space (U,N,I) is called nx-closed if
Ay C A. The complement of a nx-closed set is called nx-open.

DEFINITION 1.4. ([3]) A subset A of a space (U, N, I) is said to be:
(1) a-nl-open if A C n-Int(n-Cl*(n-Int(A))).
(2) Pre-nI-open if A C n-Int(n-Cl*(A)).

DEFINITION 1.5. ([2]) A subset A of a space (U, N, I) is said to be semi*-ni-
open if A C n-Cl(n-Int*(A)).
]

DEFINITION 1.6. ([6]) A subset A of a space (U, N, 1) is said to be t#-nI-set
if n-Int(A) = n-Cl*(n-Int(A)).

DEFINITION 1.7. ([6]) A subset A of a space (U,N,I) is said to be pre-ni-
regular if A is pre-nJ-open and t#-nl-set.

DEFINITION 1.8. ([3]) A subset A of a space (U, N, 1) is said to be:
(1) *nlg-set if A= SN P, where S is n*-open set and P is pre-nf-set in U.
(2) *-nly-set if A= S5NP, where S is n-open set and P is a-nl-closed in U.
(3) *nly-setif A =SNP, where S is nx-open set and P = n-Cl(n-Int*(P)).
(4) »nlt-set if A =.SnN P, where S is nx-open set and P is pre-nl-regular
set.

REMARK 1.1. ([3]) Let (U, N, I) be an ideal nano topological space and A C U.
Then, the following statements hold:
(1) Every nlf-set is x-nlc-set.
) Every x-nls-set is x-nl,-set.
) Every x-nl,-set is x-nlc-set.
) Every x-nla-set is x-nlc-set.
) Every nx-open set is nlf-open-set, x-nlc-open-set, *-nls-open-set and
*-nly-open-set.

2. Continuity and contra continuity via nilf-set

In this section, we introduce the notion of nlf-continuous, nlf-irresolute, con-
tra nlk-continuous and contra nlg-irresolute functions. Besides, we show some of
their properties.

DEFINITION 2.1. A function f : (O,N,I) — (P, N, J) is called nI}-continuous
if f71(V) is a nI-open-set of (O, N, I) for every n-open set V of (P,N’,J) .
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DEFINITION 2.2. A function f : (O,N,I) — (P,N’,J) is called nl}-irresolute
if f=4(V) is a nlf-open-set of (O, N, I) for every nlf-open-set V of (PN, J) .

THEOREM 2.1. Every nx-continuous function is nlf-continuous.

PRrROOF. Let f: (O,N,I)— (P,N’,J) be a nk-continuous function. Let V be
a n-open set of (P,N’,J). V is n-open-set. Since f is nx-continuous, then f=1(V)
is a n-open-set of (O, N, I). By the Remark 1.1, f~(V) is nI}-open. Therefore f
is nlz-continuous. O

THEOREM 2.2. Every nlk-irresolute function is nl}-continuous.

ProoF. Let f : (O,N,I) — (P,N’,J) be a nl}-irresolute function. Let V'
be a n-open set of (P,N’,J). V is nl}-open-set. Since f is nl}-irresolute, then
F7H(V) is a nl}-open-set of (O, N, I) . Therefore f is nl-continuous. O

THEOREM 2.3. Let f: (O,N,I) — (P,N',J) and g : (PN, J) = (Q,N:,K)
be any two functions. Then, the following statements hold:

(1) go f is nif-irresolute if both f and g are nlf-irresolute.
(2) go f is nlf-continuous if g is nlf-continuous and f is nlt -irresolute.

PRrROOF. Consider two nl}-irresolute functions, f: (O,N,I) — (P,N’,J) and
g: (PN, J) = (Q,N',,K)) are nlf-irresolute functions. As g is consider to be a
nlf-irresolute function, by Definition 2.2, for every nlf-open-set ¢ C (Q, N, K)),
g7 '(q) = G which is nIt-open-set in (P,N”,J). Since f is nlf-open-irresolute,
(go /)M q) =9 g) = fHG) =S and S is a nIt-open-set in (O,N,I) .
Hence (g o f) is nIg-irresolute.

The proof of (2) is similar to (1) O

DEFINITION 2.3. A function f : (O,N,I) — (P,N’,J) is called contra nlf-
continuous if f~1(V) is a nlf-closed-set of (O,N,I) for every n-open set V of
(PN, J) .

DEFINITION 2.4. A function f : (O,N,I) — (P,N’,J) is called contra nlf-
irresolute if f~1(V) is a nlf-closed-set of (O,N,I) for every nl}-open-set V of
(PN, J) .

THEOREM 2.4. Letf: (O, N, I)— (P, N, J) be a function. Then the following

conditions are equivalent

(1) fis contra nlf-continuous.

(2) The inverse image of each n-open set in P is nlf.-closed-set in O.

(3) The inverse image of each n-closed set in P is nlf.-open-set in O.

(4) For each point o in O and each n-closed set G in P with f(o) € G, there
is an nlg-open-set U in O containing o such that f(U) C G.

PRrROOF. (1) = (2). Let G be n-open in P. Then P — G is n-closed in P. By
definition of contra nI}-continuous, f~'(P — G) is nlt-open-set in O. But f~*(P
— G) = O - f71(G). This implies f~!(G) is nI{-closed-set in O.
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(2) = (3) Let G be any n-closed set in P. Then P—G is n-open set in P. By
the assumption of (2), f~}(P — G) is nl}-closed-set in O. But f~'(P — G) = O -
/71(G). This implies f~(G) is nl}-open-set in O.

(3) = (4). Let o € O and G be any n-closed set in P with f(o) € G. By (3),
F7HG) is nlf-open-set in O. Set U= f~1(G). Then there is a nl}-open-set U in
O containing o such that f(U) C G.

(4) = (1). Let o € O and G be any n-closed set in P with f(o) € G. Then P —
G is n-open in P with f(o) € G. By (4), there is a nI}-open-set U in O containing
o such that f(U) C G. This implies U= f~}(G) . Therefore, O — U =0 — f~}G)
= [~}(P—G) which is nI}-closed-set in O. O

THEOREM 2.5. Let f: (O, N, I)— (P, N, J) be a function. Then the following
conditions are equivalent

(1) fis contra nlf-irresolute.
2) The inverse image of each nl}-open-set in P is nl}-closed-set in O.
g c c
3) The inverse image of each nl}-closed-set in P is nI-open-set in O.
c c
4) For each point o in O and each nl}-closed-set set G in P with f(o) € G,
c
there is an nl-open-set U in O containing o such that f(U) C G.

PROOF. The proof is similar to the Theorem 2.4 O

THEOREM 2.6. Let f : (O,N,I) = (PN, J) and g: (P,N',J) = (Q, N, K)
. Then the following properties hold:
(1) If f is contra nlk-irresolute and g is contra nlt -irresolute then g o fis
nl-irresolute.
(2) If fis contra nlf-irresolute and g is contra nlf-continuous then g o f is
nlk-continuous.
(3) If f is contra nIf-continuous and g is contra nx-continuous then g o fis
nlf-continuous.
(4) If f is nlf-irresolute and g is contra nlf-irresolute then g o f is contra
nl-irresolute.
(5) If f is contra nl}-irresolute and g is nlf-irresolute then g o f is contra
nl5-irresolute.
(6) If f is contra nlk-irresolute and g is contra nx-continuous then g o fis
nlf-continuous.

PROOF. (1) Let G be nlf-open-set in Q. Since g is contra nlj-irresolute,
g Y(G) is nlt-closed-set in P. Since f is contra nl}-irresolute, (g o f)~1(G) =
I (g7 (G)) is nl}-open-set in O. Therefore g o f is nIf-irresolute.

The proofs of (2), (3), (4), (5) and (6) are similar to (1). O

THEOREM 2.7. Let f: (O, N, I) — (P, N’, J) be a function and g: (O, N, I)
— ((O, N, I) x (P, N, J)) the graph function of f, defined by g(o) = ( o, f(0))

for every o € O. If g is contra nlf-continuous, then fis contra nlk-continuous.

PROOF. Let G be an n-open set in (P, N7, J). Then ((O, N, I) x G) is
an n-open set in ((O, N, I) x (P, N/, J)). It follows from Theorem 2.4, that
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f=1G) = g7 (0, N, I) x G) is nl}-closed-set in (O, N, Z). Thus, f is contra
nlf-continuous. O

DEFINITION 2.5. A space (O, N, I) is said to be an nl}-space if every nl}-open
set is n-open in (O, N, I).

THEOREM 2.8. A function f: (O,N,I)— (P, N', J)is contra nlf.-continuous
and O is nlf-space, then fis contra nx-continuous.

PROOF. Let G be n-closed set in P. Since f is contra nl}-continuous, f~(G)
is nl}-open in O. Since O is a nlf-space, f~!(G) is n-open in O. Therefore f is
contra nx-continuous. (]

DEFINITION 2.6. An nano ideal topological space (O, N, I) is said to be nlf-
connected if (O, NV, I) cannot be expressed as the union of two disjoint non empty
nlf-open-set subsets of (O, N, I).

THEOREM 2.9. A contra nlf-continuous image of a nlt-connected space is
nano connected.

PROOF. Let f: (O, N, I) — (P, N, J) be a contra nI-continuous function of
a nl}-connected space (O, NV, I) onto a nano topological space (P, ). If possible,
let P be nano disconnected. Let G and S form a nano disconnection of P. Then G
and S are nano clopen and P = G U S where G NS = ¢. Since f is contra nlg-
continuous, O = f~Y(P) = f~H(G U S) = f~1(G) U f~(S), where f~1(G) and
J/71(S) are non empty nl-open sets in O. Also f~1(G) N f~1(S) = ¢. Hence O is
not nl5-connected. This is a contradiction. Therefore P is nano connected. O

LEMMA 2.1. For an nano ideal topological space (O, N, T), the following state-
ments are equivalent.

(1) O is nik-connected.
(2) The only subset of O which are both nlf-open-set and nlk -closed-set are
the empty set ¢ and O.

PROOF. (1) = (2) Let G be a nlf-open-set and nlf-closed-set subset of O.
Then O — G is both nlj-open-set and nlf-closed-set. Since O is nl5-connected,
O can be expressed as union of two disjoint non empty nl5-open-set sets O and O
— @G, which implies O — G is empty.

(2) = (1) Suppose O = G U S where G and S are disjoint non empty nl}-open-
set subsets of O. Then G is both nlX-open-set and ni-closed-set. By assumption
either G = ¢ or O which contradicts the assumption G and S are disjoint non empty
nlf-open-set subsets of O. Therefore O is nlf-connected. O

3. Continuity and contra continuity via x-nl,-set

In this section, we introduce the notion of x-nl4-continuous, x-nl4-irresolute,
contra x-nl4-continuous and contra *-nls-irresolute functions Besides, we show
some of their properties.



276 GRANADOS

DEFINITION 3.1. A function f : (O,N,I) — (P,N’,J) is called *-nl4-continu-
ous if f~1(V) is a x-nls-open-set of (O, N, I) for every n-open set V of (P,N",.J).

DEFINITION 3.2. A function f : (O,N,I) — (P,N”, J) is called x-nI 4-irresolute
if f71(V) is a x-nla-open-set of (O, N, I) for every x-nls-open-set V of (P, N, J).

THEOREM 3.1. FEvery nx-continuous function is x-nl-continuous.

ProoF. Let f: (O,N,I) — (P,N’,J) be a nx-continuous function. Let V be
an-open set of (P,N”,.J). V is n-open-set. Since f is nx-continuous, then f~1(V) is
a n-open-set of (O, N, I). By the Remark 1.1, f~*(V) is -nIs-open-set. Therefore
f is x-nl 4-continuous. U

THEOREM 3.2. FEvery x-nl a-irresolute function is x-nl4-continuous.

Proor. Let f: (O,N,I) — (P,N’,J) be a x-nl s-irresolute function. Let V
be a n-open set of (P, N, J). V is x-nl s-open-set. Since f is x-nl 4-irresolute, then
f71(V) is a x-nls-open-set of (O, N, I) . Therefore f is x-nls-continuous. O

THEOREM 3.3. Let f: (O,N,I) — (P,N",J) and g : (P,N",J) = (Q,N.,K)
be any two functions. Then, the following statements hold:

(1) go f is x-nla-irresolute if both f and g are x-nls-irresolute.
(2) gof is*x-nla-continuous if g is x-nl-continuous and f is x-nl -irresolute.

ProOOF. Consider two *-nla-irresolute functions, f : (O,N,I) — (P,N',J)
and g : (PN, J) — (Q,N',, K)) are x-nl4-irresolute functions. As g is consider
to be a x-nl g-irresolute function, by Definition 3.2, for every x-nls-open-set ¢ C
(Q,N".,K)), g1 (q) = G which is x-nls-open-set in (P,N’,J). Since f is x-nla-
irresolute, (go f)71(q) = f~1(g7*(q)) = f~1(G) = S and S is a x-nls-open-set in
(O,N,I) . Hence (go f) is x-nla-irresolute.

The proof of (2) is similar to (1). O

DEFINITION 3.3. A function f: (O,N,I) — (P,N’,J) is called contra x-nl-
continuous if f~1(V) is a x-nla-closed-set of (O, N, I) for every n-open set V of

(PN, J) .

DEFINITION 3.4. A function f: (O,N,I) — (P,N’,J) is called contra *-nls-
irresolute if f~1(V) is a x-nlz-closed-set of (O, N, I) for every x-nls-open-set V of
(P,N',J) .

THEOREM 3.4. Let f: (O, N, 1)— (P, N', J) be a function. Then the following
conditions are equivalent

(1) fis contra *-nl4-continuous.

(2) The inverse image of each n-open set in P is x-nla-closed-set in O.

(3) The inverse image of each n-closed set in P is x-nl s-open-set in O.

(4) For each point o in O and each n-closed set G in P with f(o) € G, there
is a x-nly-open-set U in O containing o such that f(U) C G.
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PROOF. (1) = (2). Let G be n-open in P. Then P — G is n-closed in P. By
definition of contra *-nl4-continuous, f_l(P — G) is *-nls-open-set in O. But
74P — G) = O - f1(G). This implies f~!(G) is x»-nla-closed-set in O.

(2) = (3) Let G be any n-closed set in P. Then P—G is n-open set in P. By
the assumption of (2), f~1(P — G) is x»-nls-closed-set in O. But f~*(P — G) = O
- f71(G). This implies f~1(QG) is x-nls-open-set in O.

(3) = (4). Let o € O and G be any n-closed set in P with f(o) € G. By (3),
f~YHG) is +-nls-open-set in O. Set U= f~1(G). Then there is a x-nls-open-set U
in O containing o such that f(U) C G.

(4) = (1). Let o € O and G be any n-closed set in P with f(o) € G. Then P —
G is n-open in P with f(o) € G. By (4), there is a x-nJ4-open-set U in O containing
o such that f(U) C G. This implies U= f~(G) . Therefore, O — U =0 — f~}(G)
= f~1(P—Q) which is x-nls-closed-set in O. O

THEOREM 3.5. Let f: (O, N, I)— (P, N, J) be a function. Then the following
conditions are equivalent

(1) fis contra *-nl4-irresolute.

(2) The inverse image of each x-nl-open-set in P is x-nls-closed-set in O.

(3) The inverse image of each x-nla-closed-set in P is x-nl4-open-set in O.

(4) For each point o in O and each x-nls-closed-set set G in P with f(o) €
G, there is a x-nl a-open-set U in O containing o such that f(U) C G.

PROOF. The proof is similar to the Theorem 3.4 O

THEOREM 3.6. Let f: (O,N,I) = (P,N',J) and g : (PN, J) = (Q,N'., K)
. Then the following properties hold:

(1) If f is contra x-nla-irresolute and g is contra x-nlg-irresolute then g o f
18 x-nl 4 -irresolute.

(2) If fis contra x-nl g-irresolute and g is contra x-nl4-continuous then g o f
18 x-nl o -continuous.

(3) If f is contra x-nl s-continuous and g is contra nk-continuous then g o f
18 *-nl 4 -continuous.

(4) If fis *-nla-irresolute and g is contra x-nl g-irresolute then g o fis contra
*-nl 4 -irresolute.

(5) If fis contra x-nl s-irresolute and g is x-nl a-irresolute then g o fis contra
*-nl g -irresolute.

(6) If fis contra x-nla-irresolute and g is contra nx-continuous then g o fis
*-nl 4 -continuous.

PRrOOF. (1) Let G be *-nls-open-set in Q. Since g is contra x-nl4-irresolute,
g~ Y(G) is *-nla-closed-set in P. Since f is contra x-nla-irresolute, (go f)~1(G) =
FY(g7H(G)) is »-nla-open-set in O. Therefore g o f is x-nla-irresolute.

The proofs of (2), (3), (4), (5) and (6) are similar to (1). O

THEOREM 3.7. Let f: (O, N, I) — (P, N', J) be a function and g: (O, N, I)
— ((0, N, I) x (P, N, J)) the graph function of f, defined by g(o) = ( o, f(0))

for every o € O. If g is contra *x-nl z-continuous, then fis contra x-nl 4-continuous.
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PRrROOF. Let G be an n-open set in (P, A7, J). Then ((O, N, I) x G) is
an n-open set in ((0, N, I) x (P, N7, J)). It follows from Theorem 3.4, that
f71(G) = g 1((O, N, I) x G) is x-nla-closed-set in (O, N, Z). Thus, f is contra
*-nl 4-continuous. O

DEFINITION 3.5. A space (O, A/, I) is said to be a x-nl4-space if every *-nl4-
open set is n-open in (O, N, I).

THEOREM 3.8. A function f: (0, N, I) — (P, N', J) is contra x-nla-
continuous and O is x-nl 4-space, then fis contra nx-continuous.

PRrROOF. Let G be n-closed set in P. Since f is contra x-nI 4-continuous, f~1(G)
is x-nls-open in O. Since O is a x-nla-space, f~1(G) is n-open in O. Therefore f
is contra nx-continuous. O

DEFINITION 3.6. An nano ideal topological space (O, N, I) is said to be -
nls-connected if (O, NV, I) cannot be expressed as the union of two disjoint non
empty *-nls-open-set subsets of (O, N, I).

THEOREM 3.9. A contra x-nla-continuous image of a *-nla-connected space
is mano connected.

Proor. Let f: (O, N, I) — (P, N7, J) be a contra x-nl 4-continuous function
of a x-nl-connected space (O, N, I) onto a nano topological space (P, N’). If
possible, let P be nano disconnected. Let G and S form a nano disconnection of
P. Then G and S are nano clopen and P = G U S where G N S = ¢. Since f is
contra *-nls-continuous, O = f~1(P) = f~1(GUS) = f~1G) U f~1(S), where
F7Y(G) and f~1(S) are non empty *-nls-open sets in O. Also f~1(G) N f=1(S) =
¢. Hence O is not x-nl4-connected. This is a contradiction. Therefore P is nano
connected. O

LEMMA 3.1. For an nano ideal topological space (O, N', I), the following state-
ments are equivalent.

(1) O is x-nls-connected.
(2) The only subset of O which are both *-nl4-open-set and *-nla-closed-set
are the empty set ¢ and O.

PrOOF. (1) = (2) Let G be a x-nls-open-set and x-nl4-closed-set subset of
O. Then O — G is both x-nls-open-set and *-nla-closed-set. Since O is *-ni4-
connected, O can be expressed as union of two disjoint non empty *-nl4-open-set
sets O and O — G, which implies O — G is empty.

(2) = (1) Suppose O = G U S where G and S are disjoint non empty *-nl4-
open-set subsets of O. Then G is both *-nls-open-set and *-nl4-closed-set. By
assumption either G = ¢ or O which contradicts the assumption G and S are disjoint
non empty *-nl-open-set subsets of O. Therefore O is x-nl4-connected. O
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4. Continuity and contra continuity via x-nl,-set

In this section, we introduce the notion of x-nl,-continuous, x-nl,-irresolute,
contra *-nl,-continuous and contra x-nl,-irresolute functions. Moreover, we show
some of their properties.

DEFINITION 4.1. A function f : (O,N,I) — (P,N’,J) is called x-nI,-continu-
ous if f~1(V) is a x-nl,-open-set of (O, N, I) for every n-open set V of (P,N’,J).

DEFINITION 4.2. A function f : (O,N,I) — (P,N’,J) is called x-n,-irresolute
if f71(V) is a x-nl,-open-set of (O, N, I) for every x-nl,-open-set V of (P,N’,J).

LEMMA 4.1. For a function f : (O,N,I) — (P,N",J), the following statements
hold:
(1) Bvery x-nla continuous function is %-nl,, continuous.
(2) Every x-nly irresolute function is x-nl, irresolute.

PROOF. (1) Let f be a x-nl4 continuous function, then f~1(V) is x-nl4-open-
set in O, by the remark 1.1, f~(V) is x-nl,-open-set, since f is x-nl4 continuous,
V is n-open in P. Therefore, f is x-nl, continuous.

The proof of (2) is similar to (1). O

THEOREM 4.1. Every x-nl,-continuous function is x-nl,-continuous.

PrRoOOF. Let f: (O,N,I) = (P,N’,J) be a nk-continuous function. Let V be
an-open set of (P, N, J). V is n-open-set. Since f is nx-continuous, then f~1(V) is
a n-open-set of (O, N, I). By the Remark 1.1, f~!(V) is %-nl,-open-set. Therefore
f is *-nl,-continuous. O

THEOREM 4.2. Every x-nl,-irresolute function is x-nly,-continuous.

PrOOF. Let f: (O,N,I) = (P,N’,J) be a *nl,-irresolute function. Let V'
be a n-open set of (P,N”’,J). V is x-nl,-open-set. Since f is x-nl,-irresolute, then
J7H(V) is a x-nl,-open-set of (O, N,I) . Therefore f is x-nl,-continuous. O

THEOREM 4.3. Let f: (O,N,I) - (P,N',J) and g : (PN, J) = (Q,N:,K)
be any two functions. Then, the following statements hold:
(1) go f is x-nl,-irresolute if both f and g are %-nl,-irresolute.
(2) gof is*-nly,-continuous if g is x-nly-continuous and f is x-nl, -irresolute.

PROOF. Consider two x-nly,-irresolute functions, f : (O,N,I) — (P,N',J)
and g : (PN, J) = (Q,N',,K)) are x-nl,-irresolute functions. As g is consider
to be a x-nl,-irresolute function, by Definition 4.2, for every x-nl,-open-set q C
(Q,N'.,K)), g7 '(¢) = G which is x-nl,-open-set in (P,N’,J). Since f is x-nl,-
irresolute, (go f)"'(q) = f~*(¢g7*(¢)) = f~(G) = S and S is ax-nl,-open-set in
(O,N,I) . Hence (go f) is *-nl,-irresolute.

The proof of (2) is similar to (1). O

DEFINITION 4.3. A function f : (O,N,I) — (P,N’,J) is called contra x-nl,-
continuous if f~1(V) is a x-nl,-closed-set of (O, N,I) for every n-open set V of
(PN, J) .
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DEFINITION 4.4. A function f : (O,N,I) — (P,N’,J) is called contra *x-nl,-
irresolute if f~*(V) is a %-nl,-closed-set of (O, N, I) for every x-nl,-open-set V of
(P,N',J) .

LEMMA 4.2. For a function f : (O,N,I) — (P,N",J), the following statements
hold:

(1) Every contra x-nla continuous function is contra x-nl, continuous.
(2) Ewery contra x-nl irresolute function is contra *-nl, irresolute.

PROOF. (1) Let f be a contra x-nl4 continuous function, then f=(V) is *-
nl a-closed-set in O, by the remaar 1.1, f~!(V) is x-nl,-closed-set, since f is contra
*-nl continuous, V is n-open in P. Therefore, f is contra %-nl, continuous.

The proof of (2) is similar to (1). O

THEOREM 4.4. Let f: (O, N, 1)— (P, N', J) be a function. Then the following
conditions are equivalent
(1) fis contra *-nl,-continuous.
(2) The inverse image of each n-open set in P is x-nl,-closed-set in O.
(3) The inverse image of each n-closed set in P is x-nl,-open-set in O.
(4) For each point o in O and each n-closed set G in P with f(o) € G, there
is ax-nly-open-set U in O containing o such that f(U) C G.

PROOF. (1) = (2). Let G be n-open in P. Then P — G is n-closed in P. By
definition of contra *-nl,-continuous, f~'(P — G) is x-nls-open-set in O. But
7Y P — G) = O - f~!(G). This implies f~(G) is x-nl,-closed-set in O.

(2) = (3) Let G be any n-closed set in P. Then P—G is n-open set in P. By
the assumption of (2), f~}(P — G) is x-nl,-closed-set in O. But f~'(P — G) = O
- f7Y(G). This implies f~!(G) is *-nl,-open-set in O.

(3) = (4). Let o € O and G be any n-closed set in P with f(o) € G. By (3),
J7H(G) is x-nl,-open-set in O. Set U= f~(G). Then there is a *-nl,-open-set U
in O containing o such that f(U) C G.

(4) = (1). Let o € O and G be any n-closed set in P with f(o) € G. Then P —
G is n-open in P with f(0) € G. By (4), there is a x-nI,-open-set U in O containing
o such that f(U) C G. This implies U= f~1(G) . Therefore, O — U = O — f~1(QG)
= f~1(P—G) which is x-nI,-closed-set in O. O

THEOREM 4.5. Let f: (O, N, 1) — (P, N, J) be a function. Then the following
conditions are equivalent

(1) fis contra x-nl,-irresolute.

(2) The inverse image of each *-nl,-open-set in P is x-nl,-closed-set in O.

(3) The inverse image of each x-nl, -closed-set in P is %-nl,-open-set in O.

(4) For each point o in O and each x-nl,-closed-set set G in P with f(o) €
G, there is a x-nly-open-set U in O containing o such that f(U) C G.

PROOF. The proof is similar to the Theorem 4.4 U

THEOREM 4.6. Let f : (O,N,I) = (PN, J) and g : (PN, J) = (Q,N'.,K)
. Then the following properties hold:
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(1) If fis contra x-nl,-irresolute and g is contra x-nl-irresolute then g o f is
*x-nly,-irresolute.

(2) If f is contra x-nI,-irresolute and g is contra x-nl,-continuous then g o f
is *-nly-continuous.

(3) If fis contra x-nl,-continuous and g is contra nk-continuous then g o fis
*-nI,-continuous.

(4) If fis x-nly-irresolute and g is contra x-nly-irresolute then g o fis contra
*-nly,-irresolute.

(5) If f is contra -nly-irresolute and g is x-nl,-irresolute then g o f is contra
*-nl-irresolute.

(6) If fis contra x-nly-irresolute and g is contra nx-continuous then g o f is
*-nl,-continuous.

PRrROOF. (1) Let G be x-nl,-open-set in Q. Since g is contra %-nl,-irresolute,
g7 (G) is #-nl,-closed-set in P. Since f is contra *-nl,-irresolute, (g o f)~*(G) =
I (g7 (G)) is »-nl,-open-set in O. Therefore g o f is x-nl,-irresolute.

The proofs of (2), (3), (4), (5) and (6) are similar to (1). O

THEOREM 4.7. Let f: (O, N, I) — (P, N’, J) be a function and g: (O, N, I)
— ((O, N, I) x (P, N, J)) the graph function of f, defined by g(o) = ( o, f(0))

for every o € O. If g is contra x-nl,-continuous, then fis contra x-nl,-continuous.

PROOF. Let G be an n-open set in (P, N’, J). Then ((O, N, I) x G) is
an n-open set in ((O, N, I) x (P, N’, J)). It follows from Theorem 4.4, that
f71(G) = g (0, N, I) x G) is *-nl,-closed-set in (O, N, Z). Thus, f is contra
*-nl,-continuous. g

DEFINITION 4.5. A space (O, N, I) is said to be a *-nl,-space if every x-nl,-
open set is n-open in (O, N, I).

THEOREM 4.8. A function f : (0O, N, I) — (P, N', J) is contra *-nl,-
continuous and O is x-nl,-space, then f is contra nx-continuous.

PROOF. Let G be n-closed set in P. Since f is contra x-nI,-continuous, f~(G)
is x-nI,-open in O. Since O is a x-nl,-space, f~1(G) is n-open in O. Therefore f is
contra nx-continuous. (]

DEFINITION 4.6. An nano ideal topological space (O, N, I) is said to be -
nl,-connected if (O, N, I) cannot be expressed as the union of two disjoint non
empty *-nl,-open-set subsets of (O, N, I).

THEOREM 4.9. A contra x-nl,-continuous image of a x-nl,-connected space is
nano connected.

PROOF. Let f: (O, N, I) = (P, N/, J) be a contra x-nl,-continuous function
of a *nl,-connected space (O, N, I) onto a nano topological space (P, N'). If
possible, let P be nano disconnected. Let G and S form a nano disconnection of
P. Then G and S are nano clopen and P = G U S where G NS = ¢. Since f is
contra *-nl,-continuous, O = f~1(P) = f~1(G U S) = f~1(G) U f71(S), where
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F7HG) and f~!(S) are non empty *-nl,-open sets in O. Also f~*(G) N f~1(S) =
¢. Hence O is not x-nl,-connected. This is a contradiction. Therefore P is nano
connected. O

LEMMA 4.3. For an nano ideal topological space (O, N, T), the following state-
ments are equivalent.

(1) O is %-nl,-connected.
(2) The only subset of O which are both x-nI,-open-set and x-nly,-closed-set
are the empty set ¢ and O.

PRrROOF. (1) = (2) Let G be a #-nl,-open-set and x-nl,-closed-set subset
of O. Then O — G is both xnl,-open-set and x-nl,-closed-set. Since O is *-
nl,connected, O can be expressed as union of two disjoint non empty x-nl,-open-
set sets O and O — G, which implies O — G is empty.

(2) = (1) Suppose O = G U S where G and S are disjoint non empty -
nl,-open-set subsets of O. Then G is both *x-nl,-open-set and *-nl,-closed-set. By
assumption either G = ¢ or O which contradicts the assumption G and S are disjoint
non empty x-nl,-open-set subsets of O. Therefore O is x-nl,-connected. O

5. Continuity and contra continuity via x-nlco-set

In this section, we introduce the notion of x-nls-continuous, *-nlgo-irresolute,
contra *-nlc-continuous and contra x-nlc-irresolute functions. Furthermore, we
show some of their properties.

DEFINITION 5.1. A function f: (O,N,I) — (P,N",J) is called *-nlc-continu-
ous if f~1(V) is a x-nIg-open-set of (O, N, I) for every n-open set V of (P,N",.J).

DEFINITION 5.2. A function f: (O,N,I) = (P,N’,J) is called *-nlc-irresolu-
te if f71(V)is a *nlgc-open-set of (O,N,I) for every x-nIc-open-set V of
(PN, J).

LEMMA 5.1. For a function f : (O,N,I) — (P,N",J), the following statements
hold:

1) If f is nl} continuous, then f is x-nlc-continuous.
2) If f is +-nl, continuous, then f is x-nlc-continuous.
3) If f is nlf irresolute, then f is x-nlc-irresolute.

4) If f is %-nl, irresolute, then f is x-nlc-irresolute.
5) If f is nly continuous, then f is x-nlc-continuous.
6) If f is nla irresolute, then f is x-nlc-irresolute.

PrOOF. (1) Let f be a nl} continuous, then f~1(V) is nl}-open-set in O, but
By the Remark 1.1, f~1(V) is x-nlc-open-set in O, since f is nlf continuous, then
V is n-open in P. Therefore, f is x-nlo-continuous.

(2) Let f be a x-nl, continuous, then f~(V) is %-nl,-open-set in O, but By
the Remark 1.1, f~1(V) is »-nlc-open-set in O, since f is x-nl, continuous, then
V' is n-open in P. Therefore, f is x-nlc-continuous.
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The proof of (3) is similar to part (1). The proof of (4) is similar part (2). The
proof of (5) is followed by part (2) and Lemma 4.1 and the proof of (5) is followed
by part (4) and Lemma 4.1. O

THEOREM 5.1. Every x-nlc-continuous function is x-nlc-continuous.

ProoF. Let f: (O,N,I)— (P,N’,J) be a nx-continuous function. Let V be
an-open set of (P, N, J). V is n-open-set. Since f is nx-continuous, then f=1(V) is
a n-open-set of (O, N, I). By the Remark 1.1, f~1(V) is -nlc-open-set. Therefore
f is *-nlc-continuous. (|

THEOREM 5.2. FEvery x-nlc-irresolute function is x-nlc-continuous.

PROOF. Let f: (O,N,I) — (P,N’,J) be a x-nlc-irresolute function. Let V/
be a n-open set of (P,N’,J). V is x-nIc-open-set. Since f is x-nlc-irresolute, then
f~YV) is a »-nlc-open-set of (O, N, I) . Therefore f is x-nlIc-continuous. O

THEOREM 5.3. Let f: (O,N,I) = (PN, J) and g: (P,N',J) = (Q,N\,K)
be any two functions. Then, the following statements hold:
(1) go f is x-nlg-irresolute if both f and g are x-nlc-irresolute.
(2) gof isx-nlgc-continuous if g is x-nlc-continuous and f is x-nlc-irresolute.

ProOF. Consider two *-nlc-irresolute functions, f : (O,N,I) — (P,N",.J)
and g : (PN, J) = (Q,N",,K)) are x-nlc-irresolute functions. As g is consider
to be a x-nlg-irresolute function, by Definition 5.2, for every x-nlc-open-set ¢ C
(Q,N",,K)), g7 *(q) = G which is x-nIg-open-set in (P,N’,J). Since f is x-nlc-
irresolute, (go f)71(q) = f~Y(97*(¢q)) = f~1(G) = S and S is a x-nlc-open-set in
(O,N,I) . Hence (g o f) is x»-nlgo-irresolute.

The proof of (2) is similar to (1) O

DEFINITION 5.3. A function f: (O,N,I) — (P,N’,J) is called contra *-nlc-
continuous if f~1(V) is a x-nlc-closed-set of (O, N, I) for every n-open set V of

(PN, J) .

DEFINITION 5.4. A function f: (O,N,I) — (P,N’,J) is called contra x-nlc-
irresolute if f=(V) is a x-nlg-closed-set of (O, N, I) for every x-nlg-open-set V
of (PN, J).

LEMMA 5.2. For a function f : (O,N,I) = (P,N’,J), the following statements
hold:

) If f is contra nlf continuous, then f is contra x-nlc-continuous.
) If f is contra x-nl, continuous, then f is contra *-nlc-continuous.
) If f is contra nif irresolute, then f is contra x-nlc-irresolute.

) If f is contra x-nl, irresolute, then f is contra x-nlc-irresolute.

) If f is contra nla continuous, then f is contra x-nlc-continuous.
) If f is contra nly irresolute, then f is contra *x-nlc-irresolute.

PROOF. (1) Let f be a contra nl continuous, then f~(V) is nIf-closed-set
in O, but By the Remark 1.1, f~1(V) is x-nlc-closed-set in O, since f is contra
nlt continuous, then V' is n-open in P. Therefore, f is contra x-nlc-continuous.
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(2) Let f be a contra x-nl, continuous, then f~*(V) is *-nl,-closed-set in O,
but By the Remark 1.1, f~!(V) is »-nlc-closed-set in O, since f is contra x-nl,
continuous, then V is n-open in P. Therefore, f is contra *-nls-continuous.

The proof of (3) is similar to part (1). The proof of (4) is similar part (2). The
proof of (5) is followed by part (2) and Lemma 4.2 and the proof of (5) is followed
by part (4) and Lemma 4.2. O

THEOREM 5.4. Let f: (O, N, I)— (P, N', J) be a function. Then the following
conditions are equivalent

(1) fis contra *-nlc-continuous.

(2) The inverse image of each n-open set in P is x-nlc-closed-set in O.

(3) The inverse image of each n-closed set in P is x-nlc-open-set in O.

(4) For each point o in O and each n-closed set G in P with f(o) € G, there
is a *-nlc-open-set U in O containing o such that f(U) C G.

PRrROOF. (1) = (2). Let G be n-open in P. Then P — G is n-closed in P. By
definition of contra x-nlc-continuous, f~'(P — G) is *-nlg-open-set in O. But
f71(P — G) = O - f~1(G). This implies f~(G) is x-nlc-closed-set in O.

(2) = (3) Let G be any n-closed set in P. Then P—G is n-open set in P. By
the assumption of (2), f~1(P — G) is »-nlc-closed-set in O. But f~*(P — G) = O
- f7Y(G). This implies f~1(G) is x-nlc-open-set in O.

(3) = (4). Let o € O and G be any n-closed set in P with f(o) € G. By (3),
F71(G) is x-nlc-open-set in O. Set U= f~1(G). Then there is a x-nlc-open-set U
in O containing o such that f(U) C G.

(4) = (1). Let o € O and G be any n-closed set in P with f(o) € G. Then P —
G is n-open in P with f(o) € G. By (4), there is a x-nIgz-open-set U in O containing
o such that f(U) C G. This implies U= f~}(G) . Therefore, O — U =0 — f~}G)
= f~Y(P—Q) which is x-nlc-closed-set in O. O

THEOREM 5.5. Let f: (O, N, 1)— (P, N', J) be a function. Then the following
conditions are equivalent
(1) fis contra *-nlc-irresolute.
(2) The inverse image of each x-nlc-open-set in P is x-nlc-closed-set in O.
(3) The inverse image of each x-nlc-closed-set in P is x-nlc-open-set in O.
(4) For each point o in O and each x-nlc-closed-set set G in P with f(o) €
G, there is a x-nlc-open-set U in O containing o such that f(U) C G.

PROOF. The proof is similar to the Theorem 5.4 U

THEOREM 5.6. Let f: (O,N,I) = (P,N',J) and g: (P,N',J) = (Q,N',, K)
. Then the following properties hold:

(1) If f is contra x-nlgc-irresolute and g is contra x-nlc-irresolute then g o f
18 x-nlg-irresolute.

(2) If fis contra x-nlc-irresolute and g is contra x-nlc-continuous then g o
f is *-nlc-continuous.

(3) If f is contra x-nlc-continuous and g is contra nk-continuous then g o f
1s *-nlgo-continuous.
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(4) If fis x-nlc-irresolute and g is contra x-nlg-irresolute then g o fis contra
*-nlc-irresolute.

(5) If f is contra x-nlc-irresolute and g is x-nlc-irresolute then g o fis contra
*-nlc-irresolute.

(6) If fis contra x-nlc-irresolute and g is contra nx-continuous then g o fis
*-nlc-continuous.

ProoF. (1) Let G be *nlg-open-set in Q. Since g is contra *-nlc-irresolute,
g Y(G) is *-nlg-closed-set in P. Since f is contra x-nlg-irresolute, (go f)~1(G) =
FY(g7H(G)) is »-nlc-open-set in O. Therefore g o f is x-nIc-irresolute.

The proofs of (2), (3), (4), (5) and (6) are similar to (1). O

THEOREM 5.7. Let f: (O, N, I) — (P, N', J) be a function and g: (O, N, I)
— ((0, N, I) x (P, N, J)) the graph function of f, defined by g(o) = ( o, f(0))

for every o € O. If g is contra x-nlc-continuous, then fis contra x-nlc-continuous.

PROOF. Let G be an n-open set in (P, N’, J). Then ((O, N, I) x G) is
an n-open set in ((O, N, I) x (P, N’, J)). It follows from Theorem 5.4, that
f71(G) = g 1((O, N, I) x Q) is »-nlc-closed-set in (O, N, T). Thus, f is contra
*-nlc-continuous. O

DEFINITION 5.5. A space (O, NV, I) is said to be a x-nIg-space if every x-nlc-
open set is n-open in (O, N, ).

THEOREM 5.8. A function f : (O, N, I) — (P, N’, J) is contra *-nlc-
continuous and O is x-nlc-space, then fis contra nx-continuous.

PROOF. Let G be n-closed set in P. Since f is contra x-nlo-continuous, f~*(G)
is x-nlc-open in O. Since O is a x-nlc-space, f~1(G) is n-open in O. Therefore f
is contra nk-continuous. u

DEFINITION 5.6. An nano ideal topological space (O, N, I) is said to be -
nlc-connected if (O, A, I) cannot be expressed as the union of two disjoint non
empty x-nlc-open-set subsets of (O, N, I).

THEOREM 5.9. A contra *-nlc-continuous image of a *-nlc-connected space
is nano connected.

ProOF. Let f: (O, N, I) — (P, N/, J) be a contra x-nIc-continuous function
of a *-nlc-connected space (O, NV, I) onto a nano topological space (P, N7). If
possible, let P be nano disconnected. Let G and S form a nano disconnection of
P. Then G and S are nano clopen and P = G U S where G NS = ¢. Since f is
contra *-nlc-continuous, O = f~1(P) = f~H(G U S) = f~1(G) U f71(S), where
F7Y(G) and f~1(S) are non empty *-nlc-open sets in O. Also f~1(G) N f=1(S) =
¢. Hence O is not x-nlc-connected. This is a contradiction. Therefore P is nano
connected. U

LEMMA 5.3. For an nano ideal topological space (O, N, T), the following state-
ments are equivalent.

(1) O is x-nlc-connected.
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(2) The only subset of O which are both x-nIc-open-set and *-nlc-closed-set
are the empty set ¢ and O.

ProOOF. (1) = (2) Let G be a *-nlg-open-set and x-nlc-closed-set subset of
O. Then O — G is both *-nlc-open-set and *-nlc-closed-set. Since O is *-nlc-
connected, O can be expressed as union of two disjoint non empty x-nlc-open-set
sets O and O — G, which implies O — G is empty.

(2) = (1) Suppose O = G U S where G and S are disjoint non empty x-nlc-
open-set subsets of O. Then G is both *-nlgz-open-set and *-nlc-closed-set. By
assumption either G = ¢ or O which contradicts the assumption G and S are disjoint
non empty *-nlg-open-set subsets of O. Therefore O is x-nlg-connected. (]
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