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A REVUEW

Daniel A. Romano

ABSTRACT. This paper is a recapitulation of the analyzed ideas, newly intro-
duced concepts and the obtained results about implicative semigroups with
apartness.

1. INTRODUCTION

The notions of implicative semigroup and ordered filter were introduced by
Chan and Shum [6]. Jun [10, 11], Jun, Meng and Xin [12] and Jun and Kim [13]
discussed ordered filters and ideals of implicative semigroups.

In paper [19], in setting of Bishop’s constructive mathematics [1, 2], follow-
ing the ideas of Chan and Shum and other authors mentioned above, the author
introduced the concept of implicative semigroups with (tight) apartness and gived
some fundamental characterization of these semigroups. This work environment
is recognized not only by the application of Intuitionistic logic (for example, [27])
instead of Classical logic but also by the principled-philosophical orientations of
constructive mathematics (for example, [3, 4, 5, 14]). In this analysis, he used
a set with an apartness relation and a co-order relation as a carrier on which
the algebraic structure is constructed. In the articles [20, 22, 23, 24, 25, 26]
he continues the analysis of implicative semigroups with apartness. While in the
articles [20, 25] the concept of strongly extensional homomorphisms between im-
plicative semigroups with apartnesss was introduced and analyzed, in the papers
[22, 23, 24, 26] the focus was on the concepts of co-ideals ([23, 24]) and co-filters
([23, 26]) in such semigroups. Some of the introduced and analyzed concepts are
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counterparts of classical concepts in the observed semigroups. Although some of the
introduced concepts and processes with them are counterparts of classical concepts
and processes in the observed semigroups in the classical case, the techniques used
in analyzing their properties (in mentioned papers) differ significantly from those
applied in their classical version. In order for the interested reader to gain at least
some impression of these differences, we state one form of the First isomorphism
theorem between implicative semigroups with apartness.

THEOREM 1.1 ([25], Theorem 9). Let
[ ((S,:,%),ga,@)) - ((T’:’ #)’.?IB? ®)

be a reverse isotone se-epimorphism between implicative semigroups. Then there
exist a unique pair f1 : S/(q?‘,qf) — T and fo : [S : qf] — T of embedding,
injective and surjective se-homomorphisms such that

f=fiomn=food=foohonm.

Without going into detailed descriptions of the terms used in this introductory
part, it is easy to see that using the homomorphism f, two algebraic structures
S’/(qf7 qf) and [S : ¢¢] can be constructed from the implicative semigroup S, both
of which are isomorphic to semigroup 7. Apart from the fact that the first quotient
structure differs somewhat from the classical dual, the semigroup [S : gy| also
appears, which has no the counterpart in the classical case.

This paper is a recapitulation of the analyzed ideas, newly introduced concepts
and the obtained results.

2. PRELIMINARIES

In this section, we recall from [7, 8, 9, 21| some concepts and processes nec-
essary in the sequel of this paper. An interested reader can look for more details
in the papers [19, 20, 22, 23, 24|. This investigation is in Bishops constructive
algebra in the sense of papers [7, 8, 9, 21] and books [1, 2, 3, 4, 5, 14] and
Chapter 8: Algebra of [27].

2.1. Set with apartness. Let (S, =, #) be a constructive set (i.e. it is a rela-
tional system with the relation ”#”). A diversity relation ”#” satisfying conditions

“(r#a),rFy=yFr,rFYyNy=z=a#2
is called apartness. In this paper, we assume that the apartness is tight, i.e. it
satisfies the following

(Vo,y € S)(=(z #y) =z =y).

A subset X of S is called a strongly extensional subset of S if and only if
Vre X)(VyeS) x££y Vyes).

Let X, Y be subsets of S.

According with Bridge and Vita definition (see for instance [5]), we say that
X is set-set apartned from Y (denoted X 1Y) if and only if

(Vz € X)(Vy € Y)(z #y).
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We set <Y and x # y, instead of {z} x Y and {z} < {y} respectively. With
X9 ={z € S:x<X} we denote the apartness complement of X.
We say that
- a function f: (S,=,#) — (T, =, #) is strongly extensional (an se-mapping,
for short) if and only if
(Va,b € $)(f(a) £ f(b) = a £D);

- f is an embedding if

(Va,b € S)(a #b = f(a) # f(b))
holds.
Apartness is introduced in the direct product (S,=g,#s) X (T, =r,#T) as
follows
(Va,y € S)(Vu,v € T)((z,u) # (y,v) <= (z #£sy V uF#r v)).

In writing relations of equality and apartness we will omit indices whenever it is
possible and it do not lead to misunderstandings.

2.2. Semigroup with apartness. Let (S,=,#) be a set with apartness. A
total se-mapping w : S x .S — S is internal binary operation on S (shortly: the
operation). By this is meant that the following statements

(Va,y,u.v € S)((z,y) = (u,v) = w(z,y) = w(u,v));

Ve, y,u,v € S)(w(z,y) # w(u,v) = (z #u,Vy #0)).

are valid formulas. If the operation w’ on S is associative, then the algebraic
structure (S, =,#),w) is a semigroup with apartness. It is common to write the
operation 'w’ as multiplication, sometimes writing xy instead of x -y. For example,
semigroups with apartness were the focus of the following articles [7, 8, 9, 16, 17,
18].

A relation o C S x S S is a co-order relation on the semigroup with apartness
S, if it fulfills the following properties

(Vz,y € S)((v,y) €« = x #y) (consistency)

(Vz,y,z € S)((z,2) e« = ((z,y) € a V (y,2) € a)) (co-transitivity)

(Ve,y € S)(z £y = ((z,y) €a V (y,2) € @)) (linearity) and
compatibility with the product of S in the following sense

(Vx,y,z € S)(((zz,yz) € a V (zz,2y) € a) = (z,Y) € ).
In this case, we say that the semigroup S is ordered by the co-order relation «, or
that it is a co-ordered semigroup with respect to . This author has dealt with
these relations in semigroups with apartness in several of his publications (see, for
example [16, 18, 21]).

A relation g on S is a co-congruence on S if the following hold

(Vz,y € S)((z,y) € ¢ = = #y) (consistency)

(Ve,y,z € S)((x,2) €« = ((z,y) Ea V (y,2) € @) (co-transitivity)

(Va,y € S)((z,y) € ¢ = (y,2) €q) (symmetry) and
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compatibility with the operation in S in the following sense
(Vz,y,z € S)(((wz,y2) € ¢ V (22,2y) € ) = (2,9) € q).

The relation of co-congruence on semigroups with apartness was studied by the
author, too ([16, 17]).

3. IMPLICATIVE SEMIGROUPS WITH APARTNESS

3.1. Definition and Examples. We recall some definitions and results. By
a negatively co-ordered semigroup (briefly, n.a-o. semigroup) we mean a set S with
a co-order « and a binary operation -’ (we will write xy instead x -y ) such that
for all z,y, z € S, we have to have

(1) (zy)z = z(y2),
(2) (zz,yz) € a or (zz,zy) € « implies (z,y) € a, and
(3) (zy,z) < and (zy,y) < o
In that case for co-order o we will say that it is a negative co-order relation on

semigroup. The operation ’-’ is extensional and strongly extensional function from
S x S into S, i.e. it has to be

(z,y) = (@',y) = wy = 2"y
(zy #a'y V yxr # ya') = x # 2’
for any elements z,xz’,y of S.
Let a be arelation on S. For an element a of S we put aac = {zx € S : (a,2) € a}

and aa = {z € S : (z,a) € a}. In the following theorem we give some properties
of negative co-order relation on semigroup.

THEOREM 3.1 ([19], Theorem 3.1). If « C S x S is an anti-order relation on
a semigroup S, then the following statements are equivalent:

(i) « is a negative co-order relation;

(ii) ab is a consistent subset of S for any b in S;

(iii) (Va,b € S)(aaUab C alad));

(iv) a is an ideal of S for any a in S;

(v) (Va,b e S)((ab)ar C aaxNbay).

In order for the interested reader to gain insight into the techniques applied
in the algebra of Bishop’s constructive orientation, we present the proof of this
theorem.

PROOF. (i) = (ii). Let z,y,a,b be arbitrary elements of S and let « be
negative co-order relation on semigroup S. If the product zy lies in set ab, i.e. if
(zy,b) € a holds, then we have (zy,z) € a V (z,b) € o and (zy,y) € a V (y,b) € a.
Since « is n.a~o. relation on semigroup S, the first cases in these disjunctions are
impossible. So, we have x € ab and y € ab. Therefore, the set ab is a consistent
subset of S.

(ii) = (iii). fz € aa U ab, ie. if (z,a) € a V (z,b) € a, then (x,ad) €
aV (ab,a) € a V (z,ab) € o V (ab,b) € a holds by cotransitivity of «. Since from
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ab € aa and ab € ab implies a € aa and b € ab respectively, and since these is
forbidden, in both cases we have z € a(ab).

(iii) = (i). Let (u,v) be an arbitrary element of . Then we have (u,zy) € «
or (xy,z) € aor (z,v) €. Thus,u # zy V zy € ax CaxUay C alzy) V © # v.
Since the second case is imposible, we have (zy,z) # (u,v) € a. So, we have
(zy,x) < . Proof for (zy,y) < a we obtain analogously. Therefore, the relation «
is negative co-order relation on S.

(i) = (iv). Suppose that z € aa or y € aaq, i.e. assume that (a,z) € o or
(a,y) € a. Thus, we have (a,zy) € a V (2y,z) € a and (a,zy) € a V (zy,y) € a.
So, in both cases we have zy € aa. Therefore, the set aa is an ideal of semigroup
S for any element a € S.

(iv) = (v). Let x be an arbitrary element of (ab)a, i.e. assume that (ab,z) €
«. Thus follows (ab,a) € a V (a,z) € o and (ab,b) € a V (b,x) € a. Since « is a
negative co-order relation on semigroup .S, we have r € aa and = € ba. So, finally
we have z € aa N ba.

(v) = (i). Suppose that the inclusion (v) holds for any two elements a,b
of semigroup S and suppose that (u,v) is an arbitrary element of «. Because of
cotransitivity of a, we have (u,zy) € a or (zy,x) € o or (x,v) € a. In the second
case we have = € (zy)a C za Nya C xa, which is impossible because = < za. So,
it has to be (zy,x) # (u,v) € a and we have (zy,x) < a. Proof for (zy,y) < o we
obtained analogously. Therefore, the relation « is a negative anti-order relation on
semigroup S. O

Let us note that for any a, b in S the following implication
(a,b) ca=aaUab=>9
is valid.
A n.a-o. semigroup (S,=,#, -, «) is said to be implicative if there is an addi-

tional binary operation ® : § x S — S such that for any elements z,y, z of S, the
following is true

4) (z,z®Yy) € a <> (zx,y) € a.

Let us point out, as in the classical case, that in the definition of implicative
semigroup we can take the stronger demand

1) (z,2Qy) <a <<= (zz,y) <«
instead of demand (4).
THEOREM 3.2 ([19], Theorem 3.2). (4) implies (4’).
In addition, let us recall that the internal binary operation must satisfy the
following implications:
(a,b) = (u,v) = a®@b=u®w,
a®b#u®v= (a,b) # (u,v).

The operation ® is called implication. From now on, an implicative n.a-o.
semigroup is simply called implicative semigroup.



256 D.A.ROMANO

EXAMPLE 3.1. Consider a set S = {1, a,b,¢,d,0} with the operation tables

-1 a b ¢ d 0
111 a b ¢ d 0
ala b b d 0 0
bbb b b 0 0 0
cle d 0 ¢ d 0
did 0 0 d 0 0
o0 0 0 0 0 0
and
®|1 a b ¢ d 0
111 a b ¢ d 0
al|ll 1 a ¢ ¢ d
b1 1 1 ¢ ¢ c
cl1 a b 1 a b
d|1 1 a 1 1 a
0|1 1 1 1 1 1
under co-order relation « = {(a,0), (a,b), (a, c), (a,d), (b,0), (b, ¢), (b,d), (¢, 0),

) 9 a7
(¢c,a),(¢,b),(c,d), (d,0),(d,b),(1,0),(1,a),(1,b),(1,¢),(1,d)}. Then S is an im-
plicative semigroup with apartness.

3.2. Important Properties. In any implicative semigroup S there exists a
special element of S, the biggest element in (S, «<), which is almost neutral element
in (S,-). Due to the specificity of the application of the technique in the proof of
the previous statement, we state a complete theorem with proof.

THEOREM 3.3 ([19], Theorem 3.3). In any inhabited implicative semigroup with
apartness ((S,=,#),+,a,®) holds

(Vz,y e S)z®@r=y@y).
and this element is the greatest element, written as 1, of (S,a<).

PrOOF. By (3) we have (tz,z) < « for any ¢,z in S. By definition (4), it
means (t,x ® ) < a. Thus, particularly for any elements = and y in S, we have
(y@y,r®x) <aand (x ® z,y ® y) < a. Therefore, we have

(z@z,y®y)daUa !t =+#

and z®x = y®y since the apartness is tight. Finally, we conclude that the element
x®z, for any x in S, is the greatest element in (S, =, #, ). The greatest element
in (S,=,#,a”) we denote by 1. So, for any element ¢ in S we have (¢,1) <«a. O

As a consequence of the previous theorem, we can prove that the following
statement holds

COROLLARY 3.1 ([19], Corollary 3.1). In semigroup (S, -) the following equation
t=1-t holds.
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REMARK 3.1. From (3) we immediately conclude (¢ - 1,¢) < o but we cannot
conclude ¢t = ¢ - 1. For that equation we also need (¢,¢-1) < «. In fact, Chan and
Shum in [6] demonstrate in Example 1.2 that the top element does not have to be
a multiplicative unit.

In the following theorem we describe the role of this special element.
THEOREM 3.4 ([19], Theorem 3.4). If S is an implicative semigroup, then for
every x,y € S holds
(r,y)<a<=1l=z®y
(r,y) Ea<=1#42Ry.
As a consequence of above theorem we immediately get the following corollary.

COROLLARY 3.2 ([19], Corollary 3.2). For any implicative semigroup ((S,=, #
), a,®), holds 1 =x @1 for every element x € S.

As we saw, the greatest element 1 is a right annihilator for the semigroup
operation ®. Some another fundamental properties of this operation we give in the
following statements.

THEOREM 3.5 ([19], Theorem 3.5). Let ((S,=,#),-, o, ®) be an implicative
semigroup with apartness. Then, for every x,y,z € S, the following hold:

(i) (z,y @ (z-y) <a;

(ii) (z,7 ® 2%) < ;

(ii) (z,y @ 2) Qo

(iv) If (Qz,2Qy) Ea or (YR z,x® 2) € a then (z,y) € a.

As we saw from (iv) of above theorem, the relation « is not compatible with

the operation ® on both sides. There exists only left compatibility and so-called
right ’anti-compatibility’ between the co-order o and the operation ®.

THEOREM 3.6 ([19], Theorem 3.6). Let S be an implicative semigroup with
apartness. Then for every x,y,z € S, the following hold:

(1) If (z,y) < then (y®z,2Q@2) <o and (2 @,z Qy) < a,

2@z =y ®z

As a corollary of above theorem we conclude the following:

COROLLARY 3.3 ([19], Corollary 3.3). For any implicative semigroup (S, =, #
0, ®), holds © =1 Q@ x for every element x € S.

As we saw the biggest element of ordered semigroup S is a left unity in (S, ®).

3.3. Important Substructures. In this subsection we will begin with stan-
dard definition (Chan and Shum [[6], Definition 2.1]) of ordered filter. Let S be an
implicative semigroup and let F' be a nonempty subset of S. Then F' is called an
ordered filter of S if

(F1) ay € F for every z,y € F, that is, F is a subsemigroup of S, and
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(F2) If x € F and (z,y) < «, then y € F.
As we saw, condition (F1) supplies subset F with subsemigroup structure, until the
condition (F2) supplies that F is an upper set. As it is usual in the Constructive
mathematics, we can introduce a special (inhabited) proper subset of implicative
semigroup S claiming that subset G of S satisfies the following conditions:

(Gl) Vz,ye S)(zye G = (x € G V y€@q)),
that is, G is a cosubsemigroup of S and
(G2) (Vz,y € S)(ye G = ((z,y) €ea V z €@G)).

This subset of S we called co-filter. It is easy to check that co-filter is a strongly
extensional subset of S. Moreover, strong compliment G< of a co-filter G is a filter
in S. In fact, strong compliment G< is obviously a subsemigroup of S. Assume
that « < G and (z,y) < « and let u be an arbitrary element of G. Then, by
strongly extensionality of G, we have u # y or y € G. In the second case we have
(z,y) € aVx € G. As both cases are impossible by hypothesis, we have y # u € G.
So, we have y € G<.

The following two theorems give equivalent conditions of ordered co-filter.

THEOREM 3.7 ([19], Theorem 3.7). An inhabited proper subset G of an im-
plicative semigroup with apartness S is an ordered co-filter of S if and only if it
satisfies the following conditions:

(G3) 1< Gy
(G4) Vz,yeS)(ye G = (zRye GV zeq)).

THEOREM 3.8 ([19], Theorem 3.8). An inhabited proper subset G of an im-
plicative semigroup with apartness S is an ordered co-filter of S if and only if it
satisfies the following condition:

(G5) (Vo,y,2€ 8)(z2€G = ((z,y®z)eaVrzeGVyed).

ExXAMPLE 3.2. Consider a set S = {1,a,b,c,d,0} with the operation tables as
in the above example. It is not so hard to check that set G = {¢,d, 0} is an ordered
co-filter of implicative semigroup S.

Let S be an implicative semigroup. For any a € S, we define G(a) = {z €
S : (a,z) € a}, (i.e. G(a) is the left class of relation « generated by the element
a). Clearly that 1 < G(a) and a < G(a). Generally speaking, G(a) is not an
ordered co-filter in S. Let S be an implicative semigroup in Example 1. Then
G(c) = {0,a,b,d} is an ordered co-filter in S, but the set G(a) = {0,b,¢,d} is
not an ordered co-filter in S because, for example, holds b € G(a), a < G(a) and
a®b=a<G(a). Using Theorem 3.7 we can give one condition for the set G(¥)
(t € S) to be an order anti-filter in S: The set G(¢) is an ordered anti-filter in an
implicative semigroup S if and only if the following condition

(ty) ca= (t,z®y)caV (t,z) €a
is true for all z,y € S.



IMPLICATIVE SEMIGROUPS WITH APARTNESS, AREVIEW 259

3.4. The concept of homomorphisms. Let S = (S,=,#,-,a,®) and T =
(T,=,#,-,6,®) be two implicative semigroups and let f : S — T be a strongly
extensional mapping from S into T'. As the usual procedure in the construction of
a mathematical system, for mapping f we say that it is a homomorphism between
implicative semigroups S and T if

(Vz,y € S)(f(z @y) = f(z) @ f(y))

holds.

The homomorphisms between the implicative semigroups have been studied
by Chan and Shum in [6]. In this section, our aim is to extend the results in
Chan and Shum to implicative semigroups with apartness and strongly extensional
homomorphisms. We first notice that the following implication holds

f(@)® f(y) # f(@") @ f(y) = f(z) # [(@').

In fact, for elements x,z’,y of S we have the following sequence:
f(@) @ f(y) # [(@") ® f(y) < fla®y) # f(2' ®y)

= (f(x)® f(y), f(2") @ f(y) e pUB

= (f(z),f(z") e pU B!

= f(z) # f(@').
The implication f(y) ® f(z) # f(y) ® f(a') = f(z) # f(2') follows analogously.
Therefore, the homomorphism f is compatible with the operation '®’.

We now continue to study the implicative semigroups with extensional homo-

morphisms. It is noted that Theorem 2.2 [6] is a crucial result of this paper because
we have to refer this theorem in proving the following theorem.

THEOREM 3.9 ([20], Theorem 3.1). Let f : S — T be an implicative ho-
momorphism between implicative semigroups with apartness S and T. Then the
following hold:

(1) £(1) = 1;

(2) f(x) #1l=x #1 for any v € S;

(3) f is a reverse isotone mapping, that is, if (f(xz), f(y)) € B then (z,y) € a;

(4) If f is surjective, then f is a semigroup homomorphism, that is

(Va,y € 9)(f(zy) = f(2)f(v));
(5) G = f~1({1}) is an ordered anti-filter in S and valid G C {1}<;
(6) f is an embedding homomorphism if and only if G = {1}<.
PRrOOF. (1) By Theorem 3.3 in [19], we have
O =rdel)=f1)ef(1)=1
(2) This assertion immediately follows from (1) and from the fact that f is a
strongly extensional homomorphism. Indeed, from f(x) # 1 = f(1) follows x # 1.

(3) Suppose that for z,y € S hold (f(z), f(y)) € 8. Then by Theorem 3.4 in
[19] it follows that f(z) ® f(y) # 1. Since f is a homomorphism of implicative
semigroups, than we have f(x ® y) # 1. Hence, by (2) we have 2 ® y # 1. Thus,
again by Theorem 3.4 in [19], it follows (x,y) € a. So, f is a reverse isotone
homomorphism.
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,f@)f(y)) < B. As f is onto, there exists an
element z € S such that f(z) = f(z)f(y). Since f is a homomorphism, we have
flay)@f(z) = f((zy)@2) = f(2@(y@2)) = f(2)Rf(y®2) = f2)@(f(y)@f(2) =
(f(x)f(y))®f(z) = 1 by Theorem 6.2, point (2), in [19]. Thus, by above mentioned
Theorem 3.4, we got (f(zy), f(z)f(y)) < B.

Conversely, by the fact f(1) =1 we have the sequence of equivalent equations:
the equation (xy ® xy) = 1 by assertion (2) of Theorem 3.6 ([19]) is equivalent to
flz® (y®zy)) =1 and, since f is a homomorphism, f(z)® f(yRzy) = 1, i.e. it is
equivalent to the equation f(z)®(f(y)® f(zy)) = 1. Thus, again by using assertion
(2) of Theorem 3.6 ([19]), we have the equivalent equation (f(z)f(y)) ® f(zy) = 1.
The last equation means (f(z)f(y), f(zy)) < 8. Therefore, we have proved that
(f(x)f(y), f(zy)) <« BU B~L =+#. Since the apartness is tight, we finally have
f@)fy) = f(ay).

(5) Let u be an arbitrary element of G. Then f(u) € {1}, i.e. holds f(u) # 1.
Thus, u # 1. So, we have 1 << G. Further on, let z,y elements of S such that
y € G. Then, from f(y) # 1 follows f(y) # f(z®y) V f(z®y) # 1. Out of the
first part, i.e. from 1 ® f(y) # f(z) ® f(y) by the comment before this theorem
we conclude 1 # f(x). So, we have x € G or x ® y € G. Therefore, the set G
is an ordered anti-filter in S. The last assertion is clear because f is a strongly
extensional mapping.

(4) We first show that (f(zy), f
f

(6) Suppose that f is an embedding function from S in 7. Then the implication
x # 1= f(z) # 11is true. So, holds {1} C G C {1}~.

Let the equation {1}< = f~1({1}<) be true and let x # y hold for elements
x,y € S. Then we have (z,y) € a V (y,x) € o, and thus 2@y # 1V y®x # 1. The
last means z ® y € {1} = f1{1}Y) or y @ x € {1}< = f~1({1}7). Hence, we

have f(z®@y) #1V fly®x) # 1, i.e. we have f(x) ® f(y) # 1 or f(y) ® f(z) # 1.
So, we have (f(x), f(y)) € BU B~ =#. This proves that f is an embedding. [

Moreover, we can prove more then in assertion (5) of above theorem.

THEOREM 3.10 ([20], Theorem 3.2). Let f be as in Theorem 3.9. If G is an
ordered co-filter in T, then the set f~1(G) is an ordered co-filter in S.

At the end of this subsection, we repeat the two terms that will be used. The
se-mapping f : S — T between implicative semigroups is

- isotone if the following

(Va,y € S)((z,y) € a« = (f(z), f(y)) € B)

is valid;

-reverse isotone if the following

(Va,y € S)((f(2), f(y) € B = (z,y) € a)

holds.
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4. THE CONCEPT OF CO-IDEALS

In this section it is introduced and analyzed the concept of co-ideals of an
implicative semigroup with apartness:

DEFINITION 4.1. ([23], Definition 3.1) A subset K of S is called co-ideal if the
following holds:

(K1) (Vz,y € S)(zy e K = y € K) and

(K2) (Vz,y,2€ S)(z®2z€ K = ((zy,2) € a V y € K)).
We say for co-ideal K of S that it is proper co-ideal if K C S is valid.

The condition (K2) is equivalent to

(K2') (Va,y,z€ S)(z®ze K= ((z,y®2) €a V y € K))
according to (4).

It is easy to check that the following holds:

ProPOSITION 4.1 ([23]). If K is a co-ideal in an implicative semigroup with
apartness S, then

(K3) (Vy,z€ S)(ze K = ((y,2) €ea VyecK)).

COROLLARY 4.1 ([23]). A co-ideal K of an implicative semigroup with apart-
ness S is a strongly extensional subset of S.

COROLLARY 4.2 ([23]). For a proper co-ideal K in an implicative semigroup
with apartness S, the following holds
(K4) 1< K.

More information about the properties of the set K< is given by the following
theorem

THEOREM 4.1 ([23]). The strong compliment K< of a co-ideal K in a semi-
group S satisfies the following two conditions:

(i) K< is a right ideal in (S,-); and

(ii) Vz,y € )Y (y e KT A (y,z) € a¥) = z € K7).

PROPOSITION 4.2 ([23]). If S is a commutative semigroup, then (K3) implies

THEOREM 4.2 ([28]). The family £(S) of all co-ideals in an implicative semi-

group with apartness S forms a complete lattice.

COROLLARY 4.3 ([23]). Let B be a subset of an implicative semigroup with
apartness S. Then there exists the mazimal co-ideal included in B.

COROLLARY 4.4 ([23]). Let a be an arbitrary element in an implicative semi-
group with apartness S. Then there exists the maximal co-ideal M, in S such that
a<1M,.

In the article [13], Definition 3.1, the concept of ideals in implicit semigroups
is defined as a subset J in S that satisfies the following two conditions
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(J1) (Vz,yeS)(yeJ = z®y € J) and
(J2) (Vo,yzeS)(zeJAyed = (0 (yRz2)QzeJ).

Let us show that our determination of co-ideal K in an implicative semigroup S
with apartness by Definition 4.1 is correct, i.e. let us show that the concepts of
ideals and co-ideals are associated. In order to achieve this, we will show that K -
is an ideal in the sense of the foregoing description.

THEOREM 4.3 ([24], Theorem 4). Let K be a co-ideal of an implicative semi-
group S with apartness. Then K< satisfies the conditions (J1) and (J2).

PROOF. Let x,y,u € S be arbitrary elements such that y € K< and u € K.
Then u # @y V x®y € K by strongly extensionality of K. From option x®y € K
follows y € K by (K4). It is impossible in accordance with hypothesis y <t K. So,
have to be 2 @ y # u € K. Therefore, z ® y € K. So, we have proved that set
K< satisfies condition (J1).

Let x,y, z,u € S be arbitrary elements such that z € K<,y € K< and u € K.
Then

uZ (TR @YR2))QRzV (z®(YRz)Rze K
by strongly extensionality of K in S. From (z® (y®z))®z € K follows -y € K by
Proposition 5 in [24]. Thus y € K by (K1). This contradicts the hypothesis y < K.
So, it has to be (z® (y®2)) ® z # u € K. Finally, we have (z® (y®2)) @z € K.
We have proved that the set K< satisfies the condition (J2). O O

5. THE CONCEPT OF CO-CONGRUENCES

In this section we introduce the concept of co-congruences on implicative semi-
groups with apartness and show some of its basic properties.

Let (S,=,+#) be a set with apartness. A relation ¢ on S is a co-equality relation
on S if the following hold

(a) (Vo,y € S)((z,y) € ¢ = z #y);

(b) (Vz,y € S)((z,y) € ¢ = (y,2) € q) and

(c) (Va,y,z € S)((z,2) €¢ = ((z,y) €q V (y,2) €4q)) -

DEFINITION 5.1. ([25]) Let ((S,=, #), -, &, ®) be an implicative semigroup with
apartness. A co-equality relation ¢ on S is a co-congruence on S if the following
hold

(d1) ( )

(d2) (Va,y,y € S)(
(e1) (v, € )
(€2) (Vz,y,v € S)(

Vr,y,y € S)((zu,yu) € ¢ = (2,y) € q),
TRu,y@u) € g = (v,y) € q),
vz,vy) € ¢ = (x,y) € q) and

vRT,VRY) € q = (z,y) € q).

—_~ e~

NoTE 5.1. In the language of classical algebra, a co-equality relation ¢ on
an implicative semigroup S is compatible with the internal operations if those
operations are cancellative with respect to q.

LEMMA 5.1 ([25]). The condition (d1)A(el) is equivalent to the condition
(f) (Va,y,u,v € G)((zu,yv) € ¢ = ((x,y) € q V (u,v) € q)).
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LEMMA 5.2 ([25]). The condition (d2)A(e2) is equivalent to the condition
(&) (Vo,y,u,v € H)((z@u,y@v) e q = ((z,y) €q V (u,v) €q)).

PROPOSITION 5.1 ([25]). Let g be a co-congruence on an implicative semigroup
with apartness S. Then the class xq = {t € S : (z,t) € a}, generated by the element
x € 8, is a strongly extensional subset of S.

PROPOSITION 5.2 ([25]). Let q be a co-congruence on an implicative semigroup
with apartness S. Then the subset Cy = {x € S: (x,1) € q} is a co-filter of S.

6. QUOTIENT STRUCTURES

A relation 0 C Sx .S is a co-quasiorder on S if it is consistent and co-transitive.
In the following, we assume that ¢ is compatible with the operations in .S and the
following ¢ C « holds. In [16], Lemma 1, the author proved that the relation
g=ocU o~ !is a co-congruence on S.

It is known ([21], Proposition 1.1) that the strong complement ¢< of ¢ is a
congruence on S associate with the co-congruence g in the following sense g“oq C ¢
and g o g9 C ¢q. So, the factor-set S/(¢<,q) = {[z] : © € S} can be constructed
([15], Theorem 2) with

[z] =1 [y] <= (zy) Qg [z] # [y] <= (z,9) € ¢
If we define the operations 1’ and '®;’ and the co-order 6 on S/(¢<,q) as follows

[z] 1 [yl =1 [z-y], [Fl@ryl=1[z®y], ([z],[y]) €0 <= (z,y) €0,

the following theorem can be proved.

THEOREM 6.1 ([25], Theorem 4). Let ((S,=,#),-, o, ®) be an implicative semi-
group with apartness such that the co-quasiorder o C « satisfies condition (4).
If g = o Uo™t, then the system ((S/(q7,q),=1,%#1),1,0,®1) is an implicative
semigroup with apartnes and there is a unique reverse isotone se-epimorphism
m:8 —5/(¢%,q).

In order for the interested reader to gain insight into the techniques applied
in the algebra of Bishop’s constructive orientation, we present the proof of this
theorem.

PROOF. It can be directly verified that -1’ is a well-defined operation in quo-
tient structure wS/(¢<, ¢) that satisfies the conditions (1) and (2).

Let x,y,z,u,v € S be elements such that [z] =; [y] and (u,v) € g. Then
(z,y) < q. From (u,v) € ¢ it follows (u,xz) € q V (zz,yz) € ¢ V (yz,v) € ¢ by
co-transitivity of ¢. Because from the second option it follows (z,y) € g by (d1),
we have to have u # xz V v # yz by consistency of ¢. Thus (zz,yz) # (u,v) € g.
Hence [2] 1 [2] =1 [v2] #1 [y2] =1 [y] 1 [2]-

Let x,y, z,u,v € S be elements such that [z]-1 [z] #1 [y]-1[2]. Then [zz] #1 [yZ]
and (zz,yz) € q. Thus (z,y) € ¢ by (d1). Hence [z] #1 [y].

We have shown that the multiplication on the right is well defined, i.e. that it
is an extensive and strictly extensive total function on S/(¢<9,¢q). Analogously, it
can be shown that the multiplication on the left is also well defined.

€
4
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Let us show that the multiplication in S/(¢<,q) satisfies condition (3). Let
z,y,u,v € S be such ([u], [v]) € 6. Then (u,v) € 0. Thus

(u,zy) €0 Cq V (zy,z) €0 Ca V (z,v) €0 C gq.

hence [u] #1 [z] 1 [y] or [z] #1 [v] because (zy,z) € « is impossible by (3). So,
([] 1 [y], [2]) #1 ([ul, [v]) € 0. therefore, ([z] -1 [y], [#]) <. The proof of the second
part of (3) is analogous to the one of the first part.

Let us check the condition (4). Let x,y, z € S be elements such that ([z], [x] ®1
[y]) € 6. Then (2,2 ®y) € 0. Thus (zx,y) € 0. This means ([2] -1 [y], [y]) € 0.

Let us define m(x) = [z] for any € S. It is easy to prove that 7 is a se-
monomorphism. The reverse isotonicity remains to be verified. Suppose ([z], [y]) €
0. Then (x,y) € 0 C « by definition. This means that = is a reverse isotone
se-epimorphism. The uniqueness of this mapping is obvious. O

On the other hand, we can construct ([15], Theorem 3) the family [S : ¢] =
{zq: z € S}, where

rq =2 yq <= (2,y) <q, zq #2yq < (2,y) € q.

If we define the operations ’-3” and '®4’ and the co-order © on [S : ¢ as follows

zq-yq =2 (z-y)q, zq®2yq =2 (x®y)q, (zq,yq) €O <= (z,y) €0

it can be verified.

THEOREM 6.2 ([25], Theorem 5). Let ((S,=,#),-, «, ®) be an implicative semi-
group with apartness such that the co-quasiorder o C « satisfies condition (4). Let
q=ocUoc™t. Then (([S : q],=2,#2),2,0,®2) is an implicative semigroup with
apartnes and there exists a unique reverse isotone se-epimorphism 9 : S — [S : q|.

PRrOOF. (i) Let us show that the operation -5’ is well defined.

We first show that -5’ is an extensive function with respect to the equality =5’
in set [S : ¢q]. Let z,y,u,v,s,t €S be such that ©q =2 ugq, qy =2 vq and (s,t) € q.
Then (z,u) <g¢, (y,v) < ¢. From (s,t) € ¢ it follows

(s,zy) € q V (zy,zv) € ¢ V (zv,uv) € ¢ V (uv,t) € ¢q
by co-transitivity of q. Thus,
s#xy V (y,v) €qV (x,u) EqV uv#t

by consistency of ¢ and since the second and third options are impossible because
(x,u) < ¢ and (y,v) < ¢ hold hypothesis. This shows that (zy,uv) # (s,t) < q.
So ryq =2 uvq. This means xq -2 yg = uq -2 vq according to the definition of the
operation -5 .

To show that ’-5’ is a strictly extensive function, we take z,u,y,v € S such
that xyq #2 uvg, ie. such that (zy,uv) € ¢. From (zy,uv) € ¢ immediately follows
(z,y) € ¢ V (y,v) € q according to Lemma 1 in [25]. Therefore, we have xq #2 uq
or yq #2= vq which shows that ’-5’ is an extensive function.

(ii) Let z,y,z,y,v € S be arbitrary elements such that (u,v) € ¢. Then
u,z(yz)) € q V (x(y2), (zy)z) € ¢ V ((xy)z,v) € ¢ by co-transitivity of g. Thus, we
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have u # x(yz) V (zy)z # v by consistency of ¢ since the second option is impossible
by (1). This gives (z(yz), (zy)z) # (u,v) € ¢ which means that z(yz)q =2 (zy)zq
is valid. This it shown that the multiplication *-5’ in the set [S : ¢] satisfies the
condition (1).

Let z,y,z € S be such that (zzq,yzq) € ©. Them (zz,yz) € o by defi-
nition of ©. Thus (x,y) € o by compatibility of the multiplication in S with
the co-quasiorder o. So, we have (xq,yq) € ©. The proof for the implication
(zxq,2yq) € © = (2q,yq) € O can be shown analogously to the previous one.
Thus, multiplication in [S: q] satisfies the condition (2).

To show that the multiplication in semigroup [S : ¢] satisfies condition (3), we
take the elements z,y,u,v € S such that (ug,vq) € ©. Then, from (u,v) € o it
follows (u,zy) € 0 V (zy,z) € 0 C a V (x,v) € o by co-transitivity of o. Since
the second option is impossible by (3), we have u # xy or x # v by consistency of
o. This means (zy,z) # (u,v) € 0. So, (xyq, xq) #2 (ug,vq) € ©. Therefore, we
have (zyq,zq) < ©. The proof that for the elements x,y € S holds (xyq, yq) < ©
can be shown analogously to the previous one.

(iii) Let us show that the operation a is well defined and that the elements
semigroup [S : g] satisfy the condition (4).

Let z,y,u,v,s,t € S be such that ©q =2 uq, yg =2 vq and (s,y) € q. Then
(x,u) < g and (y,v) < q. From (s,t) € g it follows

(s,z@y)€qV (zQ@y,u®y)€qV (URY,uRV)EqV (URV,t) Eq
by co-transitivity of g. The second and third possibilities would lead to (x,y) € ¢
and y,v) € ¢ which is in contradiction with the hypothesis. So, have to have
s#x®yor u®uv # t. This means (z ® y,u ® v) # (s,y) € q. Therefore,
(z @ y)g =2 (u@v)q.

Let us choose the elements x, y,u,v € S such that (x ® y)q #2 (y ® v)q. Then
(r®y,u®v) € q. Hence immediately follows (x,u) € ¢ or (y,v) € ¢ according to
Lemma ??7. This means xq #5 uq or yq #2 vq.

Let z,y,z € S be such (zq, (z ® y)q) € ©. Then (2,2 ® y) € o by definition of
©. Since (z,2 ® y) € 0 <= (zz,y) € o according to (4), we have ((zz)q,yq) € O.
Obviously, the reverse is also true. Thus, in the semigroup [S : ¢J, the condition
(4) is a valid formula.

(iv) By direct checking it can be determined that the function: 9 : S — [S : ¢],
defined by (Vz € S)(¥(x) = xq), is a unique se-surjective function. Further on, for
z,y € S we have ¥(z®y) =2 (@ y)q =2 q@2yq =2 V(x) ®29(y). Let 2,y € S be
such that (9(x),9(y)) € ©. Then (zq,yq) € ©. Thus (z,y) € 0 C «a by definition
of ©. This means that 9 is a reverse isotone se-epimorphism. O

It should be emphasized here that the semigroup [S: q] has no counterpart in
the classical theory of implicit semigroups. However, there is a strong link between
the semigroup S/(¢<, q) and the semigroup [S : ¢l.

THEOREM 6.3 ([25], Theorem 6). Let ((S,=,#), -, o, ®) be an implicative semi-
group with apartness such that the co-quasiorder o C « satisfies condition (4).

Let ¢ = o Uo~t. Then there exists a unique reverse isotone se-epimorphism
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m: S — S/(qY,q), defined by w(x) = [z], and a unique reverse isotone se-
epimorphism ¥ : S — [S : ¢, defined by 9(x) = zq, and a unique strongly exten-
stonal, embedding, injective and surjective homomorphism h : S/(¢<,q) — [S : q|,
defined by h([z]) = xq, such that 9 = hom and m =h~1 o 9.

7. THE ISOMORPHISM THEOREM
We will start this section with two important technical lemmas.

LEMMA 7.1 ([25], Lemma 7). Let f : S — T be a reverse isotone se-
epimorphism from implicative semigroups ((S,=,#),-, a, ®) onto implicative semi-
group (T, =,#),-,3,®). Then the relation f~1(8) = {(€ Sx S : (f(x), f(y)) € B}
is a co-quasiorder on S such that f=1(8) C « and f~1(B) satisfies the condition

(4)-

LEMMA 7.2 ([25], Lemma 8). Let f : S — T be a reverse isotone se-
epimorphism from implicative semigroups ((S,=,#),-, a, ®) onto implicative semi-
group (T, =,#),-,8,®). Then the relation qy = {(z,y) € S x S : f(x) # f(y)} is
a co-congruence on S such that qp = f~H(B) U (f~1(B)) "

The following theorem can be viewed as the First Isomorphism Theorem for
implicative semigroups with apartness.

THEOREM 7.1 ([25], Theorem 9). Let f : S — T be a reverse isotone se-
epimorphism from implicative semigroups with apartness ((S,=,#),-,a,®) onto
implicative semigroup with apartness ((T,=,#),-,8,®). Then there exist a unique
pair f1 : S/(q?,qf) — T and fo : [S : qf] — T of embedding, injective and
surjective se-homomorphisms such that

f:flow:fgoﬂngohoﬂ.

PROOF. The existence and uniqueness of the se-epimorphisms 7 and ¥ is proved
in Theorem 6.1. and Theorem 6.2 respectively.

In what follows, let x,y € S be such that [x] =1 [y]. Then

[2] =1 [y] = 2™ =1 yq™ = (2,y) Qq == h([z]) = 2q =2 yq = h([y)).

This shows that A is an injective function.
Take x,y € S such that h([z]) #2 h([y]). Then the following holds

h([z]) #2 h([y]) <= 2q#2yq <= (2,y) € q <= [2] #1 [y].

This proves that h is a strongly extensive and embedding function.
As the following equations

h([2] -1 [y]) =2 h([zy]) =2 (2y)q =2 2q -2 yq =2 h([z]) -2 h([y])
and
h([z] @1 [y]) =2 h([zy]) =2 (zy)q =2 vq ®2 yq =2 h([z]) @2 h([y])
are obviously true, we conclude that h is a se-homomorphism. Finally, h is a

unique embedding, injective and surjective se-homomorphism such that ¢ = how
is valid. O
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8. CONCEPT OF IMPLICATIVE CO-FILTERS

DEFINITION 8.1. ([26], Definition 1) Let ((S,=,#),, a,®) be an implicative
semigroup. An inhabited subset G of S is called an implicative co-filter of S if it
satisfies (G3) and

(GI) (Vz,y,2€ S)(z®2€G = (z@(y®z)EGVroyeq)).

ExXAMPLE 8.1. Let S = {1,2,3,4,5,0} and operations ’-’ and ’®’ defined on S
as follows:

1 2 3 4 5 0 ®(1 2 3 4 5 0
111 2 3 4 5 0 111 2 3 4 5 0
212 3 3 5 00 2111 2 4 4 5
3/!3 33 0 0 0 and 311 1 1 4 4 4
414 5 0 4 5 0 411 2 3 1 2 3
515 0 0 5 0 0 511 1 2 1 1 2
0j0 0 00O OO 0j1 1 1 1 11

Then S = ((S,=,#),-, %, ®) is an implicative semigroup where the co-order rela-
tion ’¢’ is defined as follows £= {(1,2), (1, 3), (1,4),(1,5),(1,0),(2,3),(2,4), (2,5),
(2,0), (3,4), (3,5),(3,0), (4,2), (4,3), (4,5), (4,0), (5,3), (5,0)}. Then the subsets
{4,5,0}, {2,3,5,0} and {2, 3,4, 5,0} are ordered co-filters of S. The subset {4, 5,0}
is an implicative co-filters of S but the ordered co-filter {2,3,4,5,0} is not an im-
plicative co-filter of S.

PROPOSITION 8.1 ([26]). Ewvery implicative co-filter is a co-filter.

PROOF. Let G be an implicative co-filter of an implicative semigroup S. Let
y,z € S be such that y € G. Then 1 ® y € G by Corollary 3.3. in [19]. Thus
ey € G = (1®(y®z)V1®y € G) by (GI) . Hencey € G = (y®z € GV z € G)
in accordance with Corollary 3.3. in [19]. We have proved that G satisfies the
conditions of Theorem 3.7 in [19]. So, G is a co-filter in S. O

In what follows, the following proposition will be useful to us.

PROPOSITION 8.2 ([26]). Let S be an implicative semigroup with apartness. If
G is an implicative co-filter of S, then the following holds:
(G5) (Vz,yeS)z@yeG@ = 2@ (z®y) € G)

Let G be an ordered co-filter of an implicative semigroup with apartness S and
let @ € S. Define G, :== {x € S: a®x € G}. Note that G; = G according
Corollary 3.3 in [19].

By using the set G, (a € G), we can design a condition for an ordered co-filter
to be an implicative co-filter.

THEOREM 8.1 ([26]). Let G be an ordered co-filter of an implicative semigroup
with apartness S. Then G is an implicative co-filter of S if and only if for any
a €8, the set G, is an ordered co-filter of S.

In what follows, we will deal with commutative implicative semigroups with
apartness: An implicative semigroup with apartness ((S,=,#),-, @, ®) is commu-
tative if it satisfies (Vz,y € S)(z-y =y - ).
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LEMMA 8.1. If S is a commutative implicative semigroup with apartness, then
the following holds
(5) (va,y,2 € )a® (y©2) =y ® (0. 2)).

LEMMA 8.2. If S is a commutative implicative semigroup with apartness, then
the following holds
(6) (Va,y,2 € S)(y® 2, (z@y) ® (z ® 2)) Q).

THEOREM 8.2. Let S be a commutative implicative semigroup with apartness.
If an inhabited subset G of S satisfies the condition (G2), (G3) and the condition
(G6) (Vz,y,2€S)(y®2z2e€G = @y (Yy®2)eGVreq)),

then G is an implicative co-filter of S.

THEOREM 8.3 ([26]). Let S be a commutative implicative semigroup with apart-
ness. If an ordered co-filter G of S satisfies the condition
(G7) (V2,y,2€ 8) (2 YY) @ (zR®2) e G = 2@ (y®2) € G),

then G is an implicative co-filter of S.

Let us prove that for an ordered co-filter G of an implicative semigroup with
apartness S condition (G5) is sufficient for it to be an implicit co-filter of S.

THEOREM 8.4 ([26]). Let S be a commutative implicative semigroup with apart-
ness. If an ordered co-filter G of S satisfies the condition (G5), then it is an
implicative co-filter of S.

PROOF. Suppose that an ordered co-filter G of S satisfies the condition (G5).
To prove that G is an implicative co-filter of S, it suffices to prove that it satisfies
the condition (G7).

Let z,y,z € S be arbitrary elements such that (x ® y) ® (z ® z) € G. Then
r®((z®y)®z) € Gby (5). Thus z® (z®(x®y)®z) € G by (G5). This, according
to (5), can be transformed into z ® ((z ® y) ® (z ® z)) € G. Hence it follows

Feloz)re((@eye@oz)caVro(yesz) el

in accordance with (G2) since G is an ordered co-filter of S. The first option gives
us

(y®z(rey) @ (r®2) €a
due to the strongly extensionality of the operation x, which is in contrast to (6).
The obtained contradiction confirms the possibility of z ® (y ® z) € G. (|

9. FINAL OBSERVATION

Bishops constructive mathematics includes the following two basements:
(1) The Intuitionistic logic and
(2) The principled-philosophical orientations of constructivism.

Intuitionistic logic does not accept the TND principle (tertium non datur i.e. the
logical princess exclusion of the third) as an axiom. In addition, Intuitionistic logic
does not accept the validity of the double negation principle. This makes it possible
to have a difference relation in sets which is not a negation of equality relation.
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Therefore, we accept that in Bishops constructive mathematics we consider set S
as a relational system (S, =, #). These orientation allow us design a co-substructure
in S as a dual of the observed sub-structure.

In Bishops constructive algebra we always encounter with at least the following
three problems:

(a) How to choose a predicate (or more predicates) between several classically
equivalent ones by which an algebraic concept is determined?

(b) Since every predicate has at least one of its duales, how to construct a dual
of given an algebraic structure?

(¢) What are the specifics of this approach to looking at a given algebraic
structure and what are the particularities of the case that cannot be found in
classical algebra?
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