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A NOTE ON 0-ADJOINED SOFT SEMIGROUPS

Nistala V.E.S. Murthy and Chundru Maheswari

ABSTRACT. In this paper, we construct a Galois connection between the com-
plete lattice of (soft) substructures of a (soft) semigroup and the complete
lattice of (soft) substructures of the 0 (1)-adjoined (soft) semigroup, which
will be crucial in the Representation of Soft Substructures of a Soft Semigroup
by their Crisp Cousins.

1. Introduction

The term semigroup first appeared in Mathematical literature (in French) by J.
A. de Seguier in his book Elements de la Theorie des Groupes Abstraits (Elements
of the Theory of Abstract Groups) in 1904 and the first paper about semigroups was
a brief one by L. E. Dickson in 1905. But the theory really began from the paper
Uber die endlichen Gruppen ohne das Gesetz der eindeutigen Umkehrbarkeit (On
finite groups without the rule of unique invertibility) written by A. Suschkewitsch
in 1928. In current terminology, he showed that every finite semigroup contains a
kernel (a simple ideal) and he completely determined the structure of finite simple
semigroups. From that point on, the foundations of semigroup theory were further
laid by D. Rees, J. A. Green, E. S. Lyapin, A. H. Clifford and G. Preston. The later
two published a two-volume monographs on semigroup theory in 1961 and 1967.

From a historical point of view, it may be interesting to know that in 1956, the
notion quasi-ideal of a semigroup was introduced by Steinfeld [18] as a generaliza-
tion of the notions (left, right) ideal of a semigroup and interestingly, the notion
of bi-ideal of a semigroup which further generalizes the notion of quasi-ideal of a
semigroup was introduced by Good-Hughes [10] much earlier in 1952.
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On the other side, Molodtsov [14] introduced the notion of soft set as a mathe-
matical tool for modelling uncertainties. Since its introduction, several mathemati-
cians imposed various algebraic (sub) structures on them and studied some of their
elementary properties. In 2010, Ali-Shabir-Shum [2] introduced the notions of soft
semigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) over a semigroup and
studied some of their properties.

In this paper, as in Grillet [11], we consider the empty set as a semigroup as
there are no two elements in the empty set whose product is not in the empty set.
Consequently, we modify the definitions of soft semigroup (left ideal, right ideal,
ideal, quasi-ideal, bi-ideal) over a semigroup introduced by Ali-Shabir-Shum [2] by
removing the conditions that the underlying soft set is neither empty nor null, so
that by our definition, the empty soft set and the null soft set are trivially a soft
(sub) semigroup, soft (left, right, quasi-, bi-) ideal. Next, we introduce the notions
of 0 (1)-adjoined soft semigroups and studied some of their (algebraic) lattice the-
oretic properties. Further, we construct a Galois connection between the complete
lattice of (soft) substructures of a (soft) semigroup and the complete lattice of (soft)
substructures of the 0 (1)-adjoined (soft) semigroup.

In this paper, some proofs are left for three reasons, firstly in most cases they
are simple or straight forward but a little involving, secondly we want to minimize
the size of the document and lastly, in order to make the document more self con-
tained, instead of proofs, we recall as many notions and results that are used in
subsequent sections, as possible.

2. Preliminaries

In what follows we recall some basic definitions and elementary results in the
theory of Lattices, Semigroups, Soft Sets and Soft Semigroups which are used in
the main results:

We assume the following notions from Lattice Theory: (meet/join) complete
poset, (meet/join) complete subposet, complete sublattice, (meet/join) complete
homomorphism (isomorphism) of (meet/join) complete posets, one can refer to any
standard text books on Lattice Theory for them. Observe that by a meet (join)
complete poset we mean a poset in which every non-empty subset S has infimum
(supremum), denoted by AS (V.S); by a complete poset or a complete lattice we
mean a poset which is both a meet complete poset and a join complete poset; a sub-
set of a meet (join) complete poset is a meet (join) complete subposet iff it is closed
under infimum (supremum) for all its non-empty subsets; a subset of a complete
lattice is a complete sublattice iff it is both a meet complete subposet and a join
complete subposet; by a meet (join) complete homomorphism we mean any map
between meet (join) complete posets which preserves infimums (supremums) for all
non-empty subsets; by a complete homomorphism we mean any map between com-
plete lattices which preserves infimums and supremums for all non-empty subsets
and by a complete isomorphism we mean any complete homomorphism between
complete lattices which is both one-one and onto.
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LEMMA 2.1. For any index set I, for any family of sets (A4;)icr and for any
set B, the following are true:
(1) (UierAi) N B = Ujer (A; N B)
( ) (mzejA ) U B = ﬁieI(Al- @] B)
( ) (UlejA ) @] B = UiGI (Az UB)
(4) (NicrAi) N B = Nicr (A: N B).

LEMMA 2.2. For any pair of sets A, B and for any function f : A — B, the
following are true:

() f=¢iffA=¢

(2) B = ¢ implies f = ¢ but not conversely.

DEFINITION 2.1. For any non-empty subset S of a meet (join) complete poset
L with the largest (least) element 17, (0r), one can define

VS=nNpeLl/anf=aforallae S} (AS=V{feL/anp=pforall acS})
called the meet (join) induced join (meet) in L. Then L is a complete lattice with

the V (A) called the associated complete lattice for the meet (join) complete poset
L.

DEFINITION 2.2. A lattice L is said to be a distributive lattice iff for any
z,y,2 € Ly, x AN(yVz) = (xAy)V (xAz). Further, L is a distributive complete
lattice iff it is both a distributive lattice and a complete lattice.

DEFINITION 2.3. A lattice L is said to be a modular lattice iff for any x,y,z € L
such that z < y implies 2 V (y A z) = y A (x V z). Further, L is a modular complete
lattice iff it is both a modular lattice and a complete lattice.

DEFINITION 2.4. For any pair of posets P, @ and for any pair of order preserv-
ingmaps f: P—=Q, g:Q — P, (g, f) is a Galois connection between P and @Q iff
for each (a,b) € P x Q, fa < biff a < gb or equivalently, for any pair of posets P,
@ and for any pair of maps f: P — Q, g: Q — P, (g, f) is a Galois connection iff
Jg<Igand Ip <gf.

DEFINITION 2.5. A set S together with a binary operation which is associative
is called a semigroup. Notice that the empty set is trivially a semigroup with the
empty binary operation called the empty semigroup.

DEFINITION 2.6. For any pair of subsets A, B of a semigroup S, the set AB is
defined by AB = {ab € S/a € A and b € B} and it is a subset of S.

DEFINITION 2.7. For any subset A of a semigroup S,

(1) A is a subsemigroup of S iff A% C A.
Notice that as in Grillet [11], the empty semigroup is trivially a subsemigroup of
any semigroup.

(2) Ais aleft (right) ideal of S iff SA C A (AS C A)

(3) Ais an ideal of S iff SAUAS C A iff it is both a left and a right ideal of S

(4) A is a quasi-ideal of S iff SANAS C A

(5) Ais a bi-ideal of S iff AA C A and ASA C A.
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LEMMA 2.3. In any semigroup S, the following are true:

(1) The empty semigroup is trivially o (left, right, quasi-, bi-) ideal of S

(2) Arbitrary union of (left, right) ideals of S is a (left, right) ideal of S but
arbitrary union of subsemigroups (quasi-ideals, bi-ideals) of S need not be a sub-
semigroup (quasi-ideal, bi-ideal) of S

(3) Arbitrary intersection of subsemigroups (left ideals, right ideals, ideals,
quasi-ideals, bi-ideals) of S is a subsemigroup (left ideal, right ideal, ideal, quasi-
ideal, bi-ideal) of S

(4) The intersection of all subsemigroups (left ideals, right ideals, ideals, quasi-
ideals, bi-ideals) of S containing a given subset is a subsemigroup (left ideal, right
ideal, ideal, quasi-ideal, bi-ideal) of S which is unique and smallest with respect to
the containment of the given subset

(5) For any subset A of a semigroup S, whenever x = s (I, r, i, q, b), the unique
smallest subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) containing
the given subset A defined as in (4) above is called the subsemigroup (left ideal, right
ideal, ideal, quasi-ideal, bi-ideal) generated by A and is denoted by (A)s s ((A)x, s)

(6) For any pair of subsemigroups (left ideals, right ideals, ideals, quasi-ideals,
bi-ideals) A, B of a semigroup S, A is a subsemigroup (left ideal, right ideal, ideal,
quasi-ideal, bi-ideal) of B iff A is a subset of B

(7) Whenever x = s (I, r, i, q, b), for any subsemigroup (left ideal, right ideal,
ideal, quasi-ideal, bi-ideal) B of S and for any subset A of B, (A)s,s ((A)«, s) is a
subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of B.

DEFINITION 2.8. For any semigroup S, the semigroup S U {0} such that S is
a subsemigroup of S U {0}, where 00 = 0s = s0 = 0 for all s € S, is called the
0-adjoined semigroup and is denoted by Sp.

DEFINITION 2.9. For any semigroup S and for any subset B of the 0-adjoined
semigroup Sp, B — {0} is called the 0-contraction of B in S. Notice that the
O-contraction of Sy is S and ¢ is ¢ itself.

DEFINITION 2.10. For any semigroup S, the semigroup S U {1} such that S is
a subsemigroup of S U {1}, where 1s = s1 = s for all s € S and 11 = 1, is called
the 1-adjoined semigroup and is denoted by Si.

DEFINITION 2.11. For any semigroup S and for any subset B of the 1-adjoined
semigroup S1, B — {1} is called the I-contraction of B in S. Notice that the
1-contraction of S7 is S and ¢ is ¢ itself.

Notation: For any semigroup S, whenever * = s (I,r,,q,b), 85(5) (84(5)) is
the set of all subsemigroups (left ideals, right ideals, ideals, quasi-ideals, bi-ideals)
of S and for any pair of subsemigroups (left ideals, right ideals, ideals, quasi-ideals,
bi-ideals) A, B of S, A <; B (A <. B) iff A is a subsemigroup (left ideal, right
ideal, ideal, quasi-ideal, bi-ideal) of B.

THEOREM 2.1. For any semigroup S, whenever x = s, q, b, I, 7, i, the set 8,(S)

is a complete lattice with
(1) the partial ordering defined by: for any A, B € 8,(S), A< B iff A <. B;
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(2) the largest and the least elements in 8,(S) are S and ¢ respectively;
(3) for any family (A;)icr in 8+(S), NierAi = Nicr Ay}
(4) for any family (A;)icr in 8+(95),
(i) for x = s, q, b, VierAi = Vier 4,

where V is the meet induced join in 8,(S). In fact, VierA; = (UicrAi)«, s ;
(ii) forx =111, VierA; = U;erA;.

THEOREM 2.2. For any semigroup S, whenever x =1, r, i, the set 8,(S) of all
(left, right) ideals of S is a distributive complete lattice and so a modular complete
lattice.

The following Example shows that, whenever * = s, ¢, b, the set 8,(S) is not
necessarily a modular lattice and hence not necessarily a distributive lattice.

EXAMPLE 2.1. (1) Let S = {a,b,c} be a semigroup with the following Cayley
table:

Then 8,(S) = {¢,{a},{b},{c}, {a,c},{b,c},S}. Let A = {a}, B = {a,c} and C
= {b}. Clearly, A< B. Now AV (BAC) = (AU(BNQC))ss ={a} C {a,c} =
BN(AUC)s s = BA(AV (). Therefore 8,(5) is not a modular lattice.

(2) Let S = {a,b,c,d, e} be a semigroup with the following Cayley table:

sla b ¢ d e
ala a a a a
bla a a b c
c|la b ¢ a a
d|a a a d e
e la d e a a

Then 8,(S) = {¢, {a}, {a,b}, {a,c}, {a,d}, {a,e}, {a,b,c}, {a,d, e}, {a,b,d},
{a,c,e}, S}. Let A = {a,c}, B = {a,b,c} and C = {a,d}. Clearly, A < B.
Now AV (BAC) = (AU(BNQC))gs = {a,c} C {a,b,c} = BN(AUC ), s =
B A (AV C). Therefore 8§,(S5) is not a modular lattice.

(3) Let S be the semigroup same as in (2) above. Then 8,(5) = {9, {a}, {a, b},
{a,c}, {a,d}{a,e}, {a,b,c},{a,d,e},{a,b,d},{a,c,e},S}. Let A = {a,c}, B =
{a,b,c} and C = {a,d}. Clearly, A< B. Now AV (BAC) = (AU(BNC)), s =
{a,c} C{a,b,c} = BN(AUC), s = BA(AVC). Therefore 8,(S5) is not a modular
lattice.

LEMMA 2.4. In any semigroup S, the following are true:
(1) If A is a subsemigroup of S then A is also a subsemigroup of Sy Further,
85(9) is always a proper subset of 85(So)
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(2) If A is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of
S then Ag is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of
So

(3) If ¢ # B is a (left, right, quasi-, bi-) ideal of Sy then 0 € B

(4) If B is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of
So then B—{0} is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal)
of S.

COROLLARY 2.1. For any subset A of a semigroup S, whenever x = s, 1, r,
i, ¢, b, A<, S iff AU{0} <. So.

LEMMA 2.5. In any semigroup S, the following are true:

(1) If A is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of
S then A is also a subsemigroup (left ideal, Tight ideal, ideal, quasi-ideal, bi-ideal) of
S1. In particular, S is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-
ideal) of S1. Further, whenever x = s, 1, 1, i, q, b, 8,(S) is always a proper subset
of 8:(51)

(2) If A is a subsemigroup of S then A; is a subsemigroup of Si

(3) A1 is a (left, right, quasi-, bi-) ideal of Sy iff A; = S1

(4) If B is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of
Sy then B—{1} is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal)
of S.

REMARK 2.1. Observe that, in view of the Lemma 2.4(2), while 0-adjoining is
structure preserving, in view of the Lemma 2.5(1), 1-adjoining behaves like transi-
tivity.

The following Example shows that if A is a (left, right, quasi-, bi-) ideal of S
then A; need not be a (left, right, quasi-, bi-) ideal of Sj.

EXAMPLE 2.2. Let S = {a,b} be a semigroup with the following Cayley table.
Then S; = {a,b, 1} is also a semigroup with the following Cayley table:

b
a
b

o |

S
a
b

Let A = {a} be a (left, right, quasi-, bi-) ideal of S. Then Ay = AU {1} = {a,1}
is not a (left, right, quasi-, bi-) ideal of Sj.

COROLLARY 2.2. In any semigroup S and for any subset A of S, the following
are true:

(1) A is a subsemigroup of S iff AU {1} is a subsemigroup of Sy

(2) Whenever x = s, 1, r,i,q, b, A<, S iff A<, 5.

LEMMA 2.6. For any semigroup S, for any subset A of S and for any subset B
of So (S1) such that AC B, (A)x, s C (B)s, s, for* =5, ¢, b and (A)s, s C (B)s, s, -
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LEMMA 2.7. For any semigroup S, for any subset A of S and for any subset
B of Sy (S1), the following are true:

(1) (A)s,s = (A)s, 5, and (A)s s U{0} = (AU{0})s, s,

(2) (A)w, s U{0} = (AU{0})u s, forx =g, b

(3) (B)x, sy ={0} = (B —{0})+, 5 for x =s,4,b

(4) (A)s,5 = (A)s, s, and (A)s s U{1} = (AU{1})s 5,

(5) (B)s,s, — {1} = (B—{1})ss

(6) (A)s,5 = (A)s, s, for = =q,b.

COROLLARY 2.3. In any semigroup S, the following are true:

1) For any family of subsemigroups (quasi-ideals, bi-ideals) (A;)icr of S,
for x =s(q,b), (Uierdi)s, s U {0} = ((UierAi) U{0})s, s,
(2) For any family of subsemigroups (quasi-ideals, bi-ideals) (B;)icr of So,
forx =s(q, b), (UierBi)x, 5, — {0} = (UierBi) — {0})«, s
(3) For any family of subsemigroups (A;)icr of S,
(UierAi)s,s U {1} = (UierAi) U{1})s, s,
(4) For any family of subsemigroups (B;)icr of S1,
(UierBi)s, s, — {1} = ((VierBi) — {1})s, s

COROLLARY 2.4. For any semigroup S, the following are true:

(1) The complete lattice 85(S) of all subsemigroups of S is a complete sublattice
of the complete lattice 85(Sp) of all subsemigroups of Sy

(2) Whenever x = s(q, b, I, 1, i), the complete lattice S5(S) (84(S)) of all sub-
semigroups (quasi-ideals, bi-ideals, left ideals, right ideals, ideals) of S is a complete
sublattice of the complete lattice 85(S1) (8+(S1)) of all subsemigroups (quasi-ideals,
bi-ideals, left ideals, Tight ideals, ideals) of Si.

In what follows we construct a Galois connection, which follows from the Theorem
2.3 (2.4) (5) and (6) below, between the complete lattice of all substructures of a
given type for a semigroup and the complete lattice of all substructures of the same
type for the 0 (1)-adjoined semigroup.

THEOREM 2.3. For any semigroup S, whenever x = s, q, b, l, r, i, the maps
€x 1 84(S) = 84(So) defined by for any A € 8,(5), e.A = AU{0} and 0, : 8.(Sp) —
84(S) defined by for any C € 8,(Sy), 6.C = C—{0}, satisfy the following properties:

(1) The map e, is one-one;

(2) The map 0. is onto;

(3) For any A, B € 8,(S), A < B implies e, A < €. B;

(4) For any C,D € 8,(Sy), C < D implies 6,.C < 6,.D;

(5) €4 00x 2 1g,(sy), where 1g_(g,) is the identity map on 8.(So);

(6) 0. 0ex = 1g,(s), where 1g_(s) is the identity map on 8.(S).

For any family (A4;)icr in 8+(9),

(7) ex(NierAi) = NieresAs; B
(8) (i) for x = 5,4, b, ex(VicrAi) = ViereAi;
(ii) for x =1, r i, ex(UierAi) = UieresA;.

For any family (C;)icr in 84(So),
(9) 04(NicrCi) = NierduCi;
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(10) (i) for x = s, q, b, 6.(Vie1Ci) = Vierd.Ci;

(ii) for « =1, ry i, 8:(UierCy) = Uierd:Ci.

(11) The map €. is a complete monomorphism;

(12) The map 04 is a complete epimorphism.

Proor. (1): It is straightforward.

(2): It follows from the definition of . and the Lemma 2.4(2).

(3): It follows from the definition of e, and the Lemmas 2.4(2), 2.3(6).

(4): Tt follows from the definition of d, and the Lemmas 2.4(4) and 2.3(6).
(5):

(a) For x = s
Case I: Let C € 84(5) C 85(5p). Then

(6 08,)(C) = £,(6,(C)) = £,(C) = CU{0} > C.
Case II: Let D € 8,(Sp) — 85(S5). Then
(0 06,)(D) = £4(0,(D)) = (D — {0}) = (D - {0}) U{0} = D.
From the above two Cases, we have
(6500,)(X) 2 X for all X € 8,(Sp) or e500,5 2 1g (sy),

where 1g(g,) is the identity map on 8,(So).
(b) For x = ¢
Case I: Let ¢ € 84(Sp). Then

(84 009)(®) = €4(04(9)) = g4(¢) = U {0} = {0} D ¢.
Case II: Let ¢ # C € 8,(So). Then

(24 004)(C) = £4(64(C)) = &4(C —{0}) = (C —{0}) U{0} = C
From the above two Cases, we have
(64 0604)(X) 2 X for all X € 8,(Sp) or g40d4 2 1s,(sy)s

where 1g_(s,) is the identity map on 8,(So).
For « = b,1,r,4, the proofs follow in a similar way as in (b) above.
(6): Tt follows from the definitions of e, and 4.
(7): It follows from the definition of e, and the Lemma 2.1(2).
(8): Tt follows from the definition of e,, Lemma 2.1(3) and the Corollary 2.3(1).
(9): Tt follows from the definition of d, and the Lemma 2.1(4).
(10): It follows from the definition of ¢,, Lemma 2.1(1) and the Corollary
23(2).
(11): Tt follows from (1), (7) and (8) above.
(12): Tt follows from (2), (9) and (10) above. O

The following Example shows that (1) e, is not onto and (2) d, is not one-one
in the above Theorem for x = s, ¢, b, [, r, i.
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EXAMPLE 2.3. Let S = {a, b} be the semigroup with the following Cayley table.
Then Sy = {a,b,0} is the semigroup with the following Cayley table:

o |
T oo

S
a
b

(1) For « = s, q, b, 1, 7,4, let B = ¢ € 8.(Sp). Then there is no A € 85(95)
such that e, A = AU{0} = B or &, is not onto.

(2) For x = s, q, b, 1, 7, i,let B= ¢ and D = {0} € 8,(Sp). Then 6,.B = ¢ =
0+D but B # D or d, is not one-one.

THEOREM 2.4. For any semigroup S, the maps € : 85(S) — 85(S1) defined
by for any A € 85(5), cA = AU{1l} and § : 85(S1) — 85(5) defined by for any
C € 84(51), 6C = C — {1}, satisfy the following properties:

(1) The map € is one-one;

) The map & is onto;

) For any A, B € 85(5), A < B implies cA < eB

) For any C,D € 84(51), C < D implies 6C < 6D;

) €00 2 1g,(s,), where 1g (g,) is the identity map on 8,(S1);
) 6oe = 1g,(g), where 1g_(g) is the identity map on 8s(S).
For any family (Ai)icr in 85(5),

(7

(8

(2

(3
(4
(5
(6

) e(NierAi) = NiereAi;

) e(Vierdi) = Viere4;.
For any family (C;)icr in 85(S1),
3(MierCi) = NierdCi;
) (\/ZGIC) - VzeI(SC
) The map € is a complete monomorphism;
)

9)
10
11
12) The map § is a complete epimorphism.

(
(
(
(

PROOF. (1): It is straightforward.

(2): Tt follows from the definition of 6 and the Lemma 2.5(2).
(3): Tt follows from the definition of € and the Lemmas 2.5(2), 2.3(6).
(4): Tt follows from the definition of ¢ and the Lemmas 2.5(4), 2.3(6).
(5): It follows from the definitions of d, € and the Lemma 2.5(1)

(6): It follows from the definitions of € and ¢.

(7): It follows from the definition of £ and the Lemma 2.1(2).

(8): Tt follows from the definition of e, Lemma 2.1(3) and the Corollary 2.3(3).
(9): Tt follows from the definition of 6 and the Lemma 2.1(4).

(10): It follows from the definition of §, Lemma 2.1(1) and the Corollary 2.3(4).
(11): It follows from (1), (7) and (8) above.

12): Tt follows from (2), (9) and (10) above. O

(

The following Example shows that in the above Theorem (1) € is not onto and
(2) 6 is not one-one.
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EXAMPLE 2.4. Let S and S7 be the semigroups same as in the Example 2.2.

(1) Let B = {a} € 85(S1). Then there is no A € 85(S5) such that eA = AU{1}
= B or ¢ is not onto.

(2) Let B = {a} and D = {a,1} € 85(S1). Then 6B = {a} = 6D but B # D
or ¢ is not one-one.

REMARK 2.2. Observe that from the Example 2.2, it is clear that adjoining of 1
does not preserve (left, right, quasi-, bi-) ideals. Consequently, the above Theorem
has no analogues in the case of (left, right, quasi-, bi-) ideals.

DEFINITION 2.12. ([14]) Let U be a universal set, P(U) be the power set of
U and F be a set of parameters. A pair (F,E) is called a soft set over U iff
F:E — P(U) is a mapping defined by for each e € E, F(e) is a subset of U.

Notice that a collective presentation of all the notions algebras, soft sets, fuzzy
soft sets, f-soft algebras, f-fuzzy soft algebras in the single paper, Murthy-Maheswari
[15] raised some serious notational conflicts and to fix the same we deviated from
the above notation for a soft set and adapted the following notation for convenience
as follows:

Let U be a universal set. A typical soft set over U is an ordered pair E =
(op, E), where E is a set of parameters, called the underlying parameter set for E,
P(U) is the power set of U and o : E — P(U) is a map, called the underlying set
valued map for E.

DEFINITION 2.13. ([4]) The empty soft set over U is a soft set with the empty
parameter set, denoted by ® = (0, ¢). Clearly, it is unique.

DEFINITION 2.14. ([4]) A soft set E over U is said to be a null soft set iff oge
=¢foralleec F.

DEFINITION 2.15. ([17]) For any pair of soft sets A, B over U, A is a soft subset
of B, denoted by A C B, iff (i) A C B (ii) caa C opa for all a € A.

DEFINITION 2.16. For any family of soft subsets (A;);es of E,

(1) ([8]) the soft union of (A;)icr, denoted by U;crA;, is defined by the soft set
A, where

(i) A= Uer4;

(ii) oaa = Ujer,04,a for all a € A, where I, = {i € [/a € A;}

(2) the soft intersection of (A;);cr, denoted by N;erA;, is defined by the soft
set A, where

(i) A= Nierd;

(ii) caa = Njeroa,a for all a € A.

DEFINITION 2.17. (]2]) A soft set (F, A) over a semigroup S which is neither
empty nor null is said to be a soft semigroup (left ideal, right ideal, ideal, quasi-
ideal, bi-ideal) over S iff F(a) is a subsemigroup (left ideal, right ideal, ideal,
quasi-ideal, bi-ideal) of S for all a € A whenever F(a) # ¢.

Notice that the definitions of soft semigroup, soft subsemigroup (left ideal, right
ideal, ideal, quasi-ideal, bi-ideal) used in this paper are different from the above
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ones in two ways. Firstly, the substructure notions defined above are over/of a crisp
semigroup and the substructure notions defined below are a slight generalizations of
the above, namely, those of a soft semigroup and secondly, as empty set is trivially
a (sub) semigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) for us, in our
definitions below, we do not need the two pre-conditions that a soft set (F, A) be
neither empty nor null, as in the above definitions.

3. Soft Substructures of a Soft Semigroup

In what follows we introduce the notions of soft (sub) semigroup, soft (left,
right, quasi-, bi-) ideal of a soft semigroup and make a (algebraic) lattice theoretic
study of (sub) collections of them. Notice that throughout this section U is a
semigroup unless otherwise explicitly stated.

DEFINITION 3.1. A soft set E over a semigroup U is said to be a soft semigroup
over U iff oge is a subsemigroup of U for all e € E. Consequently, for us the empty
soft set ® and the null soft set @ over U are trivially soft semigroups over U.

DEFINITION 3.2. For any soft subset A of a soft semigroup E over U, A is a
soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of E iff o4a
is a subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of oga for all
a € A. Notice that the empty soft subset ® and a null soft subset ® 4 of E are
trivially soft subsemigroups (left ideals, right ideals, ideals, quasi-ideals, bi-ideals)
of E.

LEMMA 3.1. For any soft semigroup E over U, the following are true:

(1) For any pair of soft subsemigroups (left ideals, right ideals, ideals, quasi-
ideals, bi-ideals) A, B of E, A is a soft subsemigroup (left ideal, right ideal, ideal,
quasi-ideal, bi-ideal) of B iff A is a soft subset of B

(2) Arbitrary union of soft (left, right) ideals of E is always a soft (left, right)
ideal of E but arbitrary union of soft subsemigroups (quasi-ideals, bi-ideals) of E
need not be a soft subsemigroup (quasi-ideal, bi-ideal) of E

(3) Arbitrary intersection of soft subsemigroups (left ideals, right ideals, ideals,
quasi-ideals, bi-ideals) of E is a soft subsemigroup (left ideal, right ideal, ideal,
quasi-ideal, bi-ideal) of E

(4) The intersection of all soft subsemigroups (left ideals, right ideals, ideals,
quasi-ideals, bi-ideals) containing a given soft subset is a soft subsemigroup (left
ideal, right ideal, ideal, quasi-ideal, bi-ideal) which is unique and smallest with
respect to the containment of the given soft subset.

PRrROOF. (1) follows from the Definition 3.2 and the Lemma 2.3(6).

(2) follows from the definition 2.16(1) and the Lemma 2.3(2).

(3) and (4) follows from the definition 2.16(2) and the Lemma 2.3 (3) and
4). O

DEFINITION 3.3. For any soft subset A of a soft semigroup E over U, whenever x*
=s(l, r, i, ¢, b), the unique smallest soft subsemigroup (left ideal, right ideal, ideal,
quasi-ideal, bi-ideal) of E containing A defined as in the Lemma 3.1(4) is called the
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soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) generated by A
and is denoted by (A)s g ((A)«,E)-

LEMMA 3.2. For any soft subset A of a soft semigroup E over U, whenever
x =s(l, r, 1, q, b), the soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal,
bi-ideal) generated by A, (A)s,e ((A)x, E), is given by C, where C = A and oce =
(04€)s,05e ((04€)s ope) for alle e C.

PROOF. It is straightforward. U

Notation: For any soft semigroup E over U, whenever x = s (I, r, i, q, b),
8s(E) (8«(E)) is the set of all soft subsemigroups (left ideals, right ideals, ideals,
quasi-ideals, bi-ideals) of E and for any pair of soft subsemigroups (left ideals, right
ideals, ideals, quasi-ideals, bi-ideals) A, B of E, A <, B (A <, B) iff A is a soft
subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal) of B.

THEOREM 3.1. For any soft semigroup E over U, whenever x = s, q, b, [, r, 1,
the set 8.(E) is a complete lattice with
(1) the partial ordering defined by: for any A, B € 8,.(E), A< Biff A<, B;
(2) the largest and the least elements in 8.(E) are E and ® respectively;
(3) for any family (A;)icr in 8+«(E), Nic1Ai = NicrAi;
(4) for any family (A;)icr in 8«(E), however,
) forx =s,q, b, VicrAi = ViciA;, whereV is the meet induced join in 8, (E)
and VierA; = A, where A = UjerA; and oae = (Uijcr,04,€)x, ope for all e € A,
where I, = {i € I/e € A;}, and
(11) forx =11 i, VictAi = UicrA;.

3
4
(i

ProOOF. It is straightforward. O

THEOREM 3.2. For any soft semigroup E over U, whenever x = (I, )i, the set
(8«(E)) 8;(E) of all soft (left, right) ideals of E is a distributive complete lattice and

so a modular complete lattice.
Proor. It follows from the Definitions 2.16 and 2.2 and the Theorem 3.1. O

The Examples to show that, whenever x = s(q, b), the set S;(E) (8.(E)) of
all soft subsemigroups (quasi-ideals, bi-ideals) of E is neither a distributive nor a
modular lattice, follow from that of Example 2.1.

4. 0(1)-Adjoined Soft Semigroups

In this section, we introduce the notions of 0(1)-Adjoined Soft Semigroups
and studied some of their properties. Further, we construct a Galois connection
between the complete lattice of soft substructures of a soft semigroup and the
complete lattice of soft substructures of the 0 (1)-adjoined soft semigroup.

DEFINITION 4.1. For any soft semigroup E over U, the soft semigroup Ey =
(0Ey, Fo) over Uy (cf.Definition 2.8), where Fy = E and og,e = oge U {0} for
all e € Ey, such that E is a soft subsemigroup of Ej is called the 0-adjoined soft
semigroup.
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Notice that

(1) g =@

(2) if E = ®p then Eg = F, where ' = E and ope = {0} for alle € F

(3) if E is the whole soft semigroup over U then Ej is the whole soft semigroup
over Up.

DEFINITION 4.2. For any soft semigroup E over U and for any soft subset B of
the 0-adjoined soft semigroup Eg, the soft subset B — {0} = C of E, where C' = B
and oce = ope — {0} for all e € C, is called the 0-contraction of B in E.

Notice that

(1) the O-contraction of ® is ® itself and

(2) the 0-contraction of Eq is E.

DEFINITION 4.3. For any soft semigroup E over U, the soft semigroup E; =
(0g,,E1) over Uy (cf.Definition 2.10), where E; = E and og,e = oge U {1} for
all e € Eyq, such that E is a soft subsemigroup of E; is called the 1-adjoined soft

semigroup.
Notice that
(1)o =9

(2) if E = ®p then E; = F, where F' = F and ope = {1} for alle € F
(3) if E is the whole soft semigroup over U then E; is the whole soft semigroup
over Uj.

DEFINITION 4.4. For any soft semigroup E over U and for any soft subset B of
the 1-adjoined soft semigroup E;, the soft subset B — {1} = C, where C' = B and
oce = ope — {1} for all e € C, is called the I-contraction of B in E.

Notice that

(1) the 1-contraction of ® is @ itself and

(2) the 1-contraction of E; is E.

LEMMA 4.1. For any soft semigroup E over U, the following are true:

(1) If A is a soft subsemigroup of E then A is also a soft subsemigroup of Ey.
Further, 85(E) is a proper subset of 85(Ep)

(2) If A is a soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-
ideal) of E then Aq is a soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal,
bi-ideal) of Eg

(3) If B is a soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-
ideal) of Ey then B— {0} = C is a soft subsemigroup (left ideal, right ideal, ideal,
quasi-ideal, bi-ideal) of E. Further, for any B € 85(E) C 85(Ep), B— {0} = B.

PRrROOF. It follows from the Lemma 2.4. O

LEMMA 4.2. For any soft semigroup E over U, the following are true:

(1) If A is a soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal)
of E then A is also a soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-
ideal) of Ey. In particular, E is a soft subsemigroup (left ideal, right ideal, ideal,
quasi-ideal, bi-ideal) of Ey. Further, whenever x = s, l, r, i, q, b, 8,(E) is a proper
subset of 8.(Ey)
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(2) If A is a soft subsemigroup of E then Ay is a soft subsemigroup of Ey

(3) If B is a soft subsemigroup (left ideal, right ideal, ideal, quasi-ideal, bi-ideal)
of Ey then B— {1} = C is a soft subsemigroup (left ideal, right ideal, ideal, quasi-
ideal, bi-ideal) of E. Further, whenever x = s, 1, r, i, q, b, for any B € 8.(E) C
8.(E), B— {1} = B.

PRrROOF. It follows from the Lemma 2.5. O

REMARK 4.1. Observe that, in view of the Lemma 4.1(2), while 0-adjoining is
structure preserving, in view of the Lemma 4.2(1), 1-adjoining behaves like transi-
tivity.

The Example to show that if A is a soft (left, right, quasi-, bi-) ideal of E
then A; need not be a soft (left, right, quasi-, bi-) ideal of E;, follow from that of
Example 2.2.

COROLLARY 4.1. For any soft semigroup E over U, the following are true:

(1) The complete lattice 85(E) of all soft subsemigroups of E is a complete
sublattice of the complete lattice 8s(Ey) of all soft subsemigroups of Eg

(2) Whenever x = s(q, b, I, 1, 1), the complete lattice 85(E) (8+(E)) of all soft
subsemigroups (quasi-ideals, bi-ideals, left ideals, right ideals, ideals) of E is a com-
plete sublattice of the complete lattice 8s(E1) (8+(E1)) of all soft subsemigroups
(quasi-ideals, bi-ideals, left ideals, right ideals, ideals) of E;.

PROOF. It is straightforward. O

In what follows we construct a Galois connection, which follows from the Theo-
rem 4.1 (4.2) (5) and (6) below, between the complete lattice of all soft substructures
of a given type for a soft semigroup and the complete lattice of all soft substructures
of the same type for the 0 (1)-adjoined soft semigroup.

THEOREM 4.1. For any soft semigroup E over U, whenever x = s, q, b, [, r, 1,
the maps €, : 8.(E) — 8+(Ep) defined by for any A € S8.(E), e,A = Ao, where Ay
= A and oa,e = oae U{0} for all e € Ay, and 6. : 8.(Ey) — 8.(E) defined by for
any C € 8,(Ey), 0.C = C—{0} = F, where F = C and ope = oce — {0} for all
e € F, satisfy the following properties:

(1) The map e, is one-one;

(2) The map 0. is onto;

(3) For any A, B€ 8.(E), A< B implies ¢, A < £.B;

(4) For any C, D € 8,(Ey), C< D implies 6, C < 0,D;

(5) €4 00x D 1g,(g,), where 1g_(g,) is the identity map on 8.(Eo);
(6) 0. 0ex = 1g_ (g), where 1g_(g) is the identity map on 8. (E).
For any family (A;)icr in S«(E),

(7) ex(NicrAi) = NicreLAi;

(8) (i) for x = s, q, b, €«(Vie1Ai) = ViereAi;

(ii) for x =1, r i, e.(UicrA;) = UscresA;.

For any family (C;)icr in 8«(Ep),

(9) 04(NicrG) = Nicrd Gi;
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10) (i) for« =s, ¢, b, 0+(Vie1 ;) = Vie16.GCi;

(

(ii) forx =1 r 1, cL(UieICi) = U104 G;.

(11) The map €. is a complete monomorphism;
(12) The map 0. is a complete epimorphism.

PRrROOF. In (a) below, we prove the Theorem for « = s. Then in (b) below,
the proof is outlined for * = ¢, b. Finally, in (c) below, for x = [, r, 4, the proof is
outlined.

(a): (1): It is straightforward.
(2): Tt follows from the definition of €5 and the Lemma 4.1 (1) and (3).

(3) and (4): Follows from the definitions of £; and §; and the Lemmas 3.1(1)
and 2.15.

(5): CaseI: Let C € 84(E) C 8,5(Ep). Then

(250 05)(C) = £5(65(C)) = £5(C — {0}) = £5(C) = Cy O C.

Case II: Let C € 85(Eg) — 85(E). Then (g5 0 05)(C) = £5(d5(C)). Let 0,C =
C—{0} =F. Then F = C and ope = oce— {0} for all e € F. Let esF = Fy. Then
Fy = F and op,e = ope U {0} for all e € Fy.

We show that Fo = Cor (i) Fy = C (ii) op,e = oce for all e € Fy.

(i) Fp = F = C.

(ii): Let e € Fy = C be fixed.

Now op,e = ope U {0} = (oce — {0}) U{0} = oce.

Now (i) and (ii) imply Fp = C or (g5 045)(C) = €4(05(C)) = C.

From the above two Cases, we get that

(€s065)(X) 2 Xfor all X € 8;(Eg) or e500, 2 1s, (k)

where 1g_(g,) is the identity map on 8,(Eo).
(6): CaseI: ® € 85(E), (05 05)(®) = d5(e5(P)) = 5(P) = P.
Case IT: If @ # A € 8,(E) then (d5 0 g5)(A) = d4(g5(A)).
Let esA = Ag. Then Ay = A and o4,e = g4e U {0} for all e € Ay.
Let ;A0 = Ag — {0} = F. Then F = Aj and ope = g4, — {0} for all e € F.
We show that F = A or (i) F = A (ii) ope = oge for all e € F.
(ii): Let e € F = A be fixed.
Now ope = g4, — {0} = (04e U{0}) — {0} = oae.
Now (i) and (ii) imply F = A or (ds 0 g5)(A) = d5(es(A)) = A.
From the above two Cases, we get that

(0s0es)(A) = Afor all A€ 84(E) or 65065 = 1 (E),

where 1g (g is the identity map on 8,(E).
(7): Let NjerA; = A. Then A = NierA; and o4e = Njeroa,e for all e € A. Let
gsA = Ap. Then Ag = A and o4, = o4e U {0} for all e € Ajy. Let e;A; = Byg.
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Then B;y = A; and op,,e = 04,e U {0} for all e € B;y. Let N;crBiy = Bo. Then
By = NierBip and op,e = Nicrop,,e for all e € By.

We show that Ag = By or (i) Ag = By (ii) oa,e = op,e for all e € Ay.

(i): Ao = A = NierAi = NicrBiy = Bo.

(ii): Let e € Ag = By be fixed.

Now o4, = 04eU{0} = (Nicroa,e) U{0} = Nicr(0a,e U{0}) = NicroB, e =
O'Boe.

Now (1) and (11) 1mply AO = BO or 5s(mi61Ai) = ﬂielssAi.

(8): Let VierA; = A. Then A = U;erA; and oge = (Ujer,04,€)s, oge for
all e € A, where I, = {i € I/e € A;}. Let e,A = Ag. Then Ay = A and o4,e =
04eU{0} for all e € Ag. Let e,A; = Bjp. Then B;y = A; and o, e = 04,eU{0} for
all e € Bjg. Let V;e1Big = Byp. Then By = U;ecrB;p and op,e = (UieIeJBioe)s,gEoe
for all e € By, where I, = {i € I /e € B;y}.

We show that Ag = By or (i) Ag = By (ii) oa,e = op,e for all e € Ay.

(i): Ao = A = UjerAi = UierBig = Bo.

(ii): Let e € Ag = By be fixed.

Now o€ = (Uie1.0B,€)s, 0pye = (Uier. (04,6 U{0}))s, 05, = ((Uier.0a,€) U
{0})s, 0mpe = (Vier.04,€)s,05e U{0} = 04e U{0} = o4e.

Now (i) and (ii) imply Ag = Bg or 5(VicrAi) = VieresA;.

(9): Let N;erC; = C. Then C = NyerC; and oce = Nieroc,e for all e € C. Let
0;C=C—{0} =F. Then F = C and ope = oce — {0} for all e € F. Let 6;C; =
C;, — {0} = G;. Then G; = C; and og,e = o¢,e — {0} for all e € G;. Let Nic1G; =
G. Then G = N;erG; and oge = Nierog,e for all e € G.

We show that F = Gor (i) F = G (ii) ope = oge for all e € F.

(l) F=C= ﬂieIC'i = ﬁie]Gi =G.

(ii): Let e € F = G be fixed.

Now ope = oce — {0} = (Nieroc,e) — {0} = (Nicroc,e) N{0}° = Nicr(oc,en
{O}C) = ﬂieI(Ucie — {0}) = Njer0g,€ = 0ge.

Now (i) and (ii) imply F = G or §5(N;erCi) = NiecrdsCi.

(10): Let V;e;C; = C. Then C = U;e;C; and oce = (Uieleacie)syg%e for all
e € C, where I, = {i € I/e € C;}. Let §,C = C— {0} = F. Then F = C and
ope = oce — {0} for all e € F. Let 6;C; = C; — {0} = G;. Then G; = C; and
og,e = oc,e — {0} for all e € G;. Let Vic1G; = G. Then G = U;¢1G; and oge =
(Uie1,0G,€)s, ope for all e € G, where I, = {i € I /e € G;}.

We show that F = Gor (i) F = G (ii) ope = oge for all e € F.

(i): F=C=UiC; = Uie/G; = G.

(ii): Let e € F' = G be fixed.

Now

oge = (Uic1,0G,€)s,ope = (Uier, (00,6 ={0}))s, 0 e = (Uier, (0, eN{0}))s, ope
= ((Uier.oc,€) N{0}°)s, o5 = ((Vier.oc;e) —{0})s, 0pe = (UiEIeUCie)s,oEoe —{0}
=oce — {0} = ope.

Now (i) and (ii) imply F = G or §5(V;e1C;) = VierdsC;.

(11): Tt follows from (1), (7) and (8)(i) above.
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(12): Tt follows from (2), (9) and (10)(i) above.

(b): (1): It follows in a similar way as in (a)(1) above.

(2): Let F € 84(E). Then Fy € 84(Ep). Now §,Fg = Fo — {0} = G implies G
= Fy and oge = op,e — {0} for all e € G which implies G = Fy = F and oge =
opee — {0} = (orpeU{0}) — {0} = ope for all e € G implying G = F or §,;Fp = G
= F or §, is onto.

(3) and (4): Follow in a similar way as in (a) (3) and (4) above.

(5): CaseI: @ € 84(Ep), (g4 00¢)(P) = £4(dq(P)) = g4(P) = .

Case I1: Let 8/(Eg) = {®a,/A0 C Ep and 04,e = ¢ for all e € Ag} be the set
of all null soft quasi-ideals of Eq. Clearly, 8¢ (Eo) C 8,(Eo)-

If C € 8(Eo) then (g4 004)(C) = £4(04(C)) = £4(C—{0}) = £,(C) = Co D C.

Case III: Tf @ # C € §,(Eo) — 87 (Eo) then (g406,)(C) = £4(34(C)).

Let 6,C=C—{0} =F. Then F = C and ope = oce — {0} for all e € F. Let
gqF = Fo. Then Fy = F and op,e = ope U {0} for all e € Fy.

We show that Fo = Cor (i) Fy = C (ii) op,e = oce for all e € Fy.

(i): Fp = F = C.

(ii): Let e € Fy = C be fixed.

Now opye = ope U {0} = (oce — {0}) U {0} = oce.

Now (i) and (ii) imply Fop = C or (g4 0 94)(C) = €4(d4(C)) = C.

From the above three Cases, we get that (g4 0d4)(X) D X for all X € §,(Eo) or
€400y 2 1s,(gy), Where 1g_(g,) is the identity map on 8,(Eo).

(6)-(12): Follow in a similar way as in (a) (6)-(12) above.

For x = b, the proof follows in a similar way as in (b) above.

(c): (1): Tt is straightforward.

(2): It follows in a similar way as in (b)(2) above.

)
and (4): Follow in a similar way as in (a) (3) and (4) above.

(3)

(5): Tt follows in a similar way as in (b)(5) above.

(6) and (7): Follow in a similar way as in (a) (6) and (7) above.

(8): Let UjerA; = A. Then A = U;crA; and oae = Ujer,0a,e for all e € A,

where I, = {i € I/e € A;}. Let A = Ag. Then Ay = A and o4, = g4e U {0}
for all e € Ag. Let A; = Bjy. Then B;y = A; and op,,e = o4,e U {0} for all
e € Big. Let UijerBig = Bg. Then By = U;e1B;y and opg,e = Uier1.0B;,€ for all
e € By, where I, = {i € /e € B;y}.

We show that Ag = By or (i) Ag = By (ii) oa,e = op,e for all e € Ay.

(i): Ao = A = UjerAi = Ujer Biy = Bo.

(ii): Let e € Ag = By be fixed.

Now o€ = Uier,0B,,€¢ = Uicr, (04,6 U{0}) = (User,04,) U{0} = 04eU{0}
= 0Aq€.

Now (i) and (ii) imply Ag = Bg or &;(UjerA;) = UserelAs.

(9): Tt follows in a similar way as in (a)(9) above.
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(10): Let U;erC; = C. Then C = U;erC; and oce = Ujer,o¢,e for all e € C,
where I, = {i € I/e € C;}. Let 6,C = C— {0} = F. Then F = C and ope =
oce — {0} for all e € F. Let 6,C; = C; — {0} = G;. Then G; = C; and og,e =
oc,e—{0} for all e € G;. Let U;je;G; = G. Then G = U1 G; and oge = User, 06,6
for all e € G, where I, = {i € I /e € G,}.

We show that F = Gor (i) F = G (ii) ope = oge for all e € F.

(1) F=C= UieICi = UielGi =G.

(ii): Let e € F = G be fixed.

Now
oge = Uijer, 0,6 = Uie]c(O'Cie — {0}) = Uie]ﬁ(gcie n {O}C)
= (UiEIeUC'ie) N {O}C = (Uiejeacie) — {0} = oce — {0} = ope.

Now (i) and (ii) imply F = G or §;(U;erC;) = U;er6,C;.

(11): Tt follows from (1), (7) and (8)(ii).

(12): Tt follows from (2), (9) and (10)(ii).

For * = r, 4, the proofs follow in a similar way as in (c) above. O

The following Example shows that in the above Theorem whenever x = s, ¢, b, [,
r, 4, (1) the map e, is not onto and (2) the map 4, is not one-one.

ExaMPLE 4.1. Let S and Sy be the semigroups same as in the Example 2.3,
E = ({(e,9)},{e}) and Ey = ({(e,50)},{e}) be the whole soft semigroups over S
and Sy respectively.

(1) For « = s, ¢, b, 1, 7,14, let g, = ({(e,d)},{e}) € 8.(Ep). Clearly, there is
no A € 8.(E) such that e.,A = ®g,. Therefore e, is not onto.

(2) For x = s, q, b, 1, 1,4, let C= ({(e,9)},{e}) and D = ({(e,{0})},{e}) €
84(Ep). Then §.C = ({(e,¢)}, {e}) = 6.D but C # D. Therefore J, is not one-one.

THEOREM 4.2. For any soft semigroup E over U, the maps € : 85(E) — 85(E1)
defined by for any A € 85(E), eA = A1, where Ay = A and oa,e = oae U{1} for all
e € A1, and § : 85(E1) — 8s(E) defined by for any C € 85(E1), 6C = C— {1} = F,
where F = C and ope = oce — {1} for all e € F, satisfy the following properties:

(1) The map € is one-one;

(2) The map 6 is onto;

(3) For any A, B 84(E), A< B implies cA < eB;

(4) For any C, D € 85(E1), C< D implies 6C < 6D;

(5) €06 2 1g,(£,), where 1g (g, is the identity map on 8,(E1);
(6) doe = 1g (), where 1g (g is the identity map on 8,(E).
For any family (Ai)ier in S4(E),

(7) e(NicrAi) = NicreAs;

(8) e(VierAi) = ViciAi.

For any family (C;)icr in 85(E1),

9) 6(NierGi) = Nierd Gi;

10) 6(Vier G) = VierdG,.

11) The map € is a complete monomorphism;

12) The map § is a complete epimorphism.
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PROOF. It follows in a similar way as in the case of * = s of the Theorem
4.1. O

The following Example shows that in the above Theorem (1) the map ¢ is not
onto and (2) the map 4 is not one-one.

EXAMPLE 4.2. Let S and S; be the semigroups same as in the Example 2.2,
E = ({(e,9)},{e}) and E; = ({(e,S1)},{e}) be the whole soft semigroups over S
and S7 respectively.

(1) Let @5, = ({(e,9)}, {e}) € 85(E1). Clearly, there is no A € 84(E) such that
€A = A} = ®g,. Therefore € is not onto.

(2) Let C = ({(e, &)}, {e}) and D = ({(e, {1}, {e}) be in $,(E1).
Then 6C = ({(e, ¢)},{e}) = 6D but C # D. Therefore ¢ is not one-one.

REMARK 4.2. Observe that from the Example 2.2, it is clear that adjoining of
1 does not preserve soft (left, right, quasi-, bi-) ideals. Consequently, the above
Theorem has no analogues in the case of soft (left, right, quasi-, bi-) ideals.

Conclusion: These results are crucial in the Representation of Soft Substructures
of a Soft Semigroup as certain type of Crisp Substructures of a crisp Semigroup.

Acknowledgments: The second author expresses her indebtedness to the first
author for his enormous patience and meticulous supervision without which this
paper would not have been what it is now.
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