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CONTACT PSEUDO-SLANT SUBMANIFOLDS OF
AN (¢)— PARA SASAKIAN SPACE FORMS

S. Dirik, M. Atceken, and U. Yildirim

ABSTRACT. In this paper, we study the geometry of the contact pseudo-slant
submanifolds of an (e¢)—para Sasakian space form. We give some results for
totally umbilical pseudo-slant submanifolds of an (e)— para Sasakian manifolds
and an (e)—para Sasakian space forms. It is proved that such manifolds are
n-Einstein. Finally, we have verified the theorems by providing an example of
5- dimensional proper contact pseudo-slant submanifold of R? with it’s usual
almost paracontact metric structure.

1. Introduction

In [22] S. Tanno classified connected almost contact metric manifolds , as those
automorphism groups posses maximum dimension. For such manifold, the sectional
curvature of a plane sections containing & is a constant say k. This is classification
is as;

(a) Homogeneous normal contact Riemannian manifolds with say k& > 0.

(b) Global Riemannian product of a line (or a circle) and a Kaehlerian manifold
with constant holomorphic sectional curvature if k£ = 0.

(¢) A warped product space R x; C™, if k < 0.

It is known that manifold of class (a) is characterized by some tensorial equa-
tions . It admits a Sasakian structure. The manifold of class (b) is characterized by
a tensorial relation admitting a cosymplectic structure. The manifold of class (c)
is characterized by some tensorial equations, attaining a Kenmotsu structure. An
almost paracontact structure (p, £,n) satisfying 9> =TI —n® ¢ and (&) =1 on a
differentiable manifold was introduced by Sato [21] in 1976. Takahashi [23] in 1969,
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gave the notion of almost contact manifold equipped with an associated pseudo-
Riemannian metric. After, Tripathi et. al. [24] has drawn a relation between a
semi-Riemannian metric ( not necessarily Lorentzian ) and an almost paracontact
structure, and he named this indefinite almost paracontact metric structure an (e)-
almost paracontact structure, where the structure vector field ¢ will be spacelike
or timelike according as e = 1 or e = —1. Authors have discussed (e)— almost
paracontact manifolds and in particular (e¢)— Sasakian manifolds in [24]. On the
other hand, the differential geometry of slant submanifolds has shown an increas-
ing development since Chen defined slant submanifolds in complex manifolds as
a natural generalization of both invariant and anti-invariant submanifolds [6, 7].
Many research articles have been appeared on the existence of these submanifolds
in different knows spaces. The slant submanifolds of an almost contact metric
manifolds were defined and studied by Lotta [12]. After, such submanifolds were
studied by Cabrerizo et al. of Sasakian manifolds [4]. Recently, in [2, 8], At¢eken
et al. studied slant and pseudo-slant submanifold in various manifolds. The no-
tion of semi-slant submanifolds of an almost Hermitian manifold was introduced
by Papagiuc [14]. Cabrerizo [5] defined and studied bi-slant immersions in almost
contact metric manifolds and simultaneously gave the notion of pseudo-slant sub-
manifolds. Pseudo-slant submanifolds also have been studied by Khan et al. in
[11]. The present paper is organized as follows.

This paper contains the analysis about contact pseudo-slant submanifolds of an
(e)—para Sasakian space form. Necessary and sufficient conditions are given for a
submanifold to be contact pseudo-slant submanifolds. Finally, we give some results
for totally umbilical pseudo-slant submanifolds of an (¢)— para Sasakian manifolds
and (e)—para Sasakian space forms.

2. Preliminaries

In this section, we give some notations used throughout this paper. We recall
some necessary fact and formulas from the theory of (¢)— para Sasakian manifolds
and their submanifols.

Let M be an n-dimensional almost paracontact manifold [21] equipped with
an almost paracontact structure (¢, &,n) consisting of a tensor field ¢ of type (1,
1), a vector field £ and a 1-form 7 satisfying

(2.1) P’ X = X —n(X)¢,

(2.2) né) =1, =0, n(X)=g(X,¢)
and

(2.3) n(p) =0

for vector field X on M. A semi-Riemannian metric g on a manifold M , 1s a non
degenerate symmetric tensor field g of type (0, 2). If this metric is of index 1 then
it is called Lorentzian metric [3]. Let g be semi-Riemannian metric with index 1 in



CONTACT PSEUDO-SLANT SUBMANIFOLDS 61

an n-dimensional almost paracontact manifold M such that,
for all vector fields X and Y on M. Where € = +1 or € = —1.

Then M is called an (e)—almost paracontact metric manifold equipped with an
(e)—almost paracontact metric structure (¢, &, 7, g, €)[24]. In particular, if index(g)
= 1, then an (¢)—almost paracontact metric manifold will be called a Lorentzian
almost paracontact manifold. In particular, if the metric g is positive definite,
then an (e)— almost paracontact metric manifold is the usual almost paracontact
metricmanifold [21].

From (2.1),(2.2) and (2.4), we have

(2:5) 9(pX,Y) = g(X, 9Y)
and
(2.6) 9(X,§) = en(X).
From (2.6), it can be easily observed that
9(§,8) =€,

all vector fields X and Y on M.

An almost paracontact metric structure (¢,£,7,¢9) on a M is an (e)—para-
Sasakian manifold if and only if

(2.7) (Vx@)Y = —g(pX, oY )¢ — en(Y)¢* X,
for all vector fields X and Y on M. V is Levi-Civita connection of M.
From equgtion (2.7), put Y = £ , we have
(2.8) Vx&=epX.
An (e)— para -Sasakian manifold M is said to be n-Einstein if its Ricci tensor
S of type (0,2) is of the form
S(X,Y) = ag(X,Y) + bn(X)n(Y),
for any vector fields X,Y on M. Where a - and b are smooth functions on M. In
particular, if b = 0 in the equation above, M is an Einstein manifold.
Let M (k) be an (€)— para-Sasakian space form with constant y-paraholomor-
phic sectional curvature k. Then the curvature tensor R of M (k) is given by
~ k—3
k+1
(2.9) H ) (X)n(2)9(Y, W) = (Y )n(Z2)g(X, W)
+9(X, Z)n(Y )n(W) = (¥, Z)n(X)n(W)
+9(Y, 0Z)g(p X, W) — g(X, 0 Z)g (Y, W)
+29(0 X, Y)g(pZ, W)},

{9, 2)g(X, W) — g(X, Z)g(Y, W)}



62 S. DIRIK, M. ATCEKEN, AND U.YILDIRIM

for any vector fields X,Y, Z, W on M(k)

Now, let M be a submanifold of an (¢)— para Sasakian manifold M. Also, let
V and V+ be the induced connections on the tangent bundle 7'M and the normal
bundle T+ M of M, respectively. Then the Gauss and Weingarten formulas are,
respectively, given by

(2.10) VxY =VxY +0(X,Y),

(2.11) VxV = —AyX + VyV,

for any vector fields X,Y on M, where ¢ and Ay are the second fundamental form
and the shape operator (corresponding to the normal vector field V'), respectively,

for the immersion of M into M. The second fundamental form o and shape operator
Ay are related by

for all XY € I(TM) and V € I'(T+M).

NgE

The mean curvature vector H of M is given by H = o(e;,e;), where m

1
m

|
-

=
is the dimension of M and {ej,es,...,e,} is a local orthonormal frame of M. A
submanifold M of an (e¢)—para Sasakian manifold M is said to be totally umbilical
it

(2.13) o(X,Y) = g(X,V)H,

for any X,Y € I'(T'M). A submanifold M is said to be totally geodesic if o0 =0
and M is said to be minimal if H = 0. .
For any submanifold M of a Riemannian manifold M, the equation of Gauss is
given by
(2.14)

R(X,Y)Z=R(X,Y)Z + AU(XZ)Y — AU(Y,Z)X + (Vxo)(Y,Z2) — (Vyo)(X, Z),

for any XY, Z € T(TM), where R and R denote the Riemannian curvature tensor
of M and M, respectively. The covariant derivative Vh of h is defined by

(2.15) (Vxo)(Y, Z) = Vyo(Y,Z) — o(VxY, Z) — 0(Vx Z,Y).

The normal component of (2.14) is said to be the Codazzi equation and it is given
by

(2.16) (R(X,Y)Z) = (Vxo)(Y.Z) — (Vyo)(X, 2),
where (R(X,Y)Z)" denotes the normal part of R(X,Y)Z. If (R(X,Y)Z) =0,

then M is said to be curvature-invariant submanifold of M. The Ricci equation is
given by
~ €1

(2.17) g(R(X,Y)V,U) = g(R (X,Y)V,U)+g([Av, Av] X,Y),
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~L
for any X,Y € I'(TM) and V,U € T'(T+M), where R denotes the Riemannian

~L1
curvature tensor of the normal T+ M. If R = 0, then the normal connection of
the submanifold M is called flat.

Let M be a submanifold of an (¢)—para Sasakian manifold M. Then for any
X e I(TM), we can write

(2.18) ©X =TX + FX,

where T'X is the tangential component and F'X is the normal component of ¢.X.
Similarly for V € I'(T+ M), we can write

(2.19) OV =tV + [V,

where tV is the tangential component and fV is also the normal component of V.

A submanifold M is said to be invariant if F' is identically zero, that is, ¢ X €
D(TM) for all X € I'(TM). On the other hand, M is said to be anti- invariant if
T is identically zero, that is, ¢ X € I‘(TL M) for all X € I(T'M).

Taking into account (2.9) and (2.17), we have

~t kE+1
9B (X, Y)VU) = g([Av, Av] X, Y) + (== )Hg(pX, U)g(Y, V)

(2.20) —9(X, oV)g(pY, U) +29(0 X, Y)g(V, U)},
for any X,Y € I(TM) and V,U € T'(T+M). By using (2.9) and (2.14), the
Riemannian curvature tensor R of an immersed submanifold M of an (¢)— para-
Sasakian space form M (k) is given by

R(X,Y)Z = (%){Q(K )X —g9(X,Z)Y} + (%){n(X)n(Z)Y
—n(Y)n(2)X +n(Y)g(X, Z2)§ —n(X)g(Y, Z)¢

—9(X,02)pY +g(Y,0Z)pX +29(pX,Y)pZ}

(2.21) +Aov )X = Agix.2)Y + (Vyo) (X, Z) — (Vxo)(Y, Z).
The normal part of (2.21), we have

_ _ k41
(2:22) (Vxo)(¥,2) = (Vyo)(X,2) = (— - H-9(X,T2)FY

+9(Y,TZ)FX + 29(TX,Y)FZ}.
Thus by using (2.1), (2.18) and (2.19), we obtain

(2.23) T?=1-n®&—tF, FT+ fF=0
and
(2.24) f2P=I—Ft, Tt+tf=0.

Furthermore, for any X,Y € I'(T'M), we have g(FX,Y) = g(X,FY) and V,U €
[(T+M), we get g(U, fV) = g(fU,V). These relations show that F and f are
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symmetric tensor fields. Moreover, for any X € T'(TM) and V € T(T+M), we
have

(2.25) G(FX,V) = g(X,1V)

which gives the relation between F' and t.

On the other hand, the covariant derivatives of the tensor fields 7', F', t and f,
respectively, defined by

(2.26) (VxT)Y =VxTY —TVxY,
(2.27) (VxF)Y = VxFY — FVxY,
(2.28) (Vxt)V = VxtV —tVxV
and

(2:29) (Vx )V =VxfV = V%V,

for all V € I(T+M) and X,Y € T'(TM).

Since M is tangent to £, making use of ﬁxf = epX, (2.10) and (2.12) we
obtain

(2.30) Vxé=€eT'X, o(X,§) =eFX, Ay =¢€lV,
forall V € T(T+M) and X € ['(TM).

By direct calculations, we obtain the following
(2.31)
(VxT)Y = Apy X+ Bo(X,Y) 4+ g(TX, TY), + g(FX,FY)¢{ + en(Y)(X —n(X)E)

and

(2.32) (VxF)Y = fo(X,Y) — (X, TY).

Similarly, for any V € T(T+M) and X € T'(T M), we obtain

(2.33) (Vxt)V = Ajv X — TAy X + g(TX,tV)E — g(NX, fV)e
and

(2.34) (Vxf)V =—0(tV,X)— FAv X —en(Y)V.

By direct calculations, (2.31), (2.32), (2.33) and (2.34) if takking X = &, we
obtain the following formulas;

(2.35) (VeT)Y = 2etFY

and

(2.36) (VeF)Y = —2¢FtY.
Similarly, for any V € I'(T+M) and X € T'(T M), we obtain
(2.37) (Vet)V = 2etfV

and

(2.38) (Vef)V = —2eFtV — en(Y)V.



CONTACT PSEUDO-SLANT SUBMANIFOLDS 65

In contact geometry, A. Lotta introduced slant submanifolds as follows:

Let M be a submanifold of an (€)-para-Sasakian manifold (M, ¢, &, 7, g). Then
M is said to be a contact slant submanifold if the angle §(X) between ¢X and
T (p) is constant at any point p € M for any X linearly independent of £. Thus
the invariant and anti-invariant submanifolds are special class of slant submanifolds
with slant angles 6 = 0 and 6 = 7, respectively. If the slant angle ¢ is neither zero
nor 7, then slant submanifold is said to be proper contact slant submanifold. The
slant submanifolds of an almost contact metric manifold, the following theorem is
well known [12].

THEOREM 2.1. Let M be a submanifold of an (€)-para-Sasakian manifold M
such that £ is tangent to M. Than M is a slant submanifold if and only if there
exists a constant \ € [0,1] shuch that

(2.39) T2 =X\I-n®¢).
Moreover, If 0 is the slant angle of M, then it satisfies A = cos? 6.

COROLLARY 2.1. Let M be a slant submanifold of an (€)—para-Sasakian man-
ifold M with slant angle 6. Then for any X, Y € T'(TM), we have

(2.40) g(TX,TY) =cos? 0 {g(X,Y) — en(X)n(Y)}
and
(2.41) g(FX,FY) =sin? 0 {g(X,Y) — en(X)n(Y)}.

ProOOF. Taking account of T' being symmetric and Theorem 2.1, direct cal-
culation gives(2.40). To prove (2.41), it is enought to take into account (2.6) and
(2.18). O

3. Contact Pseudo-Slant Submanifold of
an (¢) -Para-Sasakian Manifold
In this section, we study the geometry of the contact pseudo-slant submani-

folds of an (¢)- para-Sasakian manifold and obtain integrability conditions for the
distributions on these submanifolds.

DEFINITION 3.1. Let M be a submanifold of an (€)-para-Sasakian manifold M.

M is said to be contact pseudo-slant submanifold of M if there exist two orthogonal
distributions D+ and Dy on M such that:

(i) The distribution Dy is a slant, that is, the slant angle between of Dy and
©(Dy) is a constant.

(ii) The distribution D+ is an anti-invariant i.e., p(D+) C T+M.
(iii) ([11]) TM has the orthogonal direct decomposition TM = D+ @ Dy,
e F(Dg)

If # = 0 then, the submanifold becomes a semi-invariant submanifold.
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Let d; =dim(D') and dy=dim(Dg). We distinguish the following six cases.
(i) If d3 = 0, then M is an anti-invariant submanifold.
(ii) If d; = 0 and 6 = 0, then M is invariant submanifold.

(iii) If dy = 0 and 6 € (0, §), then M is a proper slant submanifold. (iv) If
¢ = 5 then, M is an anti-invariant submanifold.
(v) If dody # 0 and 6 = 0, then M is a semi-invariant submanifold.
(vi) If dady # 0 and 0 € (0, §), then M is a contact pseudo-slant submanifold.

If 41 is the invariant subspaces of the normal bundle 7+ M, then in the case of
contact pseudo-slant submanifold, the normal bundle T+ M can be decomposed as
follows:

T+M = p@ F(D*) @ F(Dy).

The bases of the contact pseudo-slant submanifolds are given below. Also, let eq,

€2, ...s €p, ept1 = secOTeq, epyo = sectTley, ..., eap, = secOTey, eapi1 = &, eapi2,
€2p+3, -y €2p+q+1 D€ an orthonormal basis of I'(T'M) such that eq, es, ..., €, €pr1 =
secOT e, epro = secOT ey, ..., eap = seclTey, eapy1 = £ are tangent to I'(Dy) and

€2p+2, €2p13s s €apigr1 are tangent to I'(DL). Here,dim(M) =2p+q+1 [9].

THEOREM 3.1. Let M be a contact pseudo-slant submanifold of an (€)-para-
Sasakian manifold M. Then we obtain

ApzW = Apw Z,
for all Z,W € T(D1).

PrROOF. For any Z,W € I'(D+) and U € T'(TM), also by using ( 2.1), (2.7),
(2.10) and (2.12), we have
9(ApzW = Apw Z,U) = glcW,U),FZ) — g(o(Z,U), FW)
(v UW wZ) —9(VuZ, W)
9V Z,W) = g(NupZ, W)
= —9((Vup)Z,W)
= 9(9(eU,0Z)& + en(Z)p*U, W)
= g(g(FU,FZ)¢,W) = 0.
It follows that
(3.1) ApsW = Apw Z,

for any Z, W € I'(D1). O

THEOREM 3.2. Let M be a contact pseudo-slant submanifold of an (€)-para
sasakian manifold M. Then anti-invariant distribution D is always integrable.
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PrOOF. For any Z,W € I'(D%), we have

—g(FZ,FW)¢ = VzpW — oV ;W
= —ApwZ +VEZFW =TV ;W —to(Z,W)
“FV,W — fo(Z,W)
which implies that
ApwZ = ~TN ;W —to(Z,W) + g(FZ, FW)E.
Thus we have
(3.2) TW,Z) = ApzW — ApwZ
From (3.1) and (3.2), we conclude that T'[W, Z] = 0, i.e., [W,Z] € T'(D*) . The

proof is completes. O

THEOREM 3.3. Let M be a contact pseudo-slant submanifold of an (¢)-para-
Sasakian manifold M. Then we obtain

ApzU+TVyZ +to(U,Z) =0

or
ApzU +TVyZ +to(U, Z) € D*.
PROOF. For any Z € I'(D*) and X,U € I'(Dy), from ( 2.5), (2.7), (2.10),
(2.11), (2.18 )and (2.25), we obtain
9(A,zU,X) = —g(VypZ, X)

= —9(Vup)Z,X) - g(¢VvZ,X) .
= —g(g(eU,p2)¢ - en(NZ)sz,X) +9(VuZ,¢X)
= g(pU,pZ)n(X) +9(VuZ,pX)
= g(FU,FZ)n(X)+9(VuZ,TX)+g(o(U,Z), FX)
= g(g(FUaFZ)SaX)7g(TvUZaX)7g(tO'(UaZ)aX)
= g(sin®0g(U, 2)¢,X) — g(TVy Z,X) — g(to(U, Z),X)
= _g(TvUZ7X>_g(tU(U7Z)7X)

which proves the assertion. O

THEOREM 3.4. Let M be contact pseudo-slant submanifold of an (¢)-para Sasa-
kian manifold M. Then the slant distribution Dy is integrable if and only if

9(Apry X — AprxY, Z) = 29(ApzTY, X),

for all X,Y € T'(Dy) and Z € T(D%1).
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PRrROOF. By using (2.4), (2.7), (2.18), (2.11), (2.27) and (2.41), we obtain
(XY, 2) = g(VxY,Z)—g(VyX,Z)=g(VyZ,X) - g(VxZY)
= 9(eVyZ,0X) —en(Vy Z)n(X) — g(¢Vx Z,9Y) + en(Vx Z)n(Y)
9(VyeZ,0X) = g(Vy9)Z, 0X) — g(Vx0Z,0Y) + g(Vx ) Z oY)
= 9(VyoZ, 0X) — g(g(oY, 02)E + en(2)?Y, ¢ X)
—9(VxpZ, oY) + glg(0X, pZ)6 + en(Z)0* X, oY)
= 9(VyeZ,TX)+9(Vy9Z FX) = g(Vx¢Z,TY) = g(VxpZ,FY)
= —g(ApzTX,Y) 4+ g(AzTY, X) + g(VEFZ, F X)— g(VxFZ,FY)
= —g(ApzTX,Y)+g(ApzTY,X) + g(VyF)Z + FVyFZ,FX)
—g(VxF)Z + FVxZ,FY)
= g(ApzTY, X) — g(ApzTX,Y) — g(FVxZ, FY) 4+ g(FVy Z, FX)
+9(0(X,2), fFY) — g(o(Y, Z), fFX)
= g(AuzTY +TA,zY,X) —sin?0g(Vx Z,Y) +sin® 09(Vy Z, X)
+9(0(X,Z), fFY) — g(o(Y, 2), fFX)
= g(TAu,zY + AyzTY, X) +sin® 0g([X,Y], Z)
+9(Arpy X — AjrxY, Z),
for all X, Y € T'(Dy) and Z € T'(D+). Consequently, we reach at
cos? 0g([X, Y], Z) = g(TAyzY + ApzTY, X) + g(ArrxY — Apry X, Z)

which proves our assertion. O

4. Contact Pseudo-Slant Submanifolds of
an (¢)— Para-Sasakian Space Form

In this section, we study pseudo-slant submanifolds in an (€)-para-Sasakian

space form M (k) with constant ¢-sectional curvature k. We obtain some results
for such submanifolds in terms of curvature tensor.

THEOREM 4.1. Let M be a contact pseudo-slant submanifold of an (€)-para
Sasakian space form M(k) of constant curvature k with k # —1. Then,

(4.1) R(Dy, Dy, D+, D*) =0,

where D+ denotes the orthogonal complemantary distribution to Dy on M and R
denotes the curvature tensor of the (€)-para-Sasakian space form M (k).

PrROOF. Let M be a contact pseudo-slant submanifold. Then on making use
of the formula (2.9), one may easily obtain the equation (4.1). O

THEOREM 4.2. Let M be a contact pseudo-slant submanifold of an (€)-para-
Sasakian space form M(k) such that k # —1. If M is a contact pseudo-slant
curvature-invariant submanifold. Then,

i) either M is invariant
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it) or M anti-invariant,
iii) or dim(M) = 1.

PrOOF. Assume that M is a pseudo-slant curvature-invariant submanifold of
an (e)— para- Sasakian space form M (k) such that k # —1. Then from (2.16) and
(2.22), we have

—g9(TX, Z2)FY + gV, TZ)FX 4+ 29(TX,Y)FZ =0,
for any X,Y,Z € T'(TM). If we put, X = Z and Y = TZ then we have,
g(TZ,TZ)FZ = 0. Here, by equation (2.40), we obtain
cos®0{g(Z,Z) — 6772(2)}2 FZ=0
or
sin20(g(Z,2) —en*(Z)) =0
which implies that, either M is invariant or anti-invariant submanifold or dim(M) =

1. (]

THEOREM 4.3. Let M be a contact pseudo-slant submanifold of an (¢)-para
Sasakian space form M (k) with flat normal connection such thatk # —1. If TAy =
AyT for any vector V- normal to M, then M is either anti- invariant or a generic
submanifold of M (k).

PROOF. If the normal connection of M is flat, then from (2.20), we have

o([A0, AVIXY) = (I (X, 0¥, 0V) — g(X, 6V)g(eY. )

+29(p X, Y)g(pV,U)},

forany X, Y € I'(TM) and U,V € I'(T*+M). Here, choosing U = fV and Y = TX,
by direct calculations, we can state

o1, AcvIX, PX) = (T {gleX, TX)g(ev, 1)),

_ _(¥){9(TX,TX)9(fV,fV)},

that is,

J(Acv AvTX = AvAcvTX, X) = —(“2 ) {g(TX, TX)g(fV, SV}

from which

B ()g(rv, ).

If TAy = AyT, then we conclude that tr(Afy Ay T) = tr(Av ApyT) and thus
tr(T*)g(fV, fV) =0,
from here dim(M) = 2p + g + 1, then we can easily to see that
(2p + g + 1)cos*0g(fV, fV) = 0.

tT(AchvT) — tT(AvAch) = —(
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Thus 6 is either 5 or f = 0. This implies that M is either anti-invariant or it is a
generic submanifold. O

THEOREM 4.4. Let M be a contact pseudo-slant submanifold of an (¢)-para
Sasakian space form M (k). Then the Ricci tensor S of M is given by

S(X, W) = {(k);g)(zp-f—q)—(T)(26+62C0829)}9(X,W)
(4.2) —(kj)(—él +2p + g + 26 + € + e cos® O)n(X)n(W)
2p+q+1
+2p+q+ Vglo(X, W), H) = > glo(em, W), (X, em)),

for any X, W e (T M).
PRrROOF. For any X,Y,Z, W € I'(TM), by using (2.21), we have

SR VIZW) = (C2) {0V, 2)9(X, W) ~ (X, 2)g(¥, W)

D XZ)g(Y, ) 0¥ )n(2)g(X, W)

(
+n(Y)n(W)g(X, Z) — n(X)n(W)g(Y, Z)
—9(X,0Z)g(eY, W) + g(Y,0Z)g(X, W)
+29(0X,Y)g(pZ, W)} + g(o(X,W),0(Y, 2))
—g(c(Y,W),0(X, Z)).

Now, let ey, eg, ..., €p, ept1 =secOTer, epyo = sectTey, ..., eap = secOTey, e2pt1 =
&, eapt2, €2p43, oo, E2prqt+1 D€ an orthonormal basis of I'(T'M) such that ey, e, ...,
ep, ept1 = sectleq, eppo = secOTes, ..., eap = secOTey, eapy1 = & are tangent to

['(Dg) and eapi2, €2p+3, -y €2p1q+1 are tangent to I'(DL).
Therefore, taking Y = Z =e¢;, ¢j,epand 1 <i<p, 1 <j<p, & 2p+2<1 <
2p + q + 1 then, we have

P 2p
S(X, W) = Zg(R(X,ei)ei,W)—i— Z g(R(X,secOTej)secTe;, W)
i=1 j=p+1

2p+q+1
—I—Q(R(X, 5)6’ W) + Z g(R(Xa 6[)6[, W)
1=2p+2
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Followed by

seew) = {0+ 2 oo o)fxm)
—1—(]€ 1_ 1)(4 —2p — q+2¢% — e — ecos® O)n(X)n(W)
+(2p+q+ 1)g(h(X, W>7H) - Zg(a(ei,W),U(X, ei))

2p
- Z g(o(secOTe;, W), o(X,secOTe;))

Jj=p+1
2p+q+1
79(0—(£a W)7 J(X7 5)) - Z g(a(elv W)a O—(Xa el))‘
1=2p+2
From here
2p+q+1 P
Z g(o(em, W), 0(X,em)) = Zg(g(eiv W),o(X,e))
m=1 i=1
2p
+ Z g(o(secOTe;, W),o(X,secOTe;))
Jj=p+1
+9(0(§, W), 0(X,¢))
2p+q+1
+ Z glo(e, W),0(X,ep)).
1=2p+2
Hence, the proof follows from the above relation. O

THEOREM 4.5. Let M be a contact pseudo-slant submanifold of an (¢)-para-
Sasakian space form M (k). Then the scalar curvature 7 of M is given by

ro= {(k43)(2p+q)+(k11)(266260520)}(2p+q+1)
(4.3) Jr(%)(él —2p—q+26¢ —e—ecos?0) + (2p+q+ 1) H)|? - ||o|*.

PROOF. From equation (4.2) by using X = W = e,,, we have
2p+q+1
7= Y. S(em,em) which gives (4.3 ). Thus, the proof is complete. O

m=1

THEOREM 4.6. Let M be a totally umbilical contact pseudo-slant submanifold
of an (€)-para- Sasakian space form M (k). Then the Ricci tensor S of M is given
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by
S(X, W) = {(k4_3)(2p+q)—(kl_l)(Qe—i—chosQH)}g(X,W)
(4.4) —(@)(—4 +2p+ q + 262 + € + ecos® O)n(X)n(W),

for any X, W € T'(TM).

PROOF. From equation (4.2) by using (2.13), we obtain

scew) = {Ehe 0 - Eheer dawo fooem)

k1
—(%)(—4 2+ g + 262 + €+ e cos? O)n(X)n(W)

2p+q+1
+(2p+ g+ Dg(o(X, W), H) = Y~ glo(em, W), 0(X,em)).

m=1

Thus, the proof follows from the above relations, which proves the theorem
completely. O

Thus, we have the following corollary.

COROLLARY 4.1. Every totally umbilical contact pseudo-slant submanifold M
of an (€)-para-Sasakian space form M (k) is an n-Einstein submanifold.

THEOREM 4.7. Let M be a totally umbilical contact pseudo-slant submanifold
of an (e)-para- Sasakian space form M(c). Then the scalar curvature T of M is
given by

k—3 k+1
r = D@+ EThae- oo} Gpa+ 1
k+1
(4.5) +(%)(4*2p*q+262*G*ECOSZG).
PRrROOF. From equation (4.4), by using X = W = e,,, we have
2p+q+1
7= Y. S(em,emn) which gives (4.5 ). Thus the proof is complete. O
m=1

EXAMPLE 4.1. Let M be a submanifold of R? defined by the following equation
X(u’ v’ w? t? Z) =
(2u sin o, —v cos a, —u sin o, v cos o, —w cos t, cost, wsint, — sint, z).
We can easily to see that the tangent bundle of M is spanned by the tangent vectors

_9
9z

ep = 2sina—— —sina——, eg = —cosa—— +cosa—,e5 =&

8x1 8x2 8y1 8y2

0 . 0 . 0 . 15} 0
e3 = —cost— +simmt—, e4q =wsint— —sint— +wcost—— — cost

Oxs 04 Oz 0ys3 0 x4 ys’
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For the almost paracontact metric structure ¢ of RY, whose coordinate systems
(T1, Y1, T2, Y2, 3, Y3, T4, Ya, 2), choosing

9] 0 0 0
— = —_— _— ) = — <17,7 <
0 0
@(&) - 07 g_ &7 n_dza

4 4
g = nOn+Y dp,®dy, =) dy, @dy,
i=1

i=1

then we have

peq 2sina— —sina——, pes = cosa—— — cos . —,
8y1 8y2 (9561 82132

0
—cost— +sint—,
Y3 0ya

Pes

and
peq =w sinti + sinti + wcosti + cost—.
Jys Ox3 m Oy
By direct calculations, we can infer Dy = span{e1, es} is a slant distribution with
slant angle

cosf — gler,pea)  3sina.cosa _ 3\/10’

el lez]| B V5sin? av/2 cos? a 10

3v10

10 )
Since g(pes,e;) =0, i=1,2,4,5 and g(pes,e;) =0, j =1,2,3,5 are orthogonal
to M, D+ = span{es, eq,e5} is an anti-invariant distribution. Thus M is a 5-
dimensional proper contact pseudo-slant submanifold of R? with it’s usual almost
paracontact metric structure.

0 = arccos(
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