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DISTANCE VERSION OF HYPER ZAGREB INDEX
OF SOME GRAPH OPERATIONS

M. Aruvi, V. Piramanantham and R. Muruganandam

ABSTRACT. The distance version of Hyper-Zagreb index of a graph is defined
and exact values of this index have been found for some graph operations.

1. Introduction

A topological index of a graph is a numerical quantity which is structural
invariant, i.e. it is fixed under graph automorphism. The simplest topological
indices are the number of vertices and edges of a graph. In chemistry, biochemistry
and nanotechnology different topological indices are found to be useful in isomer
discrimination, structure-property relationship, structure-activity relationship and
pharmaceutical drug design.

All graphs considered are simple and connected graphs. We denote the vertex
and the edge set of a graph G by V(G) and E(G), respectively. dg(v) denotes the
degree of a vertex v in G. The number of elements in the vertex set of a graph G is
called the order of G and is denoted by v(G). The number of elements in the edge
set of a graph G is called the size of G and is denoted by e(G). A graph with order
n and size m is called a (n,m)-graph. For any u,v € V(G), the distance between
uw and v in G, denoted by dg(u,v), is the length of a shortest (u,v)-path in G. The
edge connecting the vertices v and v will be denoted by uwv. The complement of a
graph G is denoted by G.

The join of graphs GG; and Gy is denoted by G + G2, and it is the graph with
vertex set V(G1) UV (G2) and the edge set

E(G1 + Gg) = E(G1) @] E(Gg) U {U1U2|U1 S V(Gl), Ug € V(GQ)}

2010 Mathematics Subject Classification. 05C07, 05C35, 05C40.
Key words and phrases. Topological indices, Vertex degree, Join, Disjunction, Composition,
Symmetric Difference.

1



2 M. ARUVI, V. PIRAMANANTHAM AND R. MURUGANANDAM

The composition of graphs G; and G, is denoted by G1[Gs], and it is the graph
with vertex set V(G1) x V(G2), and two vertices u = (uy,us) and v = (vy,vs)
are adjacent if ( u; is adjacent to vy) or (u; = vy and ug and ve are adjacent).
The disjunction of graphs GG; and G5 is denoted by G; V G2, and it is the graph
with vertex set V(G1) x V(G2) and E(G1 V Ga) = {(u1, u2)(v1, v2)|urvy € E(Gh)
or ugvy € E(G2)}. The symmetric difference of graphs G; and Go is denoted
by G1 @ Go, and it is the graph with vertex set V(G1) x V(G3) and edge set
E(Gl D GQ) = {(ul,UQ)(Ul,’Uz)|U1U1 S E(Gl) or UgVy € E(GQ) but not both }
The Cartesian product of G; and G», denoted by G10Gs, is the graph vertex set
V(G1) x V(G2) and any two vertices (up,vs) and (uq,vs) are adjacent if and only
if [up, = uy and vvs € E(Ga)] or [v, = vy and uyu, € E(Gh)].

Let G be a connected graph. The Wiener index W(G) of a graph G is defined
as

1
WG = Y dg(u,v) = 5 > de(u,v).
{u,v}CV(G) u,weV(Q)

Dobrynin and Kochetova [7] and Gutman [9] independently proposed a vertex
degree-Weighted version of Wiener index called degree distance or Schultz molecular
topological index, which is defined for a connected graph G as

DDG) = ). dG(U»U)[dG(u)"‘dG(U)]:% > da(u,v)de(u) +da(v)].
{u,v}CV(G) u,veV(G)

The Zagreb indices have been introduced more than thirty years ago by Gutman
and Trianjestic [10]. The first Zagreb index M;(G) of a graph G is defined as

Mi(G) = Y [de(w) +dcw)] = Y dz(v).
weEE(G) veV(G)
The second Zagreb index M3(G) of a graph G is defined as
My(G) = > da(u)da(v).

uwveE(G)

The first Zagreb coindex M (G) of a graph G is defined as
M@= ) [da(u) +dg(v)).

wg E(G)

The second Zagreb coindex M(G) of a graph G is defined as
My(G)= > dg(u)da(v).

w¢ E(G)

The Zagreb indices are found to have applications in QSPR and QSAR studies
as well, see [6].

These indices were introduced in a paper 1972 [2], within a study of the struc-
ture dependency of total Il-electron energy (e). It was shown that ¢ depends on
the sum of squares of the vertex degrees of the molecular graph (later named first
zagreb index), and thus provides a measure of the branching of the carbon-atom
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skeleton. In the same paper, also the sum of cubes of degrees of vertices of the
molecular graph was found to influence e, but this topological index was never
again investigated and was left to oblivion. However this index was not further
studied till then, except in a recent article by Furtula and Gutman [8] where they
reinvestigated this index and studied some basic properties of this index. They
showed that the predictive ability of this index is almost similar to that of first Za-
greb index and for the entropy and acentric factor, both of them yield correlation
coefficients greater than 0.95. In [5], this index as “forgotten topological index” or
“F-index”, which is defined for a graph G as

F(G)= Y dew)= Y ldo(u)’+da(v)].

veV(Q) weE(G)

As we know that some chemically interesting graphs can be found by different
graph operations on some general or particular graphs, it is important to study
such graph operations in order to understand how it is related to the corresponding
topological indices of the original graphs. In [11], Khalifeh et. al, derived some
exact formulae for computing first and second Zagreb indices under some graph
operations. In [4], Das et. al. derived some upper bounds for multiplicative Zagreb
indices for different graph operations. There are several other results regarding
various topological indices under different graph operations are available in the
literature. In [3], Azari and Iranmanesh presented explicit formulae for computing
the eccentric-distance sum of different graph operations.

In [13], Shirdel et.al. found Hyper-Zagreb index HM (G) which is defined as

HM(G) = Y [da(w)+de(v))*.
uveE(G)

In this paper, we define a new index distance version of Hyper- Zagreb index
and denoted by DHM (G), so that

DHM(G) = Y dao(u,v)de(u)+ de(v))?
{u,v}CV(G)

= 3 Y dolwo)lda(u) +da)
u,veV(G)

In this paper, we present some exact expressions for the distance version of
Hyper-Zagreb index of different graph operations such as join, composition, dis-
junction and symmetric difference of two graphs.

2. Main Results and Discussions

2.1. Basic Lemmas.

LEMMA 2.1 ([1]). Let G1 and Gy be two simple connected graphs. The number
of vertices and edges of graph G; are denoted by n; and e; respectively for i =1, 2.
Then we have
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1, wv e E(Gy) oruv € E(Gs)
(i) dg,+c,(u,v) = or (u € V(Gy) and v € V(Gs))
2, otherwise.

For a vertez u of G,

dG1+G2 ('LL) = dGl (u) + na,

and for a vertex v of Gg,
dGl+G2 (U) = dGz (U) +ni.

dg, (u1,u2), w1 # us
(i) dea, (@) ((u1,v1), (u2,v2)) = 9 1, ur = ug, 112 € E(G2)
2, otherwise

dGl[Gz](uv U) = n2dG1 (u) + dGz (U)
1, wus € E(Gy) orvivg € E(G
(lll) dleG2(<u1,U1)7 (U/Q,’UQ)) _ { 1U2 ( 1) 102 ( 2)

2, otherwise
dGl\/Gz((uv U)) = n2dG1 (U) + nldGz (U) - dGl (u)dG2 (’U)
1, ULU2 € E(Gl)
(iv) de,ea,((u1,v1), (ug,v2)) = or vivg € E(G2) but not both
2, otherwise
dGl@Gz((ua U)) = nadg, (u) + nide, (U) — 2dg, (u)dGz (U)
REMARK 2.1. ([12]) For a graph G, let A(G) = {(z,y) € V(G) x V(G)| =
and y are adjacent in G} and let B(G) = {(x,y) € V(G) x V(G)| z and y are
not adjacent in G}. For each x € V(G), (x,z) € B(G). Clearly, A(G)U B(G) =
V(G) x V(G). Let C(G) = {(z,x) |z € V(G)} and D(G) = B(G) — C(G). Clearly
B(G) = C(G) U D(G), C(G) N D(G) = 0. The summation > runs over

(=) €A(G)
the ordered pairs of A(G). For simplicity, we write the summation > as
(=) €A(G)
> . Similarly, we write the summation > as > . Also the summation
ryeG (z,y)€B(G) zy¢G
>~ runs over the edges of G. We denote the summation Y, by > . The
zy€E(Q) z,yeV(G) z,yeG
summation >,  eqivalent to >  and similarly the summation )
(z:9)€D(G) ry¢Gaty (z:9)€C(G)
equivalent to >
zy¢G,x=y

LEMMA 2.2 ([12]). Let G be a graph. Then
(i) > 1=2e(G)

zyeG

(ii) > da(z) = Mi(G)

zyeG

(iii) > da(z)da(y) = 2M3(G)

zyeG
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i) 3 1=2¢G)+v(G)

(v) ;ji:dc;(m) = 2¢(G)(v(G) — 1) + 2¢(G) — My (G)
(vi) zy%G de(2)de(y) = 2M2(G) + M1 (G)

(i) 3 fdo(s) + daly)] = 2311(6) + 4e(€)

(viii) xy%:#y dg(z) = (v(G) = )M(G) — F(G)

(ix) xy%‘m da(z) = (v(G) — 1)2¢(G) — My (G)

(x) xygcz’#y 1= (0(G) — 1)u(G) — 2¢(G) and

(xi) W%JG dg(z) = (v(G) = DM(G) — F(G) + Mi(G)

THEOREM 2.1. Let G;,i = 1,2, be a (n;,m;)- graph, put m; = e(G;). Then
2 x DHM (G + G2) = 2HM (G4) + 8namy + 8ny M (GY)
+4[M1(G1)(n1 — 1) = F(G1)]
+8M,y(Gy) + 8n§[n1(n1 —1) —2m4]
+ 16n2[2mq (ny — 1) — M1 (G1)] + 2ne My (Gy) + 2nin3
+2n1 M (G2) + 2non? + 8min3 + 16mymy + 8nymyng
+ 8n1mang + 4nin3 + 8nimy + 2H M (G2) + 8nimy
+ 8n1 M1 (G2) + 4[M1(G2)(n2 — 1) — F(G2)] + 8M»(G>)
+ 8n3[na(ny — 1) — 2ms] + 1601 [2ma(ny — 1) — My (Gs)]
ProOF. Let G = G1 + G5. Then,

2 X DHM(G) = Z Z dG1+G2 (‘ra y) |:dG1+G2 (.Z‘) + dG1+G2 (y):|
zeV(G1+G2) yeV(G1+G2)

= Z { Z da,+c, (T, y) |:dG1+G2(z)+dG1+G2(y):|2

z€V(G1+G2) yeV(Gy)

+ Z da,+a, (2, y) {dG1+G2($)+dG1+G2(y)r}
yeV(Ga)

2
2x DHM(G)= Y > dayyaa(@y) {dGlJer (2) + dei+6. (y)}
z€V(G1+Ga) yeV(Gr)

2
+ Z Z da,+G, (m’ y) {dGrFGz ($> +dai+a, (yﬂ
z€V(G14+G2) yeV(G2)

= Z Z dG1+G2 (xvy) |:dG1+G'2 (33) + dG1+G’2 (y):|2

z€V(G1) yeV(Gr)
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+ Z Z dG1+G2 (1‘7 y) dG1+G2 (SU) =+ dG1+G2 (y)
2€V(G2) yeV(Gr) ) )

+ Z Z dG1+G2 (3:7 y) dG1+G2 (IIZ) + dG1+G2 (y)
z€V(G1) yeEV(Ga) ) i

+ Z Z day+G,(2,9) |dey+6, (2) + day+6, (V)
€V (G2) yeV(G2) i ’

= Z Z dc,+G, (x,y) [dGHer ($) + dG1+G2 (y)}Z

z€V(G1) yeV(Gr)

2
+2 ) Y daitca(,y) {dGH—Gz (%) +da,+a. (Z/)}
z€V(G1) yeV(G2)

2
+ Z Z dG1+G2 (l’,y) [dG1+G2 (’JJ) + dG1+G2 (y)}
z€V(G2) yeV(G2)

=51 + 255 + 53,

where S7, 59,53 are terms of the above sums taken in order. Now we calculate
S1,S2 and S5 separately.

Sy = Z Z dG1+G2 (.’,E, y)[dG1+G2 (I) + dG1+G2 (y)]2
zeV(G1) yeV(Gy)

= Z dG1+G2 (LC, y) [dG1+G2 (.’t) + dG1+G2 (y):| :

z,yeV(G1)
2
= Z da+Gs (‘r7 y) [dG1+G2 ({L‘) +dai+a, (y)}
zyeGy
2
+ Z de,+G, (7, y) |:dG1+G2 (2) + dei+6. (y)}
zy¢ G zFy
2
+ Y dara(@,y) [dG1+G2 () + day+6. (Z/)}
zy¢Gra=y
2 2
=1 Z {dGH—Gz (z) +da,+G, (y)} +2. Z {dGﬁ-Gz (z) +da,+G, (y)}
zyeG1 zy¢G1,2#y
2
+0. Z |:dG1 +G2 (J?) + dGl +Ga (y):|
2y¢Grz=y

S1=511+252

where S1,; and S 2 are terms of the above sums taken in order which are computed
as follows:

Sl,l = Z [dG1+G2 (if) + dG1+G2 (y)]2
zy€eG1
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= Z [(da, (x) +n2) + (dg, (y) + n2)]?

zyeG1

= Y ey (@) + de, (y) + 202

zyeG1

= Y [d8, @) + 2, (v) + 403 + 2de, (@)de (v) + dnslde, (@) + des (v)]

zy€G1

= Z [dGl($)+dGl +4n2 Z 1+ 4ny Z dGl +dG1( )]
zyeG1 zyeG1 zyeGy

= ZHM(Gl) + 8n§m1 + 8no My (Gl)

51,2 = Z [dG1+G2 (&E) + dG1+G2 (y)]2
ry¢Gr, z#y

= Y (e (z) +n2) + (da, (y) +n2)]

zy¢ G, z#y

= Y ldeu(@) + da, () + 20

zy¢ G, 2y
= Y [B@) + @, () + 403 + 240, (0)da, ()
zy¢ G, z#y
+ dnalde, (x) + da, (v)]]
Yo e (@) +de, @) +4n5 Y1
zygG1, v#y zygGi1, £y

+ 4712 Z [dG1 ((E) + dG1 (y)}

zy¢ G, z#y
= 2[M1 (Gl)(nl — 1) — F(Gl)] + 4M2(G1) + 471%[711(711 — 1) — 2m1]
+ 8712[272’11(711 — 1) — Ml(Gl)]
251)2 = 4[M1 (Gl)(nl - 1) — F(Gl)] + SMQ(G]_) + 871%[711(77/1 - 1) — 2m1]
+ 16712 [2m1 (’I”Ll — 1) — Ml(G1)]

Z Z dGl + ’I’Lg) (dGz (y) + nl)]2

z€V(G1) yeV(G2)

S [dE, @)+ dd, )+ + nd 4 2nada, (@)

eV (G1) yeV(G2)
+ 2dG1 (I)dGQ (y) + 2n1dG1 (I) + 2n2d02 (y) + 2711712 + 2n1dG2 (y):|

= D> dg @) D 1+ Y1 Y dg,)

€V (G1) er(Gz) zeV(G1) yeV(G1)

e
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+n§ZlZl+n%ZlZ

z€V(G1) yeV(G1) z€V(G1) yEV(G2)

2 Y de(x) Y 142 Y de(z) > da,(y
zeV(G1) yeV(G2) zeV(Gy) yEV(G2)
+2n Y de(x) Y 142 > 1Y da,(y)
zeV(G1) yeV(G2) zeV(G1) yeV(Ga)
tomme 310> 14z Y 1Y daly }
zEV(G1) yeEV(G2) zE€V(G1) yeEV(G2)

= oMy (Gy) + nind + ny My (Gy) 4 nond 4 4min3 + 8myme + 4nymyng
+ 4dnymaong + 2n2fn§ + 4n%m2
255 = 277/2M1(G1) + 2n1ng + 277/1M1(G2) + 2n2n‘;’ + 8m1n§ + 16mims

+ 8niming + 8nymang + 4n%n§ + 87?,%77?,2

53,1: Z [dG’1+G2($)+dG1+G2(y)]2

TyEGa

= Y [(da, (@) +m1) + (day () + 1))

zy€Ga

= Z [dGz (‘r) +da, (y) + 2711]2

zy€Ga

= > [d8,(2) + 42, (y) + 40 + 2do, (@)de, (v) + dm[das, () + dey (v)]]

zyEGa
= Y [do, (@) +da, ()] +4n7 D> 1+4m Y [da, (@) + da, (y)]
zyEGa zyEGa zy€Ga

= 2HM(G2) + Sn%mg + 8n1 My (GQ)

S30 = Z [da, ., (x) + day 16, (y))?
zy¢Ga, z#y

= Y [da,(@) +m)) + (day(y) +m)]

zy¢Ga, x#y
= Y [de(@) +da,(y) +2n)?
zy¢Ga, z#y
- ¥ [d’gz (z) + d&, (y) + 4n? + 2dg, (x)de, (y)
zy¢Ga, x#y
+ 4 [da, (2) + das (y)]
= Y le@ +da,@P+4ni Y 1

rygGa, £y zy¢Ga x#y
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+4m Z [dGz (Q?) +da, (y)}
rygGa, z#y

= 2[M1(G2)(ng — 1) — F(G2)] + 4Mo(Gs) + 4ning(ng — 1) — 2ms)]
+ 8n1[2ma(ng — 1) — M1(Gs)]
2830 = 4[M1(G2)(ng — 1) — F(G2)] + 8M2(Gs) + 8ni[na(ng — 1) — 2my]
+ 16n1[2ma(ng — 1) — M1(G2)]

2><DHM(G1 —|—G2) = 51255+8535 = Sl,l+251,2+252+53,1 —|—253,2. By substituting
S1,1, S1,2, S2, 83,1 and  S32, we get the desired result. O

THEOREM 2.2. Let G;,i = 1,2, be a (n;, m;)- graph ,put m; = e(G;). Then

2 x DHM (G1[G2]) = 4n2maDHM (G1) + 4W (G1)F(G2) + 8na DD(G1) M, (Go)
+ 8W(G1)Mz(Ga) + 8n3 M (G1)[n2(ng — 1) — 2msy]
+4n1[(ne — 1)M1(G3) — F(G2)]

+ 32nom1 [2ma(ng — 1) — M1 (G2)] + 8n1 Mo (Gs)
+ 8n2ma My (G1) + 2n1 F(Gs) + 16nym; My (Gs)
+ 4ny My (G2) + 2n3 DH M (G1) (22 + ns)

AW (G1)[(n2 — 1) My (G2) — F(Go) + M1 (Gs)]
+ 8ny;DD(Gy) [(n2 — 1)2m2 — M1(G2) + 2mo]
+4W(G1)[2M2(G2) + M (G2)]

PrROOF. Let G = Gl[GQ] Then,

2x [DEM(GGD] = X Y dayeal@w), (4.v)

z,y€V(G1) u,weV(G2)

2
[dGl[Gz] (7, u) +da,a. (Y, U)}

= Z {Z [dGl[G2](x,U)+dG1[G2](yav)}2

z,yeV(G1) uveGa

+ Z [dGl[GQ}(mvu)+dG1[G2](yvv)r}
wgGa

= Z Z [dgl[Gz]((xvu) + dGl[G’z](y,U):r

z,y€V(G1) uveGa

£ Y Y e +doye ((v0)]

z,yeV(G1) wvé¢Ga

= Z Z |:dG1[G2]((‘r’u) + dG1[G2]((y7v):|2

z,y€G1,z=y uwvEG2
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Y Y e + deyen ()]

z,yeG1,z#y uwveGy

+ Z Z |:dG1[G2]((xau) +dG1[G2]((y7’U)i|2

z,y€G1,2=y uvé¢Gs

+ Z Z |:dG1[G2]((x7u) +dG1[G2]((y7v):|2

z,Yy€G1, 27y uwvgGa
=Js+ J1 4+ Jo + Jy,

where Js, Jy, Jo and Jy are terms of the above sums taken in order. Now we
calculate Ji, Jo, J3 and Jy one by one.

Ji= Z Z ey (2, 1), (y,0)) [da, ey (7, 1) + dey (6] (4, v)]?

z,y€G1, z#y uwveGy

Z Z dGl (,13, y)[dG2 (U) + n2dG1 (SC) + dGz (U) + n2dG1 (y)]2

z,y€G1, x#y wweGy

S do(@y)|dE, W)+ nddd, (@) + d2, (0) + ndd, ()

z,y€G1, x#y wweGy
+ 2n2dG1 (x)dGQ (u) + 2dG2 (u)dGQ (’U) + 2n2dG1 (y)dGz (u) + 2n2dG1 (x)dGz (U)

+ 2n3da, (2)dc, (y) + 2n2dc, (y)da, (v)]
=n3 > da (@ y)dE, () + dg, (v) + 2da, (2)de, (v)] D 1

z,y€G1, TF#Y uv€G
+ > da(my) Y [dG, () + dg, (v)]
z,ye€G1, x#Yy uveGy
+2n5 Y de (@ y)de, (@) +da, ()] Y da,(u
z,y€G1, xH#Y uwv€EGy

+ 2ns Z dGl (JI, y) [dGl

z,y€G1, z#Y

+ 2 Z de, (x,y) Z da, (u

z,ye€G1, x#Yy uwveGy

UIDBRAC

uveGy

= n3(2m2)2DHM (G1) + 2W (G1)2F(G2) + 2n2(2DD(G1)) Y d2, (u)

+ 2n5(2DD(G)) Z dg, (
veV(Ga)

ueV (G2)

)+ 2(2W(G1))2M3(Go)

= 4n2moDHM (G1) + 4W (G1)F(G2) + 8naDD(G1) M1 (Go) + 8W (G1) My (Gs)

Jo = Z Z de,y i) ((w,

z,y€G1, =y uvgGa,ur#v

u)a (y’ U)) [dGl [G2] (1'7 u) =+ dG1 [G2] (y, U)]Q
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= Z Z da, (z,y)[da, (v) + nadg, (z) + da, (v) + nade, (y)]?
z,y€G1, z=y wvgGa,u#tv

=2 Y Y [ B +nd, (@) + a2, ()3, (o)

z,y€G1, z=y uvg¢Gs
+ 2n2dG1 (m)dG2 (U) + 2dG2 (u)dG'z (U) + 2n2dG1 (y) + dG2 (u)

+ 2nadg, (), (v) + 2n3da, (@)da, (y) + 2n2dc, (1)dey (v)]

=2{ Y @)+ () +2e,(@de, )] Y 1

z,ye€G1, z=y wgGa,u#v

YL Y [da, )+ dg, (v)

z,y€G1, z=y  uwv¢Ga,utv

+2my Y lde (@) +de, ()] Y da,(u)

z,y€G1, x=y w g Ga,u#v

+ 2ny Z [dGI (l‘) + dG1 (y)] Z dGz (U)

z,y€G1, x=y wgGa,u#v

2 Y 1Y do,wde,()}

©,y€G1, v=y  wwgGauztv
=2 [n§4M1(Gl)[n2(n2 — 1) — 2ma] + 201 [(n2 — 1) M (Gs) — F(Go)]
+ 2n0(4m1)2[2ma(na — 1) — My (Ga)] + 2n12M2(G2)}
= 8n2M;(G1)[n2(ny — 1) — 2my] + 4ny[(ne — 1) M1 (Go) — F(G3)]
+ 32n9my[2ma(ng — 1) — My (G2)] + 8ni My (Gy)
= > > dayica) (@), (1,0)) e, 6o (7, 0) + dey (6 (4, )]

z,y€G1, z=y wv€G2

Z Z da, (l‘, y)[dG2 (u) + nadg, ('T) +da, (U) + nadg, (y)]2

z,y€G1, z=y uwweGs

S [+ B, () + (o) + 032, ()

z,y€G1, =y uwv€Gs
+ 2n2dG1 (‘r)dGz (u) + 2dG2 (u)dGQ (’U) + 2n2dG1 (y>dG2 (u)

+ 2nadg, (), (v) + 2n3da, (@)da, (y) + 2n2dc, (1)de, (v)]

=ny Y [dg,(w) +dg, (y) + 2de, (@)de, (v)] Y 1

z,y€G1, x=y uveGH

Y 1Y (aE, () + ()]

z,yeGy, =y uwveGa

11
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+ 21 Z [de, (z) + da, (y Z de, (u
z,yeG1, z=y uveEGsy

+2n9 Y [da, (@) +da,(y)] Y da,(v
z,yeG1, x=y uvEGs

+2 >

z,y€G1, z=y
= n34M1(G1)2ma + 2n1 F(G2) + 2n24mi Mi(G2) + 2n2(4mq) M1 (G>)
+ 27112M2(G2)
= 8n§m2Ml (Gl) =+ 2?11F(G2) =+ 16n2m1M1(G2) + 4TL1M2(G2)

Jy = Z Z dGl[Gz]((xau)v (yav))[dGl[Gz] (x,u) + dGl[Gz](yvv)}z
z,y€G1, z£Y uvgGa

Z Z dGl (,13, y)[dG2 (U) + n2dG1 (SC) + dGz (U) + n2dG1 (y)]2
z,y€G1, z£Y uvgGa

S Y daey)[dE, ) + 03, (@) + dE, () + ndd2, ()

z,y€G1, z#Y uvgGa
+n3dg, (y) + 2nade, (x)de, (u) + 2de, (w)de, (v) + 2n2de, (y)de, (u)

+ QnQdGl (x)dGQ( ) + 2n2dG1( )dGl (y) + 2n2dG1 (y)dGQ (U)i|

=n3 > da, (@ y)dE, () + dg, (v) + 2da, (2)de, (y

1Y de,(w)de, (v

uv€Ga

N>t

z,y€G1, Tz#Yy wvgGo
+ Y de(my) Y e, () +dg, (v)]
z,yeG1, THY uveG,
+ 2ng Z dGl (CC, y)[dG1 + dGl Z dG2
z,y€G1, x#Yy wvgGo
+2n2 Y da(@y)lde, (2) +de, ()] Y da(v
z,yeG1, x#y wvgGa
+2 Z dGl z y Z dGz dGz( )
z,y€G1, v#y uvgGa
= n22DHM(G1)(2m2 + TLQ) + 2W(G1)2[(TL2 - ].)Ml(GQ) - F(GQ) + Ml(GQ)]

+ 4ny2DD(G) [(TLQ —1)2my — M1(Gs) + 2m2]
+2(2W(G1))[2M2(G2) + M (Go)]

= 2n3DHM (G1) (25 + n2) + 4W (G1) [(n2 — 1)M;
+ 8naDD(Gy) [(n2 — 1)2ma — M1(G2) + 2ms]
+4W(G1)[2M2(G2) + M1(G2)]

By adding Ji, J2, J3 and Jy we get the required result.

(Ga) —

F(Gs) + M1(Go)]
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THEOREM 2.3. Let Gy,i = 1,2, be a (n;,m;)- graph, put m; = e(G;). Then
2 x DHM (G V Gy)
= [2(ny — 1)%*m; + F(G1) — 2(ny — )M, (Gy) + M1(G1)]
[4man3 + 2F(Gy) — 4ny M1 (Go)]
+ [2m1(ng — 1) + 2my — My (G1)][8n1n2 M1 (Ge) — 4ny1 F(G2) — 8ny M2 (G5))
+ [2M5(G1) + My (Gy)][dmani — dng My (Ga) + 4Mo(G)]
+ (21 4+ 1) [2n2 F(Gy) 4 4n3 Mo (G)]
+ [2(ng — 1)% 1y + F(Ga) — 2(ny — 1) M1 (Gs) + M1(G>)]
[4min? + 2F(G1) — 4n1 My (G1))
+ [2mg(ng — 1) + 2my — M1 (G2)][8n2na M1 (G1) — 4noF(G1) — 8na M2 (Gh))
+ [2M5(Gy) + My (Gy)][4min? — 4ny My (Gy) + 4Ms(G1)]
+ (27 4+ 12)[2n3F(G1) 4 4n3 Mo (G1)]
+ 4n2F (G1)my + 4n2F(Gy)my + 2F(G1)F(Gy) 4 4nina M1 (G1) M1 (Gs)
— 4no F(G1) My (Gy) — 4ny My (G1)F(Go) + 8n3My(G1)2my + 8n2 My (Ga)my
+ Anyna My (G1)2M: (Ga) — 8nsMa (G ) M (Gs) — 8ny Ma(G) M (G1)
+ 8My(G 1) My(Gy)

27202 = 1)? + F(Ga) = 2(nz — )My (Ga)) + My (Go)]
+ dniny [ml (n1 — 1) +2my — M, (61)} [2@(712 — 1)+ 2my — My (62)}
— dn, [le(nl 124 F(Gy) - 2(n1 — )My (Gh) + Ml(Gl)}
[zmg(m — 1) +2ma — My (@)}
~dny [2ml(n1 — 1) +2my — My (él)}
[mQ(nQ —1)2 4 F(Gs) — 2(ns — 1) M, (Ga) + Ml(GQ)]
+ 8n3[2M2(G1) + M1(G1)](2m2 + n2) + 2n3 (21 + n1)[2M2(G2) + M1 (G2)]
Ay |2 (1 — 1) + 2m1 = M ()] |22 (nz — 1) + 2ma — M1 (Ga)]
— Any[2M5(Gh) + My (Gh)] [sz(nz — 1)+ 2my — My @)}

~dn, [le(nl 1) 4 2my — My (él)] 20 2(G1) + Mi(G1)]
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+ 2[2M5(G1) + M1 (G1)][2M2(Ga) + M1 (Go)] + 4ns My (Gy) + 4ns My (Gs)
+ 4M1(G1)M1 (GQ) + 32n1nomimse — 16m2n2M1(G1) — 16n1mqM; (Gz)

PROOF. Let G = G V G5. Then,
2><DHM(G1 V Gz)
= Z Z deyve, (), (Y, ) [da,ve, (#,u) + da,va, (Y, )]

z,yeV(G1) u,weV(Ga2)

= Z { Z dleg2(((E,U),(y,'U))[dGI\/GQ(x,u)+dG1vG2(y,'U)]2

z,yeV(G1) uv€G2

+ Y dewves ((2), (v:0) ldayva (o, ) + dayvas (4, v)]? |
wvgGo

= Z Z dG1VG2 ((l’, u)v (y7 U)) [dG1VG2 ('Tv U) + dGl\/Gz (y7 U)]z

z,y€V(G1) uveGa

+ Z Z dleGg ((x7u)? (y7v))[dG1\/G2 (xau) + dG1VG2 (y7v)]2
z,y€V(G1) wvé¢Ga

= Z Z dG1VG2((x’u)7(yav))[dGl\/Gz(x’u)+dG1\/G2(yaU)]2

zy€G1 wvEGa

+ Z Z dG1\/G2 ((xa u)7 (ya U)) [dG1\/G2 (l’, U) + dG1\/G2 (yv v)]Q
zy¢G1 uwveGa

+ Z Z daivas, ((x’ u), (y, U)) [deyve, (@,u) + dayve, (¥, U)]Q
zy€G1  wvgGa

+ Z Z dG1VG2 ((.’E, u)7 (y7 U)) [dG1\/G2 ('757 u) + dG1\/G2 (ya U)]Q
zy¢G1  wvgGa

=853+ 51+ 52+ 54

S1

Z Z daivas ((l‘, u)7 (y7 U)) [dG1VG2 (JJ, u) +daive, (yv 'U)]Q

rygG1 wveGa

Z Z [dGIVGZ(‘:U’U) +dG1VG2(yav)]2

zy¢G1 uvEGa

> Y (B u) + e, (4:0) + 2dave, (0 u)de, el (3 )|
zygG1 uwv€EGe

S [inede, (@) + mdey(w) - de, (), ()}
zy¢G1 uvEGa
+ {nada, () + nida, (v) — da, (y)da, (v)}?
+ 2{n2dG1 (LE) + nldG2 (u) - dGl (x)dGz (u)}

{n2d01 (y) + 7’L1dG2 (U) - dG1 (y)dG2 (U)}
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= > > [, (@) + nidd, (w) + a2, (@)dE, () + 2ninade, (2)doy (u)
zy¢G1 uveGa2

= 232, (2)da, (u) — 2, (u)do, (2) + n3d, (y) + n3d,, (0)
&2, (1), (0) + 2mnada, (9)dey (v) = 2022, (4)da, (v) - 2md2, (V)da, (y)
+2{ndda, (2)da, (y) + mnade, (v)da, (v) — nade, (v)do, (y)da, (v)

+ nandCh (y)dG2 (u) + n%dC& (u)dGz) (U) - nldGz (u)dGl (y)dGz (’U)
—nadg, (‘r)dGl (y)dG2 (u) —mdg, (x)dgz (u)dGz (’U)

+ dg, (w)de, (y)das (u)da, (v)

=ny Y, > ldg (@) +dg,Wl+nl Y Y 1dg,(u) +dg, (v)

zy¢G1 uwveGa zy¢G, uwveGa

+ 30 ST (8, (@), (u) + d2, (y)dZ, (v)]

zy¢ G, uwvEGa

+2n1ng Z Z [da, (r)da, (u) + dg, (y)da, (v)]

zy¢G1 uwv€G2

—2n2 Z Z d2G1 dG2 +dG1( )dGz(v)]

zy¢G1  uwveG:

com Y Y ey (0)d2, () + de, (5)d2, ()

zy¢G1 wweGe

+203 > > [de,(2)de, ()] +2nf >0 > [de,(2)de, (v

2y¢G1 uv€Ga zy¢G1 weG>

+ 2n1ne Z Z dGl ng + dGl( )dGz (U)]

zy¢Gr uwveGy

— 2n3 Z Z dGl dGl dG2( )+dG1 (x)dGl (y)dG2 (’U,)}

ry¢G1 weG2

—2m Z Z dG1 dGz dGz( ) + dGl (y)dcz (u)dGz (U)]

rygG1 wweGa

+2 Z Z dG1 dG1 dGz( )dG2(v)}

zy¢G1 wv€EG:2

=n3 > (g, (@) +dg, ()] D 140 D1 Y [dE,(u)+dg,(v)]

zy¢ G uvEG2 zy¢Gh uvEGa
+ > 1A, (@) +de, )] > dg,(w)
zy¢G1 uv€Gy

+ 2n1ny Z [da, () +da, (y Z da,(u
zy¢ Gy uwveEGa
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_277,2 Z d%l +dG1 Z dG2

zy¢G1 wve€Ga
—2m Z [de, () + da, (y Z dz,

zy¢ Gy wvEGy
+2n3 Y [de,()de, ()] Y. 14207 > 1Y [da,(u)da, (v)]

zy¢ Gy uveGa zy¢ Gy uveGa
+2mng Y [de,(z) +da, ()] ) da,(u

zy¢G1 e

— 2ny Z [da, (z)da, (y Z da, (u

zy? Gy uveGa
o S o)+ )] S de )

zy¢Gh uvEG>
+2 Z dG1 dGl Z dG2 dGQ

ry¢ G uveGa

= n§2[2(n1 - 1)2m1 + F(él) - 2(’[7,1 - 1)M1 (61) + Ml(Gl)](ng)

+ n2(2my 4 n1)2F (G2) + 2[2(ny — 1)%m1 + F(G1) — 2(n1 — 1) M, (G)
+ M1 (G1)]F(G2) + 2n1ny x 2[2m1(ny — 1) + 2my — M1 (G1)]|M1(G2)
—2ng x 2[2(ny — 1)*m; + F(G) — 2(ny — 1)M;(G1) 4+ My (G1)]| M (Gs)
—2ny x 2[2m (ny — 1) + 2my — M1(G1)]F(Ge) + 2n3[2M4(G)

+ My (G1)]2ma + 203 (271 + n1)(2Ma(G2)) + 2n1ng x 2[27; (ng — 1)
+2my — My (G| M1 (Go) — 2ny x 2[2Mo(G1) 4+ M1 (G1)| M1 (Go)

—2ny x 2[2my (ny — 1) 4 2my — My (G1)](2Ma(G2)) + 2 x 2[2M 5(G1)
+ M;(G1)]2M>(Gy)

= [Q(Tll — 1)2W1 + F(él) — 2(711 — l)Ml(él) + Ml(Gl)][élmgn% + 2F(G2)

— 477,2M1(G2)] —+ [2@1(%1 — 1) + 2m1 — Ml(él)“8n1n2M1(G2) 4R1F(G2)
— 8’/11M2(G2)] + [2M2(§1) + Ml(Gl)][4m2n2 4n2M1(G2) + 4M2(G2)]

= Z Z deyva, ((:L‘, u), (y7 ’U)) [dG1\/G2 ($7 u) +daiva, (y7 v)]Q

zy€G1  wvgGa

= Z Z [dGl\/Gz ((E,U) + dGl\/G2 (y7’l))]2

zyeG1  uwvgGa

=YY [(mde, @)+ mdg, (w) — do, (2)da, ()}

zy€G1  uwvgGa
+ {nade, (y) + nida, (v) — da, (y)da, (v)}?
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+ 2{n2dG1 (.13) + nldG2 (U) - dGl (l‘)dGz (u)}
{nede, (y) + nidea, (v) — de, (y)da, (v)}
Z Z {n%dél + nfa%z( )+ d%;l (x)dQG,z (u) + 2n1nodg, (z)da, (u)

zy€G1  uwvéGa

— mad, (2)do, (u) = 2md, (Wi, (u) + 032, (v) + nidd, (v)

+ d, (1), (v) + 2mnade, (v)dea (v) = 2mad, (v)das (v) = 2md, (V)de, (v)
+ 2{n3de, (@)de, (y) + minadc, (x)da, (v) = nade, (2)dc, (v)dea (v)

+ nandG1 (y)dG2 (u) + n%dGb (u)dGQ (U) - nlng (u)dG1 (y)dGz (’U)
—nadg, (l‘)dGl (y)dG'2 (u) —mdg, (.T)d(;z (u)dGz (U>

+ dg, (w)de, (y)das (u)da, (v)

=n3 Y Y @) +d W)+ Y Y [d3, (u) + d2, (v)]

wy€G1 wvgGo zy€G1  uvéGs

+ 2n1ng Z Z [da, (r)da, (u) +dg, (y)da, (v)]

zy€G1 uwvéGa

“ome 3 Y @ (@) () + a2, (y)das, (0)

zy€G1  uvéGa

—om Y Y e (@), () + de, (5)d2, (v)

zy€G1 uvéGs

—|—2TL2 Z Z d6'1 dGl +2n1 Z Z d(;'2 ng

zy€G1 uvéGs zy€G1 uvéGs

+ 2n1no Z Z dGl ng + dGl( )dGz (U)]

zy€G1  uwvéGa

- 277/2 Z Z dG1 dG1 dGz( )+dG1 (J?)dGl (y)dGz (u)}

zy€G1 uwv¢Ga

—2n Y Y [de (@)de, (u)de, (v) + de, (y)de, (u)de, (v)]

zy€G1 uwvgGa

+2 ) > [de, (2)de, (y)da, (w)de, (v)]

zyc€G1  uwvéGa

=n3 > [dg,(w)+dg, )] > 14n] > 1 Y [dg,(u) +dg, (v)]

uwv g Ga zy€eGy uvgGa zy€Gy
2
+ > g, () +dg, ()] Y de,
uvgGo zy€G1

+ 2n1ng Z [da,(uw) +dg, (v Z dag, (z
uvgGo zy€G1
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_2n2 Z ng +dG2 Z dG1

uvgGa zy€G1
—2n7 Z [de, (u) + da, (v Z d
wvgGa zyeGq
+203 Y [da,(wde, ()] Y 1+207 > 1Y [da,(u)da, (v)]
wvgGa zyeG1 wgGa zyeGq
+ 2n1no Z [dg2 +dG2 Z dG1
wgGa ryeGy
—2n2 Z dGz dG2 Z dG1
uvgGa ry€G1
_2n1 Z dGz ng Z [dGl(x)+dG1(y)]
uvgGa ﬂnyGl
+2 Z dGz dG2 Z dG1 dGl
uvgGa :CyEG1

n32(2(ng — 1)*my + F(G2) — 2(ny — 1)M;(Gs) + My (G2)](2m:)
+n3(2my + n2)2F(G1) + 2[2(ng — 1)*my + F(G2) — 2(ny — 1) M;(G)
+ M;1(G2)|F(G1) + 2nang x 2[2ma(ng — 1) + 2my — M1 (G2)|M1(G1)
—2ny x 2[2(ny — 1)?Ta + F(G3) — 2(ng — 1) M (G3) + My (G2)|M1(G1)
— 2ny x 2[272(ng — 1) 4+ 2my — M1 (G2)|F(G1) + 2n2[2M(G2)

+ My (G)]2my + 2n3(2Mm + no)(2M2(G1)) + 2nang x 2[2M(ny — 1)

+ 2my — M1 (G2)|M1(G1) — 2ny x 2[2M5(Ga) + My (G2)| My (Gy)

— 2ny x 2[2Ma(ng — 1) + 2my — My (G2)](2Ma(Gh))

+2 X 2[2M5(G2) + M;1(G2)]2M2(G1)

[2(ng — 1)%Ta + F(Ga) — 2(ng — 1) M1 (G2) 4+ M1 (G)][dmin? + 2F(Gy)
— 4ny My (G1)] + [2ma(ng — 1) + 2ma — M1 (Gs)][8nena M, (G1) — 4na F(G1)
— 8na My (G1)] + [2Mo(Go) + Ml(GQ)][4m1n1 4dny M1 (Gh) + 4M2(Gh)]
+ (22 + n2)[2n3F(G1) + 4n3 M2 (G1)]

- Z Z dG1VG2 ((l‘,’u),(y,U))[dgl\/GQ(ZL',U) +dG1\/G2(yav)}2

zyeG1 wveGy

Z Z [dGIVG2 ($7u) +dG1VG2(y’U)}2

ryeG1 uwveGa

S [{nedo, (@) + mda, (u) - da, (@)da, ()}

zyeG1 wvEG:
+ {n2dc, (y) + nide, (v) — da, (y)de, (v)}?
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+ 2{n2dG1 (CL’) + nldG2 (u) - dG1 (x)dGz (U’)}
{nada, (y) + nide, (v) — de, (y)da, (v)}

Z Z [n%dél + n?déz( )+ dél (x)d%;z (u) 4+ 2ningdg, (x)dg, (u)

zyeG1 wveG:
= 2n2dg, ()dg, (u) — 2mde, (u)de, (u) + nydg, (y) +nidg, (v)

+ dél (/y)d%}'Q (U) + 2n1n2dG1 (y)dG2( ) 2n2dG1 ( )dG2( ) 2n1dé2 (U)dG1 (y)
+2{ndda, (2)de, (y) + minade, (2)dc, (v) ~ n2da, (@)da, (y)da, (v)

)
+ n1n2dG1 (y)dGz (u) + n%dGz (u)dGz (U) - nldGz (u)dG1 (y)dGz (U)
- n2dG1 (x)dGl (y)dG2 (U) - nldGl (‘r)dGz (u)dG2 (U)

+de, (2)da, (y)de, (w)da, (v)

=n3 > Y ldg, (@) +dg, W] +ni Y Y [de, (u) +dg, (v)]

zy€G1 wveEGy zy€G1 wvEGay

+ Y D dg, (2)dg, (u) + dg, (y)dg, (v)]

zyeG1 wveG:

+ 2n1n9 Z Z dG1 dGz +dG1( )dG2(U”

zy€G1  uwveGy

— 20y Z Z [d%, (z)da, (u) + d&, (y)da, (v)]

zy€G1 uwveGe

—om Y Y e @), () + de, (y)d, (0)

zyeG1 wveGy

+203 > > [de,(@)de, ()] +2n] Y > [deay(@)de, (v

zy€G1 wvEGy zy€G1 wveGsy

4+ 2n1ng Z Z [da, (r)da, (v) + da, (y)da, (u)]

zyeG1 wvEGa

—2ng Z Z dGl dGl dGz( )+dG1 (x)dGl (y)dGz (u)]

zy€eG1 uwv€EGsy

—2m Z Z dG1 dGz dGz( )+dG1 (y)dGz (u)dcz (’l))]

zy€G1 uwveGe

+2 Z Z [da, (7)da, (y)da, (u)da, (v)]

zy€G1 uwvEGs

=nd > [, (w)+dg, )] > 14ni D1 Y [dE,(u)+dg,(v)]

uwveGa zyeG1 uvEGa zyeG1

+ ) e, (w) +dg, )] ) dy (@)

uvEGa zyeGy
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+ 2nyng Z [dGz (u) +dG2 (’U)] Z dGl (3?)

uveGa zyeG1
—2ny Y [dg,(u) +dg, ()] D dg,(v)
uvEGa zyeGy
_277/1 Z dG2 +dG2( )] Z d%ﬁ(x)
uvEGa rycGy
+2n2 Z dGz dGz( )] Z 1+2n1 Z Z dGz dGz ]
uvEGa zy€eGq uwvEGs zyeGy
+ 2n1n9 Z [dG2 +dG2 Z dG1
uvEGy zyeGy
—2n3 Y [de,(w)de, (v)] ) day(x)
uveGa zyeG1
—2m Z dGz dG2 Z [dGl(x)+dG1(y)]
uvEGa zyeGy
+2 Z ng dGz Z dG1 dGl
uveGa waGl

n32F(G1)(2my) + n22F(Go)(2my) + 2F(G1)F(Ga) + 2n1no M, (G1)2M:(Gs)
— 209 F(G1)2M,(G3) — 2ny M, (G1)2F (G2) 4 2n2(2Ms(G1))(2ms)

+ 203 (2M5(G2))(2my) + 2n1no My (G1)2M;1(Go) — 2n9(2Mo(G1))2M, (Gy)

— 2n1(2M5(G2))2M;(G1) + 2(2M>(G1))2M(Go)

4nZF(G1)my + 4n2F(Gy)my 4 2F(G1)F(G2) + 4nino M, (G1) M, (G3)

— 4no F(G1) M1 (Ga) — 4ny My (G1)F(Go) + 8n3 My (G1)2my + 8n3 My(Go)m
+ dnina M1 (G1)2M1(G2) — 8no Mo (G1) M1 (G2) — 8ny Mo (G2) M1 (Gr)

+ 8My(G1) My(Gs)

Z Z dGl\/G2 ((.13, u)a (y7 U)) [dGl\/Gz (mv u) + dGl\/Gz (y7 ’U)]2
zy¢G1  wvgGa

S Y deva@w), 4.v) e (,u) + dava, v, v))

zy¢ G wgGa uFtv

+ Z dG1\/G2] ((xv u)a (yv U)) [dG1VG2 (x’ u) + dG1VG2 (yv U)]Q}

wgGa u=v

= Z Z dGl\/Gz ((.’E,’LL), (y7v))[dG1VG2 (1’711,) +dG1\/G2 (yvv)}Q

zy¢G1  uwwgGa u#v

+ Z Z dGl\/G2 ((.23, u)7 (yv U)) [dG1\/G2 (1"7 u) + dGlVGz (yv U)]Q

zy¢G1  uwvgGa u=v

> > deves ((z,w), (y,0) [deyva, (2,1) + dayva, (4, )]

zy€G1, 24y uwvéGa u#v
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DY

zy¢Gr, =y

>

zy¢ G, z#y

DY

zy¢ G, =y

2 2

zy¢ Gy

+2

, TAY

>

Z dG1\/G2 ((3?, u)? (y’ U)) [dG1VG2 (1‘, u) + dGl\/Gz (?J; U)]z
uwvg G u#tv

Z dG1VG2 (('Tv U), (yv U)) [dG1 VG2 (JC, u) + dG1VG2 (yv U)]z

wgGa u=v

Z dG1\/G2 ((l‘, u)7 (ya U)) [dG1VG2 (CL‘, u) + dGl\/Gz (ya U)]2

uwvg G u=v

Z [dGI\/GQ (1‘,’&) + dGl\/G2 (y’,U)]Q
wgGa u#v

Z [dGIVGQ (z,u) + dg,va, (y7v)]2

zy¢Gi, =y wvgéGa u#tv

+ 2

zy¢Gr, x#y

>

2 )

zy¢G1

+ 2

zy¢Gi1, =y

+2

, TFEY

2
>

Z [dGl\/Gz ($7u) +dG1VG2 (yvv)]Q

wwgGa u=v

Z [dG1VG2 (SL’,U) +da,va, (yvv)]2
wé Gy u#v

Z [dGl\/Gz (x,u) +dG1\/G2 (yvv)]Q
wgGa u#tv

Z [de,va, (2, u) + dayva, (yvv)F

zy€ Gy, £y uwvgGa u=v

+2 >
zy¢G1, v=y
_9 Z

Z [dGl\/Gz (x,u) +dG1V02 (y,’U)]2

wgGo u=v

Z [dG1VG2 (SL’,U) + dGl\/G2 (yvv)F

zy€Gyi, z=y uvgGa u=v

=2 Z Z [dleGg ((I}, u) +daiva, (y?v)]Q

wgGao

zygG1
-2

>

Z [dG1\/G2 (IE,U) + dGl\/G2 (y7v)]2

2y¢Gr, 2=y uvgGau=v

=255 — 2S5
Z Z [dG1VG2 (xvu) + dG1VG2 (yvv)F

zy¢G1

uvgGa

S [tneda, (@) + mdey(w) - de, ()de, (w)}?

zy¢ Gy

wvgGo

+ {nQdG1 (y) + nldGz (U) - dG1 (y)dGz (U)}Q
+ 2{n2dg, (z) + mide, (uv) — dg, (z)de, (u)}

{n2da, (y) + mda, (v) — do, (), (v)}]

= 3> [, (@) + nidd, (w) + 42, (@)dE, () + 2ninade, (2)doy (u)

ry¢ G

or-1e
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= 2n2dg;, (2)dg, (v) = 2n1dg,, (w)da, (u) + n3dg, (y) + nidg, (v)

+dg, (Y)dg, (v) + 2ninade, (y)de, (v) — 2n2dg;, (y)de, (v) — 2n1dg, (v)de, (y)

+ Q{H%dGl (.If)dgl (y) + ’I’Lﬂ’leGl (Z‘)dGl (U) - n2dG1 ('r)dG1 (y)dGz (U)

+ n1n2dG1 (y)dGz (u) + n%dGz (u)dG2 (U) - nldG2 (u)dG1 (y)dG2 ('U)
—nadg, (m)dGl (y)dGz (u) —mdg, (x)dG'z (u)dgz (’U)

+ de, (@)de, (y)das (u)da, (v)

=n3 Y > lde (@) +dg, W +n Yo D [dg, () + dg, (v)]

zy¢G1  wvéGa zy¢G1  wvgGa

+ 30 D (8 (@)d2, (u) + dE, (y)d2, (v)]

zy¢G1  uwvgGa

+ 2n1n9 Z Z [da, (z)da, (u) + da, (y)da, (v)]

IU¢G1 uv¢G2

—277/2 Z Z dél ng +dG1( )dGz(v)]

zy¢G1  uwvéGa

o Y Y e ()%, () + de, (5)dZ, (v)]

zy¢G1  uwvgGa

+203 Y > [de,(2)de, ()] +2nF > Y [da,(@)da, (v

zy¢G1  uwvgGa zy¢G1  uwvgGa

4 2n1ng Z Z [da, ()da, (v) + da, (y)da, (u)]

zy¢G1  uvgGa

—2ng Z Z dGl dGl dG2( )+dG1 (x)dCh (y)dG2 (U)}

$y¢G1 UU¢G2

—2ny Z Z dG1 dG2 dGz( )+dG1 (y)dGz (U’)dcz (U)]

zy¢G1  wvgGo

+2 Z Z dG1 dGl dGz( )dGz(v)]

zy¢G1  uwvgGa

=n3 > g, (@) +dg, )] Y. 14nf Y1 Y [dg, (u) +dg, (v)]

zy¢ Gy wvgGo zy¢ Gy wgGo

+2 > dg (@) > dg,(w) +2mne Y da,(x) Y de,(u)
zy¢ Gy wvgGo zy¢ G wvgGo

+ > daw) Y dGQ(U)—2n2{ > @) Y deu(w)
zy¢ Gy uvgGa zy¢ Gy wvgGa

Y A Y daw)] -2m| Y do@) Y d,(w)

zy¢ G wgGo zy¢G1 wvgGo
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+ Y de(y) D dg, }+2n2 > lda(@)de,(y)] Y1

zy¢ Gy wgGa zy¢ Gy w @G
—|—2n1 Z Z dG2 dgz +2n1n2{ Z dG1 Z d02
zy¢ Gy wgGo zy¢ G wvgGo
3 day) Y dew)] -2 Y dai@de,(y) Y doy(w)

zy¢ G wvgGo zy¢ G wvgGo
+ Z dGl dG1( ) Z dG2(U)

zy¢G1 uvgGa
—2n1{ Y da(y) Y day(w)de,(v

zygG1 uvgGa

+ Y da(@) ) de,(u)da, (v }

zy¢G1 uvgGa
+2 > de, (@)de, (y) > day(v)da, (u

TN wwgGa

- ngz[z(zml(nl 124 F(Ch) — 2(ny — 1)My(Gy) + Ml(Gl)) (27 + n2)}
+n22 [2(2m2(n2 —1)2 + F(Gs) — 2(ns — 1) M (Ga) + Ml(Gg)) (27, + nl)}
+2 [le(nl 12+ F(C1) — 2(n — 1)My(Gy) + Ml(Gl)}

[zmz(m 124 F(Cs) — 2(na — 1)M;(Ga)) + Ml(Gz)}
+ 2n1n2{2 [2ml(n1 —1) +2my — Ml(él)} [2m2(n2 — 1)+ 2my — Ml(ég)} }
- 2n2{2[2m1(n1 —1)2 4 F(Gy) — 2(ny — )M (Gy) + Ml(Gl)} [QmQ(nQ ~1)
+ 2my — M;(Gs) ]} - in{ [2m1 ny — 1)+ 2my — Ml(@l)}

[mz(ng —1)2 + F(Gs) — 2(ny — 1) M (Ga) + M ( Gz)]}

+ 2n3[2M2(Gy) + My (G1))(27a + ng) + 2n3 (271 + ny)[2Mo(Ga) + My (G2)]
+ 2n1n2{2 [zml(nl — 1) +2my — Ml(Gl)] [ng(ng 1)+ 2mg — Ml@)] }
— 2m92[2 Mo (G) + My (G1)] [ng(ng —1) + 2mg — My (G }
— o2 [2ml(n1 1)+ 2my — Ml(Gl)] (20 2(G1) + My(Gy)]
420205 (Gy) + M (G)|[2M2(Ga) + My (Go)]

= 4n2 [(2ml(n1 124 F(Gy) - 2(ny — )M, (Gy) + Ml(Gl)) (27 + ng)}

+ dn? [(mz(ng 12 4 F(Gs) — 2(ns — 1)M;(Go) + Ml(GQ)) (27, + nl)}



24

M. ARUVI, V. PIRAMANANTHAM AND R. MURUGANANDAM

+2 [2ml(n1 124 F(Gy) — 2(ny — DM(Gy) + Ml(Gl)]
[sz(m —1)2 4 F(Gs) — 2(ns — 1) M (Ga)) + Ml(Gz)}
+ dnyns [le (1 — 1) + 2my — My (Gy) } [2 Mia(na — 1) + 2my — Ml(Gz)}
— dn, [mml 124 F(Gy) - 2(ny — D)M(G )+M1(G1)}
[ng(ng — 1) + 2ma — My(Gs) } — 4y [2 i (g — 1)
+2my = Mi(G1)] [275(ne — 1)? + F(G2) = 2(ns — 1)M; (Ga) + My (G2)|
+ 8n3[2M2(G1) + M;(G1))(2m2 + n2)
+ 202 (2m11 + n1)[2M2(Go) + My (G2)] + 4nyny [2m1 (n1 — 1)+ 2my
- Ml(al)} [2m2(n2 1)+ 2ms — My @)} — dny (205 (C)
+ My (G)] [zmg(m —1) + 2my — My (62)} — dny [ml(nl ~1)
+2omy — My (él)] 200 2(G1) + My (G1)]
4220 5(Gh) + M1 (G1))[2Mo(Ga) + Mi(G)]

S = 2 Z Z [dG1VG2 (.Z‘,U) + dG1VG2 (yvv)]z

zy¢ G, z=y uwvg¢Ga,u=v

= Y [ )+, () + dB, (2)d2, (0)

cygGr, z=y uwwgGau=v
+ 2nynade, (2)da, (u) — 2nadg, (2)de, (u) — 2n1de, (w)de, (u) + n3dg, (v)
+ nidg, (v) + dg, (y)dg, (v) + 2ninade, (y)da, (v) — 2n2dg, (y)da, (v)

~ 2md3, (v)da, (y) + 2{nda, (2)de, (y) + mnada, ()da, (v)

—nadg, (z)dg, (y)da, (v) + ninade, (y)da, (u) + njde, (w)de, (v)

—nide, (u)de, (y)da, (v) — nade, (z)de, (y)da, (u) — mide, (z)de, (w)da, (v)
+ da, (2)da, (v)de, (w)da, (v)

=n Y Y ldg, (@) +d, ()]

zy¢Gi, z=y uwvgGa2,u=v

i Y Y [+ d,w)

2y¢G1, z=y uwvgGa,u=v

_ S g, (@)dE, (u) + dE, (y)dE, (v)]

zygG1, r=y wvgGa2,u=v
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+ 2n1ns9 Z Z [d, (7)dg, (u) + dg, (y)da, (v)]

zy¢G1, z=y wvgGa,u=v

2y Y Yo 1, (@)de, () + dg, (v)de, (v)]

zy¢Gi, =y wvgGa,u=v

2 Y Y e (@), (w) + do, (y)de, (v)]

zy¢G1, x=y uvgGa,u=v

tm Y Y e ()de, )

zy¢Gr, 2=y uwvgGau=v

+ 202 Z Z [de, (z)de, (v)]

zy¢Gr, a=y uwvgGau=v

+ 2n1n9 Z Z [dGl (.li)d(;z (U) + dGl (y)dGz (’U,)]

zygGi, z=y wvgGa,u=v

—2n3 Z Z [dG1 (x)dCh (y)dGz (’U) + dG1 (x)dCh (y)dGz (u)]

zy€Gy, z=y uvgGa,u=v

- 27’l1 Z Z [dG1 (x)dGz (u)dGz (U) =+ dGl (y)dGz (u)dGz (U)}

zygG1, z=y uwvgGa2,u=v

+2 Z Z [dG1 (x)dGl (y)dGQ (u)dGz (U)]

ry¢Gr, z=y uwvgGa,u=v

=n3 Y (@@ rd @) Y 1

zy¢ Gy, =y wgGa,u=v

+ni Y1 Y [de, (u) + dE,(v)]

ry¢G1, x=y uwvgGa,u=v

20 Y B Y W

zy¢ Gy, z=y wgGa,u=v
+ 2n1ng Z de, () Z de, (u)
zygG1, =y uvgGa,u=v

Y el Y da -2 > @@ Y dew

zy¢ G, z=y wgGa,u=v zy¢ G, z=y uvgGa,u=v
Y A Y da)]

zy¢G1, =y wgGa,u=v
,in[ Yo da@) Y &,

zy¢ G, =y uvgGa,u=v

FY da Y o)

zy¢G1, x=y wgGa,u=v

+2my Y lde(@)de,(y) Y, 1

zy¢G1, =y wgGa,u=v



26

M. ARUVI, V. PIRAMANANTHAM AND R. MURUGANANDAM

+ 277,% Z 1 Z [da, (u)da, (v)]

zygGr, v=y  uwvgGau=v

+ 2n1n9 [ Z dGl (x) Z dGz (U)

zy¢ G, z=y wgGa,u=v

Y daly) Y dau(w)]

zy¢ G, z=y uwgGa,u=v

— 2ny [ Z dGl (x)dGl (y) Z dGz (u)

zy¢Gr, =y wv@Ga,u=v

Y da@da(y) Y de(v)]

zy¢G1, =y wv@Ga,u=v

2| Y el Y da(w)de(v)

ry¢ G, =y uvgGa, u=v

Y da@ Y dade,w)

zy¢G1, =y uvgGa,u=v

+2 ) de (@), (y) Y dey(v)de,(u)

zy¢ G, =y wv@Ga,u=v

= QHng(Gl) + 2H?M1 (GQ) =+ 4M1 (Gl)Ml(GQ) + 32n1n2m1m2 =+ 277,3M1(G1>

+ 2n‘;’M1(G2) — 16m2n2M1(G1) — 16n1m1M1(G2)

= 4n§M1(G1) =+ 4H?M1 (GQ) -+ 4M1 (Gl)Ml(GQ) + 32n1n2m1m2

- 16m2n2M1(G1) - 16n1m1M1(G2).

By substituting S, S2 S3.55 and Sg, the desired result follows from the simplication.

O
THEOREM 2.4. Let Gy,i = 1,2, be a (n;,m;)- graph, put m; = e(G;). Then

2 x DHM (G ® Go)

[2(n1 — 1)?m; + F(G1) — 2(ny — 1)M1(G1) + My (G1)][4man + 8F(G5)

— 8no M1 (Go)] + [2m1(ny — 1) + 2my — M1 (G1)][8n1na M, (Gs) — 8ny F(G2)
+ 16n1 My (Go)] + [2M2(G1) + M1 (G1)][4man3 — 8naM;(Ga) + 16 Mo(G)]
+ (21 + 1) [2n2 F(Gy) + 4n2 Mo (G)] + [2(ng — 1)*Tg + F(Go)

—2(ng — 1)M1(Gs) + M1 (Go)|[dmin? 4+ 8F(G1) — 8ny M (G1)] + 2712 (ny — 1)
+2my — M1(G2)][8n1na M1 (G1) — 82 F(G1) — 16n2Ma(G1)] + [2Ma(Gs)
+ My (G2)][4min? — 8ny1 M1 (G1) + 16 Mo (G1)] + (2ma + no)[2n3 F(G1)

+ 4An3 My (G)] + 4n3F(G1)ma + 4ni F(Go)my + 8F(G1)F(Gs)

+ 4nyng My (G1) My (G2) — 8no F(G1) M (Ga) — 8ny M1 (G1)F(Gs)

+ 813 Mo (G1)2ma + 8n2 My (Go)my + 4nyna My (G1)2M, (Gy)

— 1619 M3(G1) M1 (G2) — 1611 Mo (Go) My (Gy) + 32M3(G1) My (G2)
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+ dn? [(zml(nl — 12+ F(Gy) — 2(ny — 1)My(Gy) + Ml(G1)> (2773 + nz)}
+ 402 [ (2ma(n2 — 1 + F(Gs) — 2(n2 — DM (Go) + My (Ga) ) (2 + 1)
+8[271 (1 — 1)2 4+ F(G1) = 2(m = DML(G1) + My (G)] [2ma(n2 — 1)
+ F(Gy) — 2(ns — 1)M;(Ca)) + Ml(Gz)] + dniny [2ml(n1 ~ 1) +2m,

— M (61)} [m(nz — 1)+ 2my — M; (@)} — 8ny [ml(nl —1)2+ F(Gy)
—ny — )M(Gy) + Ml(al)} [2m2(n2 1)+ 2ms — My (@)}

— 8ny [ml(nl —1) +2my — My (él)} [2m2(n2 —1)2 4+ F(Gy)

— 2(712 — I)Ml(ég) + Ml(GQ)] + QH%[ZMQ(Gl) + Ml(Gl)](ng + 77,2)

27

+ 2n§(2m1 + nl)[QMQ(GQ) + Ml(Gg)] + 4dning {2%1 (n1 — 1) + 2mq — M, (51):|

[2%2(712 - 1) + 2m2 - Ml(ég)] - 8712[2M2(G1) + Ml(Gl)] |:2m2(n2 — 1)

-+ 2m2 — Ml(ag):| — 877,1 {2%1(711 — ].) -+ 2m1 — Ml(él):| [2M2(G1) -+ Ml(Gl)]

+ 16[2M2(G1) + M1 (G1)][2M2(Ga) + M1 (G2)] + 4na My (G1) + 4n My (G2)

+ 16M;(G1) M1 (G2) + 32ninomimg — 32mona My (G1) — 32nymq M7 (Gs)
PROOF. Let G = G1 & Gs. Then,

2x DHM (G & Gy)

= Z Z dGl@G2 ((JJ,U), (yvv))[dG1®G2 (x,u) + dGl®G2 (y,v)]2

z,y€V(G1) u,veV(Ga)

= Z { Z dGl@Gz ((m’u>7(yav))[dG1®G2(‘r7u) +dG1®G2(y,U)]2

z,yeV (G1) uveGa

+ Z dGl@Gz ((CE, U), (ya 'U)) [dG1®G2 (QC, U) + dGlEBGz (y7 ’U)]2}
uvgGao

= Z Z dG1€BG2 ((m,u), (yav))[dG1€BG2 (xvu) +dG1@G2 (yvv)}z

z,ye€V(G1) uveGe

+ Z Z dG1@G2((I7u)’ (y7v))[dG1@G2 (l’,u) +dG1@G2 (yvv)]2

z,y€V(G1) uvgGa
= Z Z dGl®G2 ((JZ, u)7 (ya U)) [dG1®G2 (.73, u) + dG1€9Gz (ya U)]Q

zyeG1 wvEGsy

+ Z Z dGlEBGz ((.’E, u)’ (y7 ’U)) [dG1€BG2 (x’ 'LL) + dG1®G2 (ya 1))]2
zy¢G1  wv€EG:2

+ Z Z dGl@Gz ((.Z‘, u)v (y’ U)) [dG1€BG2 ('T’ u) + dG1€BG2 (ya U)]Q

zyc€G1 uvgGs
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+ Z Z dG1€BG2 ((.’E, u)> (y’ U)) [dG1€BG2 (SL’, u) + dGl@GQ (97 v)]Q
zy¢G1  wwéGa
= B3+ B1+ By + By

Z Z leTeR ((:L‘, ), (y, ’U)) ldeywc, (z,uv) + dayac, (¥, U)]2

zy¢G1  uwveG2

Z Z [dcl@c2 (l‘, u) + dGl@GQ (yv U)]Z

zy¢G1 uwvEGa

S Y[R + 0) + 20, w)d(y, 0)

zy¢G1  uwv€EG:

S [inede, (@) + mde, (1) — 2dg, (2)dg, (u)}?

zy¢G1  uwveG2
=+ {nQdGl (y) + 'fl1dG2 (U) - 2dG1 (y)dGz (U)}Q
+ 2{na2dc, (z) + nida, (u) — 2dg, (v)de, (u)}

(
[nada, (y) + mda, (v) — 2da, (y)de, (v)}
> Y [, () +niad, (u) + 4d, (@), (u) + 2imada, (@) da, (u)

zy¢G1 uveGe

— dnad, (2)de, (u) — 4n1dZ, (w)da, (u) + n3d, (y) + nidk, (v)
+4dé1(y)dé2< +2minade, (y)de, (v) — 4nadg;, (y)de, (v)
)da, (y) +2{n3da, (2)dc, (y) + ninade, (2)dc, (v)

)

&, (v)da, (

— 2nodg, (z)da, (
( (

(z)da, (

y)da, (v) + nmingde, (y)da, (u) + nide, (u)dea, (v)
—2711(1@2 u) G1 y)dGz( )_2n2dG1( )dGl( )daz(u)
~ 2mda, (2)da, ()da, (v) + 4dg, (2)da, (v)de, (w)da, (v)}}
ny Y > dg (@) +dg, W) +nt > D [de &, (V)]
zy¢Gr  uwveG: zy¢G1 uwveG:
4 D>l w) + 2, (y)dz, (v)]

zy¢G1 uwveEGa

4 2n1ng Z Z [da, (v)da, (u) + da, (y)da, (v)]

zy¢G1 wweGe

— 4ny Z Z d dG2 +d ( )dGQ(U)]

zygG1 wvEG2

—am Y Y ey (2)d, (u) + de, (1), ()

zy¢G1 uwv€EGa

—|—2n2 Z Z dG1 dG1 —|—2n1 Z Z dG2 dG2 ]

zy¢G1 wv€EG:2 zy¢G1 uvEGe
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+ 2n1no Z Z dG’l dG2 +dG1( )dG2(U‘)]

zy¢G1 uwveG2

—dng Y Y ey (@)da, (y)da, (v) + da, (2)de, (y)da, (u)]

zy¢G1 uww€EG2

—dn Y Y e, (@)de, (u)da, (v) + da, (y)da, (v)da, (u)]

zy¢G1  wveG2

+38 Z Z [da, (r)da, (y)da, (v)dag, (u))]

zy¢G1 uvEGa

=n} > (g, (@) +de )] D 14nf D1 Y [dg,(u) +dg,(v)]

zy¢ Gy uveGao zyZ Gy uveGa
+4 ) (de, (@) +d, ()] Y de,(u)
zy¢ G uv€Ga
+ 2n1n9 Z [dgl —|—dG1 Z dG2
ry¢G1 uv€Ga
—dny Y [dg,(2) +dg, ()] Y da,(u
zy¢G uvEG>
—dny Y [de, (2) +da, ()] Y dg,
zy¢ G wvEG>
—I—2n2 Z d01 dG1 Z 1—|—2n1 Z Z dG2 dG2
zy¢ G uv€Ga zy¢G1  wveGe
+ 2n1n9 Z [dG1 +dG1 Z dG2
zygGi uwvEG>
—4TL2 Z dG1 dG1 Z dG2
zy¢G1 uwv€G2
—4nq Z dG1 +d(;1 Z dG2 dG2
zy€ Gy uv€G2
+8 ) da, (2)de, (y) Y de,(v)de, (u
zy¢ G uveGa

=n32[2(ny — 1)?my + F(G1) — 2(ny — 1)M1(G1) + M1 (G1)](2ms)
+n2(2m; + n1)2F(Ge) + 4 x 2[2(ny — 1)y + F(G1) — 2(ny — 1)M;(G))
+ M1 (G1)]F(G2) + 2n1ng x 2[2my(ny — 1) + 2my — My (G1)]|M1(G2)
—4ny x 2[2(ny — 1)?m, + F(G) — 2(ny — 1)M,(G1) 4+ M, (G1)|M1(Gs)
—4ny x 2[2m1 (ny — 1) + 2my — M1 (G1)]F(Gs)
+2n3[2M2(Gy) + M1 (G1)]2ma + 2n3 (21 + n1)(2Ma(Gy))
+ 2n1ng X 2[2m1 (ng — 1) + 2my — M1 (G1)|M1(G3) — 4ng x 2[2M5(G)
+ M1 (G1)]M1(G3) — 4nq x 22 (ng — 1) 4+ 2my — M1(G1)](2M5(G5))
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+ 8[2M3(Gy) + M1 (G1)]2M(Go)

= [2(711 — 1)2m1 + F(él) — 2(’)7,1 — 1)M1(61) + Ml(Gl)][4m2n§ + 8F(G2)

- 8712M1(G2)] + [2ﬁ1(n1 - 1) + 2m1 - Ml(él)][Snlnng(Gg) - 8711F(G2)
+ 16n1M2(G2)] + [QMQ(él) + Ml(G1)][4m2n§ — 8no My (GQ) + 16M2(G2)}

= Z Z dGl BG2 (($7 u)’ (yv U)) [dG1€BG2 (l‘, u) + dGl ®Ga (y7 U)]2

zy€G1 uvéGs

Z Z [dG1®G2 (x7u) + dG1€BG2 (yav)]Q

zy€G1 uvéGs
> Y [tnade, () + mde, (u) — 2d, ()dc, ()}
zy€G1  wvgGa
+ {nada, (y) + nida, (v) — 2da, (y)da, (v)}?
+ 2{%2(1@1 ( ) + nldGz (u) 2dG1 ('r)dGz (u)}

{n2dG1( )+n1dGz( ) 2dG1( )dGQ(U)}

Z Z [ d%h (z) + nld%;z( )+ 4d2G1 (x)d%;z (u) + 2nynode, (z)da, (u)

zy€G1 uvéGs
— dnadg, (2)de, (u) — dnidg, (u)de, (u) + nydg, (y) +nidg, (v)

+ dd%, (), (v) + 2nimade, (1)do, (v) — Amad, (1)de, (v)
— dmd,, (v)do, (y) + 2{ n3do, (2)dc, (y) + mnade, ()da, (v)
_2n2dG1 Y dGz )+n1n2dG1( )d ( )+nldG2(u)dG2(v)

)
(
2)da, (1) da, (v

u)dg, (v)da, (v) — 2nadg, (2)de, (4)de, (1)
2)da, (w)da, (v) + 4da, (2)dc, (4)de, (u)da, (v) }
)

ny > > dg @) +dg, )l +nt > > [de, (w) + dg, (v)]

zy€G1  uwvgGs zy€G1  uvgGs

+4 3 [ (@)dE, (u) + d, (y)d2, (v)]

zy€G1  uwvéGa

+ 2n1ng Z Z [da, (z)da, (u) + da, (y)da, (v)]

zy€G1 ww¢Ga

—dny Y > A, (@)da, (u) + dg, (y)da, (v)]

zy€G1  uwvéGs

—am Y Y ey (@), () + de, (y)d, (0)

zy€G1 uwvéGa

—I—2n2 Z Z dG1 dG1 —I—2n1 Z Z d(;2 dG2

zyc€G1 uwvéGa zyc€G1 uwvéGa
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+ 2n1no Z Z dG’l dG2 +dG1( )dG2(U‘)]

zy€G1  uwvgGa

— 4ngy Z Z [da, (v)da, (y)da, (v) + da, (z)da, (y)da, (u)]

zy€G1 uvgGa

—4ny Z Z dG1 dGz dGz( ) + dGl (y)dGz (U)dG2 (u)]

zy€G1 uvgGa

18 Y ldo, (0)de, () (0, (v)

zy€G1  uwvgGa

=n} > [dg,(w)+dg, )] > 14nf D1 Y [dg,(u)+dg,(v)]

uvgGa zyeGq wgGa zyeGy
+4) (g, (w) +dg,(0)] > dg,
uvgGa zy€G1
+ 2n1n9 Z [dG2 +dG2 Z dgl
uvgGa zyeG1
_4’)’LQ Z déQ +dG2 Z dGl
uvgGa zyeGi
—dny Y [da,(u) +da, ()] Y dg,
wvgGa ry€eGi
+2n3 > [da,(w)de,(v)] > 14207 > 1 > [da,(u)dg, (v
wvgGo zyeGy uv€Ga zyeGy
+ 2n1n9 Z [dG2 +dG2 Z dG1
uwv€Go zyeGy
7477,2 Z dG2 d(;z Z dG1
wvgGo zyeGq
—4ny Z dG2 dG2 Z [dGl(x)+dG1(y)]
wvgGo zy€eGy
+8 Z dGz dG2 Z dG1 dGl
uwvéGa zyeGq

=n22[2(ny — 1)%*my + F(G2) — 2(ny — 1) M1 (G2) + M1 (G2)](2m1)
+n3 (2 + n2)2F(G1) + 4 x 2[2(ng — 1) + F(Gs) — 2(ny — 1) M1 (Gs)
+ M1 (G2)]F(Gy) + 2n1ng x 2[2mz(ng — 1) + 2my — My (G2)]|M1(G1)
— 4ny x 2[2(ngy — 1)%Ta 4+ F(G3) — 2(ng — 1)M;(Gy) 4+ M, (G2)|M1(G1)
— 24n; X 2[2Ma(ng — 1) + 2ma — M1 (G2)]F(G1)
+ 2n3[2M2(G2) + My (Go)]2my + 2n3(2/2 + na)(2Ma(G1))
+ 2n1ng X 2[2Ma(ng — 1) + 2ma — M (G2)|M1(G1) — 4ng x 2[2M5(G)
+ My (G2)| M1 (Gy) — 4ny x 2[2ma(ng — 1) + 2my — My (G)](2Mo(G1))
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+ 8[2M3(G2) + M1 (G2)]2M3(Gh)

= [2(712 — 1)2m2 + F(éz) — 2(n2 — 1)M1(62) + Ml(GQ)][4m1n% + 8F(G1)

- 8711M1(G1)] + [2ﬁ2(n2 - 1) + 2m2 - Ml(ég)][Snlnng(Gl) - 8n2F(G1)
- 16n2M2(G1) + [QMQ(GQ) + Ml(Gz)] [4m1n§ — 8711M1(G1) + 16M2(G1)]

= Z Z dGlEBG2 ((1‘7 u>7 (yv U)) [dG1€BG2 (:L‘, u) + dGlEBGz (yv U)]2

ryeG1 uwveGa

YD ldase (x,u) + doyea, (y,0)]

zyeG1 wvEGe

S Y [{nade, (@) + mde, (u) - 246, (2)dc, (1)

zyeG1 uwveGy
+ {n2dG1( ) +n1dG2( ) 2dG1( )dGz( )}2
+ 2{n2dG1( ) +mdg, (u) 2dG1( )dGz (u)}

{nngl(y)+n1dG2( ) 2dG1( )dGQ( )}

SN [nBdE, (@) + nd, (u) + 4d, (2)d2, (u) + 2ninzde, ()da (u)

zyeG1 wvEGe
— dnady, (2)de, (u) — 4mdg, (u)dg, (u) + n3de, (y) + nidg, (v)
+4dg, (y)dg, (v) + 2ninade, (y)da, (v) — dnadg, (y)da, (v)

— dnydg,, (v)de, (y )+2{n2d01( )da, (y) + minada, (x)de, (v)

— 2n2dg, ($> 1(y dGz ) + nln?dGl( )d ( + nldGz( )dG2 (U)
- 2nldGz (U) 1(y)dG2( )_ 2n2dG1( )dG1( )dGQ( )

_2n1dG1( ) z(u)dG2( )+4dG1( )dGI( )dGQ( )dGz( )}:|

n3 Z Z [de, (x) + d&, (y)] + n} Z Z [dE, (u) + dg, (v)]

zy€G1  wveG2 zy€G1  wveG:2

+4 3 ST (dE (w)dE, (u) + dE, (y)dE, (v)]

zyeG1 uwveGy

+ 2n1n9 Z Z dGl dG2 +dG1( )dG2(’U)}

zyeG1 wveGa

—4712 Z Z dél dG2 +dG1( )dGz(U)]

ryeG1 uwveGa

—am Y Y ey (@), () + de, (y)d, (0)

zyeG1 wvEGe

—|—2n2 Z Z dG1 dG1 —|—2n1 Z Z dG2 dG2

zy€G1 uwveG:e ry€G1 uveGe
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+ 2n1no Z Z dG1 dG2 +dG’1( )dgz(u)]

zye€G1 uwveG:

— 47’L2 Z Z dG1 dG1 dGQ( )+ dG1 (z)dcl (y)dGz (u)]

zyeG1 wveGoe

—4ny Z Z dG1 dGz dGQ( ) + dGl (y)dGz (u)dG2 (’U)]

zy€G1  wveG:

18 Y Y o (2)de, (n)de, (w)da, (v)

zyeG1 wvEGsy

=n3 Y [dg,(w) +dg, ()] D> 14ni Y 1> [dg,(u)+dg, (v)]

uv€eGa zyeGq wweGy xyeGy
'LL'UEGQ zyeG1
+2mng Y [da,(u) +da,(0)] Y da, (@)
uvEGa zyeGq
—dny Y [dg,(w) +dg,(0)] Y de, ()
uvEGa rycGy
—4ny Z dGz +dG2( )] Z del(J?)
uvEGa zyeGy
+277,2 Z dG2 dGz( )] Z 1+2n% Z Z dGz dGz ]
uvEGa zyeG1 uv€EGa zyeGy
+ 2n1no Z [dG2 —‘y—dG2 Z dG1
uv€EGa zyeGq
—dng Y [de,(w)de, (v)] Y dey(x)
uvEGa zyeGy
—4dny Z da, (u)de, (v Z [dGl(x)+dG1(y)]
uv€EGa zyeG1
+8 Y da,(w)de,(v) Y da,(x)de, (y
uwvEGs zyeGy

= n22F(G1)(2my) + n22F(G3)(2m,) + 8F(G1)F(Gs)

+ 2n1no M1 (G1)2M1(G2) — 4no F(G1)2M1(G2) — 4n1 M1 (G1)2F (Gs)

+ 2n2(2M5(G1))(2ms) + 2n2 (2My(Go))(2my + 2n1no M (G1)2M;(Gs)

— 4ny(2M5(G1))2M1 (G) — 4ny (2My(G2))2M 1 (G1) + 8(2Mo(G1))2M,(Go)
= 4n2F(G1)mo + 4n3F(Go)my + 8F(G1)F(Gs) + 4nyny My (G1) M1 (Gs)

— 81y F(G1)M1(G2) — 8ni M1 (G1)F(G2) 4 8niMy(G1)2me + 8n? My(Ga)m;y

+ dnino M1 (G1)2M1(G2) — 16naMa(G1) M1 (G2) — 16n1 Ma(G2)M1(G1)

+ 32M5(G1) Mo (Gs)
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By = Z Z dey o6, ((l‘, u)7 (97 U)) [dG1€BG2 (‘r7 u) + da,ea, (y’ 1})]2
zy¢G1  uwvgGa

= Z { Z dGlGBG2 ((J?,U), (yav))[dG1$G2 (JZ‘,U) + dGl@GZ (y’v)]Q
zy¢ Gy wgGa u#tv

Y dosa (@), (3,0)[de,sc. (@.1) + doysc. (v )}

uvg Gy u=v

= Z Z dGl@GQ ((Z,U), (y37‘}))[dG1@G2 (ZL',’U,) +dG1€BG2 (y,’u)]2

zy¢G1  wwgGa uFv

+ Z Z dGlEBGz ((m’U’)v (y7v))[dG1€BG2(x?u) + dG1€BG2(yaU)]2
zy¢G1  wwgGa u=v

= Z Z da,ea, ((z, 1), (y,v))[de, 00, (7,u) + do,ec, (4, )]
zy¢Gr, 2#y wwgGa uFv
+ Z Z dcyeG, ((:mu), (y>v))[dG1@G2 (.%‘,u) + dey o6, (yvv)]Q
zy¢Gr, =y wvgéGa utv
+ Z Z dayaa, (2, ), (4,0))lda e, (,u) + da,ea, (y,0))?
zy¢ G, z#y wwgGa u=v
+ Z Z dcyeG, ((LL‘7U), (yvv))[dG1€BG2 (x,u) + dey o6, (y7v)]2

zy¢ G, =y wvgéGz u=v

=2 Z Z [dGl@GQ (,II,U) +dG1EBG2 (y,’U)}Q

zy¢ G, x#y wvgGa u#tv

+2 Z Z [dG1€BG2 (z,u) + dc 06, (y7’())}2
zy¢Gi, =y wvgéGa u#tv
+2 Z Z [dGl®G2 (33, u) + dGl DG2 (y7 'U)]Q +0

zy¢ G, z#y wvgGa u=v

=2 Z Z [dG1®G2 (.’E,’LL) +dG1@G2 (yvv)F

zy€Gy, x#y uwvgGa u#v

+ 2 Z Z [dG1€BG2 (x’u) + dGl@Gz (yvv)}Q

zy¢Gi, z=y wvgGa u#tv

+2 Z Z [dG1®G2 (CL’,’LL) +dG1@G2 (yvv)F

ry¢Gr, 2y uvgGa u=v

+2 Z Z [dGlean (x,u) + dGlGBGz (y,v)}Q

zy¢Gi, z=y wvg¢Ga u=v

-2 Z Z [da e, (@, u) + da, e, (y,v)]?

ry¢Gr, z=y uwvgGa u=v

=2 Z Z [dGlean(mvu) +dG1€BG2(yav)]2

zy¢G1  uwvéGa
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-2 Z Z [dG1€BG2($>U) +dG1@G2(y,U)]2

zy¢G1, z=y wvgGa,u=v

B, = 2Bs — BSg

Bs = Z Z [dGléBGz (JZ, u) + dG1€BG2 (yav)]Q

zy¢G1  wvgGa
= Y Y [{neden (@) + mde, (w) - 24, (2)da, ()}
zy¢G1  wwgGa
+ {n2dg, (y) + mde, (v) — 2dg, (y)da, (v)}
+ 2{n2dG1 (SL‘) +mdg, (’LL) — 2dg, ($>dG2 (u)}

{nada, (y) + mde, (v) — 2da, (4)de, (v)}]

35

=3 > [, (@) + nid2, (u) + 442, (2)dE, (u) + 2ninade, (2)da, ()

zy¢G1  wvgGa
— dnadgy, (2)da, (v) — 4nadg, (w)de, (u) + nidg, (y) + nidg, (v)
+4dg, (y)dg, (v) + 2ninade, (y)de, (v) — dnadg;, (y)de, (v)

— dmdd, (v)da, (v) + 2{ n3d, (2)da, (v) + mnada, (2)de, (v)
)d
)da

1(y)dG2( ) + nandG1 (y)d ( ) + nldGz (u)dGz (U)
G1 (y)dGz ( ) 2n2dG1 ( )dG1 ( )dG2 (U)
(u

— 2midg, (w)da, (u)de, (v) + 4dg, (v)d, (y)de, (W)da, (v) }

=ny Y, Y g (@) +dg,Wl+ni Y Y lde,(u) +dg, (v)]

zy¢G1  wwéGa zy¢G1  wwéGa

+4y Y d, u) + d%, (y)dZ, (v)]

zy¢G1  uwvéGa

+ 2n1no Z Z dGl dG2 +dG1( )dcz(v)]

zy¢G1 uvgGa

—ane Y Y @ (@) () + 42, (v)de, ()]

zy¢G1  wvgGo

—4dn, Z Z [da, (x dG2 u) +da, (y )dég(”)]

$y¢G1 ngGQ

+203 N N lde, (@)de, )] +202 >0 [de,(2)de, (v)]

zy¢G1  wvgGa zy¢G1  wgGa

+ 2n1n9 Z Z dG1 dG2 +dG1( )dG2(u)}

a:y@Gl UU¢G2

u

)
(v
— 2nodg, (z
— 2n1dg,(
(z
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—4no Z Z dG1 dGl dG2( )+dG1 (x)dG1 (y)dGz (u)}

zy¢G1  uwvgGa

—4ny Z Z dG1 dGz dG2( )+dG1 (y)dGz (u)dG2 (U)]

zy¢G1  wwgGa

18 Y Y e (@)de, (n)de, (w)de, (v)]

zy¢G1  uwwéGa

=n3 > g, (@) +dg, )] Y 1+nd D1 Y [dg, (u) +dg, (v)]

zy¢ Gy wvgGo zy¢ Gy wvgGo
+4 ) dg () D dg,
zy¢ G uU¢G2
Fonms Y dey ) Y de@+ Y da(y) YD dey()
zy¢ Gy wvgGa zy¢ Gy wvgGa
f4n2[ o @) Y dew)+ Y dEw) Y dG2(v)}
ry¢ G wvgGo zyZ Gy uwv€Go
—dm Y da@) Y d+ Y dalw) Y k)]
zy¢ G wvgGa zy¢ Gy uvgGa
—|—2n2 Z lda, (x)da, (y)] Z 1+2TL% Z Z [da, (u)dg, (v
zy¢ Gy wgGao zy¢G1 wvgGo
+2n1n2[ Y do(x) Y de,()+ Y da(y) Y dcz(u)]
zy¢ Gy ungGg zy¢ G wvEGa
—dny| Y de,(@)de,(y) Y. das(w)
zy¢G1 wvgGa
+ Y da,(@)de, () Y daz<v>}
zy¢G1 uvgGa
—dm| Y daw) Y day(wda, (v
rqen wvgGo
+ Z da, (z Z da, (u)de, (v }
zy¢ G uU¢G2
+8 Z de, (z)da, (y) Z da, (v)de, (u
zy¢ Gy uwvgGa

_ ngz[z(zml(nl —1)2+ F(Gy) — 2(ny — )My (Gy) + Ml(G1)> (27 + nz)}
+n22 [Q(mQ(nQ —1)2 4 F(Gs) — 2(ns — 1) M, (Ga) + Ml(G2)> (27, + nl)}
+ 8[%1 (ny —1)% + F(G1) — 2(ny — V)M, (Gy) + Ml(cl)}

[zmz(m —1)2 4 F(Gs) — 2(ns — 1) M, (Ga)) + Ml(Gz)]
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+ 2n1n2{2[2m1(n1 1)+ 2my — Ml(él)} [2@(712 1)+ 2m — Ml(ég)} }
— 4n2{2[2m1(n1 124 F(Gy) — 2(ny — )My (Gh) + Ml(Gl)}
[mzmz 1)+ 2ms — M, (62)” - 4n1{ {ml(nl 1)+ 2my — M, (61)}
[zmg(m —1)2 4+ F(Ga) — 2(ny — 1)My(Ga) + My( Gz)}}
+ 2n3[2M2(Gy) + M1 (G1)](2m2 + ne) + 2n3(2m1 + ny)[2M2(Ga) + M1 (G2)]
+ 2n1n2{2[2m1(n1 1)+ 2my — Ml(Gl)] [zmg(ng 1) 4+ 2ms — Ml@)] }
— 4no2(205(Gh) + Mi (1)) |23 (n2 — 1) + 2ms — M (Go)|
— 42 [zml(nl 1)+ 2my — M, (él)} (20 2(G1) + My (Gy)]
+16[2M2(G1) + My(G1)][2M2(Gs) + My (Go)]
= 4n2 [(2m1(n1 124 F(Gy) - 2(ny — )M, (Gy) + Ml(Gl)) (27 + m)}
+ dn? [(2m2(n2 —1)2+ F(Gy) — 2(ny — 1)My(Ga) + Ml(GQ)) (2 + nl)}
+ 8[2m1(n1 12 4 F(Gy) - 2(n1 — )My (Gh) + Ml(Gl)}
[mz(nz —1)2 4 F(Gs) — 2(ns — 1) M, (Ga)) + Ml(Gz)}
+ dning [le(nl 1)+ 2my — My (él)] [zm(ng 1)+ 2ms — My (52)]
— 8y [ml (n1 — 1% + F(G1) — 2(n1 — 1)My(Gy) + Ml(Gl)}
[mz(nz 1)+ 2ms — M, (ég)}
— 8my [ml (1 — 1) + 2my — M, (61)}
[2m2(n2 —1)2 4 F(Gs) — 2(ns — 1) M1 (Ga) + Ml(Gg)}
+ 2n3[2M5(Gh ) + My(Gh)](2M2 + na) + 202 (201 + 1) [2Mo(Ga) + My (Ga)]
+ dning [2ml(n1 1)+ 2my — My (61)] [2m2(n2 1)+ 2ma — M, (52)]
— 8n2[2Ma(Gh) + My (Gh))] [2@(712 1) 4+ 2me — M, (62)}
—8m [ml (ny — 1)+ 2my — M, (él)} 20 5(G1) + My (Gy)]
+ 16[2M2(Gy) + My(G1)][2M2(Gs) + My(Go)]

Bi=2 ), Y Mowscs (@ w) +da,se, (v, 0)]?
zy€Gy, z=y uvgGa,u=v
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= Y Y [, () + ndd, (w) + 4dd, (@), (u)
zy¢ G, z=y uwvg¢Ga,u=v

+ 2n1n2dg, (2)da, (u) — dnadg, (2)de, (u) — An1dg, (w)de, (u) + n3dg, (y)
+ nidg, (v) + 4dg, (y)dg, (v) + 2ninade, (y)da, (v) — 4nad, (y)da, (v)

— 42, (v)de, (y) + 2{ ndda, ()dg, (4) + ninada, (2)de, (v)

— 2nadg, (z)dg, (y)da, (v) + ninade, (y)da, (u) + nida, (u)da, (v)
—2mdg, (u)da, (y)da, (v) — 2n2dg, (v)da, (y)da, (u)

— 2m1dg, (@)da, (u)da, (v) + 4de, (2)da, (y)de, (w)de, (v) }

=3 Y Y @) i3, w)

zy¢ G, z=y wvg¢Ga,u=v

Y Y. ldg, (u) + dg, (v)]

ry¢Gr, z=y wvgGau=v

S S g, (2)dE, (u) + dE, (y)d, (v)]
zy¢G1, =y uwv¢Ga,u=v
+ 271177,2 Z Z [dGl ({E)dG2 ('LL) + dGl (y)dGQ (U)]

zy¢G1, z=y uwvgGa,u=v

—dny Y Yo a8, (@)dey (u) + 2, (y)de, (0)]

zygG1, v=y wvgGa,u=v

— 41’L1 Z Z [dG1 (x)d%h (u) + dG1 (y)déz (,U)]

ry¢Gr, z=y uwvgGa,u=v

+2n3 > > lde,(@)da, ()]

zygGr, v=y wvgGa2,u=v

+ 27’L% Z Z [dG2 (x)dG2 (U)]

zy¢ G, z=y wvg¢Ga,u=v

+ 2n1ns Z Z [da, (z)da, (v) + dg, (y)da, ()]

zy¢G1, z=y wvgGa2,u=v

—dny Y Y e (@)de, (y)de, (v) + da, (z)da, (y)da, (u)]

zy¢ G, z=y uwvg¢Ga,u=v

—4ny Z Z [dGI (‘T)dGz (u)dGz (U> +dg, (y)dGz (u)dGz (U>]

zy¢ G, z=y wwgGa,u=v

+8 Z Z [dGl (z)dCh (y)dGz (U)dGQ (u)}

zy¢ G, z=y wvg¢Ga,u=v

=n3 Y [ @+d ] > 1

2ygGy, =y wgGa,u=v
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+ni >0 1 N (dE, () + d2, (v)]

zy¢ G, =y wgGa,u=v

1Y e Y

zy¢G1, =y uvgGa,u=v

+ 2n1no Z da, (z) Z da, (u)

xngh r=y quGg,u:U

+ ) day Y. de(v)

zy¢Gi, z=y wgGa,u=v

— 4ng |: Z d2G1 (x) Z dG2 (u)

2yg Gy, x=y wgGa,u=v

Y W Y da)

xngl’ =y ’LL’L)¢G2,7J,:’U

_4n1[ Yo de@) Y ()

zy¢ G, z=y uvgGa,u=v

Y dal) Y )]

zy¢G1, z=y uwvgGa,u=v

+2m3 Y o (@da, )] >, 1

zy¢Gi, =y WGz u=v

+ 271% Z 1 Z [dG2 (u)dGQ (U)]

zy¢ Gy, z=y wvgGa,u=v

+ 2n1n9 { Z de, () Z da,(v)

zy¢ G, =y uvgGa,u=v
Y dalw Y da)
zy¢G, z=y wgGa,u=v
— 4ny [ Z da, (z)dg, (y) Z de, (u)
ry¢ G, z=y wwéGa,u=v
Y da@da ) Y de(v)]
zy¢Gr, z=y wgGa,u=v
—am[ Y de) Y de(wda,()
zy¢Gr, =y wgGa,u=v
Y da@) Y doy(wde,(v)]
zy¢G1, =y wvéGa,u=v
+38 Z da, (x)dfh (y) Z da, (v)dGz ()
zygG1, z=y uvg G, u=v

39

= 2TLSM1(G1) + 2n‘;’M1(G2) + 8M1(G1)M1(G2) + 32n1namims + 2ng’M1(G1)

+ 271?M1 (GQ) — 32m2n2M1(G1) — 32n1m1M1(G2) + 8M1(G1)M1 (Gz)
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= 4n§M1(G1) + 4n‘;’M1(G2) + 16 M, (Gl)Ml(Gg) + 32n1nomims
— 32m2n2M1 (Gl) — 32n1m1M1(G2).

2XDHM(G1€BG2) = By +By+ B3+ By = By + Bs + Bs + 2B; — 2Bg. By

substituting By, Bs, Bs, Bs and Bg, we get the desired result. [l
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