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M-POLYNOMIAL OF SUBDIVISION
AND COMPLEMENTARY GRAPHS
OF BANANA TREE GRAPH

V. Lokesha, R. Shruti, and A. Sinan Cevik

ABSTRACT. The main goal of this paper is to define the closed forms of M-
polynomials for subdivision and complementary graphs of Banana tree graph.
We will also compute closed forms of various degree-based topological indices
of those graphs. It is known that the topological indices will be mentioned
in here are numerical tendencies which often depict quantitative structural
activity /property/toxicity relationships and correlate certain physico-chemical
properties such as boiling point, stability and strain energy. To conclude, we
shall plot surfaces associated to M-polynomials and characterize some facts
about these graphs.

1. Introduction

Graph theory provides an important tool called molecular graph-based struc-
ture descriptor or more commonly topological index to correlated the physico-
chemical properties of chemical compounds with their molecular structure. Topo-
logical indices are the numerical value associated with chemical constitution for
correlation of chemical structure with various physical properties, chemical reac-
tivity or biological activity. The topological index of a molecule is a non-empirical
numerical quantity that quantifies the structure and the branching pattern of the
molecule. Therefore, the topological analysis of a molecule involves translating its
molecular structure into a characteristic unique number (or index) that may be
considered a descriptor of the molecule under examination. Such indices based on
the distances in graph are widely used for establishing relationships between the
structure of molecular graph and their physico-chemical properties.
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158 LOKESHA, SHRUTI, AND CEVIK

We recall that while a graph G(V, E) with vertex set V(G) and edge set E(G) is
connected if there is a path between any pair of vertices in G, the degree of a vertex
is the number of vertices which are connected to that fixed vertex by the edges.
Moreover the distance between any two vertices u and v is denoted by d(u,v) (or
de(u,v)) and is defined as the length of shortest path between u and v in graph G.
For details on the basics of graph theory, any standard text such as [27] can be of
great help.

Several algebraic polynomials have useful applications in chemistry. The Hosoya
polynomial ([11]) would be the best well-known example, and it plays an impor-
tant role in determining distance-based topological indices. Among other algebraic
polynomials, the M-polynomial ([8]) was introduced in 2015 and plays the same
role in determining closed forms of many degree-based topological indices. These
indices are actually score functions that capture a variety of physico-chemical prop-
erties of chemical compounds such as boiling point, heat of evaporation, heat of
formation, chromatographic retention times, surface tension, and vapor pressure.
For the details, we may refer [4, 6, 7, 16, 25, 29].

In the following with in each different paragraph, we will recall the degree based
topological indices that will be needed in this paper:

The M-polynomial of the graph G is defined as

(1.1) M(Gizy) = ) miya'y
S<i<i<A
where § = min{d, : v € V(G)}, A = maz{d,;v € V(G)} and m;;(G) the number
of edges vu € E(G) such that {d,,d,} = {7,7}.
The first and second Zagreb indices

My(G)= Y (du)® and My(G)= Y (du.dy),

ueV(GQ) weE(G)

respectively, have been introduced more than thirty years ago by I. Gutman and
Trinajstic in [12]. In fact these Zagreb indices found many applications in QSPR
and QSAR studies. For more details on this important topological indices, we refer
to [13, 14, 15, 22, 24]. According to the [21], both the first and the second Zagreb
indices give greater weights to the inner vertices and edges, and smaller weights
to outer vertices and edges which oppose intuitive reasoning. On the other hand,
there also exists the second modified Zagreb index

mMQ(G) - Z duldv ’

weE(G)

for a simple connected graph G. There also exists a degree based index related to
Zagreb indices which is named as the augmented Zagreb index of G and proposed
by Furtula et al. [9]. It is calculated by the formula

ae)= ¥ ()

w€eE(G)
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Moreover, the tight upper and lower bounds for the augmented Zagreb index of
chemical tree, and the tree with minimal augmented Zagreb index were obtained
again in the reference [9].

The Randic index ([23])

1
R(G) = ——
quXE:(G) V (dy.dy)

also known as the connectivity index, of G introduced in 1975 by Milan Randic who
has shown that this index is to reflect molecular branching. For the key results on
the Randic index, we may also refer [17, 19]. On the other hand, the inverse
Randic index is defined as:

RRa(G)= > (dudy)”,
uwveE(G)

where « is an arbitrary real number.
Among 148 discrete Adriatic indices ([2, 5]), one of the important of those is
the symmetric division deg index which is defined by

min(dy, dy) | maz(du,d,)\
{ )

SDD(G) = >

weB(G maz(dy,d,)  min(dy,d,)

For a collection of recent results on SDD(G), one can see the references [10, 18].

Some of the topological indices are based on the vertex-degree of the graph G.
One of the vertex-degree based topological index is the Harmonic index H(G) that
is defined by

2
H@) = >, 4 +d,
weE(G) “ v

For more results on Harmonic index, we refer citations [20, 26, 28|.

The inverse sum index is the descriptor that was selected in [3] as a significant
predictor of total surface area of octane isomers and for which the extremal graphs
obtained with the help of mathematical chemistry have a particular simple and
elegant structure. Actually the inverse sum index is given by

dyd,
@)= > dy+dy
uveE(G) v v

In [1], above well known degree based topological indices with M-polynomials
have been listed with a table (see [1, Table 1]). In here, by not re-writing again, we
will also use this table in some of our proofs which will be mentioned as just Table.

Let us also recall the subdivision graph S(G) which is the graph obtained from
G by replacing each edge by a path of length 2 or by inserting a vertex in every
edge of the graph G. Furthermore the complementary graph G of G is actually a
simple graph on the same set of vertices V(G) in which two vertices u and v are
connected by an edge uv if and only if they are not adjacent in G.
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We finally remind that the Banana tree graph B, j is obtained by connecting
one leaf of each n copies of k-star graph with a single root vertex that has order
nk + 1 and size nk. As an example of this graph, we may give Figure 1 in below.

Figure 1: The subdivision graph of Banana tree graph Bs 5

It has been recently presented some computational aspects for the line graphs
of Banana tree graph by Ahmad et. al. (see [1]). Motivated from this work, in this
paper, we will state and proof the closed forms of M-polynomials of subdivision
and complementary graphs of Banana tree graph, and then will compute many
topological indices for those graphs obtained from Banana tree graph.

2. M-polynomial of the subdivision graph of Banana tree graph

In the following first main result, we will focus on M-polynomial of the subdi-
vision graph of Banana tree graph.

THEOREM 2.1. Let F' be the subdivision graph of Banana tree graph. Then the
M -polynomial of F is presented by

M(F;x,y) = k(n — 2)zy® + k(n — 1)a?y" 1 + 2ka’y? + ka’y" .

PROOF. In the proof, by considering the subdivision graph F' of Banana tree
graph for n = 3 and k = 5 as shown in Figure 1, we will make a generalization for
arbitrary values n and k. Actually we will follow a similar way as in the proof of
[1, Theorem 3.1].

First note that the graph F' contains 2kn + 1 vertices and 2kn edges. There are
four types of edges in F' based on degrees of end vertices of each edge. The first edge
partitions E1(F) contains k(n — 2) edges wv, where d, = 1, d, = 2. The second
edge partitions E5(F') contains k(n — 1) edges uv, where d,, = 2, d, = (n — 1).
The third edge partitions E3(F') contains 2k edges wv, where d,, = 2, d,, = 2. The
fourth edge partitions Ey4(F’) contains k edges uv, where d,, = 2, d,, = k. Replacing
G by F in Equation (1.1), we have

M(Fiz,y) = Zmijxiyj
1<y
- Zm(l)(2)$y2 + Z m(?)(n—l)x2y(n71) + Z m(g)(2)j:172y2 —+

1<2 2<(n—1) 22

+> mewe’y"
o<k

= Y muyewt Y, mee-nzty" )+
w€E1 (Q) uwv€Fs(G)
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+ Y meyeE Y, mewey”
’LL’UEE;J,(G) ’U/UEE4(G)

|E1(@)|ay? + | E2(G)[a®y "™ + | B3(G)|2y® + | Ea(G) ]y
= k(n—2)zy® + k(n — 1)z2y" 1 + 2ka?y® + ka?y*,

as required. Hence the result. O

Figure 2: Plot of M-polynomial for subdivision graph of Banana tree graph.

As a next step of the above theorem, let us compute some degree-based topo-
logical indices depicted in the first section of this paper for the subdivision graph
of Banana tree graph in terms of M-polynomial.

COROLLARY 2.1. Let I be a subdivision graph of the Banana tree graph. Then

o M(F)=3k(n—2)+k(n—1)(n+1)+8k + k(k +2).
o My(F) =2k(n —2)+ 2k(n — 1)* + 8k + 2k>.

k 1
o "My(F)=g[n—-2)+ 14 +1]
e R (F)=2""k(n—2)+ 2 (n — 1)*T2f 4 2203 4 20t pot2,

_ -1 11—« 11—«
o RR.(F)= k(”Qa 2) | ko 2a) +2120 4 kza .
2 2
- - 4

. SDD(F):5k(n2 2)+k(n 2271-%—5)4_4]{_*_(771 2+ )

_ 2k(n—2)  2k(n-—1) 2k
e H(F)= 3 + ] +/€+2+k'

C2%(n—2)  2k(n—1)? 2k?
o I(F)= 3 T —|—2k+k+2.

o A(F) =8k(n —2) + 8k(n — 1) + 16k + 8k.
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ProOOF. By Theorem 2.1, we know that
M(F;x,y) = f(z,y) = k(n — 2)zy® + k(n — D)oy + 2ka?y® + ka?y”
Therefore, we obtain
D, f(x,y) = k(n — 2)zy® + 2k(n — 1)z’y" 1 + 4ka’y? + 2ka?y”

Dy f(z,y) = 2k(n — 2)xy® + k(n — 1)22%y™ 1 + dka?y? + k2a?yF,

Dy D, f(z,y) = 2k(n — 2)zy* + 2k(n — 1)%z%y" 1 + 8ka?y? + 2k%2%y

k(n—2
Sy(f(xay)) = %xy + sz n—1 —+ kxzyz + xzyk,
k 2,k
SeSy(f(z,y)) = 5 (n —2)zy? + 22" ! + 2%y + % ’

Dy (f(x,y)) = 2" k(n — 2)ay® + k(n — 1)7 22y 71 4 207 2a?y® 4 kT 222y,
DEDY(f(w,y)) = 22 k(n — 2)wy® + 27 (n — 1) 2ha?y" ! 4 220 3 ka?y+
2a+1ka+2$2yk

k(n—2
Sy (f(z,y)) = %x;ﬁ Fk(n — 1) 022yl 4 22y 4 g2k

11—«

2k
'y,

o qo k(n—=2) o kn-1)"% 5 1 oa,. 00 k
SISy(f(%y)): Tmy —l—Tx Y + 2 kx“y” + 5a

k 2
SyDy(f(z,y)) = %xy + 2k2?y" 1 4 2ka?y? + 222"

2

k
SeDy(f(z,y)) = 2k(n — 2)zy® + %sz oy oka?y? + ?mka,

Jf(z,y) = k(n — 2)a® + k(n — 1)z" ™ + 2ka? + k™2,

k(n—2 k(n—1) , k k
Sed f(x,y) = (3 )x3+ (n—i—l) +1+§4+k+2xk+2,

JD.D, f(x,y) = 2k(n — 2)2® + 2k(n — 1)%2" T + 8ka* + 2k%2*+2

2k(n — 2 2k(n — 2k2
Sz DaDy f(2,y) = (3 e ;H) "+1+2ka:+k+2 a2

)

Dgf(x, y) = 8k(n — 2)zy? + k(n — 1)*2%y" 1 + 16ka?y® + kiz?y”
DD} f(z,y) = 8k(n — 2)zy® + 8k(n — 1)*2?y" " + 128ka’y® + 8k*z”y

JD3D3 f(x,y) = 8k(n — 2)2® + 8k(n — 1)*a" ! + 128ka* + 8k*a" 12,
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Q—2JD3D3 f(x,y) = 8k(n — 2)x + 8k(n — 1)*a" " + 128ka” + 8k*a",
S3Q_2JD3D3 f(x,y) = 8k(n — 2)x + 8k(n — 1)a" " + 16kz> + 8ka".

After all, by using the Table, we have the following graphs of different indices.

Ml(F) = (Dw + Dy)f(xvy)lw:yzl
= 3k(n—2)+k(n—1(n+1)+8k+k(k+2).
Ro(F) = DgDyf(z,y)la=y=1
= 20Tlk(n —2) 4 20T (n — 1)* T2k 4 2203 4 gafl otz
H(F) = 2S:Jf(2,y)le=y=1
2k(n—2)  2k(n—1) 2k
— k.
3 + n+1 +k+2+
I(F) = (SxJDa:Dy)f(xyy”x:@Fl
2k(n—2)  2k(n—1) 2k
= 2% + ——.
3 + n+1 t2k+ k+2

O
2.1. Surfaces representing M-polynomials of subdivision graph of Ba-
nana tree graph.
We use Maple 15 to represent graphs of M-polynomials of the subdivision
graphs of Banana tree graph given in the proof of Corollary 2.1. From these graphs,
it can seen that the behavior of the polynomials differ along different parameters.

™\ "
@l ) i i
e TR ,
. TR >, - .
N RS ”
N \\\‘3\\::\‘:\" g
S R
. S :
v \_ ¢ T i3 H T T T 3

Plot for the first Zagreb index for the Plot for the first Zagreb index for the
Plot for the first Zagreb index for the subdivision graph of Banana tree graph subdivision graph of Banana tree graph
subdivision graph of Banana tree graph. for k=7. forn=5.

1000

33

st
-
3
]
-
sl

1000
T a3 & 3 ¢ 3 F ¢ T 17 T T

Plot for the Randic index for the

subdivision graph of Banana tree graph
for a=1/2.

plot for the Randic index for the
subdivision graph of Banana tree graph
for k=6and @=1/2.

plot for the Randic index for the
subdivision graph of Banana tree graph
for n=6and @=1/2.
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T3 i

Plot for the Harmonicindex for the Plot for the Harmonic index for the
subdivision graph of Banana tree graph subdivision graph of Banana tree graph

A for n=3.

Plot for the Harmonic index for the

subdivision graph of Banana tree graph.

|
1
]
1
1
1
]
o
o]
|
1
1
1
1
1

o7 T 7§ T4 T

Plot for the inverse sum index for the Plot for the inverse sum index index for the Plot for the inverse sum index for the
subdivision graph of Banana tree graph. subdivision graph of Banana tree graph for k=5.  subdivision graph of Banana tree graph for n=4.

3. M-polynomial of the complementary graph of Banana tree graph

In this second main section of this paper, we will demonstrate the M-polynomial
of the complementary graph of Banana tree graph. Hence the other main result is
the following.

THEOREM 3.1. Let H be the complementary graph of Banana graph. Then the
M -polynomial of the graph H is

M(H;z,y) = f(x,y)

B k(kZ— 1)xn(k—1)+1yn(k—1)+1 + E(k — 1)gntD+Lykn=2 |

+kxn(k—1)+1yk(n—1) + (k‘Qn —kn — 2k2 + 2k)$n(k—1)+1ykn—1 +
k(k—1)
+ 2
k(n - 2)xk(n71)ykn71 +
+k2n2 — 4k*n — kn + 4k + Qkx,m_ly,m_l.
2
PROOF. In this proof, we will follow quite similar way as in the proof of Theo-
rem 2.1. Hence, by considering the complementary graph H of Banana tree graph
for arbitrary values n and k, we will make a generalization.
We note that the graph H contains w edges. There are eight types of
edges in H as in the following:
The first edge partitions F4(G) contains
H+1=d,.
The second edge partitions E5(G) contains k(k — 1) edges uv, where d,, =
nk—1)+1,d, = kn—2.

xkn72yknf2 + kQ(n o Q)xknf2ykn71 +

k(kgl) edges uv, where d,, = n(k —
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The third edge partitions E3(G) contains k edges uv, where d,, = n(k—1) +1,
dy = k(n—1).

The fourth edge partitions E4(G) contains (k?n — kn — 2k? + 2k) edges uwv,
where d, =n(k—1)+1,d, = kn— 1.

The fifth edge partitions E5(G) contains @ edges uv, where d, = kn — 2,
d, = kn — 2.

The sixth edge partitions Eg(G) contains k?(n—2) edges uv, where d,, = kn—2,
d, = kn — 1.

The seventh edge partitions E7(G) contains k(n — 2) edges uv, where d,, =
k(n—1),d, =kn— 1.

Finally the eighth edge partitions Fg(G) contains
uv, where d, = kn —1, d, = kn — 1.

Replacing G by H in Equation (1.1), we have

2 2 2 2
k“n“—4k n—2kn+4k +2k edges

l,n(kfl)+1 n(k—1)+1 +

M(H;z,y) = M (k—1)+1)[n(k—1)+1] Yy

[n(k—1)4+1]<[n(k—1)+1]

N

+ m[n(kfl)Jrl](kn72)xn(k_1)+ly(kn_2) +

n(k—1)+1]<(kn—2)
+ m[n(k—1)+1][k(n_l)]xn(kfl)Jrlyk(nfl) n
[n(k—1)+1]<k(n—1)
i m[n(k71)+1](knfl)xn(k_l)'f‘lykn—l +
[n(k=1)+1]<(kn—1)

+ D Mg k-2 YT+
(kn—2)<(kn—2)

A SR
(kn—2)<(mn—1)

D D T T i
fr(n—1)]< (kn—1)

+ Y mgmenyme-nz Y

(kn—1)<(kn—1)
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Z Mn(k=1)+1][n(k—1)+1]%
uwv€eE1(G)

+ Z m[n(kfl)Jrl](kn72)wn(k_1)+1ykn_2+
wv€Es(G)

Y MpensmeonetE Y
uveE3(G)

+ Z Mk 1) 41)(kn -1y F DTyt

w€E4(G)

+ Z M(kn—2)(kn—2)T no2ykn=2 g
uww€Es(G)

+ Y Mm@ YT
wv€Fg(G)

+ D MikeonEa-yz Ty
w€EE7(G)

n(k=1)+1n(k=1)+1

+ Z M(en—1) (k1)@ Yy
uveFEg(G)
In fact, from this last equality we obtain
M(Hizy) = |Bi(Q)la"t D8yt By lan-iyn=2 4
—|—|E3( )|$n(k 1)+1 k(n 1) —|—|E4( )|xn(k71)+1ykn71+
+|E5( )|$kn 2, kn— 2+‘E6( >|xkn—2ylm—1+
+|E7(G)|Ik(n 1) kn— 1+‘E8( )|xkn—1ykn—1
which is equal to the
_ k(k‘2— 1)xn(k—1)+1yn(k—1)+1 Tk — 1)an D Lkn—2
+kxn(k¢—1)+1yk(n—1)+(an_kn_2k2+2k)xn(k—1)+1ykn—1+

kD)

2

+k(n —2)z"

xkn72ykn72 + k2(n o 2)xkn72ykn71 +

(nfl)yk:nfl +

k2n? — 4k*n — kn + 4k% + 2k
+ n n mkn—lykn—l.

Hence the result.

2
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Figure 3: Plot of M-polynomial for the complementary graph of Banana tree
graph.
As a next step of Theorem 3.1, let us compute some degree-based topological

indices which were depicted in the first section of this paper for the complementary
graph of Banana tree graph in terms of M-polynomial.

COROLLARY 3.1. Let H be the complementary graph of the Banana tree graph.
Then

o  MH)=[nlk-1)+1]k(k—1)+ 2kn —n— Dk(k—1) +
+(2kn —k —n+ D)k + (2kn — n) + (k*n — kn — 2k* + 2k) +
+(kn — 2)k(k — 1) + (2kn — 3)k*(n — 2) +
[k(n — 1)+ (kn — D]k(n — 2) + (kn — 1)(k*n? — 4k*n — kn + 4k* + 2k).
o anpgery = PEZDEIIRE ] gy — 1) e - 1))+
+k2(n — Dk —1) + 1] +

(k= Dok — 1)+ (k2 — kn — 242 + 21) - 22 1)
+(kn — 1)(kn — 2)[k*(n — 2)] + k2 (kn — 1)(n — 1)(n — 2) 4 (kn — 1)?
k2n? — 4kn — kn + 4k2 + 2k

5 .

+

- B k(k— 1) k(k—l)
. My(H) = 2n(k—=1)+ 12 (kn—2)n(k —1) +1] -
1

—Dnk—1)+1

_|_
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k*n — kn — 2k* + 2k k(k —1)
(kn—Dnk—1)+1]  2(kn—2)2
n k% (n —2) n k(n —2)
(kn—1)(kn—2) = (kn—1)[k(n —1)]
k*n? — 4k?n — kn + 4k* + 2k
2(kn —1)2

Ry = = DA WETRE ] |y gyt — 1) 1)
k(k —1) + [k(n — 1)]*H!
[n(k —1) + 1)k + (kn — D) n(k — 1) + 1T (k%n — kn — 2k2 + 2k) +

(kn — 2)*C D [k(k — 1)]

+ (kn — 1) (kn — 2)° T2 (n — 2) 4 (kn — 1)*H!

2
(k(n — D] k(n — 2) + E17 DD (ken? _24"“'2” — kn + 4k + 2k)
 k(k-1) k(k—1)
©  BRJH)= Sk — 1)+ 12 | (hn—2)0n(k— D)+ 1o
k
T DRk 1) + 1
k*n — kn — 2k? + 2k k(k —1) k%*(n —2)
(kn— D)k — 1)+ 1] 2(kn—2)2> " (kn — 1)*(kn — 2)*
n k(n—2) +k2 2 — 4kn — kn + 4Kk% + 2k
(kn —1)*[k(n — 1)] 2(kn — 1)2 :
SDD(H) = k(k —1) +{ ntk —1) + 1] Uk — 2) ME(k —1)] +

n=2) k=1 +1]

[n(k—1)+1] N k*(n —1)
(n—1) [n(k —1)+ 1]

[n(k—1)+1] (kn —1)

+

o T B 2k 4 2R)
+h(k— 1) +{E:Z:3 N (:Z:;)}[’“z(”—2)] .
HEE=] ;(;EZ - 3 Hik(n — 2)] +
+(k*n? — 4k*n — kn + 4k? + 2k).

k(k—1) 2k(k — 1) ok

H(H) = Mok —1) 1] Zkn—(n+1)  2kn—(ktm)+1

2(k%n — kn — 2k% + 2k)
2mn —n

+



+
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k(k—1)  2k*(n—2) 2k(n — 2)

2(kn — 2) 2kn — 3 2kn — (k+1)
k*n? — 4k%n — kn + 4Kk% + 2k

H) =

2(kn —1)

[n(k —1) + 1][k(k — 1)] N (k—2)[n(k —1) + 1][k(k — 1)] N
8 2kn — (n+1)

K2 = Dln(k — 1) + 1

[
2kn— (k+n)+1

n (kn — Dn(k — 1) + 1](k®n — kn — 2k* + 2k) . (kn — 2)[k(k —1)]

2kn —n 4

(kn —1)(kn — 2)[k*(n —2)]  k%*(kn —1)(n —1)(n — 2)

A(H) =

2kn — 3 2kn — (k+1)
(kn — 1)(k®n? — 4k?n — kn + 4k? + 2k)
+ 1 .
[n(k —1) +1]°[k(k — 1)] N (kn —2)3[n(k — 1) + 13[k(k — 1)]
2[[n(k —1)]3 [2kn — (n + 3)]3

[k(n— 1)2[n(k —1) + 1%k

+

2kn— (ktnt )P
+(kn —1)3[n(k — 1) + 1)3(k*n — kn — 2k* + 2k)

2kn — (n + 2)°

(kn —2)°k(k —1)]  (kn—1)3(kn — 2)3k?(n — 2)

22(kn — 2)]° (2kn — 5
(kn —1)%[k(n — 1)°][k(n — 2)]

+(kn —

[2kn — (k+3)]3
1)6/<:2 2 — 4k*n — kn + 4k* + 2k
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Then by using the Table, we have the following graphs of different indices.
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Hence the result.
|

3.1. Surfaces representing M-polynomials of complementary graph
of Banana tree graph.

We used Maple 15 to represent graphs of M-polynomials of the complementary
graphs of Banana tree graph presented in the proof of Corollary 3.1. From these
graphs, it can seen that the behavior of the polynomials differ along different pa-
rameters.
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