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OF SYSTEM OF NEUTRAL FRACTIONAL ORDER
BOUNDARY VALUE PROBLEMS
BY TRIPLE FIXED POINT THEOREM
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ABSTRACT. In this paper, we establish the existence of unique solution for
system of Caputo-Hadamard type fractional neutral differential equations, for
1=1,2,3, 1<t<m,7>1,

D |:'DB (D’Yuz(t) - h(t,ul(t))) — g(t, ui+1_25ij (t))] = f(t,ui+2_5ij (t)),

wa = w1 and i — i, ifi1=2,3,
4= 7= 0, otherwise,
ui(1) = A, uj(1) = 0, ui(r) = B; A,BER,
where §;; is a Kronecker delta function, 0 < «, 3, v < 1 and D, DB and DY
are Caputo-Hadamard fractional derivatives of orders «, 8 and = respectively,
by application of tripled fixed point theorems on cone metric spaces.

1. Introduction

The Fractional order differential equations are used to model problems in finance,
fluid dynamics, and other areas of application. Recent investigations have shown
that sometimes physical systems can be modeled more accurately using fractional
derivative formulations [12]. On the other hand neutral functional differential
equations appear in many mathematical models for various types of biological and
physical phenomena [9]. The study on functional fractional neutral differential
equations is very few. In [3], Benchohra et al. studied existence theory for the
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neutral fractional differential equation with initial condition
D*[z(t) — g(t,z)] = f(t,z), t€[0,0],0<a<1
I(t) = ¢(t)7t € (70070]'

based on the Banach contraction principle and nonlinear alternative Leray-Schauder
fixed point theory. Agarwal, Zhou and He [1] considered the initial value problem
of fractional neutral functional differential equations with bounded delay of the
form

D¥zx(t) — g(t, )] = f(t,x), t€[0,0,0<a<1

2(t) = ¢(t), t € [to, 00), to > 0.

and established existence criterion by using Krasnoselskiis fixed point theorem.
Yukunthorn et al. [16] stadied the existence of solutions for an impulsive hybrid
system of multi-orders CaputoHadamard fractional differential equations

DgE(t) = f(t,x(t)), t € [to, T\{t1, b2, tm}
Az(ty) = dr(z(t)), k=1,2,---,m,
Adz(ty) = ¢p(z(tr)), k=1,2,---,m,
z(to) = I}, 9(&, x(£)), 2(T) = Iy h(n,z(n)),

by using KrasnoselskiiZabreiko, Sadovski and ORegan fixed point theorems. Re-
cently, Gambo et al. [6] considered generalized Caputo fractional order Cauchy
problem

(gm»%) (t) = h [t,2(t), (D P) (1), , (C D Pa) (1)]
(vez)(a) = dg, dy e R(E=0,1,--- ,n—1),

and by using Banach fixed point theorem, the existence and uniqueness of solution
established. Bashir Ahmad et al. [2] studied existence theory for fractional order
neutral boundary value problem

D¥[D"xz(t) — h(t,z(t))] = f(t,z(t)), t € [0,F],T>1
z(1)=0,2(%) =0

by applying various fixed point theorems.

In 2007, Huang and Zhang [7] generalized the concept of metric spaces, by
replacing real numbers as an ordered Banach space, proved certain fixed point
theorems of contractive mappings on complete cone metric space by assuming the
normality of a cone. Sh. Rezapour and R. Hamlbarani [15] generalized the above
results by omitting the assumption of normality on the cone. Subsequently many
authors have generalized the results of Huang and Zhang and studied fixed point
theorems for normal and non-normal cones. Recently, Kumar and Pitchiamani [14]
defined a generalized T'—contraction and derive some new coupled fixed point the-
orems in cone metric spaces with total ordering condition. Motivated by aforemen-
tioned works, in this paper we establish tripled fixed point theorems on complete
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cone metric spaces and then, as an application we study system of neutral fractional
order boundary value problem, for : =1,2,3, 1 <t< 7, 7> 1,

D[ D (Dui(t) — At wit)) ) = g(t w1 -20,,(0) | = F( iz, (1),
(1.1) uy = w1 and j =i for ¢ = 2,3 and zero otherwise,
ul(l) = Av ’U,;(].) =0, U'L(T) = B; AaB € Rv

where d;; is a Kronecker delta function, 0 < a, 8,7 < 1 and D, D? and DY
are Caputo-Hadamard fractional derivatives of orders «, 8 and ~y respectively. We
establish the existence of unique solution solution for (1.1).

DEFINITION 1.1. ( [7]) Let X be a real Banach Space. A subset P of X is
called a cone if the following conditions are satisfied

(i) P is closed, nonempty and P # {0};

(i) @, 8 € RT and u,v € P imply that au + Sv € P;

(iii) PU(=P) = {6}.

Given a cone P of X define a partial ordering < with respect to P by u < v if
and only if v —u € P. We shall write u < v to indicate that u < v but u # v while

u < v will stand for v — eﬁ(interior of P). A cone P is called normal if there is
a number C' > 0 such that for all u,v € X,

0 < u<v implies |ul|l <C|v],

or equivalently, if, for any n, u, < v, < w, and lim wu, = lim w, = imply
n—oo n—oo

lim v, =1.
n—o0

The least positive number C' satisfying above inequality is called the normal con-
stant of P.

THEOREM 1.2 ( [10]). Let F be a vector space and P be a partial ordering cone
with partial order < defined by u < v if and only if v —u € P. Then < is a total
order on E if and only if PU (—P) = E.

DEFINITION 1.3. ( [7]) Let X be a nonempty set and d : X x X — E be a
mapping such that the following conditions hold:

(i) 0 < d(u,v) for all u,v € X and d(u,v) = 0 if and only if u = v;

(ii) d(u,v) = d(v,u) for all u,v € X;

(iii) d(u,v) = d(u, w) + d(w,v) for all u,v,w € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

DEFINITION 1.4. ( [7]) Let (X,d) be a cone metric space. We say that {u,}
is;

(i) a Cauchy sequence if for every k € X with 6 < k there is N such that for all
myn > N, d(u,, um) < k;
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(ii) a convergent sequence if for every k € X with § < k there is N such that
for all n> N, d(un,l) < ¢, for some | € X. We denote it by lim w, =1 or u, — .
n—roo

A cone metric space X is said to be complete if every Cauchy sequence in X
is convergent in X.

THEOREM 1.5 ( [5]). Let (X,d) be a cone metric space. Then the following
properties hold: (X need not be normal).
(i) If u K vand v K w, then u K w;

(ii) if 0 < u < k for each c 673, then u = 0;
(iil) if E is a real Banach space with a cone P and if ¢ < ac where ¢ € P and
0<a<l, thenc=20.

(iv) if a 67%, U, € E and u, — 0, then there exists ng such that for all n > ng,
we have u, < a.

DEFINITION 1.6. ( [5]) Let (X, d) be a cone metric space, P be a solid cone
and f: X — X. Then

(i) f is said to be continuous if lim w, = u implies that lim fu, = fu, for

n—oo n—oo

all {u,} in X.

(ii) f is said to be sequentially convergent if, for every sequence {u,}, such
that {fun} is convergent, then {u,} also is convergent.

(iii) f is said to be subsequentially convergent if, for every sequence {u, }, such
that {fu,} is convergent, then {u,} has a convergent subsequence.

DEFINITION 1.7. ( [5]) Let (X, d) be a cone metric space and T, f : X — X
two mappings. A mapping f is said to be a T—Hardy—Rogers contraction, if there
exist a; > 0,9 =1,2,---,5 with Zle = a; < 1 such that for u,v € X,

AT fu, Tfv) < ard(Tu, Tv) + aed(Tu, T fu) + asd(Tv, T fv) + asd(Tu, T fv)
+ asd(Tv, T fu).
DEFINITION 1.8. ( [13]) Let (X, d) be a cone metric space and T : X — X be

a mapping. A mapping S : X x X — X is called a T'—Sabetghadam—contraction if
there exist a,b > 0 with a + b < 1 such that for all u,v € X

d(TS(u,v), TS(4,0)) < ad(Tu, Ta) + bd(Tv, T?).

DEFINITION 1.9. ( [11]) Let (X, d) be a cone metric space. An element (u,v) €
X x X is called a coupled fixed point of the mapping F : X x X — X if F(u,v) = u
and F(v,u) = v.

DEFINITION 1.10. ( [14]) Let (X, d) be a cone metric space with PU(—P) = E,
(i.e. P is a total ordering cone) and T : X — X be a mapping. A mapping
S X x X — X is called a generalized T—contraction if there exists A with
0 < A < 1 such that

d(TS(u,v), TS(1,0)) < Amax{d(Tu, Ta),d(Tv, T?)}.
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for all u,v,u,v € X,

DEFINITION 1.11. ( [4]) An element (u,v,w) € X3 is called a tripled fixed point
of the mapping F : X3 — X if F(u,v,w) = u, F(v,u,w) = v and F(w,v,u) = w.

The rest of the paper is organized in the following fashion. In Section 2, we
provide some definitions and lemmas that provide useful information regarding the
behavior of solution of the boundary value problem (1.1), then we construct the
Green’s function for (1.1), estimate bounds for the Green’s function, and some
lemmas are established which are needed in our main results. In Section 3, we
establish tripled fixed point theorems on cone metric space. In Section 4, we es-
tablish existence of solution for (1.1). Finally, an example is given to demonstrate
our results.

2. Green’s function and bounds

In this section, we list some definitions and lemmas which are useful for our
later discussions, and constructed Green’s function for (1.1), and established certain
lemmas for the bounds of the Green’s function.

DEFINITION 2.1. ( [8]) The Hadamard derivative of fractional order r for a
function p : [1,00) — R is defined as

n—1<r<n,n=][r]+1, where [r] denotes the integer part of the real number r
and log(-) = log,(-).

DEFINITION 2.2. ( [8]) The Hadamard fractional integral of order r for a func-
tion p : [1,00) — R is defined as

I7p(x) = ﬁ /lm (log ”;)T_lp(j)ds, r>0,

provided the integral exists.
LEMMA 2.3. The problem
o) D [DB (Dvu(t) - h(t,u(t))) - g(t,v(t))} = f(t,w(t)),
u(l)= A, 4'(1) =0, u(t) = B; A, B € R,

is equivalent to the following integral equation

u(t) :/1T Gp(t,s)h(s,u(s))ds + /17 Ggy(t,s)g(s,v(s))ds

(22) T lOgt B+
s [ Gsearsus+ (1) B4+ a
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where
A t y—1 B+ B+y y—1
sl [(logs> (1ogr> —(logt) (log ) }, s <t
Gh(tv 8) = e .
A, y A\
——| logt log — , t < s,
s s
A, ¢ B+y—1 B+
log — log T
S S
B+y B+y—1
Gy(t,s) = (logt> <log ) } s < t,
A, B+ - B+vy—1
——| logt log — , t<s,
s s
As ¢ at+p+y-1 B+~
— || log - log T
s s
B+ at+pf+y—1
Gy(t,s) = —<logt> (IOgZ) }, s < t,
Ay B+y - a+p+y—1
——| logt log — , t< s,
S s
1 1
A = Ay =
B+ ’ 8
(logT) T(v) (log7) "T(B+7)
and
1
Az = .
(logm)" " T(a+ B +7)

ProOF. The solution of the Hadamard fractional differential equation in (1.1)
can be written as [8]

gty [ (set) e [ ()

1 O TR u(s) (log £)+7
2.3 -z ) -
23 +F(a+5+7)/1 (bgs) s BTOATG D
‘e (logt)” e
Tv+1)
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where c¢1, co, c3 € R are arbitrary constants. In view of the boundary condition in
(1.1), it follows from (2.3) that c¢3 = A,c2 = 0 and

¢ = IW [(B —A)+ ﬁ /; <log :)71h(s,su(s))ds

" Ta +16 +7) /17 (log ;—)“*‘3*”‘1 e Z(S)) ds} '

Substituting the value of ¢1, ¢z and ¢3 in (2.3), we get the solution (2.2). By direct
computation, we can show that u(t) given by (2.2) satisfies the problem (2.1). This
completes the proof. O

LEMMA 2.4. Let Gp(t,s), G4(t,s) and Gy(t,s) be given in the Lemma 2.3.
Then

T 2(log 7)7
i) max Gp(t,s)|ds = =———,
2 te[m/ Gl s =307
(log 7)5+7
(il) max / |Gy(t,s)|ds = NEEESIL
te(l,7] r'B+~+1)
2( log 7_) a+pB+y
(iii) max / |Gs(t, s)|ds = .
tell,7] MNa+p+v+1)
PrOOF. By direct integration, we can get the identities. So, we omit the details
here. O

3. Tripled fixed point theorems

In this Section we establish tripled fixed point theorems which will be useful in
main results. For this, we define the following contraction condition.

Let (X,d) be a cone metric space with P U (—=P) = E, (P is a total ordering
cone) and S : X — X be a mapping. A mapping F': X3 — X is called a generalized
S—contraction if there exists a with 0 < a < 1 such that

(3.1) d(SF(u,v,w),SF(ii,#,1)) < amax{d(su,sa),d(sv,sqz),d(sw,sw)},
for all u, v, w,u,v,w € X.

THEOREM 3.1. Let (X,d) be a complete cone metric space, P be a solid cone
with PU(P) = E and S : X — X be a continuous, one-to-one mapping and
F: X3 — X be a mapping such that (3.1) holds for all u,v,w,,,% € X. Then

(i) there exist g, Vo, Wo € X such that

lim SF"(uo,vo,wo) = ’ELO7 lim SF"(U(),UmU)O) = 170
n—00 n— 00

and

lim SF"(wo,vo,uo) = 71)0,
n—oo



130 K. R. PRASAD, MD. KHUDDUSH AND D. LEELA

where F™(ug, vg, W) = Uy, F™(vo, ug, wo) = vp, and F™(wg, v, ug) = wy, are the
iterative sequences;

(ii) if S is subsequentially convergent, then {F™(ug, vo, wo)}, {F™(vo, uo,wo)}
and {F™(wo, vy, ug)} have a convergent subsequence;

(iii) there exist unique g, 0o, Wo € X such that
F(tg, 09, o) = g, F(0o, o, w0) = 0o
and
F (i, 0o, lig) = o

(iv) if S is a sequentially convergent, then for every ug, v, wo € X, the sequence
{F™(ug, v, wp)} converges to 4y € X, the sequence {F™(vg,ug,wp)} converges to
09 € X and the sequence {F™(wo, v, up)} converges to iy € X.

PROOF. For ug,vy € X, define
Unt1 = F(tp, Vp, wy) = F" 1 (ug, v, wp),¥n =0,1,2, - - -
Vni1 = F (0, U, w,) = F*" 7 (v, ug, wo),¥n = 0,1,2, - - -
Why1 = F (W, v, un) = F" T (wg, vo,u0),Vn = 0,1,2, - -
By (3.1) , we have
d(Sup, Stny1) =d(SF (un—1,Vn—1,Wn—1), SF(Up, vn, wy))
<amax{d(8un,1,8un) d(Svp—1,Svy), (Swnfl,Swn)},
d(Svpn, Svpt1) :d(SF(vn,hun,l,wn,l) SE(vp, tn, wy,) )
<amax{d(Svn_l,Svn),d(Sun_l,Sun),d(Swn_l,Swn)}
and
d(Swy, Swyy1) = d(SF(wn,l, Un—1, Un—1), SF (W, U, un))
< amax {d(Swn_l,Swn),d(Svn_l,Svn),d(Sun_l,Sun)}
Let d,, = max{d(Suy,, Stunt1),d(Svn, Svpt1), d(Swy, Swyy1)}. Then
dp, < amax{d(Su,—1,Sup), d(Svn—1,8v,), d(Swy_1,Sw,)}
=ad,_1.
Continuing in this way, we get
0<dp, <ad,—1 - < a"dp.

If dy = 6, then (ug, vg, wp) is a tripled fixed point of F. Assume that dg > 6 and for
n > [, we have

(3.2) d(SuhSun) <d(Suy, Supy1) + d(Sul+17 Squ) +--- 4+ d(Sunfl, Sun),

(3.3)  d(Sv;,Sv,) Kd(Svi, Sviy1) + d(Svigr, Svig2) + - + d(Svp_1,Svy),
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and
(3.4) d(Swi, Swy,) <d(Swy, Swig1) + d(Swi1, Swiye) + - + d(Swp_1, Swy,).
From (3.2)-(3.4), we obtain

max{d(Su;, Suy), d(Sv;, Svy,), d(Sw;, Swy,)}
< max{d(Su;, Su+1), d(Sv;, Svi41), d(Swy, Switq)} + - -
+ max{d(Sup—1,Suy), d(Svy—1,8v,), d(Swp—1,Sw,)}
=d+dip1 4+ -+ dp
< (@l + ot 4 e hdy

al

l1—«

dp.

<

[e]
Now from Theorem 1.5, we have for every a €P, there exists a positive integer N
such that

max{d(Su;, Suy,),d(Sv;, Sv,),Sw, Sw,} < aVn>1>N

which implies that {Su,}, {Sv,} and {Sw,} are Cauchy sequences in X. By the
completeness of X, we can find g, 0, Wy € X such that

lim SF”(U(),’U(),U)()) = ’L~LO7 lim SF”(’U(),’U,(),’LU()) = ’170
n— o0 n—00

and

lim SF”(U}Q,U(),U()) = ’lI)o.
n—oo

If S is subsequentially convergent, then F™(ug,vq,wq),F™(vg,ug,wy) and
F"™(wp,vp,up) have convergent subsequences. Thus, there exist g, 0g, Wy in X
and sequences {uy, }, {vn, } and {wy, } such that

. n . . n .
lim F™ (ug,vp, wo) = G, lim F™* (vg,ug,wo) = Do,
(3 5) k—o0 k—oco
lim F"k (U)(), Vo, Uo) = 1I)0.
k— o0
Since § is continuous, we have
lim SF™* (Uo,Uo, U)()) = ST:L(), ]}i}m SF" (U()v Uo, U)o) = S@O
o0

k— o0
3.6
( ) khm SFnk(’U.)o,'Uo,Uo) :Sﬁ)o
—00

Hence, from (3.5) and (3.6), we have

Sﬂo = ’L~L078@0 = 770 and S’LDO = ’LT}().
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Next, by triangle inequality and (3.1), we have
d(SF (i, Do, o), Sitg) < d(SF (i, B0, o), SF(tng Uy » iy ))
+ d(SF(unk,vnk,wnk), 110)
< amax {d(Sio, Sun,), d(Sto, Sva, ), d(Si, Swy,) |
+ d(SF(un,,, Uny» Wy ), Sto)
< amax {d(Sﬁo, Sun, ), d(Sto, Svp, ), d(Stio, Swnk_)}
+ d(Sun, 11, Sto)

Applying Theorem1.5 , we have d(SF (i, 0o, o), Sto) = 6, i.e., SF (g, 0o, Wo) =
Stg. As S is one-to-one, we have F(dg, 0o, W) = . Similarly, we can prove
F (00,0, wo) = 09 and F(wy, 09, tig) = wo. Therefore, (i, 0o, o) is a tripled fixed
point of F.
Now, suppose (g, 9o, o) is another tripled fixed point of F, then
d(St, Stig) = d(SF (i, Do, o), SF (i, vy, o))
< maX{d(S’&o, S’ao), d(Sﬁo, STJQ), d(SUA)o, S’IDQ)}

Similarly,

d(Sﬁo, 8@0) < max{d(Sﬁo, S’lv)()), d(S’EL(), S’ELo), d(SIZ](), Sﬁ]o)}
and

d(S’lZJ(), S’lﬁo) < max{d(Swo, Sll)o), d(S@o, S?vjo), d(Sﬂo, 8’(&0)},
which implies that

max{d(S, Sto), d(Sdo, Sto), d(Stbo, Sto) }

< amax {d(sao, Sit), d(Sto, Sio), d(Stio, swo)}.
Since o < 1, d(S?lo,Sﬂo) = d(S'lA)(),SQv)()) = d(S’lf}(),S’lZ}()) ie., S’LALO = S’LVL(),S’lA)O = Sy

and Sy = Sty. Since S is one-to-one, we have (i, 9o, W) = (%o, Vo, Wp). Further,
if § is sequentially convergent, by replacing n by ny, we get

lim F"(UO,vo,wo) = ’&0, lim Fn('U07'U/0,'UJ0) = f}o

n— 00 n—oo
and

lim F"(wo,vo,uo) = UA)Q.
n—oo

This completes the proof. O

COROLLARY 3.2. Let (X,d) be a complete cone metric space, P be a solid cone
and S : X — X be continuous, one-to-one mapping and F : X3 — X be a mapping
such that

d(SF(u, v,w),SF(a,, 111)) < amax {d(Su,Sﬁ), d(Sv,80),d(Sw, Sw),

d(Su, 8t) + d(Sv, SD) + d(Sw, Sw) }
3 )



EXISTENCE AND UNIQUENESS OF NEUTRAL FRACTIONAL BVP 133

for all u,v,w,4,0,w € X where 0 < a < 1. Then the conclusions (i) — (iv) of
Theorem 8.1 hold.

THEOREM 3.3. Let (X,d) be a complete cone metric space, P be a solid cone
with PU(P) = E and S : X — X be a continuous, one-to-one mapping and
F: X3 = X be a mapping such that

d(SF(u,v,w), SF(ii, B, 1)) < amax {d(SF(u, v, w), Su), d(SF(ii, 5, ), Sit) }

for all u,v,w,@,0,w € X where 0 < a < 1. Then conclusions (i) — (iv) of Theorem
3.1 hold.

PROOF. The proof is similar to that of Theorem 3.1. U

COROLLARY 3.4. Let (X,d) be a complete cone metric space, P be a solid cone
and S : X — X be continuous, one-to-one mapping and F : X> — X be a mapping
such that

d(SF(u,v,w),SF(ﬂ,f),w)) < amax {d(SF(u,v,w),Su),d(SF(ﬂ,@,zD),Sﬁ)

N d(SF(u, v,w),Su)éd(SF(a,fz,qﬂ),Sa) }’

for all u,v,w, @, 0,w € X where 0 < a < 1. Then conclusions (i) — (iv) of Theorem
3.1 hold.

THEOREM 3.5. Let (X,d) be a complete cone metric space, P be a solid cone
with PU(P) = E and § : X — X be a continuous, one-to-one mapping and
F: X3 = X be a mapping such that

d(SF(u, v,w),SF(a, 0, ﬁ))) < amax{d(SF(u, v, W), Sﬂ), d(SF(ﬂ, v, ID),SU)},

for all u,v,w, 4,0, € X where 0 < o < 1. Then conclusions (i) — (iv) of Theorem
3.1 hold.

COROLLARY 3.6. Let (X,d) be a complete cone metric space, P be a solid cone

and S : X — X be continuous, one-to-one mapping and F : X> — X be a mapping
such that

d(SF(u,v,w),SF(4,¥,%)) < cmax {d(SF(u,v,w),Sﬁ),d(SF(ﬂ,@,@D),Su)

N d(SF(u, v,w),SfL),Qd(SF(ﬂ,f},ﬁ)),Su) }’

for all u,v,w, 4,0, € X where 0 < aw < 1. Then conclusions (i) — (iv) of Theorem
3.1 hold.
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4. An application to system of nuetral fractional order boundary value
problem

In this section, we study the existence of solution for system of nuetral boundary
value problem (1.1) using the results we obtained.
Let X = C([1,7],R),7 > 1 be together with the metric given by

d(u,v) = sup |u(t) —v(t)|,Vu,v € X.

te(l,r]

THEOREM 4.1. Suppose that the following hold:
(Hy) For every u,v,w,z,y,z € X and t € [1,7], we have

At u(t)) = h(t, z(1))] < cafu(t) —z(t)],
lg(t, v(t)) — g(t, y(1))| < azlv(t) —y(B)],
|t w(t)) — f(t 2(1)] < as|lw(t) — z(t)],
where ay, ag, o are nonnegative constants with o = max{aq, ag, as} < 1.
1y Uosm)" (o N7 (egn)™ T 1

<z
L(y+1) T@E+~y+1) Tla+B+v+1) 2
Then the system (1.1) has unique solution in C3([1,7],R).

PrOOF. From Lemma 2.3, the fractional order boundary value problem (1.1)
has an integral formulation given by

:/17 Gh(t,s)h(s,ul(s))ds—l—/lT Gy(t,s)g(s,uz(s))ds

logt

+ [ Gt s s + <10g7>/m(3 —A)+ 4,

:/T Gu(t, $)h(s, uz(s))ds + /T Gy (t, 8)g(s, ua(s))ds

= [ Gt s uaes + (fjggj)M(B _A)+4

us(t) /17 Gr(t,s)h(s,us(s))ds + /17 Gy(t,8)g(s,ua(s))ds

T ﬂ+’Y
+/1 Gt 5) f (s, (s))ds + (112:;)

Define an operators F, F : X3 — X by

(B—A) + A

F(u1,uz,u3) = (F(u1,u2,u3), Fug, ur, us), Fug, ug, u1),

where
F(x,y,z /Ghts s, x( ds—|—/Gt3 (s,y(s))ds

logt

+ / G(t,5)f (5. 2(s))ds + (bgT) oayea
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Then (u,v,w) is the solution of (1.1) if and only if F(u,v,w) = (u,v,w), i.e.,
F(u,v,w) = u, F(v,u,w) = v and F(w,v,u) = w. In other words (u,v,w) is the
solution of (1.1) if and only if (u,v,w) is a tripled fixed point of F. Existence of

such a point follows from Theorem 3.1, by taking S as identity mapping. For
u,v,w,z,y,z € X and t € [1, 7], we have

Fu,0)(0) - Fla. 0] < [ |Gt )|, u(s)) — h(s, 2(s))|ds
- T 16y (8, )95, v(s)) — g(s.y(s))lds
- " 16 (1 8)1 (5 0(s)) — F(s, () ds.

Now using (Hy), we get
|F(u,v,w)(t) - F(z,y7z)(t)|

<ar [ 163l ~ 2(s)ds +az [ Gyt 9ol - (o)lds
+aa [ 1Gst5)w(s) - #(s)lds
<al [11Gu(t:5) + Gyft.5) + Gy )
x max {|[u(s) = 2(s)], lo(s) = y(s)],[[w(s) = 2(s)] fds

éa[/j |GL(t,s) + Gy(t,s) + Gf(t,s)}ds X max {d(u,x),d(v,y),d(w,z)}

o 2(log7)7 2(10g7)ﬁ+7 2(10g7)a+ﬁ+7
\a{r(%tl) rB+y+1) T(a+B+y+1)

X max {d(u, 2, d(v,y), d(w, z)}
gamax{d(u,x),d(v,y),d(w,z)}.
Thus,
d(F(u,v,w), F(z,y,z)) < amax {d(u, x),d(v,y),d(w, z)}

for all u,v,w,x,y,z € X. Which shows that the contraction condition of Theorem
3.1 holds. Therefore, F' has a unique tripled fixed point (@, d,w) € C3([1,7],R)
which is the unique solution of (1.1).

EXAMPLE 4.2. Consider the problem (1.1) with

7

L5
10" ’

1 1
a_gaﬁ_§a,y_

ft,z) = f(t) + ;Sinx, g(t,x) = g1(t) + %COS%
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and

h(t,x) = hy(t) + %eﬂ"

where f1,g1,h1 are any real value continuous functions on [1,7]. Then it can be
seen by direct calculations that

(e, u(t)) — At 2(0)] < 2Jut) — 2(0),
l9(t,0(6)) = 9(t,y(0)] < Sho(e) — y(0)].
[F(tw() = £t 2(0)] < 2lw(t) - =(0),
and
(log7)”  (log T)ﬁﬂ (log 7')(“[”’Y

1
~ 0.4143646338 < —.
I'y+1) T@B+~v+1) T(a+B8+v+1) 2

Thus, all the conditions of Theorem 4.1 are satisfied. Therefore, the problem (1.1)
with above choices has a unique solution on [1,1.15].

O

Acknowledgement

The authors thank the referee for his valuable suggestions. The author Khud-
dush Mahammad is thankful to UGC, Government of India, New Delhi for awarding
SRF under MANF No. F1-17.1/2016-17/MANF-2015-17-AND-54483 and Leela is
thankful to DST-INSPIRE, Government of India, New Delhi for awarding JRF No.
2017/1IF170318.

References

[1] R. P. Agarwal, Y. Zhou and Y. He. Existence of fractional neutral functional differential
equations. Comput. Math. Appl., 59(3)(2010), 1095-1100.

[2] B. Ahmad, S. K. Ntouyas, A. Alsaedi and M. Alnahdi. Existence theory for fractional-order
neutral boundary value problems. Fract. Differ. Calc., 8(1)(2018), 111-126.

[3] M. Benchohra, J. Henderson, S. K. Ntouyas, and A. Quahab. Existence results for fractional
order functional differential equations with infinite delay. J. Math. Anal. Appl. 338(2)(2008),
1340-1350.

[4] M. Borcut. Tripled fixed point theorems for monotone mappings in partially ordered metric
spaces. Carapathian J. Math., 28(2)(2012), 215-222.

[5] M. Filipovi¢, L. Paunovié¢, S. Radenovi¢ and M. Rajovi¢. Remarks on Cone metric spaces and
fixed point theorems of T-Kannan and T-Chatterjea contractive mappings. Math. Comput.
Modelling, 54(5-6)(2011), 1467-1472.

[6] Y.Y. Gambo, R. Ameen, F. Jarad and T. Abdeljawad. Existence and uniqueness of solutions
to fractional differential equations in the frame of generalized Caputo fractional derivatives.
Adv. Differ. Equ., 2018: 134. https://doi.org/10.1186/s13662-018-1594-y.

[7] L.-G. Huang and X. Zhang. Cone metric spaces and fixed point theorems of contractive
mappings. J. Math. Anal. Appl., 332(2)(2007), 1468-1476.

[8] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo. Theory and applications of fractional
differential equations. Elsevier Science Limited; 2006. ISBN: 9780444518323



[9]

(10]

(11]

(12]

(13]

(14]

(15]

[16]

EXISTENCE AND UNIQUENESS OF NEUTRAL FRACTIONAL BVP 137

V. Kolmanovskii and A. Myshkis. Introduction to the theory and applications of functional
differential equations. Mathematics and its Applications, 463, Kluwer Academic Publishers,
Dordrecht, 1999. ISBN 978-0-7923-5504-5

M. Kiiglik, M. Soyertem and Y. Kiiciik. On constructing total orders and solving vector
optimization problems with total orders. J. Global Optim., 50(2)(2011), 235-247.

V. Lakshmikantham and Lj. Ciri¢. Coupled fxed point theorems for nonlinear contractions
in partially ordered metric spaces. Nonlinear Anal., Theory Methods Appl. 70(12)(2009),
4341-4349.

F. Mainardi. Fractional calculus: some basic problems in continuum and statistical mechanics.
In A. Carpinteri and F. Mainardi (Eds.). Fractals and Fractional Calculus in Continuum
Mechanics (pp. 291-348). Springer, New York, 1997.

H. Rahimi, P. Vetro and G. Soleimani Rad. Coupled fxed-point results for T—contractions on
cone metric spaces with applications. Math. Notes, 98(1)(2015), 158-167.

D. R. Kumar and M. Pitchaimani. New coupled fixed point theorems in cone metric spaces
with applications to integral equations and Markov process. Trans. A. Razmadze Math. Inst.
172(3)(2018), 409-419.

S. Rezapour and R. Hamlbarani. Some notes on the paper Cone metric spaces and fixed point
theorem of contractive mappings. J. Math. Anal. Appl., 345(2)(2008), 719-724.

W. Yukunthorn, B. Ahmad, S. K. Ntouyas amd J. Tariboon. On CaputoHadamard type
fractional impulsive hybrid systems with nonlinear fractional integral conditions. Nonlinear
Anal., Hybrid Syst., 19(2016), 77-92.

Received by editors 25.04.2019; Revised version 21.11.2019; Available online 11.12.2019.

K. RAJENDRA PRASAD: DEPARTMENT OF APPLIED MATHEMATICS, COLLEGE OF SCIENCE AND

TECHNOLOGY, ANDHRA UNIVERSITY, VISAKHAPATNAM, INDIA - 530003

E-mail address: rajendra92@rediffmail.com

Mp. KHUDDUSH: DEPARTMENT OF APPLIED MATHEMATICS, COLLEGE OF SCIENCE AND TECH-

NOLOGY, ANDHRA UNIVERSITY, VISAKHAPATNAM, INDIA - 530003

E-mail address: khuddush89@gmail.com

D. LEELA: DEPARTMENT OF APPLIED MATHEMATICS, COLLEGE OF SCIENCE AND TECHNOLOGY,

ANDHRA UNIVERSITY, VISAKHAPATNAM, INDIA - 530003

E-mail address: leelaravidadi@gmail.com



