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Two-dimensional Peristaltic Motion of Blood
trough a Circular Tube
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Abstract

Assuming blood to be incompressible viscous Newtonian fluid, its two-
dimensional peristaltic motion through a circular tube is discussed. The
problem has been solved by the separation of variable method consisting
of Bessel type radial function and an unknown type axial function. The
comparison of the solutions for various parameters are shown graphically.
The problem and its solutions are supposed to be of practical interest in
medical science.
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1 Introduction

Peristaltic motion of blood (or other fluid ) in animal or human bodies has been
considered by many authors. It is an important mechanism for transporting
blood, where the cross-section of the artery is contracted or expanded periodi-
cally by the propagation of progressive wave. Peristaltic motion occurs widely
when stenosis is formed in the functioning of ureter, chyme movement in the
intestine, movement of egg in the fallopian tube, the transport of spermatozoa
in the cervical canal, transport of bile in bile duct, transport of cilia etc. [1].
However, such motion in the case of blood is somewhat different from above.
For blood, the motion is highly speedy, Reynolds number is large and the peri-
stalsity is maintained automatically.
Shapiro et al. [2] introduced an idea for peristaltic pumping with long wave-
length and low Reynolds number. Jaffrin and Shapiro [3] showed a compre-
hensive developing of a mathematical model of peristaltic flow. Takabatake et
al. [4,5] applied numerical method, with upwined finite-difference technique to
solve the problem of peristaltic flow in circular cylindrical tube. Burns and
Parkes [6], Fung and Yih [7], Chow [8] and Misra and Pande [9] followed the
perturbation technique to study the peristaltic flow in circular cylindrical tube.
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Applying numerical technique, Brown and Hung [10] considered the curvature
effect of peristaltic flow. Rao and Usha [11] studied the motion of two-layered
Newtonian fluid through a circular cylindrical tube, while Utkin et al. [12]
solved numerically the system of equations of motion and the wall.
Blood is a non-Newtonian fluid and is a suspension of cells in plasma. Not only
blood, but many other fluids of animal or human are, in fact, non-Newtonian.
However, blood can be treated as a Newtonian fluid if the radius of the artery is
greater than 0.25 mm. [15]. Here we consider the blood to be an incompressible
Newtonian fluid .
In this paper we study a model of peristalsis. Actually the model of peristaltic
pumping of blood depends not only on sine or cosine functions or their linear
combination, but may be a function like Fourier series.We consider here a very
closer model of experimental results [16-17]. Noting the model of Mokhtar et al.
[18], we consider here the velocity components to consist of Bessels function for
radial variable and an unknown function for the axial variable. Finally, solving
the unknown function we attain the results which are in close agreement with
the experimental results. The results are also compared for various involved
parameters.

2 Basic equations

The basic equations of motion for an incompressible viscous Newtonian fluid in
cylindrical polar coordinate (r, θ, z) with axial symmetry are given by
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and the equation of continuity is
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where (u, 0, w) are the velocity components along (r, θ, z) directions; ν is the
kinematic coefficient of viscosity; ρ is the density of the fluid and p is the pres-
sure.
For peristaltic motion, the boundary of the tube is taken to be
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where a is the undisturbed radius of the tube, ε(0 < ε < 1) is a non-dimensional
parameter such that aε represents the amplitude of oscillation, U is the axial
velocity at z=0 and t=0 and
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The boundary conditions are assumed as
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when z → ∞ and r = 0 and α(> 0) is a non-dimensional parameter, supposed
to be very small.
Now eliminating p between (1)and(2) and satisfying (3) we obtain
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For convenience, we consider the following non-dimensional quantities :
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Substituting (9) in (8) and (3-7) and then ommiting the suffix 1 we obtain
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where Ω = ∂w
∂r − ∂u

∂z and Re = aU
ν = Reynolds number.

The non-dimensional equation of continuity is
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The boundary reads as
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and the boundary conditions are reduced to

u = B(t).J1(α.B(t + λz)).e−αz,(13)
w = B(t).J0(α.B(t + λz)).e−αz(14)
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when z →∞ and r = 0.
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3 The solutions of the problem

Let us consider
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where Cn, αn are constants, fn is an unknown function of z with f ′n(z) = ∂fn
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Since w is finite when r = 0, so by (11) we obtain
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It is clear that separation of the functions containing the variables r and z is
very much difficult. However, it is easy to see that the relation

α2
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is satisfied identically. So from (20), we may take the solution as
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After reducing the equations (1) and (2) in non-dimensional form and putting
the values of u and w from (22,23) we obtain
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Solving these equations by satisfying (15) we obtain
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∑
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The solutions (22,23) and (26) give an exact solutions of Navier-Stokes equa-
tion.
Now satisfying the boundary conditions (13,14), the solutions (22,23) and (26)
are given by
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4 Discussions

From our solutions we see that the results depend mainly on the parameters
λ, α, ε. It is also clear that the Reynolds number (Re) does not effect the so-
lutions. Due to these restrictions, the Reynolds number (Re) of blood is very
high, but the blood flow is not turbulent as can be seen from experimental
point of view. Again we conclude from our solutions that if α is very small,
then e−αz ≈ 1 and J0(αr) ≈ 1 and so the blood velocity, blood pressure remain
nearly unchanged. For this reason, the blood pressure approximately remains
the same in all blood circulation.
Again from equations (22), (23) and (26) we see that the motion is satisfied for
arbitrary time function. For the case of peristaltic motion the boundary must
be a periodic function of time, which is considered as a very closer of natural
periodicity of blood artery. When blood passes through the artery, it obviously
satisfy the continuity condition with artery, so we chose the boundary condition
as (5), (6). For this reason, if the peristalsis is changed, the blood flow remain
continued.
We show in the fig. 1 the curve of peristalsis for various time i.e., the structure
of the boundary of the artery for various time. In all other figures, the nature
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of velocity and pressure are shown for various parameters. In a cross-sectional
area of an artery the velocity components u and w are respectively shown w.r.t.
it’s radial distance(r) in fig. 2 and fig. 3 for different values of α. It is clear
from these figures that if α is very small then u is negligible and w changes very
slightly for varying r. From fig. 4 we can see the pulsation of w and the fig.5
shows that the amplitude of the periodicity of w and it’s value decreases when
z increases. It is seen from fig. 6 that if ε increases i.e., the amplitude of the
peristalsis increases then pressure increases. Again, fig. 7 gives that the varia-
tion of pressure on the artery for peristaltic pumping, where the disturbance of
the pressure decreases when z increases.
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