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A NOTE ON
THE GENERATION OF PYTHAGOREAN TRIPLES

Jovan Mikié

ABSTRACT. We give a new method (up to our knowledge) for generating some
primitive pythagorean triples. Our method is based on the construction of a
new primitive pythagore-an triple from a predetermined primitive pythagorean
triple. We generalize this idea and we construct a new pythagorean triple from
a predetermined pythagorean n-tuple.

1. Introduction

A pythagorean triple is a triple of positive integers (a, b, ¢) such that
a? +b? =2
Obviously, if k is a positive integer and (a,b,c) is a pythagorean triple, then
(ka, kb, kc) is a pythagorean triple also. A pythagorean triple is called primitive,
if the greatest common divisor of integers a, b, ¢ is equal to 1. It is known, from
ancient times, that there are infinitely many pythagorean triples.

Euclid ([6]) gave formula for generating all primitive pythagorean triples. The
formula states that integers

(Eq:1) a=m?—n? b=2mn, c=m?+n?

form a primitive pythagorean triple, if and only if m and n are relatively prime
positive integers with conditions m > n, where m and n are opposite parities.
The Euclid formula has more symmetric variant [6]:
2 2 2 2
m°—n m°+n
(Eq:2) a = mn, b:T, c=—"F;

where m and n are odd, relatively prime positive integers such that m > n.
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There are three important families [6] of pythagorean triples: Plato’s family,
Pythagora’s family and Fermat’s family.

There are many methods that generate infinitely many primitive pythagorean
triples but not necessarily all of them ([6, 7]). Some important methods are the
Stifel method and the Ozanam method.

It is important to note that, in 1934, Berggren [2] showed that all primitive
pythagorean triples may be produced by using matrix multiplication and three
Berggren’s matrices. The same matrices were rediscovered later by Barning [1] and
Hall [3]. For more information on this topic, we refer readers to make insight in [5]
and [4, 7].

In this paper we give a new method (up to our knowledge) for generating some
primitive pythagorean triples. Our method is based on the construction of a new
primitive pythagorean triple from a predetermined primitive pythagorean triple.
The first main result of this paper is the following theorem.

THEOREM 1.1. Let (a, b, ¢) be a primitive pythagorean triple. Then
(ab, (a +b)c, ¢ + ab)
is a primitive pythagorean triple also.

As a useful consequence of the previous theorem, we have the following corol-
lary.

COROLLARY 1.1. Let (a, b, ¢) be a primitive pythagorean triple. Then
(ab, |a — blc, c® — ab)
is a primitive pythagorean triple, too.

Our second main result in this article requires a new notion as a generalization
of the term "pythagorean triple’ given in the following definition.

DEFINITION 1.1. A pythagorean n-tuple is an n-tuple of n positive integers
(a1,as,...,ay,) such that Zz;ll ar? = a,? where n is a natural number greater
than 2.

In the following theorem, as our second main result of this paper, generalizing
our idea exposed in Theorem 1.1 we show that we can construct a new pythagorean
triple from a predetermined pythagorean n-tuple.

THEOREM 1.2. Let (ay,as,...,a,) be a pythagorean n-tuple. Let denote

n—1
Ap1 = E1<i<g<n—1 a;-aj and Bn_y =37 ax.
Then
2
(An—la Bn—l cQp, an + An—l)

is a pythagorean triple.
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2. The Proof of the Theorem 1.1
PROOF. Firstly, we need to show that if (a,b,c) is a pythagorean triple, then
(ab, (a + b)c,c® + ab) is a pythagorean triple. Because (a,b,c) is a pythagorean
triple, we know that
(2.1) a? +b% =
Then we have
(ab)® + ((a + b)c)? = a?b? + (a + b)*c?
= a®b® + (a* + 2ab + b*)c?
= a®b* + (2ab + *)c? (by the equation (2.1))
= (ab)? + 2(ab)(c®) + (c*)?
= (ab+ c*)%.
Hence, we proved that
(2.2) (ab)* + ((a + b)c)* = (¢ + ab)?.

Secondly, we need to show that (ab, (a + b)c,c? + ab) is a primitive triple, if
(a,b,c) is a primitive triple. Let p be a prime number such that p divides both ab
and ¢? + ab. Then p must divide their difference which is ¢?. Since p is a prime, p
must divide c. Similarly, if p divides ab, then p must divide a or b.

There are two cases.

Case 1. If p divides both a and ¢, then it follows, from the equation (2.1), that
p must divide b. This is a contradiction, because (a, b, ¢) is a primitive triple.

Case 2. If p divides both b and ¢, then p must divide a by the equation (2.1).
Again a contradiction, because (a, b, ¢) is a primitive triple.

We conclude that the greatest common divisor of numbers ab and ¢? 4 ab must
be equal to 1. Therefore, we proved that (ab, (a + b)c,c? + ab) is a primitive triple.

This completes the proof of the Theorem 1.1. O

The proof of the Corollary 1.1 is very similar to the proof of the Theorem 1.1.

3. The Method
As an immediate consequence of the Theorem 1.1, we have the following corol-
lary:
COROLLARY 3.1. There are infinitely many primitive pythagorean triples.

PROOF. Let (a,b,c) be a primitive pythagorean triple. Let us define a map ¢,
as follows:

(3.1) v((a,b,¢)) = (ab, (a + b)c, 2+ ab).

By the Theorem 1.1, we know that ¢((a,b,c)) is a primitive pythagorean triple.

Obviously, because (a, b, ¢) is a triple of positive integers, it must be ¢? + ab > c.
From the function ¢?((a,b,c)) = ¢(ab, (a + b)c,c? + ab), we obtain another

pythagorean triple (abc(a + b), (ab + (a + b)c)(c? + ab), (¢* + ab)? + abc(a + b)).
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Using the functions 2, ©3, ... , we obtain a sequence of primitive pythagorean
triples whose third coordinate is increasing.

So, we conclude if (a,b,c) is a primitive pythagorean triple, then there are
infinitely many primitive pythagorean triples.

Of course, we know that one primitive pythagorean triple is (3,4,5). Hence,
there are infinitely many primitive pythagorean triples. This completes the proof
of the Corollary 3.1. O

EXAMPLE 3.1. If we start from the triple (3,4, 5), by using the function ¢, we
obtain following triples:
¢((3,4,5)) = (12,35,37)
©*((3,4,5)) = (420, 1739, 1789)
¢*((3,4,5)) = (730380, 3862451, 3930901)

REMARK 3.1. We can consider the function ¥, as follows:
(3.2) 9I((a,b,c)) = (ab, |a — b|c,c* — ab).

Let (a,b,c) be a primitive pythagorean triple. By the Corollary 1.1, we know that
¥((a,b,c)) is a primitive pythagorean triple. From inequalities ¢ > a and ¢ —1 > b,
we obtain that c¢(c — 1) > ab. The last inequality is equivalent to ¢? — ab > c.
Using the functions 92, 93, ..., we obtain a sequence of primitive pythagorean
triples whose third coordinate is increasing.
So, the function ¥ gives another proof of the Corollary 3.1.

EXAMPLE 3.2. If we start from the triple (3,4,5), by using the function ¢, we
obtain following triples:

9((3,4,5)) = (12,5,13)
92((3,4,5)) = (60,91, 109)
93((3,4,5)) = (5460, 3379, 6421)

4. The Proof of the Theorem 1.2
PROOF. After square the number B, _; and use the equality ZZ;% ai; = a2,
we obtain

n—1

Bl = aj+24,,
k=1

= (1121 + 2An,1.

(4.1) B2 | =a+2A, .
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Then we have
A2+ (Byr-an)?=AL_ 4+ B -a,
=A% | +(a®>+2A, 1)-a>  (by the equation (4.1))
=A%+ (0))* + 24,0 a
= (An—1 +ap)?.
From the last equation above, we conclude that
(4.2) A% 4+ (Bp_1-an)? = (A, 1 +d2)2
The equation (4.2) proves the Theorem 1.2. O

5. Conclusions

In this part of our article, we will show two new ways of constructing primi-
tive pythagorean triples from a predetermined pythagorean triple using the ¢ (see
the proof the Corollary 3.1) and ¥ (Remark 3.1) functions. Both algorithms are
expressed as consequences of previous claims.

Let (X,Y, Z) be a primitive pythagorean triple where X is even and Y, Z are
odd natural numbers.

COROLLARY 5.1. A primitive pythagorean triple (X,Y,Z) can be generated by
the function o if and only if Z — 3X is a square of an integer.

COROLLARY 5.2. A primitive pythagorean triple (X,Y,Z) can be generated by
the function 9 if and only if Z + 3X is a square of an integer.

We give a proof of the Corollary 5.1. The proof of the Corollary 5.2 is similar
to the proof of the Corollary 5.1.

PROOF. Let a, b, and ¢ be positive integers such that ¢((a,b,c)) = (X,Y, Z).
Let us find a, b and c¢. We have three equations with three unknown variables a, b
and ¢ (we treat X, Y and Z as known variables).

(5.1) ab=X
(5.2) (a+bec=Y
(5.3) A +ab=Z.

From equations (5.1) and (5.3) we obtain that ¢ = Z — X and thus
(5.4) c=vZ—-X.

This is correct, because (Z — X) - (Z + X) = Y2 and the numbers Z — X, Z + X
are relatively prime numbers and both odd. Then, from equations (5.2) and (5.4),
we have

(5.5) a+b=VvVZ+X.
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On the other hand, we have
(a —b)* = (a+b)* — 4ab
=(Z+X)—-4X (by equations (5.1) and (5.5))
=7 —-3X.
We obtain that
(5.6) (a—b)?*=27-3X

So, if a primitive pythagorean triple (X,Y, Z) can be generated by the function ¢,
then Z — 3X must be a square of an integer.

Now, let Z — 3X be a square of an integer. By the equation (5.6), we obtain
that

(5.7) la—b| = VZ —3X.

Now, the system of equations (5.5) and (5.7) must have a solution in natural
numbers, because numbers /Z + X and v/Z — 3X have same parity (they are both
odd).

It is easy to show that:

a_\/Z+X+\/Z—3X

2
- VZ+X—-\Z-3X

B 2

or symmetrically

b VZ+X+VZ-3X

B 2
VZ+X-VZ-3X

a =
2

It is readily verified that ¢((a, b, c)) = ¢((b,a,c)) = (X,Y, Z) , and that (a,b, c)
forms a pythagorean triple. Clearly, a and b have opposite parity.

Moreover, since (X, Y, Z) is a primitive pythagorean triple, it follows, from the
definition of ¢, that (a,b,c) also is a primitive pythagorean triple.

This proves the Corollary 5.1. O

From the proof of Theorem 1.1 follows
COROLLARY 5.3. Let a, b, and ¢ be complexr numbers, with condition ¢ # 0.
Then a® + b% = ¢ if and only if (ab)? + ((a + b)c)? = (¢ + ab)?.
6. An Application of Corollaries 5.1 and 5.2

In this section, we use Corollary 5.1 and Corollary 5.2 in order to describe all
primitive pythagorean triple which can be generated by our functions ¢ and 9.
We need help of the following lemma:
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LEMMA 6.1. Let m,n, and t be odd, relatively prime natural numbers; with

condition m > n. Then all solutions of a diophantine equation m? + n? = 2t are:
2 2 2

(6.1) S i

2

|u? — 2uv — v?|

6.2 = == -1
(62 n .
(6.3) o

2 )
where u and v are odd, relatively prime natural numbers such that u > v.

As a direct consequence of the Corollary 5.1, we have the following lemma:

LEMMA 6.2. Let (X,Y, Z) be a primitive pythagorean triple, and let X be even.
Let m and n be odd, relatively prime natural numbers from the Fuclid formula
(Eq:2) (m > n); which determine X, Y, and Z. Then triple (X,Y,Z) can be
generated from the function @, iff there exists an odd natural number t such that

(6.4) 2n? =m? + 12

PROOF. Let us assume that a triple (X, Y, Z) can be generated from the func-
tion ¢.

By the Corollary 5.1, we conclude that there exists an odd natural number ¢
such that Z —3X = 2. If we use the Euclid formula (Eq:2), then the above formula
gradually becomes, as follows:

Z—-3X =+t
m2+n2_3-m2—n2 2
2 2
(2 +0%) = 3> = 0?) _
2
4n? — 2m? _ 2
5 =

o2 —m?=+¢>

The last equation above proves the formula (6.4).
Clearly, if the equation (6.4) holds, then it must be Z—3X = 2. This completes
the proof of this lemma. O

Similarly, as a direct consequence of the Corollary 5.2, we have the following
lemma:

LEMMA 6.3. Let (X,Y, Z) be a primitive pythagorean triple, and let X be even.
Let m and n be odd, relatively prime natural numbers from the Euclid formula
(Eq:2) (m > n); which determine X, Y, and Z. Then triple (X,Y,Z) can be
generated from the function 9, iff there exists an odd natural number t such that

(6.5) 2m? = n? + 12
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The proof of the Lemma 6.3 is similar to the proof of the Lemma 6.2.
Now, we can present main results of this section.

PROPOSITION 6.1. Let (X,Y,Z) be a primitive pythagorean triple, and let X
be even. Then a triple (X,Y, Z) can be generated from the function o iff there exist
odd, relatively prime natural numbers u and v (u > v), such that:

(6.6) X — M

(U 4 2uw — 0?) (u? 4 v?)
(6.7) Y = 1

B (u? + 2uv — v?)? + (u? + v?)?
(6.8) Z = 3

PROOF. By the Euclid formula (Eq:2), we know that there exist odd, relatively
prime natural numbers m and n (m > n), such that

2 _ 2
(6.9) X = %
(6.10) Y =mn

2, .2
(6.11) 7 — %

By the Lemma 6.2, it follows that the equation (6.4) must hold. In other words,
we have 2n% = m? +t2. Since m > n, from the Equation (6.4), it follows that n > t.
So, it must be m > t.

By the Lemma 6.1, we easily obtain that

2 2

(6.12) n=-= ;” (by the Eq. (6.3))
2 2 2

(6.13) m = % (by the Eq. (6.1));

where u > v.
Now, Eqns. (6.12), (6.13), (6.9), (6.10), and (6.11) prove Eqns. (6.6), (6.7),
and (6.8). This completes the proof of this proposition. O

The other main result is the following proposition:

PROPOSITION 6.2. Let (X,Y,Z) be a primitive pythagorean triple, and let X
be even. Then a triple (X,Y,Z) can be generated from the function ¥ iff there exist
odd, relatively prime natural numbers w and v (u > v), such that:

uv(u? — v?)
.14 X=——"-"
(6.14) .
|u? — 2uv — v?| - (u? + v?)
6.15 Y =
(6.15) ’
(6.16) P (u? = 2uv — v?)? + (u? + v?)?
' B 8

The proof of the Proposition 6.2 is similar to the proof of the Proposition 6.1.
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7. Connection with Plato’s family

In this section, we will investigate the connection between our method and
Plato’s family of primitive pythagorean triples.

PROPOSITION 7.1. There are no primitive pythagorean triples (X,Y,Z) from
Plato’s family (X is even) which can be generated from the function .

PROOF. Because a triple (X,Y, Z) belongs to the Plato’s family, it follows that
n =1 in formulas (6.9), (6.10) and (6.11).

On the other hand, a triple (X,Y,Z) can be generated from the function ¢.
By the formula (6.12), it follows that

2 2
u” +v 1

(7.1)

2
Because u > v, it must be “2'2“’2 > 0% > 1. So, “ZQL“Z > 1. We got a contradiction.
This proves this proposition. O

PROPOSITION 7.2. Let (m22_1 ,m, m22+1) be a primitive pythagorean triple from
Plato’s family; where m is odd natural number. This triple can be generated from
the function ¥, iff there exist natural numbers v and s, so that a triple (r,s,m)

belongs to the Fermat family.

PROOF. Let us assume that this triple can be generated from the function ¥.
By the Lemma 6.3, it follows:

n? +t2 = 2m?

1+1t2 = 2m? ( because n = 1)
1412
o

t+1 t—1.,

( 9 )24‘(7) =m".

We conclude that a triple (%, %, m) belongs to the Fermat family.
Clearly, the reverse direction holds. This completes the proof of this proposi-

tion. O

So, there are infinitely many Plato’s primitive pythagorean triples which can
be generated from the function 9.

8. Connection with Pythagora’s family

In this section, we will investigate the connection between our method and
Pythagora’s family of primitive pythagorean triples.

PROPOSITION 8.1. The only Pythagora’s primitive triple which can be generated
from the function ¢ is a triple (12,35, 37).
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PROOF. From the Example 3.1, we know that ©((3,4,5)) = (12, 35, 37).

Let us prove that there is no other Pythagora’s triple which can be generated
from the function .

Let (X,Y, Z) be a primitive Pythagora’s triple (X is even) which can be gen-
erated from the function ¢.

Because (X, Y, Z) is a primitive Pythagora’s triple, it follows that, in formulas
(6.9), (6.10) and (6.11), it must be

(8.1) m—n=2.

Since a triple (X,Y, Z) can be generated from the function ¢, the Equations
(6.12) and (6.13) are true.
From Equations (8.1), (6.12) and (6.13), it follows that

(8.2) v(u—v) =2
The Equation (8.2) is possible, iff v =1 and u = 3.
By Equations (6.6), (6.7) and (6.8), we obtain a triple (12,35, 37). O

By using the same idea, we can conclude:

PRrROPOSITION 8.2. There are no Pythagora’s primitive triples which can be
generated from the function 1.

9. Connection with Fermat’s family

In this section, we will investigate the connection between our method and
Fermat’s family of primitive pythagorean triples.

PROPOSITION 9.1. There are no Fermat’s primitive triples which can be gen-
erated from the function .

Proor. Let (X,Y,Z) be a primitive pythagorean triple (X is even) which
belongs to Fermat’s family.

By the definition of Fermat’s family, it must be
(9.1) X -Y|=1

Since a triple (X,Y, Z) can be generated from the function ¢, equations (6.6)
and (6.7) hold.
By equations (6.6) and (6.7), the equation (9.1) gradually becomes:
X -Y|=1
wo(u? —v?)  (u? + 2uv — v?)(u? + v?)
| - =1
2 4
|2uv(u? — v?) — (u? + 2uv — v?) (u® +v?)| = 4
|2uv(u? — v?) — 2uv(u? 4+ v?) — (u? —v?)(u® +0v*)| = 4

| — duvd + vt —ut| =4

Ju* — v + duv®| = 4
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Since u > v >= 1, it follows that u* — v* > 0. Then the last equation above
becomes

(9.2) ut — vt 4w = 4.
Clearly, we have following inequalities:
ut — ot + 4u® > du® >=4x3 %1% =12
(9.3) ut — vt + 4w > 12
We got a contradiction. This completes the proof of this proposition. O

10. Final Conclusion
From Corollary 5.1 and Corollary 5.2, it can be shown:

ProOPOSITION 10.1. There is no primitive pythagorean triple which can be gen-
erated from functions p and ¥ simultaneously.

In other words, there are not exist natural numbers X (X is even),Y,Z, and
T such that (X,Y,Z) and (3X,T, Z) are both primitive pythagorean triples. This
can be proven by using method of infinite descent.

REMARK 10.1. During the preparation of this paper, we found a paper [8] in
which the same method is described. However, we present several new facts, such
as the Theorem 1.2, Corollaries 5.1) and 5.2 and all their applications except the
Proposition 10.1.
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