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Abstract. The structure of coideals of the product
MM.tR, of commutative rings with apartnesses is quite
complicated. It depends on the structure of coideals of
components R, as well as on the indexing set T. In this
paper we shall give two constructions of coideals of the
| product IR, which depends on indexing set T.
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In the classical algebra, the structure of ideals of the product TIR, of
rings R, is quite complicated. It depends on the structure of ideals of
componenets R, as well as on the indexing set T. (See [2], [3], [5]) Given
re R, put Y(r) = {teT : r(t) = 0}. It is not difficult to show that if F is a
filter on T then Y(F) = {reIIR: Y(r) € F } is an ideal of IIR, ([2], [3]).
Kochen proved ([2],[3]) that if R, are division rings then the mapping F —
Y(F ) is an isomorphism of the lattice of filters on T onto the lattice of
ideals of TR, .

In the constructive mathematics ([1], [4], [6], [8], [9]) the matter is
more complicated than classical. Given r € IR, put Z(r) = fte Tz i) -
0}. If Q is a coideal of the ring IR, ,then Z(Q) = {Z(r) : r € Q} need not be
an a-coideal of the set T. However, if Q is an inhabited subset of I'lR, such
that 0 # Q, we can construct an a-coideal K(Q) = {A ¢ T : (re Q)(Z(r) N
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A # @)} of the set T and Z(Q) < K (Q) holds. It is not difficult to show
that if H is a nonempty family of inhabited subsets of T, then S(H) =
{reTlIR, : (3AeH )(Z(r) N A # &)} is a coideal of TIR, and if K is an a-
coideal on T then C(K) = {reIlR, :Z(r)e K} is a coideal of [1R, and holds
C(K) < S(K) < (ITIR )y . If R, is an integrally domain, then the coideal S(H)
is the union of prime coideals of the ring IR, .

For all notions and notations in constructive mathematics which we
used here the reader is refered to the books [1, 4, 9] and to the papers [6,
L8l

Let (R,=#+,0,,1) be a commutative ring with identity and with
apartness. A subset S of R is called a coideal of R if and onli if:
(H)S#0;
(2)re S=re S;
3)r+se S=re Svse §;
drse S=reSaseS.

If S is an inhabitet coideal of r, then 1€ S. The coideal S od r is a prime
coideal of R if and only if
(5) reS AseS = rse 8.

Recall that an a-coideal K on set (T,=,#) such that
(a) Te K, D#K ;

(b) AeKAAcB=BeK;

(c) AuBe K=>Ae KvBeK.

The following two theorems have simply and technically proofs, but
they have very interesting corollaries.

THEOREM 1. Let H be a nonempty family of inhabited subsets of T.
Then the set S(H) = {relltR, : (GAeH)(A N Z(1r) # D)} is a coideal of

the ring TIR, .
Proof.
(1) reS(H) < (GAeH)(ANZ() # D)
=73
=),

(2) reS(H) < (JAeH)(ANZ(-r) # D)
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& (JAe HY(ANZ(r) 2 D)
< reS(H) .
(3) r+se S(H) & (JAe H)(ANZ(r+s) # D)
= (A€ H)(AN(Z(r)UZ(s)) = D)
= (JAes H)(ANZ(r) 2D v ANZ(s) # D)
= reS(H) v seS(H) .
(4) rse S(H) < (A HY(Z(rs)NnA # )
= (FJAe H)(Z(r)nZ(s)NA # &) i
= re S(H) A seS(H).

COROLLARY 1.1. For every inhabited subset A of T we can
construct the coideal S({A}).

COROLLARY 1.2. For every element t in T the ser S({{t}}) =
{reTIR, : te Z(r)} is a coideal of the ring TIR, . If R, is an integral domain,
then the coideal S({{t}}) is a prime coideal of TIR,, .

Proof. Put S(t) = S({{t}}). We have

re S(t) A seS(t) & te Z(r) A LeZ(s)

< te Z(r)NZ(s) = Z(rs)
< rse S(t).

COROLLARY 1.3. Let H be a nonempiy family of inhabited subsets
of T. Then S(H) = UUS(I) ARy is an integral domain, then the coideal
AcHreA
S(H) is the union of prime coideals of TIR, .

COROLLARY 1.4. Let H, and H> be nonempty families of inhabited
subsets of the set T. Then:

(1) H cH, = S(H)) cS(H)) ;

(2) S(H, U H>) =S(H,) v S(H>) ;

(3) S(H, n H>) < S(H,) n S(H) .

COROLLARY 1.5. The mapping S:H — S(H) is a strongly
extensional function of the power-set P(P(T)) in the family of coideals of
the ring TIR, .

THEOREM 2. Let K be an a-coideal of the set T. The the set C(K) =
{relIR, : Z(r)e K| is a coideal of the ring TIR, .
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Proof.
(1) reC(K) o Z(nNek
= T}~ D
o),
(2) -reC(K) & Z(-r)eK
= Z(rek
< reC(K) .

(3) r+s€e C(K) & Z(r+s)eK
= Zr+s)eK A Z(r+s) < Z(r)UZ(s)
= Z(nNUZ(s)e K
=Z(t)eK v Z(s)eK
= reC(K) v seC(K).
(4) seC(K) & Z(rs)ekK
= Z(rs)eK A Z(rs) € Z(r)NZ(s)
= Z(r)NnZ(s)e K
= Z(r)eK A Z(s)eK
& re C(K) A se C(K).

COROLLARY 2.1. Let K be an a-coideal of the set T such that Ac K
A BeK = ANB €K and let R, (t€ T) be integral domains. Then the coideal
C(K) is a prime coideal of the ring TIR, .
Proof.
re C(K) A se C(K) & Z(r)eK A Z(s)eK
= Z(rs) = Z(r)NnZ(s)e K
< 15e C(K) .

COROLLARY 2.2. Let K be an a-coideal of the set T. Then
C(K) < S(K) = (T 1R -

COROLLARY 2.3. Let K; and K; be a-coideals of the set T. Then:
(1) Kic K, = C(K)) cC(K>) ;
(2) C(K, v K;) = C(K))UC(K>) ;
(3) C(K)=2C(K>) = K, # K.

COROLLARY 2.4. The mapping C:K — C(K) is strongly extendional
function of the family of a-coideals on the set T in the family of coideals of
the ring TIR, .
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In [5] Olszewski proved that if R, (te T) are rings with identity then
Y(J) is a filter on T for every ideal J of IR, (in the classical algebra). In
the next two theorems we analyse the symmetrical problem: Is Z(Q) a-
coideal of the set T if Q is a coideal of the ring TR, ? In the theorem 3 we
give a construction of an a-coideal K(Q) of T where Q is an inhabited
subset of TR, .

THEOREM 3. Let O be an inhabited subset of the ring TIR, such that
Q #0. Then the set K(Q) = {A = T : (3re QU(Z(r)NA = D)} is an a-coideal
of the set T.
Proof.
(1) AcK(Q) & (Fre QUANZ(r) # D)
& (Fre Q)(3te Z(r))(te A)
=S>AzD .
(2) AcB A AeK(Q) & AcB A (FreQ)(ANZ(r) # D)
= (Fre Q)UBNZ(r) # &)
< BeK(Q) .
(3) AUBEK(Q) & (Fre Q)((AUB)NZ(r) # D)
= GreQ)(ANZ(r) =D v BNZ(r) # D)
= AeK(Q) v BeK(Q) .
(4) Q#0= (FreQ)(r = 0)
< (Fre Q)Z(r) # D)
= (Bre QUZ(r)nT # D)
& TeK(Q) .

COROLLARY 3.1. Let Q be an inhabited subset of the ring TR, such
that 0 # Q. Then Q < C(K(Q)) < S(K(Q)) = (TTR)); .

Proof.
rcQ=rz0
S Az D

< Z(r)NZ(r) # &
o Z(r)e K(Q)
= re C(K(Q)) .

COROLLARY 3.2. Ler TIR, be product of rings such that
(VA c T)(JaeIIR)(Z(a) = A).
Then, for every a-coideal K on'T , K c K(C(K)) .
Proof.
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@ AeK = {rellR,: Z(r) = A} c C(K)
= (re [IRN)(Z(r)nZ(r) # D)
= Ae K(C(K(Q)).

In the next theorem we describe a case when Z(S) is an a-coideal of
the set T where S is a coideal of the ring IR, .

THEOREM 4. Let TIR, be the product of discrete Heyting fields and
let S be a coideal of TIR, . Then the set Z(S) is an a-coideal of T.
Proof.
AeZ(S) < (dre S)(A = Z(1))
=5 Zry =,
AcB A AcZ(S) & (3aeS)A =Z(a)) A (3beTIR)B =Z(b) > Z(a))
= (IxelIR)(xb=ae€ §)
= beS
= 7)) =B Z(5).
AUB € Z(S) & (JceS)(AUB =Z(c))
= (abellR)A=Z(a) A B=Z(b) A ath=ce€ §)
= aeSvbeS
& A=Z() e Z(S) v B=Z(b) e ZS) .

COROLLARY 4.1. If S is a prime coideal of the ring TIR, of
discrete Hevting fields, then the a-coideal Z(8) has the property
AeZ(S) n BeZ(S) = AnBeZ(S).

Proof.
AeZ(S) ABeZ(S) & (JabeS)(A=Z(a) A B=Z(b))
= abe$
= Z(ab) € Z(S) A Z(ab) =Z(a)nZ(b)
= Z(ab)eZ(S)
= ANBeZ(S).
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