Bulletin of Society Mathematicians Banja Luka, 2 (1995) 15

Bull.Soc.Math.Banja Luka
2(1995), 15-26

SPECTRAL INVERSES AND JORDAN CANONICAL FORM
by
Predrag Stanimirovic
University of Nis, Faculty of Philosophy, Department of Mathematics, 18000 Nis
2 Cirila i Metodija Street, Serbia, Yugoslavia

ABSTRACT. In this paper we continue the work of Giurescu
and Gabriel [4], and solve the corresponding set of matrix
cquations, which determine the weak spectral inverses, using
the Jordan canonical representation. In this way, we obtain
more detailed and effective representation of this weak
spectral inverses of a square matrix.
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1. Introduction and preliminaries

The set of square complex matrices of the order n is denoted by
C™ | the zero block of an appropriate size is denoted by O, and
ind(A) denotes the index of matrix A.

We begin by listing several known facts and definitions.

A. If Ae C™™, then the left weak spectral inverses [12] are the

solutions of the following system in X :

(1) AXA=A (2) XAX=X (19 XA™' =A"
and the right weak spectral inverses [12] are solutions of the
following system in X :

(D AXA=A. (XAX=%X (@ A"'X=4A"
Any left weak spectral inverse is denoted by AY | and the right weak
spectral inverse is denoted by Ay .
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B. Let AeC™ and A = TIT ' be its Jordan canonical
representation. then J can be represented in the form

§,:. 004N 0
0.3, Ot

j= 0..0 J.y---0 =Jl®...®Jq®J([+,@_,,@Jp,
Lol 5 A

where Jy, ..., Jq are Jordan and invertible, and Jyst, ...,d,, are Jordan
and noninvertible [6].[7],[11].
C. The following results are obtained in [4]: if A = TIT "' is the
Jordan canonical representation of Ae C™ and a matrix X e C™"
satisfies the Penrose’s equations (1),(2) , then the matrix Z = T'XT
satisfies the following matrix equations -

) 737 — 7 (J2)JZ) =1.
Also, the matrix ZeJ{1} can be represented in the form

-1
(.0 .. O Dot o

e =
(D Z=6 "0 Yy e e
Zq+[! Zq+l"’ Zq+].q Zq:[.q+l le+l.P
Zp.l Zp,l Zp,q Zp,c|+| Z‘i_‘.i‘

where the blocks Z, g satisfies the following conditions:
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(Z) 3,Z,), =), (i=q+l,....p)

(22) Z,J,=0 (i=1...qj=q+....p)
(12) 4, : : .
(23) 1,Z;=0 G =q+L..pij= L)
(Z4) J,ZJ;=0 (i=q+L...pj=q+l...pi#j)
J“ ECII\“XIII“ : (0: = ],"-,p), Zu.ﬁ e Cl‘ll,,xilla - (a= ]’-“,p; B= l,...,p).

Besides, in the same paper [4], by solving the equations (Z1)-
(Z4), the following forms of the blocks Z, p are obtained (1.3):

0’00 2,
L S : ;
(D Z, = ' (i=L...,9;j=q+L...,p);
0..0 z,,
(1.3)
Lilj,l Zilj,Z lelm
g G ; .
(C2)y Z,= (i=q+l. . pi=1...9);
0 0 0
(00...0u,
G008 4.
A #
00..00
€3 Z.,,.;=1)00..0u, (=1..p—q j=1...p—9q).
10...00
QO la0Q:Li=
g )
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where zé% represents the (c.B)element in the cell Z 5.2, is the

corresponding eigenvalue of A, and

uj = %l[zqﬁ,c + .z 3He }C'Q+j9(i:la---,p—q1j=l,...,p—q)‘
e

I,mj—] c l.mj I,mj

In this paper we use described results from [4] and the principles
analogous to the corresponding in [10]. We find a partition Ly of
the weak spectral inverse Z of J, convenient to the partition in J,
obtained from the Jordan canonical representation A = TJT . After
that, relations between the bloks J, and the bloks Z,p are
investigated. Explicit representations of the blocks Zyp are
developed, using these relations. Finally, from the transformation of
similarity X = TZT ' , we obtain explicit representation for the weak
spectral inverse X of A.

2. Representation of the weak spectral inverses

In the following lemma we find equivalent and useful
transformations of the equations (1% and (.

Lemma 2.1. If A = TJT" is the Jordan canonical representation of
AeC™", then:
(i) The equation XAM = Ak s equivalent to the equation

(J3) ey
(ii) The equation A X = A is equivalent to
(J4) Flg=r

Using this lemma and the known results (1.2) and (1.3), we
obtain relation s between the corresponding blocks in the matrices J
and Z.

Lemma 2.2. Let A = TIT ' be the Jordan canonical representation
of Ae C™", A%e C™ be a left weak spectral inverse of A. Then Z
=T7'AYT if and only if the blocks Zyp of Z and Jordan cells T,
satisfy the Following conditions :

(D1) za‘BJEH =0(e=q+1,...pB=1..,q);
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(D2) Za‘ﬁsa{isI'yonly{C])and(CZm)(a=l,,..‘q;[3:q+]....,p).

Proof. (=) Suppose that matrix X = A%e C ™" satisfies the equations
(1% and (2%). Using the known fact [12, Theorem 1.2]: the systems
(]).(2).(1“') and (l).(2),(2k) posses at least one solution each if and
only if k > ind(A), we immediately conclude J}, = O, i 2 k. o =
q+1,....p.- Now, starting from the equation ZI**! = J* of lemma 2.1 ,
and using the form (1.2) for the matrix Z, we obtain

k i
L 00..0 (J}‘ _00.0 \
" T k
q =035 0,.0
= k+I k+l
Zia0 4 Zq+1.q Jq 0..0 0,000
K+l k+l LO...OOO
szm I17.Zpq 397 0.0

Comparing the corresonding blocks in the last equation we get the
equality (D1). The results (D2) are implied from [4].

(«<=) From the other hand, if the matrix X = TZT' satisfies conditions
of lemma 2.2, for the matrix X = TZT ! the equations (1), (2) and
(1%) can be easily verified.

Simaiarly, the following lemma can be proved:

Lemma 2.3 Let A = TJT ' be the Jordan canonical representation of
AeC ™ and A,.eC "™ be a right weak spectral inverse of A. Then U
= T ' A, T if and only if the clocks U p of U and Jordan cells satisfy
(D3) I1,'U,;=0 (a=1..,q;B=q+1,...p);

(D4) Uyp . (0=q+1,...,.p: B=1.....q) satisfy only (C2) and (C3).

Now we are ready for main theorem, where we obtain an explicit
block representation for the class of weak spectral inverses.

Theorem 2.1. If A = TJT ! be the Jordan canonical representation of
AeC™  thenZ =T 'A"Tand U = T"'A,T if and only if
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(17" 10 S ateRi ol
-1
21Z= 0. Oss I Bz o Tk
0:10%30 Zq+l,|:]+l Zq+l,p
\0 Q.0 ZPqH‘ Zp‘p /
0O 0
3 T 0 0
(ZZ2)lli= ]
Uq+l,l Uq+|,q Uq+l,c|+| [-’q+l,p
Un‘l Ulul UMH UP-P
where;
(i) the blocks Za[i (= 1,..q: B=q+1,....p) possess the form (C1);
(ii) the blocks Ugp (0=g+l....p; B = 1,....q) are of the form (C2);
(iii) the blocks Uuﬁ and erri (0= q+l,...p; B = q+l....p) both have the
form (C3).
Proof. (=) In Lemma 2.2 it is proved that the block Uap
(0=g+1,....p; B=1....,p) satisfy only relations (C2), (C3), valid for an
arbitrary {1,2} inverse of A. For (0=1,...,q; B=q+l,....p), from (D3)

and (C1) we get
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[
+1 k+1
et (e el R
i l mu o ] E 0 0 u] my
o
5 1 k+1 A i A ¢ &
. m!X i 2 N | SRR
........................................................... LT u:;f.mﬁ
0 0 i
B
muz-l {k + ]}kk“‘iu‘a’ﬂ
0. 46 i o i+Lmy
i=0

gl Saery 3
~ [0 a0 2( : ]?\.‘E’i_'uﬂ_mﬂ e

= B
0..0 Akt

Mg My

Therefore, we obtain the following system of linear equations

1““—‘.'
k+1 k+l-i _ap e
24 o el =0 e=l.Lm,

i=0 1
According to Ay # 0, o = 1,...,q, unique solution of this system is
(2.3) R aam Bt =0,

ul,m’i mg, Mg
Now (2.3) and (C1) imply Uag =0 (o= 1,....q: B=q+l,....p).
Similarly, for Z = T'AT, an application of (C2) leads to



23 Bulletin of Society Mathematicians Banja Luka, 2 (1995)

/
?Lkﬂ (k ¥ IJA’L (k +1 ]}Lk—m;ﬁ—l
Z(lxlﬁ Z:X.I.? Qs Zla?l'l“ ﬁ 1 ﬂ Inﬁ _] B
k+1
0 010 K+l k—my+3
0 ll;" ana ( _2)KI5 —
...................... B
O SH M a i
k+1
0 0 ?"B
kifflz“ gL, 0
L(k+1
Z( I })Lk+1—l ??H 0.0
i=()
- =0

mg -1 k+1

k+l-i_ of
Z{. L7 ERS i
i=0 \ 1 )/ )
Therefore, we obtain the following system of linear equations

my—c
z k+1 lk+l—1 (O =1
i ZI|+I =V, c= ,...‘.lﬂﬁ.

1=ty 1

According to Az #0, B =1,...,q, we get
2.4) z:f;?,,_‘ & =g

Appling (2.4) and (C2) we obtain

(1[5_0((1_(1"'[ -Pi B‘_! -q).
(<) From the other hand, lf Uand Z sdtlafy (2.1)"and €2.2), it is
casily to verify that TZT ~' and TUT ' are left and the right weak
spectral inverses of A, respectively.

The results of Theorem 2.1 are generalizations of the following

R O
results, obtained in [9] and [2] : if A = T[O S]T_I' then

K+l k- ' R™O -1
GA" = A"isequivalenttoG=T O 8 I, and



—~_ﬁ

Bulletin of Society Mathematicians Banja Luka. 2 (1995) 23

k+1 k. . R_[ 0 -1
GA™ = A"isequivalenttoG=T L g =g

where L, M and S are arbitrary matrices of adequate sizes. .

As an consecuence of Theorem 2.1 , and the following fact
[12]: any spectral inverse of A is both the right and the left weak
spectral inverse of A, we obtain

Corollary 2.1. Let AeC ™ , A = TIT ' be the Jordan canonical
representation of A and X be spectral inverse. Then the matrix
Z = T XT posseses the form

1= (OO T o SWRRUY
T ey @

Z= .
0..0 Zq+|,|:|+11 2 zq+1.p
050 Zp-q+l ' Zp,p

where the blocks Zog (0. = q+l,...p; B = q+l,....p) satisfy the
conditions (C3).

Consequently, the list of generalized inverses represented by
means of the Jordan canonical form in [2, Theorem 9.7.1], can be
extended by the representation of the weak spectral inverses, which
follows from Theorem 2.1 and Corollary 2.1:

Corollary 2.2. Suppose that Ae C™" , k = ind(A). Suppose that Te

O 5
o N | » K isnon-

C™ is a non-singular matrix such that T 'AT :[

singular, N K= 0. Then:
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- X is the left weak spectral inverse of A if and only if

-1
X7
o

YNY = Y, NYN = N and blocks in Y have the form (C3).
- X is the right weak spectral inverse of A if and only if

M
Y]T I where the blocks in M have the form (Cl),

PR
YNY = Y, NYN = N and blocks in Y have the form (C3).

RO
X = 7T ( }T ' blocks in L have the form (C2),

=
- X is the spectral inverse of A if and only if X = T [0 Y}T -

YNY = Y, NYN = N and blocks in Y have the form (C3).

3. Example
0 =3 12
. S el
Example 3.1. The Jordan representation of A = e
=5 iy
A=TIT ", where
[20 00
=11 0
0[2] 00 Al
1= e Ul G Lanileg . According to Theorem 2.1 we ger
0 001 Fhed it AR
0 000

AY=TI¥T' =TZT "' The set of {1,1¥}-inverses of J is

{ 13
= I
2 N T 2 ol
Y0 1
I 13
B e, gud L .
H =032 2. 1= 2 " |=]0 5 0 2y |z arbitrary.
0 02Zy) o off z5| |00 22,
0 0 |] 13 6510 O O

From the equation ZJZ = Z we get 233 Z4s = Z34, SO that
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g
o a0 L 90 o
2 2
I Ei I s
A" =T]0 3 0 2z, T'. Similarly A_=T0 > i T™.
00 2y 22, Z31 23 I3 ZyZy,
001 gz, R Al
According to Corollary 2.1 the weak spectral inverses of A are
(-]— 00 0
2
1
represented by T| 0 Faba 1
S R S
001 2,
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