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ABSTRACT. In this paper we give iterative algorithm for fixed points of
sum of two operators on a nonempty closed convex subsets of a Hilbert
spaces. Our result generalizes the iterative procedure of Ram U. Verma.

Introduction and Preliminaries

Let H be a real Hilbert space with the inner product (-,-) and the norm
|| - |[ and let K be a nonempty closed convex subset of K. In the paper [4]
Ram U. Verma gave the following iterative procedure of fixed points of an
operator of the form § =T + U,

(1) Tnt1 = (1 = an) Ty + an[(1 — t)z, + tSzy) for all n > 0,

where ¢ > 0 is arbitrary, the sequence {a,} of elements os [0,1] is such that
400

> a, diverges, T is strongly Lipschitz and Lipschitz continuous and [ is
n=0

Lipschitz continuous on K.

In this paper the following iterative procedure is given
(2)  Za41 = I(ain, Zn, I(agn, Tn, . . . s L(@in, Zn, S)) -+ ) for all n > 0,
where
I{akns Zn, S) = (1 = Qgn)2n + By S Ty

and the sequences {ay,}, k=1,..., i, have its elements in [0, 1].
If i =1 and a1, = a, we obtain (see examples (1 — 3]),

(3) Tynt1 = (1 = ap)Zp + an Sz, for all n > 0.
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If i = 2, ai, = ay and ag, = t then (1) is obtained.
An operator T : H — H is said to be strongly Lipschitz [4] if, for all u,v
in H, there exists a real number 7 = 0 such that

(Tu —Tv,u—v) < —rflu— v| 2.

The operator T satisfies the Lipschitz condition if there exists a real number
s > 0 such that

||[Tu — Tvl|| < sljlu—vl| for all u,vin 5§

Main Result

In this section, we give sufficient conditions for the convergence of the
sequence {z,} defined by (2).

Theorem 1. Let H be a real Hilbert space and let K be a nonempty closed
convez subset of H. Let T : K — K be a strongly Lipschitz and Lipschitz
continuous with respective real numberst >0 and s > 1, and U : K — K
be a Lipschitz continuous with a real number m > 0. Let F be a nonempty
set of fived points of S = T + U, and let {ontik=Leen i be sequences in
[0,1]. Define sequences St Yok, e ly

the = [(1 = akn)? — 2640 (1 — agn)r + aiusgj% + agpm, for alln > 0,1 > 1
(=150

If there exists io € {1,...,i} such that maz{tin : 1 2 0} <k <1 and

._mml:[] apn diverges for 19 > 2 then, for any zp in K, the sequence iZn)

Z:ﬂé;;rd by

Zns1 = I(@1n,Zn, I (@20, Tn, - - - , I(@ign, Tn,S)) --+) for alln 2 0,
converges to a fized point of S =T + U.

Proof. Suppose for ig € {1,...,i} holds maz{tin :n 20} < k <1 and
“+oc 'n;-(J 1

suppose that > [T axn diverges for 1o 2 2. If iy = 1 then for an eclement
n=0 k=1

z in F holds

”: = I[aln-.l'm S)H < ||(1 = 31?1){'1'n. = z)—|—a;n(T:c,,_—Tz}|| "l‘ﬂ-lanmn "ZH-

LS

Since
5 9
||(1 . a'lﬂ)(In " z) = an(TJJn = Tz)“- ==
(1 =a1n)*]|2n = 2|2 +2a14(1 — a1n)(Txn — T2, 20 — 2) + a2, || Tz, — Tz||?
and T is strongly Lipschitz and Lipschitz continuous we get
l|5 - I{alri-mnus)“ < i'lnllﬁcn = ?-'H‘

so that,
12 = I{arn, 2n, S)I| < K120 — 2|
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and in this case the proof is complete.
Similarly we obtain

Iz — I(almxmf(@mxm - i~ t2n-)‘31nJ”$n - z||,
and
|2 —I((;.ln,:cﬂ,f(agn,:rm.H,I(aiun,:cn,S))---)|| <
< (1= am)l|zn — 2|| + a1nl|z — I(asn, Ty, . . . 1 I(@ign, Tn, §) -+ ).
This gives

ig—1
”Z — Tp4i|] < {1 = (1 = tion) H ﬂ'kn} ”-Tn = z”s
k=1

and

n ig—1
lle = @upall < I [1 ~a-n]] ak,.,-J llzo = 2|1
3=0 k=1

+ooig—1

Since )~ [] ag, diverges and k < 1, it follows that

n=0 k=1

n tg—1

Jim [1 =@=-FT] %] =0,
=0 k=1

and {z,} converges to a fixed point z of S = T +U. O
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