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On V-Coincidence Point
Zoran D. Mitrovi¢

In this paper we prove some results of existence V- coincidence point for multi-
valued quasiconvex mapping.

1 Introduction and Preliminaries

Using the methods of the KKM theory [8], by the new notion of the V-coincide-
nce point, we prove in this paper some results for quasiconvex multivalued
mapping. As corollaries some results of almost fixed point are obtained.

Let X be a nonempty subset of a linear space. We denote by P(X) the family
of all nonempty subsets of X, by P.,(X), the family of all convex members of
P(X). In the next co is the convex hull operation. For the given multivalued
mapping F : X — P(Y) and sets A C X and B C Y we define the sets:

F(4) = | F(a),
TEA
F-(B)={zeX:F(z)N B#0},
Ft(B)={z € X : F(z) C B}.

Definition 1 [7] Let X and Y be real vector spaces, C be a convex nonempty
subset of X and K be a cone with zero in Y. A mapping F : C — P(Y) is called
K -quasiconvex if and only if it satisfies the condition

Flz))N(S—K)#0,i=1,2=FAz; + (1 - A)z2) N (S - K) #0,
for all convez sets S CY, z1, 2o € C and X € [0, 1].

If K = {0} then F is called quasiconvex (quasiconcave).
In 1961, Ky Fan [2], proved that the following generalized form of the
Knaster-Kuratowski-Mazurkiewicz Theorem holds:
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Theorem 2 [2] Let E be a topological vector space, X be a nonempty subset
of E and T : X — P(E) a mapping with closed values and KKM mapping. If

T(x) is compact for at least one x € D then [\ T(z) # 0.
TEX

Remark 3 Let E be a topological vector space and X be a nonempty subset of
E. A mapping T : X — P(E) is called ¢ KKM mapping if

eo{r, o U T(x;).
=k
for each finite subset {z1,...,x,} of X.

Theorem 4 [6] Let (X, d) be a complete metric space and {F;}icy family closed
subset of X with finite intersection property . If

infa(F;) =0
fel

then (| Fi nonempty and compact sel.
iel

2 V-Coincidence Point
Definition 5 [3] Let E be linear topological space, K C E and U fundamental
system neighbourhood zero in E. For set K is called Zima's type if for each

V e U exists U € U such that

colUn (K — K))) C V.

Definition 6 Lel X be linear topological space with fundamental system neigh-
bourhoods zero V, § # D € X and F,.G : D — P(X). For point y € D
is called, V-coincidence point (V. € V) of mappings F and G if and only if
F(y)n(Gly) +V) #0.

Theorem 7 Let X be complete metric space and closed set K € P.,(X), F :
K — P.o(X) lower semicontinuous mapping and G : K = P(X) quasiconves
mapping such that F(z) NG(K) # 0. for all x € K. If for ecach V € V ezists
U €V such that

co(UN(G(K) — F(K))) CV,

and
Jnf alF*((G(z) + V)9 =0,

then exists V -coincidence point mappings F and G for each V € V.
Proof. Let exists open and symmetrical neighbourhoods zero V' € V such that

F(z)N(G(z)+V) =0 forall z € K.
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Let U is open symmetrical neighbourhoods zero, such that

co(U N (G(K) — F(K))) C V.
Put W = co(U N (G(K) — F(K))) and define mapping T : K — P.,(K) with
T(z)={y € K: F(y)n(G(z) +U) = 0}.
We have
K\T(z) = {y € K : F(y) N (G(z) + U) # 0} = F~(G(z) + V).

Since F lower semicontinuous, T'(z) is closed set for each r € K.
We can prove that T is a KKM mapping, i. e. that for every {z;,...,2,} C C

co{z1,..-,Tn} C OT('zg) (1)

i=1

If (1) does not hold, there exists y = S Xiwi; where A\; 20,i=1,...,n
=1

i Mi=1sothaty ¢ EI T'(z;). Then we have
i=1 =1

Fy)N(G(zi)+U)#0 for i=1,...,n,
and

Fly)N(G(z:) + W) #0, i=1,...,n.
Set F(y) — W is convex and G quasiconvex mapping, therefore
F(y)n(Gl) + W) #0.
Hence,
Fly)n(Gly) +V) #0.
It is contradiction. Since

T(z)={y € K:F(y) C (G(z) +V)°} = FT((G(z) + V)°)

then ig%a(’f(:r)) = (). Using Theorem 2. and Theorem 4. we have

) T(x) #0.
zel
Let yo € [ T(z). Then
zEK
Fly)N(Gz)+V)=0 zeK (2)

Since F(z)NG(K) # @ for all & € K, exists zo € K such that F(yo)NG(zo) # 0,
it is contadiction with (2).
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Definition 8 4] (E,|| - ||) is paranormed space if E is linear space on R and
[| || : BE = Rt such that

1L ||zl =0& =0,
2. for each z € E, || — z|| = ||=l|,
3. for all z,y € B, ||z +v|| < |lz|l + |ll],
4. ifA\py, NER and z,, x € E such that
[Aa = Al = 0, |lzn —z|] =0,

then
[|Anzn — Az]| = 0.

Let X be a paranormed space, with {V, }.~o we denote
Ve={z € X :||z|| <€}

Corollary 9 Let (X,||-||) be complete paranormed space, K nonempty convex
and closed subset of X and

F: K = P.,(X) lower semicontinuous mapping,

G : K — P(X) quasiconvex mapping
such that ezists C(K), where K = G(K) U F(K) and

A = )|l € CEEWju—vll,  inf alF*((G(z) + Vo)) =0,

forall A€[0,1], w,veK, €>0.

Then for each € > 0 ezists V,-eoincidence point mappings F and G.

Corollary 10 [4] Let (X,|| - ||) be complete paranormed space, K nonempty
convezr and closed subset of X, F' : X — P.o(X) Ig.wer semocontinuous such

that F(z) N K # 0 for all z € K. If there exists C(K), where K = K UF(K)
such that

IIA(u = v)|| < C(E)M|[u— || for all A€ [0,1],u,v€ K

and for all e > 0
int afF*((z +V.))] =0

then F have V.-almost fized point for each € > 0.
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Theorem 11 Let X be linear topological space, V family closed neighbourhood
zero in X, K nonempty convex subset of X, F : K — P,,(X) lower semicon-
tinuous and G : K — P(X) quasiconver such that

G(K)N F(z) # 0 for each z € K and for each V € V

exists finite {z1,...,2n} C K such that G(K) C U(G(mi) +V).
i=1

If G(K) U F(K) Zima’s type then exists V-coincedence point mappings F and
G for each V € V.

Let V € V, we shall prove that exists = € K such that
F(z)n(G(z) + V) #0.

Let U € V such that eo(U N(G(K) — F(K))) C V and define mapping 7' : K —
P(K) with T'(z) = {y € K : F(y) N (G(z) + U) = 0}.

F lower semicontinuous, therefore T'(z) is closed set for,each z € K. For choice
U exists finite {#1,....2,} C K such that

G(K) C O(G(:.:,-) +U).

i=1

For each y € K we have

()ﬂG(K)CF(y)ﬂ(U(G )+ ) = |J(F@) n (Gla:i) +U)),

=1 =
therefore ﬂ T(z;) = 0 since F(y)NG(K) # 0. So, exists subset {z1,...,2y} of
K such that =
otz zm b & U T(z:).

i=1

Therefore exist A; € [0,1], E Yo ="13nd y'= Z Xizi, y & T(z), for all

=1, m 50yl NG (za)+U) # (). Hence, exist w‘, i = 1,...ymsuch that
w; € Fly) and w; € G(z;)+ U, i=1,...,m

Therefore, w; € F(y) and w; = v; + u; for some v; € G(z;), u; € U,

w;=w; —v; € (GIK)-F(K))nU,i=1,...,m

u; € co(UN(G(K) — F(K))) and u; € F(y) — G(z),
(F(y) —G(z)) Neo(UN(G(K) - F(K))) #£0, i=1,...,

m,
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(F(y) —ecolUN(G(K) — F(K)))NG(z:) #0, i=1,...,m.

( is quasiconvex, therefore

(F(y) — co(UN(G(K) - F(K)))) NG(y) # 0.
So, F(y) N (G(y) +V) # 0.

Corollary 12 [5] Let X be a linear topological space, V family open neighbou-
hood zero in X, K nonempty conver precompact subset of X and F : K —
Poo(X) lower semicontinuous mapping such that for each xz € K, f(z)NK # 0.
If KU f(K) Zima’s type then f have V-almost fized point for each V € V.
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